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Abstract. Let S be a semi-direct product S = NoA where N is a connected
and simply connected, non-abelian, nilpotent meta-abelian Lie group and A is
isomorphic with Rk, k > 1. We consider a class of second order left-invariant
differential operators Lα, α ∈ Rk, on S . We obtain an upper bound for the
heat kernel for Lα.
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1. Introduction

Let S be a semi-direct product S = N o A where N is a connected and simply
connected, non-abelian, nilpotent Lie group and A = Rk with the ordinary additive
structure (abelian group). In particular, the group operation on A is written
additively. The dimension k of A is called the rank of S. For g ∈ S we let x(g) = x
and a(g) = a denote the components of g in this product so that g = (x, a). Since
A = Rk , its Lie algebra a is identified with A and the exponential mapping expA
is the identity mapping.

We use the exponential map to identify N with its Lie algebra n . Thus N
is n endowed with the Campbell-Hausdorff product and expN is also the identity
mapping. The action of A on N is then defined by

na = ead(a)(n), a ∈ A = a, n ∈ N.

The multiplication in S then has the form (x, a)(y, b) = (xya, a+ b).

We assume that there is a basis X1, . . . , Xdim n of n that diagonalizes the A-
action, i.e., there are corresponding root functionals λ1, . . . , λdim n,∈ a∗ such that
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for every a ∈ a, [a,Xj] = λj(a)Xj, j = 1, . . . , dim n. Thus the groups under study
are solvable, non-unimodular, and hence have an exponential volume growth.

Let the usual scalar product on Rk be denoted by 〈·, ·〉. We use this scalar
product to identify a with a∗, the space of linear forms on a. For v ∈ Rk we write
‖v‖2 = v2 = v · v = 〈v, v〉 =

∑k
i=1 v

2
i .

In what follows we consider meta-abelian N. Specifically we assume that

N = M o V,

where M and V are abelian Lie groups with the corresponding Lie algebras m
and v . Let {Y1, . . . , Yd} and {X1, . . . , Xn} be bases for m and v respectively,
consisting of left-invariant vector fields, such that {Y1, . . . , Yd, X1, . . . , Xn} forms
an ordered Jordan-Hölder basis for the Lie algebra n of N , ordered so that the
matrix of adX in this basis is strictly lower triangular for all X ∈ n . We use these
bases to identify M = m and V = v with Rd and Rn respectively. For x ∈ N we
let m(x) = m and v(x) = v denote the components of x in this product so that
x = (m, v). By e we denote the neutral element of the group N. We assume also
that the {Yi} and {Xj} are eigenvectors for the adH , H ∈ a, action, i.e., there
are ξ1, . . . , ξd, ϑ1, . . . , ϑn ∈ a∗ such that for every H ∈ a,

adH Yi = [H,Yi] = ξi(H)Yi, 1 ≤ i ≤ d,

adH Xj = [H,Xj] = ϑj(H)Xj, 1 ≤ j ≤ n.

Let α = (α1, . . . , αk) ∈ Rk. We define a left-invariant differential operator on S,

Lα = ∆α +
d∑
j=1

e2ξj(a)Y 2
j +

n∑
j=1

e2ϑj(a)X2
j , (1)

where

∆α =
k∑
i=1

(∂2
ai

+ 2αi∂ai). (2)

Let

ρo =
d∑
j=1

ξj +
n∑
j=1

ϑj

and set
χ(g) = det(Ad(g)) = eρo(a), g = (x, a) ∈ S,

where
Ad(g)s = gsg−1, s ∈ S.

A left-invariant Haar measure on S = N o A is then given by

dS(y, b) = e−ρo(b)dbdy = χ(b)−1dbdy, (3)

Let

Ttf(x, a) =

∫
N

∫
A

pt(x, a; y, b)f(y, b)dS(y, b) (4)
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be the semigroup of operators on N oA generated by Lα. The kernel pt is called
the heat kernel for Lα.

The aim of this note is to give off-diagonal upper bounds for pt(x, a; y, b),
particularly as (x, a) and (y, b) vary. There is a vast body of work related to
producing on-diagonal and off-diagonal upper bounds for the heat kernel, both on
groups and on Riemannian manifolds. See for example [3, 8, 14] and the references
contained there in. Much is known about the growth in t. For example Varopoulos
in [13] gives two sided on-diagonal estimates for the heat kernel pt, t ≥ 1, on Lie
groups. However, in the context of general solvable Lie groups, very little explicit
information seems to be available relating to the growth in the other variables.
One exception to this statement is the recent work of Melzi [8] in the special
case of the affine group of R . Hence, in particular, A and N are assumed to
be one dimensional. We remark that the assumption that A have dimension one
is particularly restrictive. (The dimension of A is the rank of the corresponding
manifold.) Melzi’s result is t! he only one in the case of solvable Lie groups that
we are aware of.

Before we state our estimate we need to introduce some notation. The
neutral element of S is (e, 0). Let dR(g1, g2) be the left-invariant Riemannian
distance between two points g1, g2 ∈ NA. We write τ(g) instead of dR(g, (e, 0)).
We note that τ(g) is a sub-additive function on S. Our main result is the following
estimate.

Theorem 1.1. For every q ≥ 1 and for every t > 0 there is a constant Ct,q > 0
such that for every z ∈ N and every a ∈ A,

pt(e, 0; z, a) ≤ Ct,qe
−a2/(32t)+ρo(a)e−qτ(z). (5)

Remark 1.2. The proof of Theorem 1.1 as written is valid only for q ≥ ‖ρo‖.
However, it is clear that if we have the above upper bound for some qo then we
also have it with all 1 ≤ q ≤ qo.

Remark 1.3. Since Lα commutes with left translation, the same is true for Tt .
Hence, from (4),

pt(x, a; y, b) = pt(e, 0; (x, a)−1(y, b)).

Thus Theorem 1.1 immediately yields an estimate for pt on S × S .

Remark 1.4. Notice that since S is non-unimodular the heat kernel pt(x, a; y, b)
is not symmetric with respect to the left-invariant Haar measure dS. Specifically,

pt(y, b;x, a) = e−ρo(a)eρo(b)pt(x, a; y, b).

Remark 1.5. An upper bound for the constant Ct,q in (5), for t > 1, can be
obtained easily by methods of this paper. However, we do not care about the
precise value as the result is not optimal – what one can extract from our proof is
the bound of the form t−γeωt for some ω = ωq > 1 and γ = γq > 0 (see the proofs
of Lemmas 4.3 and 4.4, and Remark 4.5). Hence, as a corollary we get that for
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every q > 0 there are positive constants C, γ, ω such that for t > 1,

pt(e, 0; z, a) ≤ Ct−γeωte−a
2/(32t)+ρo(a)e−qτ(z). (6)

2. Homogeneous norms and the Riemannian metric

Let ξi, ϑj be the linear forms defined in §1. We set

A+ = Int{a ∈ Rk : ξi(a) ≥ 0 for 1 ≤ i ≤ d and ϑj(a) ≥ 0 for 1 ≤ j ≤ n}.

For t ∈ R+ and ρ ∈ A+, let

δρt = Ad((log t)ρ)|N .

Then t 7→ δρt is a one parameter group of automorphisms (dilations) of N for
which the corresponding eigenvalues on n are all positive. It is known [2] that
then N has δρt -homogeneous norm: a continuous function | · |ρ ≥ 0 on N such
that |x|ρ = 0 if and only if x = e, |x|ρ = |x−1|ρ, and

|δρt x|ρ = t|x|ρ.

By ‖g‖ we denote `2 -norm of g ∈ S considered as an element of Rdim n × Rk.

Lemma 2.1. For every ρ ∈ A+, there are positive constants C1, C2, p, q such
that for every x ∈ N,

C1‖x‖p ≤ |x|ρ ≤ C2(‖x‖q + 1).

Proof. Let

pi =ρ(Yi), 1 ≤ i ≤ d,

qi =ρ(Xi), 1 ≤ i ≤ n.

For x ∈ N ,

x =
d∑
i=1

miYi +
n∑
i=1

viXi.

we define

ν(x) =
d∑
i=1

|mi|1/pi +
n∑
i=1

|vi|1/qi .

Then

δρt x =
d∑
i=1

mie
pi log tYi +

n∑
i=1

vie
qi log tXi.

Hence
ν(δρt x) = tν(x).

Thus ν is a homogeneous norm on N . From homogeniety, there are positive
constants C1 and C2 such that for all x ∈ N,

C1ν(x) ≤ |x|ρ ≤ C2ν(x).

Our lemma follows.
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It is also known that S has a unique left-invariant Riemannian metric
dR(·, ·) for which the corresponding Riemannian metric agrees with the obvious
scalar product on s at the identity. Let

τ(g) = dR(g, (e, 0)).

The following estimate is due to Guivarc’h [4]. It shows how τ(g) = τ(x, a) behaves
for each component x ∈ N and a ∈ A. We will use this result in the proofs of
Lemmas 4.3 and 4.4.

Lemma 2.2. For every ρ ∈ A+ there is a positive constant C such that for
every x ∈ N and a ∈ A we have,

C−1(ln(1 + |x|ρ) + ‖a‖) ≤ τ(x, a) + 1 ≤ C(ln(1 + |x|ρ) + ‖a‖+ 1).

3. Skew-product formula

Let Lα be defined by (1). The process σt in Rk generated by the operator ∆α, i.e,
the Brownian motion with drift 2α , is called a vertical component of the diffusion
generated by Lα. The corresponding horizontal component is defined as follows.

Let C∞(N) be the space of continuous functions f on N for which there
exists the limit limx→∞ f(x). For X ∈ n, we let X̃ denote the corresponding
right-invariant vector field. For a multi-index I = (i1, . . . , im), ij ∈ Z+ and a
basis X1, . . . ,Xm of the Lie algebra n we write X I = X i1

1 . . .X im
m . For k, l =

0, 1, 2, . . . ,∞ we define

C(k,`)(N) = {f : X̃ IX Jf ∈ C∞(N) for every |I| < k + 1 and |J | < `+ 1}

and

‖f‖0
(k,`) = sup

|I|=k,|J |=`
‖X̃ IX Jf‖∞,

‖f‖(k,`) = sup
|I|≤k,|J |≤`

‖X̃ IX Jf‖∞.
(7)

In particular C(0,k)(N) is a Banach space with the norm ‖f‖0,k.

For a continuous function σ : [0,∞)→ Rk, we consider the operator

Lσt =
d∑
j=1

e2ξj(σt)Y 2
j +

n∑
j=1

e2ϑj(σt)X2
j .

Let {Uσ(s, t) : 0 ≤ s ≤ t} be the (unique) family of bounded operators on C∞(N)
which satisfies

i) Uσ(s, s) = Id, for all s ≥ 0,

ii) limh→0 U
σ(s, s+ h)f = f in C∞(N),

iii) Uσ(s, r)Uσ(r, t) = Uσ(s, t), 0 ≤ s ≤ r ≤ t,
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iv) ∂sU
σ(s, t)f = −LσsUσ(s, t)f for every f ∈ C(0,2)(N),

v) ∂tU
σ(s, t)f = Uσ(s, t)Lσtf for every f ∈ C(0,2)(N),

vi) Uσ(s, t) : C(0,2)(N)→ C(0,2)(N).

The operator Uσ(s, t) is a convolution operator with a probability measure with
a smooth density, i.e., Uσ(s, t)f = f ∗P σ

t,s. In particular, Uσ(s, t) is left-invariant.
By iii), P σ

t,r ∗ P σ
r,s = P σ

t,s for t ≥ r ≥ s. Existence of Uσ(s, t) follows from [12].

A stochastic process (evolution) in N corresponding to transition probabil-
ities P σ

t,s is called a horizontal component of the diffusion generated by Lα.
Let Uσ(s, t) and P σ

t,s be as above. For f ∈ Cc(N × Rk) and t ≥ 0, we put

Ttf(x, a) = EaU
σ(0, t)f(x, σt) = Ea(f ∗N P σ

t,0)(x, σt), (8)

where the expectation is taken with respect to the distribution of the process σt
(Brownian motion with drift) in Rk with the generator ∆α and starting from a,
i.e., σ0 = a. The operator Uσ(0, t) acts on the first variable of the function f (as
a convolution operator).

We have the following theorem which plays a crucial role in the proof of the
upper bound for the heat kernel pt(·, ·).

Theorem 3.1. The family Tt defined in (8) is the semigroup of operators
generated by Lα. That is, for f ∈ C∞(S),

∂tTtf = LαTtf

and
lim
t→0

Ttf = f.

We refer to formula (8) as the skew-product formula. In the case of A = R
it was proved in [1]. Higher rank case was considered in [9]. Recently a more
general skew-product formula was proved in [10].

4. Proof of Theorem 1.1

4.1. Upper bound for P σ
t,0 . By the skew-product formula (8) we have,

Ttf(x, a) =EaU
σ(0, t)f(x, σt),

=Ea

∫
N

f(xy−1, σt)P
σ
t,0(y)dy.

(9)

We recall the result from [11]. In order to state this result let, for a continuous
function σ : [0,∞)→ A = Rk,

AσM,i(s, t) =

∫ t

s

e2ξi(σ(u))du, i = 1, . . . , d,

AσV,j(s, t) =

∫ t

s

e2ϑj(σ(u))du, j = 1, . . . , n,

(10)
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and

AσM,Σ(s, t) =
d∑
i=1

AσM,i(s, t), AσV,Σ(s, t) =
n∑
j=1

AσV,j(s, t),

AσM,Π(s, t) =
d∏
i=1

AσM,i(s, t), AσV,Π(s, t) =
n∏
j=1

AσV,j(s, t).

We also set

AσN,Π(s, t) = AσM,Π(s, t)AσV,Π(s, t),

AσN,Σ(s, t) = AσM,Σ(s, t) + AσV,Σ(s, t).

Finally, for k ∈ N, we let

φk(m) =

(
‖m‖1/k

‖m‖1/k + 1

)k
, m ∈M.

We also let ko be the smallest non-negative integer such that

(adX)ko+1
∣∣
m

= 0, ∀X ∈ v.

Note that if ko = 0, then v centralizes m ; hence N is abelian. Thus our hypotheses
imply that ko > 0.

Theorem 4.1 ([11, Theorem 1.5]). There are positive constants C,D and
ko ∈ N such that for all (m, v) ∈ N,

P σ
t,0(m, v) ≤ CAσN,Π(0, t)−1/2(‖m‖1/(2ko) + 1 + AσV,Σ(0, t)1/2)

× exp

(
−D ‖v‖2

AσV,Σ(0, t)
−D ‖m‖

1/k0

AσN,Σ(0, t)
φ2ko(m)

)
. (11)

In case when N is the 2n + 1-dimensional Heisenberg group the above
estimate is proved in [10].

To simplify notation we write

mko = ‖m‖
1

2ko + 1,

and

Eσ1 (v) = exp

(
− D‖v‖2

AσV,Σ(0, t)

)
,

Eσ2 (m) = exp

(
−D ‖m‖

1
ko

AσN,Σ(0, t)
φ2ko(m)

)
.

4.2. Apriori L2 -weighted estimates. For t ≥ 0 and y = (m, v) ∈ N, define

C(t, y) = C(t,m, v) = m2
koE0A

σ
N,Π(0, t)−1Eσ1 (v)2Eσ2 (m)2

+ E0A
σ
N,Π(0, t)−1AσV,Σ(0, t)Eσ1 (v)2Eσ2 (m)2. (12)

The following result will be applied in §4.5 to ξ(y) = eqτ(y) with appropriate q ∈ R.
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Lemma 4.2. There exists a constant C > 0, such that for any measurable
function ξ : N → R,∫

N

∫
Rk

(
pt(e, 0; y, b)eb

2/(8t)−ρo(b)/2ξ(y)
)2

e−ρo(b)dbdy

≤ Ct−k/2
∫
N

C(t, y)ξ(y)2dy. (13)

Proof. By (4) and (9) for f = δy ⊗ φ, where y = (m, v) ∈ N and φ ∈
L2(Rk, e−b

2/4tdb) we have,

|Ttf(e, 0)|=|
∫
Rk
pt(e, 0; y, b)φ(b)χ(b)−1db|=|E0P

σ
t,0(y−1)φ(σt)|≤E0P

σ
t,0(y−1)|φ(σt)|.

Since the right hand side of (11) in Theorem 4.1 is symmetric, i.e., has the same
value for y = (m, v) and y−1 = (−m,−v), we bound P σ

t,0(y−1) using (11), and get

|
∫
Rk
pt(e, 0; y, b)φ(b)χ(b)−1db| ≤ CmkoE0A

σ
N,Π(0, t)−

1
2Eσ1 (v)Eσ2 (m)|φ(σt)|

+ CE0A
σ
N,Π(0, t)−

1
2AσV,Σ(0, t)1/2Eσ1 (v)Eσ2 (m)|φ(σt)|.

Using the Cauchy-Schwarz inequality to the expectations on the right we bound
the above integral by

Cmko(E0A
σ
N,Π(0, t)−1Eσ1 (v)2Eσ2 (m)2)1/2(E0φ

2(σt))
1/2

+ C(E0A
σ
N,Π(0, t)−1AσV,Σ(0, t)Eσ1 (v)2Eσ2 (m)2)1/2(E0φ

2(σt))
1/2.

Thus, (∫
Rk
pt(e, 0; y, b)φ(b)χ(b)−1db

)2

≤ CC(t,m, v)E0φ
2(σt).

Therefore, for all φ ∈ L2(Rk), and y = (m, v) ∈ N,

|
∫
Rk
pt(e, 0; y, b)φ(b)χ(b)−1db| ≤ CC(t,m, v)1/2(E0φ

2(σt))
1/2.

Since

E0φ
2(σt) = Ct−k/2

∫
Rk
φ2(b)e−b

2/4tdb,

we get that for all φ ∈ L2(Rk, e−b
2/4tdb),

|
∫
Rk
pt(e, 0; y, b)φ(b)χ(b)−1db| ≤ Ct−k/4C(t,m, v)1/2

(∫
Rk
φ2(b)e−b

2/4tdb

)1/2

.

It follows that

φ 7→
∫
Rk
pt(e, 0; y, b)φ(b)eb

2/8tχ(b)−1db

defines a continuous linear functional on L2(Rk, db) with norm bounded by

Ct−k/4C(t, y)1/2.
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Hence, ∫
Rk

(
pt(e, 0; y, b)eb

2/8t
)2

χ(b)−2db ≤ Ct−k/2C(t, y),

and consequently, (13) follows.

4.3. A geometric ingredient.

Lemma 4.3. Let γ ∈ R be given. There exist positive constants C,D such that
for every t > 0 and 2q ≥ |γ| ‖ρo‖ and every b ∈ A and y, z ∈ N,

e−qτ(y)e−qτ(b−1y−1zb)e−
b2

16t
+γρo(b) ≤ e64C2q2t+2qDe−qτ(z).

Proof. For simplicity, for g ∈ S, we write

|g| = eτ(g).

Since τ(gh) ≤ τ(g)+τ(h) it follows that |·| is sub-multiplicative, i.e., |gh| ≤ |g| |h|
for g, h ∈ S.

By Lemma 2.2 there are positive constants C,D such that, for b ∈ A,

τ(b) ≤ C‖b‖+D.

Obviously, the above inequality holds also for b−1 = −b. Thus,

|b|q|b−1|qeγρo(b) ≤ e2q(C‖b‖+D)‖+|γ| ‖ρo‖ ‖b‖ = e(2qC+|γ|‖ρo‖)‖b‖+2qD.

Consequently, with 2q ≥ |γ| ‖ρo‖ and u = (16t)−1/2b we have

|b−1|q |b|qe−
b2

16t
+γρo(b) ≤e(2qC+|γ|‖ρo‖)‖b‖− ‖b‖

2

16t e2qD

≤e4qC‖b‖− ‖b‖
2

16t e2qD

=e4qC(16t)1/2‖u‖−‖u‖2e2qD

=e−(‖u‖−2qC(16t)1/2)2+64C2q2te2qD

≤e64C2q2t+2qD.

(14)

Now, using sub-multiplicavity of | · |, we get for b ∈ A ,

|y−1z| = |bb−1y−1zbb−1| ≤ |b| |b−1y−1zb| |b−1|.

In particular,
|b−1y−1zb|−q ≤ |y−1z|−q |b−1|q|b|q. (15)

Of course, |z| = |y(y−1z)| ≤ |y||y−1z|, and so

|y|−q ≤ |z|−q|y−1z|q. (16)

Hence, by (15) and (16),

|y|−q|b−1y−1zb|−qe−
b2

16t
+γρo(b) ≤ |b−1|q|b|qe−

b2

16t
+γρo(b)|z|−q,

and so the lemma follows from (14).
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4.4. Moments estimates of C(t, y). Let C(t, y) be as defined in (12). We have
the following result.

Lemma 4.4. For every q ≥ 1 and for every t > 0 there is a constant C = Ct,q
such that ∫

Rdim n

C(t, y)e2qτ(y)dy ≤ Ct,q < +∞.

Proof. The function C(t, y) consists of three terms. Thus, we need to estimate
three integrals. By the sub-multiplicativity of the Riemannian distance for y = mv,
eτ(y) ≤ eτ(m)eτ(v). Thus, changing the order of integration, the first integral is

E0A
σ
N,Π(0, t)−1

∫
Rdim n

Eσ1 (v)2Eσ2 (m)2e2qτ(y)m2
kody

≤ E0A
σ
N,Π(0, t)−1

∫
Rd
Eσ2 (m)2e2qτ(m)m2

kodm

∫
Rn
Eσ1 (v)2e2qτ(v)dv. (17)

By Lemmas 2.2 and 2.1 it follows that for every ρ ∈ A+ there are positive constants
C, ro, C1, D1 such that for all y ∈ N, with ‖y‖ ≥ 1,

eτ(y) ≤ C1|y|D1
ρ ≤ C‖y‖ro . (18)

By (18), for every q ≥ 1 and y ∈ N we have eqτ(y) ≤ C max(1, ‖y‖roq). Let
r = roq. We estimate the above integrals as follows∫

Rn
Eσ1 (v)2e2qτ(v)dv =

∫
Rn

exp

(
− 2D‖v‖2

AσV,Σ(0, t)

)
e2qτ(v)dv

≤ C

∫
‖v‖≤1

exp

(
− D‖v‖2

AσV,Σ(0, t)

)
dv + C

∫
‖v‖>1

exp

(
− D‖v‖2

AσV,Σ(0, t)

)
‖v‖2rdv

≤ CAσV,Σ(0, t)n/2 + CrA
σ
V,Σ(0, t)(n+2r)/2.

Similarly we have∫
Rd
Eσ2 (m)2e2qτ(m)m2

kodm

≤
∫
Rd
Eσ2 (m)2e2qτ(m)‖m‖1/kodm+

∫
Rd
Eσ2 (m)2e2qτ(m)dm

and ∫
Rd
Eσ2 (m)2e2qτ(m)dm =

∫
Rd

exp

(
−D ‖m‖

1
ko

AσN,Σ(0, t)
φ2ko(m)

)
e2qτ(m)dm

≤C
∫
‖m‖≤1

exp

(
− D‖m‖

1
ko

+1

22koAσN,Σ(0, t)

)
dm

+ C

∫
‖m‖>1

exp

(
− D‖m‖

1
ko

22koAσN,Σ(0, t)

)
‖m‖2rdm

≤CAσN,Σ(0, t)dko/(ko+1) + CrA
σ
N,Σ(0, t)(d+2r)ko .
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Exactly in the same way∫
Rd
Eσ2 (m)2e2qτ(m)‖m‖1/kodm

≤ CAσN,Σ(0, t)(dko/(ko+2))+(1/(ko+2)) + CrA
σ
N,Σ(0, t)(d+2r+1/(ko))ko/2.

Thus the expectation in (17) is bounded by a constant Cr depending on r (and
therefore on q ) times a sum of expectations of the form

E0A
σ
N,Π(0, t)−1AσV,Σ(0, t)γAσN,Σ(0, t)δ

with γ, δ > 0. The above expectations are finite. This follows from the fact that
the functionals AσM,i and AσV,j have finite moments (positive and negative) which

follows from the fact that the exponential functionals A
(µ)
t defined in the Appendix

in (19) have finite moments (see e.g. [6]).

The remaining integrals can be estimated in the same way.

Remark 4.5. Using asymptotic given in Theorem A.1 of the Appendix A one
can bound, for t > 1, the constant Ct,q in Lemma 4.4 and so get the estimate (6).

4.5. End of the proof of Theorem 1.1.

Proof. We now make use of the fact that pt = pt/2 ∗ pt/2 to get an estimate for
pt(e, 0; z, a). Specifically, let

ψ(y, b) =pt/2(e, 0; y, b),

ψ̃(y, b) =pt/2(e, 0; y, b)eb
2/8t−ρo(b)/2eqτ(y).

Thus,

pt(e, 0; z, a) =

∫
S

pt/2(e, 0; y, b)pt/2(e, 0; (y, b)−1(z, a))dS(y, b)

=ψ ∗ ψ(z, a)

=

∫
S

ψ(y, b)ψ((y, b)−1(z, a))dS(y, b)

=

∫
S

ψ(y, b)ψ(b−1y−1zb, a− b))dS(y, b)

=

∫
S

ψ̃(y, b)ψ̃(b−1y−1zb, a− b)

× e−
b2+(a−b)2

8t
+
ρo(a)

2 e−qτ(y)e−qτ(b−1y−1zb)dS(y, b),

where dS(y, b) is the left-invariant Haar measure on S (see (3)). Since

b2 + (a− b)2 ≥ (‖b‖+ ‖a− b‖)2/2 ≥ a2/2,
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we get from Lemma 4.3 with γ = −1/2,

pt(e, 0; z, a)

≤ e−
a2

32t
+
ρo(a)

2

∫
S

ψ̃(y, b)ψ̃(b−1y−1zb, a− b)e−
b2

16t e−qτ(y)e−qτ(b−1y−1zb)dS(y, b)

≤ ct,qe
−a2/(32t)+ρo(a)/2e−qτ(z)

∫
S

ψ̃(y, b)ψ̃(b−1y−1zb, a− b)eρo(b)/2dS(y, b)

= ct,qe
−a2/(32t)+ρo(a)/2e−qτ(z)

∫
S

ψ̃(y, b)ψ̃((y, b)−1(z, a))e−ρo(−b)/2dS(y, b),

where ct,q = e64C2q2t+2qD.

For any function f on S,∫
S

f(s−1) dS(s) =

∫
S

f(s)χ(s)dS(s),

where χ(s) = eρo(s) is the modular function for dS(s). Thus∫
S

ψ̃((y, b)−1(z, a))2e−ρo(−b)dS(y, b) =

∫
S

ψ̃((y, b)(z, a))2dS(y, b)

=eρo(a)‖ψ̃‖2
L2(dS).

Hence from the Cauchy-Schwartz inequality

pt(e, 0; z, a) = ψ ∗ ψ(z, a) ≤ ct,qe
−a2/(32t)+ρo(a)e−qτ(z)‖ψ̃‖2

L2(dS).

By Lemma 4.2 applied to ξ(y) = eqτ(y) and Lemma 4.4 with q ≥ ‖ρo‖,

‖ψ̃‖2
L2(dS) ≤ Ct,q.

Our theorem follows.

A. Exponential functionals of Brownian motion

Let bs, s ≥ 0, be the Brownian motion on R normalized so that Var bs = 2s. For
µ ∈ R and t > 0, define the following exponential functional

A
(µ)
t =

∫ t

0

e2(bs+µs)ds. (19)

Exponential functionals A
(µ)
t have been thoroughly studied and their prop-

erties are very well known. The reason for such an interest is that these functionals
play an important role in financial mathematics (see e.g. [15, 6, 7] and the refer-
ences therein).

The following theorem is a simplified version of the result proved in [5] (all
the constants are explicit in [5]; notice also that we use a different normalization
of Brownian motion than in [5]). Let, for (µ,m) ∈ R2,

∆
(µ,m)
t = E0[(A

(µ)
t )−m].
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Theorem A.1 ([5, Theorem 2.2]). The following limits exists:

lim
t→∞

t3/2eµ
2t∆

(µ,m)
t =C1 if 2m > µ, µ > 0,

lim
t→∞

t1/2eµ
2t∆

(µ,m)
t =C2 if 2m = µ, µ > 0,

lim
t→∞

e4m(µ−m)t∆
(µ,m)
t =C3 if m < µ, 2m < µ,

lim
t→∞

t−1∆
(µ,m)
t =C4 if m = µ, µ < 0,

lim
t→∞

∆
(µ,m)
t =C5 if m > µ, µ < 0,

lim
t→∞

t1/2∆
(µ,m)
t =C6 if m > 0, µ = 0.
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