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Abstract. Let S be a semi-direct product S = N x A where N is a connected
and simply connected, non-abelian, nilpotent meta-abelian Lie group and A is
isomorphic with R*, k& > 1. We consider a class of second order left-invariant
differential operators Lo, a € R*, on S. We obtain an upper bound for the
heat kernel for L.
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1. Introduction

Let S be a semi-direct product S = N x A where N is a connected and simply
connected, non-abelian, nilpotent Lie group and A = R* with the ordinary additive
structure (abelian group). In particular, the group operation on A is written
additively. The dimension k of A is called the rankof S. For g € S welet z(g) =«
and a(g) = a denote the components of ¢ in this product so that g = (z,a). Since
A =R its Lie algebra a is identified with A and the exponential mapping exp 4
is the identity mapping.

We use the exponential map to identify N with its Lie algebra n. Thus N
is n endowed with the Campbell-Hausdorff product and exp, is also the identity
mapping. The action of A on N is then defined by

n®=en), acA=a, neN.

The multiplication in S then has the form (z,a)(y,b) = (zy*, a + b).
We assume that there is a basis X1, ..., Xqima of n that diagonalizes the A-
action, i.e., there are corresponding root functionals Aq,..., Agimn, € @ such that
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for every a € a, [a, X;] = \;(a)X;, j =1,...,dimn. Thus the groups under study
are solvable, non-unimodular, and hence have an exponential volume growth.

Let the usual scalar product on R* be denoted by (-,-). We use this scalar
product to identify a with a*, the space of linear forms on a. For v € R* we write
Joll? = v2 = v v = (o,0) = 32, 02,

In what follows we consider meta-abelian N. Specifically we assume that

N=MxV,

where M and V are abelian Lie groups with the corresponding Lie algebras m
and v. Let {Y1,...,Y;} and {X;,..., X, } be bases for m and v respectively,
consisting of left-invariant vector fields, such that {Yy,..., Yy Xy, ..., X, } forms
an ordered Jordan-Hoélder basis for the Lie algebra n of N, ordered so that the
matrix of ady in this basis is strictly lower triangular for all X € n. We use these
bases to identify M =m and V = v with R? and R" respectively. For z € N we
let m(z) = m and v(z) = v denote the components of = in this product so that
x = (m,v). By e we denote the neutral element of the group N. We assume also
that the {Y;} and {X;} are eigenvectors for the ady, H € a, action, i.e., there
are &p,...,&q,%,...,0, € a® such that for every H € a,

adp Vi = [H,Y}] = §&(H)Y;, 1 <i < d,
ady X; = [H, X;] = 0;(H)X;, 1 <j <n.

Let a = (ay,...,q) € R*. We define a left-invariant differential operator on S,
d n
Lo=D0g+ Y @YY 202 (1)
j=1 j=1
where
k
Ao = (02 +20;0,,). (2)
i=1
Let

d n
Po = Z fj + Z ﬁj
j=1 j=1

and set
X(g) = det(Ad(g)) = e, g=(z,a) € S,

where
Ad(g)s =gsg™', s€S.

A left-invariant Haar measure on S = N x A is then given by
dS(y,b) = e " dbdy = x(b)"'dbdy, (3)

Let
T,f(x,0) = /N / pr(, a3, b) f (4, b)dS (3, b) (4)
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be the semigroup of operators on N x A generated by L,. The kernel p; is called
the heat kernel for L,.

The aim of this note is to give off-diagonal upper bounds for p,(z,a;y,b),
particularly as (x,a) and (y,b) vary. There is a vast body of work related to
producing on-diagonal and off-diagonal upper bounds for the heat kernel, both on
groups and on Riemannian manifolds. See for example [3, 8, 14] and the references
contained there in. Much is known about the growth in ¢. For example Varopoulos
in [13] gives two sided on-diagonal estimates for the heat kernel p;, ¢ > 1, on Lie
groups. However, in the context of general solvable Lie groups, very little explicit
information seems to be available relating to the growth in the other variables.
One exception to this statement is the recent work of Melzi [8] in the special
case of the affine group of R. Hence, in particular, A and N are assumed to
be one dimensional. We remark that the assumption that A have dimension one
is particularly restrictive. (The dimension of A is the rank of the corresponding
manifold.) Melzi’s result is t! he only one in the case of solvable Lie groups that
we are aware of.

Before we state our estimate we need to introduce some notation. The
neutral element of S is (e,0). Let df(gi,g2) be the left-invariant Riemannian
distance between two points g1, g € NA. We write 7(g) instead of d(g, (e, 0)).
We note that 7(g) is a sub-additive function on S. Our main result is the following
estimate.

Theorem 1.1.  For every ¢ > 1 and for every t > 0 there is a constant Cy 4 > 0
such that for every z € N and every a € A,

pi(e,0;2,a) < Ct,qe—az/(32t)+po(a)e—qT(Z)‘ (5)

Remark 1.2.  The proof of Theorem 1.1 as written is valid only for ¢ > ||p,||.
However, it is clear that if we have the above upper bound for some ¢, then we
also have it with all 1 < g < q,.

Remark 1.3.  Since £, commutes with left translation, the same is true for 7;.
Hence, from (4),

pe(x, a;y,0) = pele, 0; (z,a) "' (y,b)).

Thus Theorem 1.1 immediately yields an estimate for p, on S x S.

Remark 1.4.  Notice that since S is non-unimodular the heat kernel p;(z, a; y, b)
is not symmetric with respect to the left-invariant Haar measure dS. Specifically,

pe(y, by x,a) = e WerOp,(z,a;y,b).

Remark 1.5.  An upper bound for the constant C;, in (5), for ¢ > 1, can be
obtained easily by methods of this paper. However, we do not care about the
precise value as the result is not optimal — what one can extract from our proof is
the bound of the form ¢~7e*" for some w = w, > 1 and v =7, > 0 (see the proofs
of Lemmas 4.3 and 4.4, and Remark 4.5). Hence, as a corollary we get that for
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every q > 0 there are positive constants C,v,w such that for ¢ > 1,

pie,0;2,a) < O~ et e—0?/(32t)+po(a) ,—a7(2) (6)

2. Homogeneous norms and the Riemannian metric

Let &,v; be the linear forms defined in §1. We set
AT =Tnt{a € R*: &(a) > 0 for 1 <i < dand d;(a) >0 for 1 <j<n}
For t € RT and p € AT, let
o7 = Ad((log t)p)|n-

Then t — ¢F is a one parameter group of automorphisms (dilations) of N for
which the corresponding eigenvalues on n are all positive. It is known [2] that
then N has 07 -homogeneous norm: a continuous function |-|, > 0 on N such
that |z|, =0 if and only if z =e, |z|, = |z7|,, and

|07, = ],

By |lg|| we denote ¢2-norm of g € S considered as an element of RH™™ x R

Lemma 2.1.  For every p € A", there are positive constants Cy,Cy,p,q such
that for every x € N,

Crillz]|P < J2], < Co([l]|* +1).

Proof. Let

pi=p(Y;), 1<i<d,

qi _P(Xz); 1 S S n.
For x € N,

oY Y

1 i
we define .
= Z |mi’1/Pz’ + Z |'Ui’1/qi-
i=1 i=1
Then .
0w = Z m;ePilosty; 4 Z vietiloet X,

i=1 i=1

Hence

v(ofx) = tv(x).
Thus v is a homogeneous norm on N. From homogeniety, there are positive
constants C7 and Cy such that for all x € N,

Civ(z) < |z|, < Cov(x).

Our lemma follows. n
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It is also known that S has a unique left-invariant Riemannian metric
d®(-,-) for which the corresponding Riemannian metric agrees with the obvious
scalar product on s at the identity. Let

7(g9) = d"(g, (e,0)).

The following estimate is due to Guivarc’h [4]. It shows how 7(g) = 7(x, a) behaves
for each component z € N and a € A. We will use this result in the proofs of
Lemmas 4.3 and 4.4.

Lemma 2.2.  For every p € A" there is a positive constant C such that for
every x € N and a € A we have,

CH(In(1 + z],) + llall) < 7(z,a) + 1 < C(In(1 +[zl,) + [lall + 1).

3. Skew-product formula

Let L, be defined by (1). The process o, in R* generated by the operator A,, i.e,
the Brownian motion with drift 2, is called a vertical component of the diffusion
generated by L,. The corresponding horizontal component is defined as follows.

Let Coo(N) be the space of continuous functions f on N for which there
exists the limit lim, , f(x). For X € n, we let X denote the corresponding
right-invariant vector field. For a multi-index I = (i1,...,%y,), i; € Z* and a
basis Xi,..., &, of the Lie algebra n we write X! = Xfl...Xﬁl’". For k,l =
0,1,2,...,00 we define

CEINY = {f: XIx7f € O (N) for every |I| < k+1and |J| < £+1}
and

HfH?k,Z) = sup HXIXJJCHOO’
|I|=k,|J|=¢

ey = sup  [XTX fl.

|<k,|J|<£

In particular C®*(N) is a Banach space with the norm || f||o4-
For a continuous function o : [0, 00) — R*, we consider the operator

d n
10t — Z 62§j(at)Y;-2 + Z ewj(at)X]?.
j=1 j=1
Let {U%(s,t) : 0 < s <t} be the (unique) family of bounded operators on Cy(N)
which satisfies
i) U%(s,s)=1d, for all s >0,

i) limp o U%(s,s+h)f = f in Co(N),

i) U”(s,r)U"(r,t) =U"(s,t), 0< s <7 <H,
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iv) 0,U%(s,t)f = —L7U(s,t)f for every f € CO2(N),
v) QU (s,t)f = U?(s,t) Lot f for every f € CO2(N),
vi) U%(s,t) : CO2D(N) — COA(N).

The operator U?(s,t) is a convolution operator with a probability measure with
a smooth density, i.e., U?(s,t)f = f * P7,. In particular, U?(s,t) is left-invariant.
By iii), Pf, * P7, = P7, for t > r > s. Existence of U?(s,t) follows from [12].

A stochastic process (evolution) in N corresponding to transition probabil-
ities P/, is called a horizontal component of the diffusion generated by L,.

Let U(s,t) and P7, be as above. For f € C.(N x R¥) and ¢ > 0, we put

T;ff(xv CL) = EaUU(O7 t)f(l’, Ut) = Ea(f *N R&?O)(xv Ut)? (8)

where the expectation is taken with respect to the distribution of the process oy
(Brownian motion with drift) in R* with the generator A, and starting from a,
i.e., 09 = a. The operator U?(0,t) acts on the first variable of the function f (as
a convolution operator).

We have the following theorem which plays a crucial role in the proof of the
upper bound for the heat kernel p;(-,-).

Theorem 3.1.  The family T, defined in (8) is the semigroup of operators
generated by L. That is, for f € Cs(S),

O f =Ly f
and

T, f = f.

We refer to formula (8) as the skew-product formula. In the case of A =R
it was proved in [1]. Higher rank case was considered in [9]. Recently a more
general skew-product formula was proved in [10].

4. Proof of Theorem 1.1
4.1. Upper bound for F7,. By the skew-product formula (8) we have,

Tif(x,a) =E.U°(0, 1) f (2, 1),

=E, /fxy 1: Ptao( )d (9)

We recall the result from [11]. In order to state this result let, for a continuous
function o : [0,00) = A = R*,

Afﬂ%i(s,t):/ %Kiy, i=1,....,d,
’ (10)

t
A(\T/,j<57t) _/ e2ﬁj(o(u))du, j=1,...,n,
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and

Afrs(s,) ZAMZst, AV 5(s,1) ZAvjst

Afn(s, t) HAMZst AVqi(s,t) HAvjst

We also set

A?V,H( t) = A(]{JH( )A@H(s t),
A?V,E( t) = AK/IZ( t) + sz(s t).
Finally, for £ € N, we let
_(m|t*
onm = (e
We also let £, be the smallest non-negative integer such that

(adx)**'| =0,VX €.

k
) , mé& M.

Note that if k£, = 0, then v centralizes m; hence N is abelian. Thus our hypotheses
imply that k, > 0.

Theorem 4.1 ([11, Theorem 1.5]).  There are positive constants C,D and
ko € N such that for all (m,v) € N,

Piy(m, v) < CAR(0,6)72(lm|"®5) + 1+ A7 5(0,)"?)
lv]” [ */*o
xexp | —D— —D— Par,(m) | . (11)
( AV,E(O’ t) AN,E(O’ t)

In case when N is the 2n + 1-dimensional Heisenberg group the above
estimate is proved in [10].

To simplify notation we write

= [[ml|= + 1,

ol D|jv|*
E7 (v) =exp <—m> )

EJ(m) =exp <_DA|§‘|V?Z!(])%U boe (m )) .

and

4.2. Apriori L*-weighted estimates. For ¢t > 0 and y = (m,v) € N, define
C(t,y) = C(t,m,v) = mi, Bo AL (0, 4) 7 7 (v)*E5 (m)”
+ Eg AL 1(0,1) T AT (0,4)E7 (v)2E5 (m)?. (12)

The following result will be applied in §4.5 to £(y) = ") with appropriate ¢ € R.
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Lemma 4.2.  There exists a constant C' > 0, such that for any measurable
function & : N — R,

) 2
// (pt(eao;y,b)eb /(8t)7p”(b)/2£(y)> efpo(b)dbdy
N JRE
< O / Clt,y)E(y)Pdy. (13)
N

Proof. By (4) and (9) for f = §, ® ¢, where y = (m,v) € N and ¢ €
L2(R*, e=Y*/4db) we have,

T,/ (e, 0)|=|/ pe(e, 059, D)S(0)x(b) " dbl=[Eo Pl (y ) b(0n) |<Eo Py (y ) é(or)].
RE
Since the right hand side of (11) in Theorem 4.1 is symmetric, i.e., has the same
value for y = (m,v) and y~' = (—m, —v), we bound Pf(y~") using (11), and get
| [ e, 000X ] < Comg B (0.6) 55 (0)E5 (m) (o)
R
+ CEo A n(0,)7 2 A7,5(0,1) V€7 (0)E5 ()| 6(0r)|

Using the Cauchy-Schwarz inequality to the expectations on the right we bound
the above integral by

O, (Bo A%y 1(0,8) €7 (v)%E5 (m)?) '/ (Bog® (01)) 2
+ O(Eo AR n(0,) " A7 (0, )€ (v)%E5 (m)?)*(Bo® (01)) 2.

Thus,
2
(/ pe(e,0;y, b)¢(b)x(b)_1db) < OC(t,m, v)Eo¢?(0y).
Rk
Therefore, for all ¢ € L?(R*), and y = (m,v) € N,

I/Rk pe(e, 0y, D)¢(b)x (b)) db| < CC(t,m,v)"/*(Eod?(0v)) !>,

Since

Eo?(0y) = Ct ™% [ ¢*(b)e™/*db,
]Rk

we get that for all ¢ € L2(R¥,e=""/4db),

1/2
| / pt<e,0;y,b>¢(b>x(b>‘1dblsct—k/‘*C(t,m,v)”?( ¢2<b)e‘b2/‘“db) :
Rk RFE

It follows that
0= [ pile,0:y, D)p(b)e”x(b) " db
RE
defines a continuous linear functional on L?(R¥, db) with norm bounded by

Ct=H4c(t, y)V/2.
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Hence,
N
/ (pt(e,O;y,b)eb /Bt) X(b)%db < CtC(t,y),
RE

and consequently, (13) follows. [
4.3. A geometric ingredient.

Lemma 4.3. Let v € R be given. There exist positive constants C, D such that
for every t >0 and 2q > |v| ||po|l and every b € A and y,z € N,

2
e~IW) o =am (b7 YT 2b) o= i H+p0(b) < B4CPGP 2D o —7(2)

Proof. For simplicity, for g € S, we write
g = e

Since 7(gh) < 7(g)+7(h) it follows that |-| is sub-multiplicative, i.e., |gh| < |g]| |h|
for g,h € S.
By Lemma 2.2 there are positive constants C, D such that, for b € A,

7(b) < Clb|| + D.
Obviously, the above inequality holds also for b= = —b. Thus,

]b|q|b_1|qew°(b) < 2a(ClplI+D) I+ leoll 1Bl — o (2aC+llolDIblI+29D

Consequently, with 2¢ > || ||po| and u = (16t)~'/2b we have

- 2 L
[b=119 |b| % t6: T7P0 () < o(2aC+NllpoIIbl =TT o2aD

b 2
< MCIMI— g 24D
1/2 2
— o406 /2 |lu]| ~||u? ,2qD (14)

— o~ (lull=24C(16t)/2)2+64C2¢t 2D
< 664C2q2t+2qD_
Now, using sub-multiplicavity of |- |, we get for b € A,
ly Lzl = [bb~ry~t2bb | < [b| bty 2] |07

In particular,
b7ty 207 < Jy b b, (15)

Of course, || = [y(y~'2)] < [ylly'2], and so
I~ < |2y~ 2], (16)
Hence, by (15) and (16),
b2 b2
|y|—q|b—1y—12b|—qe—rm+vpo(b) < |b—1|‘1|b|qe—fm+’ﬂ’o(b)]z‘—q7

and so the lemma follows from (14). ]
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4.4. Moments estimates of C(¢,y). Let C(t,y) be as defined in (12). We have
the following result.

Lemma 4.4.  For every ¢ > 1 and for every t > 0 there is a constant C' = C},
such that

/ C(t,y)e* ™ Wdy < Cy, < +oo.
Rdimn

Proof.  The function C(¢,y) consists of three terms. Thus, we need to estimate
three integrals. By the sub-multiplicativity of the Riemannian distance for y = muv,
e™® < 7M7) Thus, changing the order of integration, the first integral is

BoAn(0.0)" [ (05 (m)ermd dy

Rdimn

< EOA?\,,H(O,t)_l/ Sg(m)2e2q7(m)miodm E7(0)2e* Wy, (17)

R4 R

By Lemmas 2.2 and 2.1 it follows that for every p € A" there are positive constants
C,r,,Cy1, Dy such that for all y € N, with ||y|| > 1,

eTW < Cily|Pr < Cllyll™. (18)

By (18), for every ¢ > 1 and y € N we have e7® < Cmax(1,|y|™?). Let
r = r,q. We estimate the above integrals as follows

2D||v]?
E7 (v 262q7(”)dv:/ exp [ ———— | 27y
Rn 1) " A7 (0,¢)

D|jv||? Dlv||? 2
<C exp | —————— | dv+C exp | —————— | [[v[|""dv
lvll<t ( A75(0,t) Joll>1 A75(0,1)
< CAS(0,0)"? + C, A (0, 1) F20)/2,

Similarly we have

/Rd g3 (m)?e* ™ ™m? dm
< / ES(m)2e*™||m)|V*e dm —I—/ ES(m)*e2™ (™ dm
Ré Rd

and

A% (0,

Dlfm||7 !
§C/ exp| ——=—+——— | dm
Imll<1 ( 2%k A% (0, 1)

Dljm|% .
+C/ exp | — 55— | [|m]|"dm
] >1 ( 22k A3, (0, 1)

<OAZ, 5(0,0) /o) 4§, AF, (0, ) @F2%e,

%o
/ EZ(m)2e* ™ ™dm = [ exp [ -D ] P, (m) | 27 ™ dm
Rd Rd )
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Exactly in the same way

/ ga( )2 29T m)Hmul/kodm
R4
< CA(]TVE(O’t)(dko/(ko+2))+(1/(ko+2)) + CrAgvz(Oat)(d+2r+1/(k0))k0/2-

Thus the expectation in (17) is bounded by a constant C, depending on r (and
therefore on ¢) times a sum of expectations of the form

Eo A% 1 (0, t)flAg/,z(O, )7 A% (0, t)°

with v, > 0. The above expectations are finite. This follows from the fact that
the functionals Af,; and Ay, have finite moments (positive and negative) which

follows from the fact that the exponential functionals A; (1) defined in the Appendix
in (19) have finite moments (see e.g. [6]).
The remaining integrals can be estimated in the same way. ]

Remark 4.5. Using asymptotic given in Theorem A.1 of the Appendix A one
can bound, for ¢t > 1, the constant C;, in Lemma 4.4 and so get the estimate (6).

4.5. End of the proof of Theorem 1.1.

Proof. We now make use of the fact that p, = p;/2* py/2 to get an estimate for
pe(e, 0; z,a). Specifically, let

U(y,b) =pis(e, 0;y,b),
1;(97 b) =pis2(e, 0;y, b)ebz/St—Po(b)ﬂeqT(y)‘

Thus,

pi(e,0; z,a) Z/pt/a(e,O;y,b)pt/z(e,O; (y,0)"'(z,a))dS(y, b)

/ By, b)Y ((y, b) ™ (2, 4))dS (3, b)
_ /g By, Dby 2b,a — b))dS(y.b)
_ /S Dy, bbby b, — b)

_ VP 4@=0? | pola) _ —1y
xe st e Wby Sy b,

where dS(y,b) is the left-invariant Haar measure on S (see (3)). Since

b* + (a = 0)* = (|Ibl] + [la — b]})*/2 = a?/2,
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we get from Lemma 4.3 with v = —1/2,
pt(ea Oa Z, a’)

—2 jpole [ 7 71, 1 _¥ () —qr(b
<e sl 2 Q/J(y,b)w(b Yy~ zb,a — b)e w6ie W1

—1, —

vAS(y,b)
<e —cc2/<:>,2::>+po<a>/26 ar(2) / Dy, DOy~ 2b, @ — b)e” /248y, b)

= € a?/(32t)+po(a 20 —q7(2) /w y’ b)*l(z,a))e pol= /2d8<y7b)7

2,2
where ¢, = 8470 124D,

For any function f on S,

/f—lds /f S(s),

where x(s) = () is the modular function for dS(s). Thus

/¢ y,b)7 (2, )2 D dS(y, b) /¢ y,b)(z,))2dS (y,b)

=efle )’|1/1||L2(d3)-

Hence from the Cauchy-Schwartz inequality
pi(e,0;2,a) = ¥ x (2, a) < cpge /BN T@ @) 7, (dS)-
By Lemma 4.2 applied to £(y) = ™™ and Lemma 4.4 with q > ||p,]|,

101725y < Crg-

Our theorem follows. n

A. Exponential functionals of Brownian motion

Let bs, s > 0, be the Brownian motion on R normalized so that Varb, = 2s. For
1 € R and t > 0, define the following exponential functional

t
Ai") :/ e?bsFhs) s, (19)
0

Exponential functionals Ag“ ) have been thoroughly studied and their prop-
erties are very well known. The reason for such an interest is that these functionals
play an important role in financial mathematics (see e.g. [15, 6, 7] and the refer-
ences therein).

The following theorem is a simplified version of the result proved in [5] (all
the constants are explicit in [5]; notice also that we use a different normalization
of Brownian motion than in [5]). Let, for (g, m) € R?

AP = Eo[(AF) ™.
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Theorem A.1 ([5, Theorem 2.2]).  The following limits exists:

lim /2" P AW™ —Cyif 2m >, p> 0,

t—00
tliglo $12er* AWM —Cy if 2m =y, p> 0,
tlgono e4m(“_m)tA§“’m) =C5 if m < p, 2m < u,
tlg})lo AWM O i mo= < 0,
lim AW O if m> o, < 0,
lim t2AW™ —Cg if m >0, p=0.
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