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Abstract. The main purpose of this paper is to construct infinite loop
spaces from affine Kac-Moody groups, It is well known that to each infinite
class of classical groups over a commutative ring R, we can associate an infinite
loop space G(R) by Quillen’s plus construction. In this paper we generalize
this fact to the cases of affine Kac-Moody groups. Roughly speaking, for each
commutative ring R there are seven infinite classes of affine Kac-Moody groups
over R, and to each infinite class we can associate an analogous infinite loop
space.
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1. Introduction

The loop space QX of a pointed space X is the space of pointed maps from
the unit circle S' to X together with the compact-open topology. We say that
a pointed space X is an infinite loop space if there is a sequence of (pointed)
spaces X, X1,--- with Xy = X and weak homotopy equivalences X, ~ QX,
for each n > 0.

Example 1.1.  Let GL(n) be the general linear group over C and let BGL be
the limit of classifying space lim BGL(n). By the Bott peoriodicity theorem [T, 2]
we have a weak homotopy equivalence

Z x BGL ~ Q*(Z x BGL);

thus BGL is an infinite loop space. Similar results hold for BO and BSp, where
O (resp. Sp) is the infinite orthogonal (resp. symplectic) group over C.

Now we introduce a theorem about construction of infinite loop spaces.
First, we need some preliminaries.

*This paper is based on the author’s doctoral thesis submitted to the Academy of Mathematics
and Systems Science in 2011.

ISSN 0949-5932 / $2.50 (©) Heldermann Verlag



700 LiN

Let ¥, be the symmetric group on the set {1,2,--- n}. For any o € %,,
and 7 € X, ¢(m,n) € ¥,,4, is defined by

c(m,n)(i):{n+i’ 1<i<m, (1a)

i—m, m<i<m-+n. (1b)
The definition above implies c(m,n) = c¢(n,m)™!.

Theorem 1.2.  Given a sequence of topological groups

together with homomorphisms ¢p, : X — G(M), fr : G(m) = G(m+1), m >0,
satisfying,

0) ¢o is an isomorphism;

1) fndm(a) = ¢my1(a) for each m > 0;

Q)Set fm,n = fm+n71 T fm+1fm; then ¢n(c(n7m))(fn,M(G(n>>>¢n<C<man)) and
fmn(G(m)) are commutative in G(m + n);

3)let G = lim, oo G(n) and let © = [m, 7] be the commutator subgroup of m =
7o(G), we have ' =[x, 7'].

Then BG* (where + means the Quillen’s plus construction for BG and 7 C
m(BG) ) is an infinite loop space.

Proof. Define a topological category & as follows. The objects of & are
nonnegative integers, home(m,n) is empty if m # n and homg(m,m) = G(m).
One checks that (§,@®,0,c) has a structure of permutative category, [],-, BG(n)
is the corresponding classifying space. Then the rest of the proof carries over as
in [3]p.62. n

Remark 1.3. This theorem must be well known, but we can not find suitable
reference.

Corollary 1.4. Let R be a commutative ring and set

GL(o0, R) = lim GL(n, R),

n—oo

then BGL(oo, R)T is an infinite loop space.

Proof. = We can easily find natural homomorphisms ¢,, : ¥, — GL(n,R), n >0
that satisfy conditions of Theorem 1.2. [ |

Similarly, we can show that BSL(oo, R)*, BO(co, R)*, BSO(oco, R)* and
BSp(oo, R)™ are all infinite loop spaces. The main purpose of this paper is to
construct infinite loop spaces from affine Kac-Moody groups, which are infinite
dimensional generalization of algebraic groups. Roughly speaking, for each com-
mutative ring R there are seven infinite classes of affine Kac-Moody groups over
R, and to each infinite class we can associate an analogous infinite loop space.
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This paper is structured as follows. Section 2 is a short review of Kac-
Moody algebras and Kac-Moody groups. In Section 3 we construct the infinite
loop spaces corresponding to affine Kac-Moody groups of type AS)—r In the final
section we consider several variations and the other cases. Throughout this paper
R will be an arbitrary commutative ring (not necessarily with unit).

2. Kac-Moody Algebras and Kac-Moody Groups

In this section, we give a brief review of the theory of Kac-Moody algebras and
Kac-Moody groups, details can be found in [4] [8, @].

Definition 2.1. A generalized Cartan matrix is a matrix A = (a;;);';=; sat-
isfying, a;,; = 2, a;; are non-positive integers for < # j, and a;; # 0 implies
aji 7 0.

Definition 2.2.  The Kac-Moody algebra g(A) associated to a generalized Car-
tan matrix A = (ay)7,=, is the Lie algebra (over C) generated by 3n elements
ei, fi, hi, (i=1,---,n) with the following defining relations:

[hi, hy] = 05 [hiye;] = aizess [, fi] = —aij fi; [eis fi] = i jhis
(ad ;) "%ie; =0, (ad f;)""“ f; =0, if i # j.

Let A = (a; )7 be a generalized Cartan matrix. For a pair of indices i, j
such that ij, set m;; = 2,3,4 or 6 if a;ja;; = 0,1,2 or 3 respectively and set
m;; = 0 otherwise; set m;; = 1. We associate to A a discrete group W (A) (the
Weyl group) on n generators si,--- ,s, with relations {(s;s;)"™ = 1}o<ij<n-

We also need another group W'(A) which is defined by n generators
sy, -+, s, and the following relations:

12— g2 J2ai0
Il o o .
8,88y = 8s;8h -+ - (myj facors on each side).

By the definitions above the map s, — s; extends to a group homomorphism
¢ W(A) — W(A). As ad e; and ad f; are locally nilpotent endomorphisms
of g(A) (cf.[4, p.33]), the expressions exp(e;) = ZHZOM and exp(f;) =

n!
> >0 (“dn{i)n make sense. The map s, — exp(e;)exp(—fi)exp(e;) € Aut(g(A))
can be extended to a homomorphism 1 : W’(A) — Aut(g(A)) (cf.[5, 188]); we also
denote by s the image of s} in Aut(g(A)).

Let V' be the vector space over Q, with basis {a;}i1... , and let W(A) act
on V by s;(a;) = a; —a;ja;. Real roots of A= (a;;)} are defined to be elements
of V' of the form w(a;), with w € W(A) and 0 < i < n. Each real root a is
an integral linear combination of {a;}, the coefficients of which of all positive or
negative; the real root a is said to be positive or negative accordingly. Denote by
A, Ay, A the sets of all real roots, positive and negative real roots respectively.
We say that a set of real roots 6 is pre-nilpotent if there exist w,w’ € W(A)
such that all elements of w(6) are positive and all elements of w'(f) are negative;
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if, moreover, a,b € 0 and a+b € A imply a + b € 6, then we said that 0 is
nilpotent.

For 0 < i <mn and w’ € W/(A), the pair of opposite elements w'{e;, —e;} C
g(A) depends only on the real root a = ¢(w')(a;) (cf.[9, p.5b47]); set E, =
w'{e;, —e;} and denote by L, the C-subalgebra of g(A) generated by E,.

For each real root a, we denote by I, the group scheme over Z isomorphic
to Spec Z and whose Lie algebra is the Z-subalgebra of g(A) generated by FE,.

Let 6 be a nilpotent set of real roots, then Ly = @,y L, is a nilpotent Lie
algebra. Let Uy be the unipotent complex algebraic group whose Lie algebra is
Lg. The following proposition was proved in [9].

Proposition 2.3.  There exist a uniquely defined group scheme 3y over Z
containing all 4, for a € 6, whose fibre over C 1is the group Uy and such that
for any order on 0, the product morphism [[,., — o is an isomorphism of the
underlying schemes.

Now we present Tits’ definition of Kac-Moody group associated to a gener-
alized Cartan matrix A = (a;;);;—-; and a commutative ring R.

Let A be a free abelian group with basis hy,--- , h,, and A’ its dual, then
there are n elements oq,---,q,, € A satisfying (h;, ;) = a;;. Set T(R) =
Hom(N', R*), where R* is the multiplicative group of invertible elements of R.
The group W(A) also acts on A" by s;(A) = X — (A, h;)a;. The automorphism of
T(R) induced by s; will also be denoted by s;.

For a real root a, and a nilpotent set of real roots 6, set U,(R), Uy(R) to
be the groups of R points of 4, x Spec R and LUy X Spec R respectively. For each
pair of roots {a,b}, set ¥(a,b) = (Na+ Nb) N A.

The Steinberg group G(R) over R is defined to be the inductive limit of
the groups U,(R) and Uy p)(R), where a € A and {a,b} runs over all pre-
nilpotent pairs of real roots, relative to all the canonical injections U.(R) —
Ugapy(R) for ¢ € ¥(a,b). For each 0 < i < n, s, = exp(e;)exp(—f;)exp(e;)
is an automorphism of g(A) which permutes the L, and the FE,; therefore, it
induces an automorphism of G(R) which we also denote by s.

Remark 2.4. For any a,b in a nilpotent set € of real roots and any r,r" € R,
the following commutation relation holds inside &(R):

[, (1), zp(r")] = H ze(k(a,b; c)r™r™),
c=ma-+nb
where ¢ = ma + nb runs over ¥(a,b) — {a,b}, k(a,b;c) € Z and z, : R — &(R),

zp 1 R — S(R) denote respectively the homomorphisms associated to a and b.

Definition 2.5. The Kac-Moody group G4(R) associated to A over R is
defined to be the quotient of the free product of G(R) and T(R) by the following
relations.

tmi(r)t_l = z;(t(a)r); ’5,-15’5;1 = si(t);
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i) =5ty Sus = si(u),

where ¢ is an element from T(R), r is an invertible element of R, u is an element
from &(R), z;: R — 6(R) and z_; : R — &(R) are the homomorphisms associ-
ated to e; and f; respectively, 5;(r) is the canonical image of x;(r)z_;(r~1)z;(r)
in G(R), 5; = 5;(1), and " € T(R) is defined by r(\) = ™) for X € A/,

It is easy to see G4(R) is functorial in R, we call G4 the Tits functor
associated to A = (a;;)f;_,. Set 7 =1 in 5(r~") = 5", we have 37 = (—1)";
this formula will be used in the next section.

Remark 2.6. The above defining relations were given in [8, 196], and are
slightly different from that of [9]; in fact the formula 3?2 = (—1)" cannot be
derived from the defining relations in [9].

Remark 2.7. From the defining relations we see that G4(R) (as a group) is
generated by the images of .. (R) (0 <i<n)in Ga(R).

In Section 3 we need the following lemma.

Lemma 2.8. Let A be a Cartan matriz of type

Ay o o Bs P—— ) or Cs — eo——9 ;
€1 €2 €1 €2 €3 €1 €2 €3

then the corresponding Kac-Moody group satisfies Ga(R) = [Ga(R), Ga(R)].

Proof.  In the case of Ay, we have the commutation relation [z, (1), x.,(r)] =
Teyte, (1), hence the image of U, ., (R) is contained in [G4(R), Ga(R)]. But the
Weyl group acts transitively on the set of real roots, hence the images of ., (R)
and ., (R) are contained in [G4(R),Ga(R)] too. Thus by Remark 2.7, we have
Ga(R) = [Ga(R), Ga(R)].

In the case of (3, the above proof shows that the image of ., (R) and
e, (R) is contained in [G4(R),Ga(R)]. A direct computation shows that in
W(en,eq)(R) We have [Te, (1), Tey(1)] = Tegyes(—7)Teyq20,(—7), As the Weyl group
acts transitively on the set of loot roots, we see that the image of ., 9c,(R) is
contained in [Ga(R),G4(R)] and so is U, 1, (R). But the Weyl group acts transi-
tively on the set of short roots too, hence the image of 4., (R) is also contained in
[GA(R),GA(R)]. By Remark 2.7 again, we have G4(R) = [Ga(R),Ga(R)]. The
proof for the case of Bs is similar. [ |

3. Construction of infinite loop spaces associated to Ag)_l

It is well known that there are seven infinite classes of generalized Cartan matrices
of affine type (cf.[4, p.51]), whose Dynkin diagrams are listed below.
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To each infinite class and each commutative ring R we want to associate
a sequence of Kac-Moody groups G(n) that satisfies the conditions of Theorem

1.2. First consider the case of Ag?)_l, let g; (resp. Gi(R)) be the corresponding
Kac-Moody algebra (resp. group). In the following we use the notations of Section
2 freely, sometimes the subscript [ will be added to indicate that the notations are
associated to Ag)_l. For example, V; will be the vector space over Q, with basis
{ai}izo,...;. The group Wi(A) acts on V; and 2\; denotes the set of real roots of

(2)
Ayy
and for i <[ set e, =e;, fl = f;, hi = h; respectively.

Lemma 3.1.

In g1 set €] = sj(ei11), fl = s)(fix1), by = $(hiy1) = hip1+hy respectively

AR

17 7]

(ad e;_1)%¢; = 0; (ad fi_1)*f = 0.

In g1 we have, for i,7 <1,

] = aije}; [h;,fﬂ = —Gz’jf]/-§ [egaf]/'] = 5i,jh;’$
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Proof. The first four relations follow from direct computations. Now set
g0 =Ce;_1®Cf;_1 & Ch;_; and consider g;,; as a go-module by restricting of the
adjoint representation. Since [h;_1,€)] = —2¢; and [fi_1,€j] = 0 (this follows from

the fact that every root is either positive or negative), the representation theory
of go = sly(C) implies (ad e;_1)3¢; = 0. The proof for the last relation is exactly
the same. [ |

By the defining relations of g;, the map e; — ¢,, f; — f/ extends to an
injective Lie algebra homomorphism ¢; : g; — @141 -

Lemma 3.2.  Define a linear map 7, : Vi — Viiq by m(a;) = a; for i <1 and
7(a;) = 2a; + aj41, then Tl(Ali) C Aiq and ¢1(E,) = Er ) for any a € 2.

Proof. It is easy to see that the map s; — s; for ¢ < [ and s; — s;8015
extends to a group homomorphism w; : Wj(A) — W;1(A) and for any v € V| and
W e W;(A) we have 7, - W(v) = w;(W) - 7(v). Thus the first assertion follows
readily. Similarly, the map s} — s} for i <1 and s; — s;s7,,(s])"" extends to a
group homomorphism w; : W/(A) — W/ ,(A). One checks that w; and w; are
compatible with the homomorphisms ¢; : W/(A) — Wi(A) and ¢4 : W/ 1 (A) —
Wii1(A). We also have for any w € W/(A), - ti(w) = (Yi1w;(w)) - ¢r; recall the
homomorphisms v : W/(A) — Aut(g(A);) and ¥y : W/ 1 (A) = Aut(g(A)i1)
define in Section 2. Now we are ready to prove the second assertion. First, it is
true for @ = a;, ¢ <1 by the definition of ¢;. Let a = ¢;(w)(a;) be an element of
Ay, with w € Wi(A), then ¢ (E,) = ¢ - hi(w)(Eo,) = (Qrrwj(w)) - i(Ee,) =
(V10 (W)(En) = Bouj@)m@) = Bus@m@) = En@eie) = En@-
This finishes the proof. [ |

For any a € A\, let 4, be the corresponding group scheme defined in §2,
then we can define a homomorphism 1, : 4, — i, that is compatible with the
map I, — E; ).

Lemma 3.3. Let 6§ C /\; be a nilpotent set of real roots, then 17,(0) C Ajyq
is pre-nilpotent. Let 6" be the least nilpotent set containing 17,(0), let LUy and Uy
be the group schemes in Proposition 2.3, then the homomorphisms 1, : 4,(R) —
Ur)(R) , a €0 extend uniquely to a homomorphism g : Up(R) — Ly (R).

Proof. By lemma 3.2 the homomorphism Ly — Ly induced by ¢; is injective.
Thus for a,b € 6, the commutation relation of 4,(R) and (R) in HUy(R) is
exactly the same as that of U, 4)(R) and U, (R) in Uy (R). Now the lemma
follows readily. [ |

By Lemma 3.2 and Lemma 3.3 the group homomorphisms v, (R) : ,(R) —
@) (R), a € A, extend to a group homomorphism ¢(R) : &;(R) — &;11(R).

Let A; be a free abelian groups with basis hg, - -+, h; and A its dual. Define
linear map w; : Ay — A1 by wi(hy) = h;y for @ < 1 and wi(hy) = hy + 2hiyq.
Denote by w; the dual map of w;, then w; induces a group homomorphism
wl(R) : TI(R) — §1+1<R).
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From the defining relations of Kac-Moody groups and the constructions of
Y¥(R) and w;(R) we see that the homomorphism of free products ¥*w;(R) : &;(R)x*
T(R) = S141(R) * %,11(R) reduces to a homomorphism g¢; : G;(R) — G11(R).
Set G(n) := Go,(R) and f,, := gons1 - gon- In order to apply Theorem 1.2, we have
to define group homomorphism ¢, : ¥, — G(n) for each n > 0.

First we need some preliminaries. Let W, be the signed permutation group,
i.e., the group of linear transformations of R' leaving invariant the set {#e;} of
standard basis vectors and their negatives. It has [ —1 generators 7,--- ,7;_1; and
the following defining relations:

— —2——1 _ —2—-—2a;;
T =777, -+ (m;; factors on each side),

where 7; is defined by sending {e;, e;41} to {—e;11,€;} and leaves the other basis
vectors invariant.

Lemma 3.4. The s;, 0 <i <l in Gi(R) satisfy the following two relations,

~ ~D~1  ~2~2a;;

5i8;8; - = 5;8:5; -+ (my; factors on each side).

Let W, be the subgroup of Gi(R) generated by {S;}o<i<i, then the maps s, — s;
extend to a group homomorphism h; : W/ — W,.

Proof.  We prove the first assertion and the second assertion will follow directly.
As 32 = (=1)" the first relation is equivalent to

51 = (et

which is one of the defining relations of G;(R). The second relation was proved in
Remark 3.7 of [9]. ]

For each 0 <7 < n set

3
Ty = S/2i+18/21'8,22'—13,21'4-18,27;8/21'—1
in Go,(R) and set w; = ho,(r;). Let o(i) € X, be the permutation that swaps
the i-th element with the (i 4+ 1)-th one, then the map o(i) — r; extends to a
group homomorphism ¢/, : ¥, — W3, . Set ¢, = hays),.

Remark 3.5. In fact we can identify W, with the signed permutation group,
i.e., the group of linear transformations of R?" leaving invariant the set {+e;}
of standard basis vectors and their negatives. Then r; is the linear isomorphism
of R?*™ that sends {es;_1, €2} to {e€si1, €012} and leaves the other basis vectors
invariant.

Theorem 3.6. et G(R) = lim,, o G, (R), then m = 7o(G) satisfies m = |7, 7|.
Applying Quillen’s plus construction to BG(R) and m(BG) = 7, we get an infinite
loop space BG(R).
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Proof.  Condition 1) of Theorem 1.2 follows directly from Lemma 2.8. Thus we
only need to verify condition 2) of Theorem 1.2. Set fi, ., = fintn—1-- fnt1fm, we
want to show that f,,,(G(m)) and c(n,m)(fnm(G(n)))c(m,n) are commutative
in G(m+n). Set Spm = Gamt2nSimin(c(n,m)) in the following, recall that ¢omon
is the natural homomorphism W’(AZ) 1) = WAL dn1)-

By remark 2.7, f,,,(G(m)) is generated by the subgroups {{,(R)}.co and
c(n,m)(fom(G(n)))c(m,n) is generated by the subgroups {{,(R)}acer, where

0= {ia(); cor Eagm_1, (S2m—1 cSom S2m+2n—1)(ia2m+2n)}

= {%ap, -, taom-1,£(202m—1 + - - - + 2a2m12n-1 + A2mi2n) }

and
@/ = Snm{:l:ao, ety j:agn_1, (Sgn_1 cSom 32m+2n_1)(:|:a2m+2n)}.
Thus in order to verify condition 2) it suffices to show that for any o € © and
p e, U,(R) and Us(R) are commutative, but this can be deduced from the
fact that the subalgebras Ly, and Lig of gop12, are commutative. Indeed, when
Ly, and Lyg are commutative, one checks that {«, 8} is a prenilpotent pair and
Y(a,b) = {a, B}, hence by Remark 2.4 the group Uy (qp) (R) is commutative. Thus
in order to finish the proof it suffices to show that for any o € © and g € ©’, Ly,
and Lig are commutative.
Direct computation shows that

(SQm—l cSom 32m+2n—1)(ia2m+2n) - Snm(ia2m+2n);

(S2n—1" S2m " * * S2my2n—1)(Fa2mt20) = Smn(Ea2m+2n);
Smn(Fag) = £(ag + a1 + 2(ag + -+ - + agm) + A2mi1);
Snmitar, -, £asn-1} = {Eagmi1, - Eaomion-1};
Spm{E£aons1, -, aomion—1}t = {Fa1, -, tagm-1}-

Thus we only need to show that L (4)+a;+2(as+-+asm)+azmsr) 1S cOMmutative with
Loy, and Ly, .., is commutative with L (2a,,, 1+ +2asms0n_1+asmson) - WE Prove
the first assertion, the proof for the second one is similar.

Fil"St, we have [L—am La0+a1+2(a2+'“+a2m)+a2m+1] S La1+2(a2+“'+a2m)+02m+17
but it is well known that the highest root in Za; + Zag + - - - + Zasy11 N Dopion
is a1 + -+ + agme1. Hence [L_qg, Lagtar+2(ast-tasm)tasmi] = 0. We also have
("0, Lag+ai+2(as+-—+azm)+asmer) = 0. Set go = Lqy ® L_qy ® Chy and consider g2,
as a go-module by restricting of the adjoint representation. By the representation
theory of gy = sl(C), it follows that

[Lam ea0+al+2(a2+“'+a2m)+a2m+l] =0.

Similarly, we have
[Lam fao+a1+2(a2+-~~+azm)+a2m+1] =0
and

[L—aov fa0+a1+2(a2+--~+a2m)+a2m+1] = 0.
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This finishes the proof of the theorem. The following Dynkin diagram would
illustrate our proof, where a;) (resp. a;m) denotes 2a9,,—1+- - - +202m12n—1+A2maon
(resp. Spm(ao))-

ai a2 as A2m—102m  A2m+4102m4-2 Ao2m+2n—1 A2m+2n W

Remark 3.7. It is easy to see, from the construction above, that BG*(R) as an
infinite loop space is functorial in R (see [0 [7] for a delicate exposition of infinite
loop spaces and its relation with E,, spaces). Thus we can, as in the classical
cases, define a K -theory of rings by setting

KZ(R) := m(BGT(R)).

)

4. The constructions in the other cases

The constructions in the other cases are similar. For example, in the case of Al(l),
let g; be the Kac-Moody algebra associated to Al(l), and in g;+1 set €] = sj(ei41),
1l = si(fis1), by = sj(hit1) = hiy1 + by respectively and for i < [ set e} = e,
fi = fi, hi = h; respectively. In the case of Dl(}r)l, set € = s - 8_1(€e141),
fi = s s0(fix1), by = s+ 8;_1(hya) = higa + b + by respectively.  For
the rest constructions we just repeat the arguments of the previous section.

Remark 4.1.  In Section 3 we require that A, is freely generated by {hg, -+, Iy},
in fact this assumption is not necessary. For example, in the case of Al(l) we can
set A; to be freely generated by {hy,---,h} and add an hy :== —hy — -+ — hy.
When R is a field K, the corresponding Kac-Moody group G;(K) is isomorphic
to SLi 1 (K[t,t7']), then G(oo, K)" is of course an infinite loop space. However,
we don’t know any explicit realization of G;(R) in the general cases.

We can also treat the (topological) affine Kac-Moody groups over C (see
[5] for the definition), and applying the method of Section 3 we have the following
result.

Theorem 4.2.  Let {A;};~2 be one of the seven (infinite) classes of affine gen-
eralized Cartan matrices and let {G}s2 be the associated simply-connected Kac-
Moody groups over C, then we can define for each | > 2 a natural homomorphism
fi : Gt = Gi1 such that BG = lim;_,., BG; is an infinite loop space.

Remark 4.3. In fact there exists a (infinite) classes of classical Lie groups
{G(1)};>2 such that G, is isomorphic to a central extension of the group of poly-
nomial loops or twisted polynomial loops on G(I) (cf.[5, §2.8]).
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