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Abstract. A left invariant connection associated with a left invariant metric
on a Lie group defines a Lie-admissible algebra which provides a Lie-admissible
algebraic approach to the study given by Milnor. In this paper, using such
an approach, we study left invariant metrics on Lie groups associated with
certain subclasses of Lie-admissible Lie algebras, namely, G-associative algebras
explicitly. In particular, their classifications in low dimensions are given.
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1. Introduction

Milnor in [10] commenced to study the curvatures of left invariant metrics on Lie
groups which outline “what is the Riemannian geometry of a Lie group which has
been provided with a Riemannian metric invariant under the left translation”. In
fact, let H be a Lie group, and let h be its Lie algebra consisting of all smooth
vector fields on H which are invariant under left translations. Suppose that H
admits a Riemannian metric g invariant under the left translation, then the left
invariant Riemannian connection V associated with g satisfies the “symmetry”
condition (torsion free)

Voy—Vyx =[z,y], Vz,yeb, (1.1)

and the compatibility condition (the parallel translation preserves the metric ¢

([13]))
9(Vay, 2) + 9(y, Voz) =0, Va,y €b. (1.2)

Milnor studied the sectional, Ricci and scalar curvatures in details in [10] by
considering the Riemann curvature tensor R which associates with each pair of
smooth vector fields z € h and y € b

Ray = Vipy — VaVy + V,V, (1.3)
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from smooth vector fields to smooth vector fields. Basically his study is pure
Lie-algebraic and from “metrics” to “connections” by the following formula

9(Vay, z) = %(g([ﬂf,yL ) —g(ly, 2, 2) + 9([z,2],9)), Vo,y,z€b,  (14)
which combines Egs. (1.1) and (1.2) with the various identities obtained by
permuting the variables.

Conversely, one may consider another approach from “connections” to “met-
rics” in the above study. That is, one can try to find a left invariant Riemannian
metric ¢g associated with a left invariant connection V satisfying Eq. (1.1) such
that the compatibility condition (1.2) holds. So it is natural to define a bilinear
operation on h by

xy =Vyy, Yr,y eb. (1.5)

Then Eq. (1.1) is equivalent to the fact that the commutator of the above operation
defines a Lie algebra. In fact, an algebra whose commutator defines a Lie algebra
is called a Lie-admissible algebra which connects with many fields in mathematics
and physics ([16], [14], [11], etc.). Therefore, the Milnor’s study can be carried
on by considering the Lie-admissible algebra structures on the Lie algebra § of a
Lie group H with a compatible Riemannian metric g satisfying Eq. (1.2). As an
extreme case, the classifications of left invariant flat metrics or connections whose
Riemann curvature tensors given by Eq. (1.3) are zero were given by Milnor in
[10] and the corresponding Lie-admissible algebraic (the Lie-admissible algebras
in such a case are called left-symmetric algebras ([15], [7], [6], [2], etc.)) approach
with a more explicit formula was given in [4].

On the other hand, obviously it is a little general to consider all Lie-
admissible algebras since the identity of a Lie-admissible algebra given by Eq.
(1.1) (or equivalently, Eq. (2.3) in Section 2) seems a little weak ([3]). Like
the left-symmetric algebras mentioned as above, it is natural and interesting to
consider some subclasses of the Lie-admissible algebras satisfying certain additional
conditions. In [9], the Lie-admissible algebras are divided into several subclasses,
namely, the G-associative algebras including left-symmetric algebras, according to
certain “symmetry” of the associators under the transformation subgroup G in X3
which is the symmetry group of degree 3. In this paper, except the left-symmetric
algebras which have been given in [4] and the most general Lie-admissible algebras
only satisfying Eq. (1.1), we mainly study the other subclasses of Lie-admissible
algebras with positive definite and symmetric bilinear forms satisfying Eq. (1.2).
We would like to point out that although our study may not provide more new
results on the study of curvatures given by Milnor, the new algebraic approach
would provide certain more explicit and practicable description and on the other
hand, it provides plentiful of geometric background and motivation to the study
of the (pure) algebra systems like the Lie-admissible algebras themselves.

The paper is organized as follows. In Section 2, we will briefly recall the
definitions of G-associative algebras. In Section 3, we give the structure theories
on (-associative algebras with positive definite and symmetric bilinear forms
satisfying Eq. (1.2). In Section 4, we give the classification up to dimension
3.
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Throughout this paper, all algebras are over the real number field R, unless
otherwise stated.

2. G-associative algebras

In this section, we use the notations and terminologies in [9]. Let A = (A, ) be a
finite dimensional algebra over a field I, where 1 : A x A — A is a linear mapping
(the law of A). Denote by a, : A%* — A the associator of the law p:

a, (X1, Xo, X3) = p(p( X1, Xa), X3) — p(Xq, u(Xs, X3)), VX1, X, X3 € A (2.1)
Let ¥, be the symmetric group of degree n. For every o € Y3, let

0(X1, Xo, X3) = (Xo-101), Xo-102), Xo1(3)), VX1, Xo, X3 € A (2.2)

Definition 2.1. The algebra A = (A, u) is called Lie-admissible if the law p

satisfies
> (=1)*a, 00 =0. (2.3)

oEXS3

This definition is equivalent to that the mapping [, |, : Ax A — A defined
by [X,Y]=u(X,Y)— u(Y,X) is a Lie bracket ([1]).

Definition 2.2. Let G be a subgroup of X3. We say that the algebra law is

G -associative if
Z(—l)a(”)au oo =0. (2.4)

oceG
It is known that there are a total of 6 subgroups of >3 given as follows.
Gy ={ld}, Gy={ld, 2}, Gs3={ld, 13}, Gyi={Id, 113},

Gs = {Id,(231), (312)} = Ay, Gg = s, (2.5)

where 7;; is the transposition between ¢ and j, (231) a 3-cycle, and Az is the
alternating group. Let zy = p(z,y) and (z,y,2) = a,(z,y, 2) for any z,y,z € A.
Then

(r,y,2) = (zy)z — x(yz), Vr,y,z € A. (2.6)

There are the following types of Lie-admissible algebras:
1. If p is Gi-associative, then p is an associative law, that is, the identity

(x,y,2) =0 (2.7)

holds for any x,y,z € A. In this case, A is an associative algebra.
2. If p is Ga-associative, then p is a law of Vinberg algebra ([7], [12]), that
is, the identity
(z,y,2) = (y, 2, 2) (2.8)

holds for any x,y,z € A. In this case A is also called a left-symmetric algebra.
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3. If p is Gs-associative, then u is a law of pre-Lie algebra ([6]), that is,
the identity

(,9,2) = (v, 2,9) (2.9)
holds for any z,y,z € A. In this case A is also called a right-symmetric algebra.

4. If p is G4-associative, then A is called a Gj4-associative algebra, that is,
the identity

(z,y,2) = (2,y,x) (2.10)
holds for any x,y,z € A.
5. If p is Gs-associative, then A is called a Gs-associative algebra, that is,
the identity
(x,y,2) + (y,2z,2) + (2,z,y) =0 (2.11)

holds for any z,y,z € A. The identity (2.11) is called the generalized Jacobi
condition.

6. If © is Gg-associative, then p is a Lie-admissible law.

3. Left invariant metrics on Lie groups associated with G-associative
algebras

Let A be a (G-associative algebra over the real number field R and let f be a
bilinear form. We say that f is left invariant if f satisfies

flzy,2)+ f(y,zz) =0, Va,y,z € A. (3.1)

Suppose that f is positive definite, symmetric and left invariant. For any subspace
Vin A, set
Vi={zcA| f(z,y) =0, VyeV} (3.2)

For any z,y € A, let L(z) and R(z) denote the left and right multiplication
operators respectively, that is, L(z)(y) = zy, R(x)(y) = yx. The adjoint F'* of a
linear transformation F' on A associated with f is defined by the formula

f(F(x)>y) :f(va*(y))a Vz,y € A. (33)

The transformation F is called skew-adjointif F* = —F. So Eq. (3.1) is equivalent
to the fact that L(x) is skew-adjoint for any x € A. Let

Amn(A) ={z € Alzy =yz =0, Yy € A} (3.4)

be the annihilator of A. Obviously, Ann(A) is an ideal of A, and an algebra A is
called trivial if A = Ann(A). For any subalgebra V' in A, set

Ca(V) = {z € V | R(@)|y = 0}. (3.5)

Lemma 3.1 ([5]). Let A be a Lie-admissible algebra with a positive definite,
symmetric and left invariant bilinear form f. Then Cr(A) = (AA)L. Therefore
A can be decomposed into an orthogonal direct sum of vector spaces as

A = Cr(A)FAA. (3.6)
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Theorem 3.2 ([10]). A Lie group G with a left invariant metric is flat if and
only if the associated Lie algebra g splits as an orthogonal direct sum of vector
spaces b4u, where b is a commutative subalgebra, u is a commutative ideal, and
the linear transformation adb is skew-adjoint for any b € b. Furthermore, if these
conditions are satisfied, then

V.=0,V, =ad(b),Vu € u,b € b. (3.7)

Theorem 3.3 ([4]). A left-symmetric algebra A has a positive definite, sym-
metric and left invariant bilinear form if and only if A splits as an orthogonal
direct sum of vector spaces b+Ann(A)+[A, A], where b is a trivial subalgebra,
[A, Al = AA is a trivial ideal with even dimension, dimb < dim[A, A]/2, and the
linear transformation R(x) = 0 and L(x) # 0 is skew-adjoint for any non-zero
rTEDb.

Next we study the other cases of G-associative algebras, where G =
G1,G3, G4 and G5 respectively.

Theorem 3.4.  An associative algebra with a positive definite, symmetric and
left invariant bilinear form is trivial.

Proof. Let A be an associative algebra and let f be a positive definite,
symmetric and left invariant bilinear form. Obviously, A is a left-symmetric
algebra. By theorem 3.3, A splits as an orthogonal direct sum of vector spaces

b+Ann(A)+[A, 4],

where b is a trivial subalgebra, [A, A] = AA is a trivial ideal, dim[A, A] = 2k, and
the linear transformation R(z) = 0 and L(x) # 0 is skew-adjoint for any non-zero
reb.

Assume that A is not trivial. So k # 0. For any z,y € b, we know that

r(yz) = (vy)z + y(vz) — (yr)z = (yx)2, Vz € [A Al

Hence L(I)[A,A]L(y)[A,A] = L(y)[A,A]L(J7>|[A,A]7 that iS, {L(x)hA,A]}xeh is a family
of commutative linear transformations on [A, A]. Therefore there exists a basis
{e1,--- ,ea} of [A, A] such that f(e;,e;) = 0;; and for any x € b,

T€2i—1 = —Oli(f)e% T€o; = Oéi(i)em—h i=1,---k,

and for any ¢ (1 <i < k), there exists an element y € b such that a;(y) # 0 (due
to the fact that b N Ann(A) = {0}). Let = € b satisfy ay(z) # 0. Then

z(zey) = —ay(z)%e; # 0 = (w1)ey,
which is a contradiction. Hence A is trivial. [ ]
Theorem 3.5. Let A be a right-symmetric algebra with a positive definite,
symmetric and left invariant bilinear form. Then A = Ann(A) & AA as a direct

sum of ideals, where Ann(A) = Cgr(A) and AA is an ideal of A satisfying
AA = (AA)(AA).
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Proof. If A is a right-symmetric algebra, then Cr(A) is an ideal of A ([8]).
Hence for any © € Cr(A) and y € A, we know that xy € Cr(A) N AA. Therefore
ry = 0 by Lemma 3.1. So z € Ann(A) and then Cr(A) C Ann(A). Thus
Ann(A) = Cgr(A). Obviously AA is an ideal of A and A = Ann(A) @ AA as a
direct sum of ideals, which implies that AA = (AA)(AA). m

Theorem 3.6.  Let A be a G4-associative algebra with a positive definite, sym-
metric and left invariant bilinear form. Then A = Ann(A) & AA as a direct
sum of ideals, where Ann(A) = Cgr(A) and AA is an ideal of A satisfying
AA = (AA)(AA).

Proof. Let z € Cr(A) and y € A. Since

(yr)z — y(ox) = (v0)y — 2(2Y),

we know that z(zy) = 0. Therefore, we obtain 0 = f(z(zy),y) = —f(zy, zy),
which implies zy = 0. Hence Ann(A) = Cr(A). Therefore we know that AA
is an ideal of A and A = Ann(A) & AA as a direct sum of ideals. Moreover,
AA = (AA)(AA). |

Lemma 3.7. Let A be a Lie-admissible algebra. Then
A, AF = {z € A| R(z) = R(2)"}.

Proof. For any =,y,z € A, z € [A, A" if and only if f(z,[z,y]) = 0, if and
only if f(z,zy) — f(z,yz) = 0, if and only if f(R(z)z,y) = f(R(2)y,z), if and
only if R(z) = R(2)*. ]

Lemma 3.8. Let A be a Gs-associative algebra. Then
[A, A]* = {u € A| R(u) = 0} = Cr(A).

Proof. For any u € [A, A]* and v € A, by Lemma 3.7, we know that
Fu,v) = F(R(w)u,v) = Flu, Ru)o) = F(u, vu) = 0.

Hence uu = 0 due to the positive definiteness of f. For any u € [A4, A]*, R(u) is
diagonalizable over the real number field R since it is self-adjoint. Let A € R be

an arbitrary eigenvalue of R(u) and v € A be a non-zero eigenvector associated
with A. Then
—(uv)u + Auv + u(uv) = \*v.

due to the equation (vu)u + (uu)v + (uv)u = v(uu) + u(uv) + u(vw). Thus
Nf(v,v) = flu(uw) — (w)u + Auv,v) = f(u(uv) — (uv)u, v)
= —fluv,uv) + f(uv,vu) = Af(uv,v) — f(uv,uv) <O0.
Therefore A = 0 and then R(u) = 0. [

Theorem 3.9. Let A be a G5-associative algebra with a positive definite, sym-
metric and left invariant bilinear form. Then A = Ann(A) @ [A, A] as a direct
sum of ideals.
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Proof. By Lemma 3.1 and 3.8, we know that [A, A] = AA is an ideal of A

and A = Cg(A)+[A4, A] as an orthogonal direct sum of vector spaces. For any
x € Cr(A) and y € A, we know that x(zy) = 0 since

(yz)r + (z2)y + (vy)7 = y(rz) + 2(20Y) + 2(Y).

Thus 0 = f(xz(zy),y) = —f(xy,zy). Hence zy = 0 by the positive definiteness of
f. So Cr(A) C Ann(A) and then Cr(A) = Ann(A). Therefore A = Ann@® [A, A]

as a direct sum of ideals. n

Corollary 3.10. A Gjs-associative algebra on a solvable Lie algebra with a
positive definite, symmetric and left invariant bilinear form is trivial.

Proof. Let A be a Gj-associative algebra with a positive definite, symmetric
and left invariant bilinear form. By Theorem 3.9, A = Ann(A) & [A, A| as a direct
sum of ideals. Then [A, A] = [[A, A], [A, A]]. Since the commutator Lie algebra of
A is solvable, we know that [A, A] = 0. Therefore A = Ann(A) is trivial. n

4. The classification in dimension < 3

Lemma 4.1. Let A be a Lie-admissible algebra with a positive definite, sym-
metric and left invariant bilinear form f. If A is 1-dimensional, then A is trivial.

Proof. Let {e} be a basis of A such that f(e,e) = 1. Since f(ee,e) =
—f(e,ee) =0, we know that ee = 0. So A is trivial. ]

Theorem 4.2 ([4]). Let A be a left-symmetric algebra in dimension 2 with a
positive definite, symmetric and left invariant bilinear form. Then A is trivial.

Theorem 4.3.  Let A be a right-symmetric algebra or G4-associative algebra in
dimension 2 with a positive definite, symmetric and left invariant bilinear form.
Then A is trivial.

Proof. Let f be the positive definite, symmetric and left invariant bilinear
form, and let {e;,e2} be a basis of A such that f(e;,e;) = d;;. Set

erer = apey + bnea, eres = ajpey + biea,

€261 = ag1€1 + 52162, €269 = 261 + bages.

By the left invariance of f, we know that

air = big = ag1 = by =0, b1y = —a12, azx = —ba1.
Let a = b1y and b = a99. Then we have

€11 = aeg, exey = bey, ereg = —aey, ege; = —bes. (4.1)
If A is a right-symmetric algebra, then a = 0 by Eq. (4.1) and

(6161)62 - 61(6162) = (6162)61 - 61(6261),
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and b =0 by Eq. (4.1) and
(6261)62 — 62(6162) = (6262)61 — 62(6261).

If A is a Gy-associative algebra, then a = b =0 by Eq. (4.1) and

(6161)62 — 61(6162) = (6261)61 — 62(6161).

So A is trivial in both cases. m

Corollary 4.4.  Let A be a G;-associative algebra in dimension 2 with a positive
definite, symmetric and left invariant bilinear form for 1 < ¢ < 5. Then A 1is
trivial.

Proof. It is clear due to Theorems 4.2 and 4.3 and Corollary 3.10 and the fact
that any 2-dimensional Lie algebra is solvable. |

Theorem 4.5 ([4]). Let A be a left-symmetric algebra in dimension 3 with a
positive definite, symmetric and left invariant bilinear form. Then A is trivial or
A is 3-dimensional with a basis {e1,es,e3} such that the non-zero products are
given by

€169 — —€3, €1€3 = €9. (42)

Lemma 4.6. Let A be a right-symmetric or G4-associative algebra in dimen-
sion 3 with a positive definite, symmetric and left invariant bilinear form. Then

A s trivial or AA = A.

Proof. By Theorem 3.5 and 3.6, for both cases, A = Ann(A) & AA, where
AA = (AA)(AA). By Lemma 4.1 and Theorem 4.3, we know that AA = 0 or
AA = A. Then the result follows. [

Theorem 4.7.  Fvery right-symmetric algebra in dimension 3 with a positive
definite, symmetric and left invariant bilinear form is trivial.

Proof. Let A be a 3-dimensional right-symmetric algebra with a positive
definite, symmetric and left invariant bilinear form f. Assume that A is not
trivial. By Lemma 4.6, we know that AA = A. Then there exists an element
e € A such that L(e) # 0. Since f(ex,y) + f(z,ey) = 0, there exists a basis
{e1, e2,e3} of A such that

flei,e;) = 0i, and ee; = —aey, eey = aey, eez3 =0, a#0.
Replacing e by £, which is still denoted by e, we know that
ee; = —ey, eeg =e1, eez = 0. (4.3)
Set

3
eiej = Zafjek, 1<, <3,
k=1
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Then by the left invariance of f, we know that
afj + o, = 0.
Due to the identity
(ees)e; — e(eser) = (eeq)es — e(eres), (4.4)

we know that

3 3 2 3 3 _
ajy + Qy +az; =0, aj; — agy = 0.

Replacing e; by e in the identity (4.4), we know that
04:1))2 + O‘gl - 0431 =0, O‘i - O‘gz = 0.
Replacing e3 by e in the identity (4.4), we know that

2 9 3 3 _
aj; = ay =0, aj; +ay =0.

Therefore
04%1 = 0431 = 04:1))1 = 0432 = O‘%l =0, 0?2 + O‘gl = 0. (4.5)
Furthermore, due to the above Eq. (4.5) and the identity
(e1e2)e; — e1(ezer) = (e1e1)es — eq(eres),

we know that
oty (eser + 2eie3) = 0.

Then a3, = 0 or eze; +2eje3 = 0. Moreover, if eze; +2eje3 = 0 it is easy to know
that a3, = 0. Hence
2 _ 2 _ 3 _ 3 _ 2 _ 3 _ 3 _
Qi = Qg = O = Qigy = (3 = Ay = Ay = 0.

It follows that dim AA < 2, which is a contradiction. Therefore A is trivial. =

Let sl(2,C) be the 3-dimensional complex simple Lie algebra consisting of
all 2 x 2 matrices with trace zero.

Theorem 4.8.  Let A be a complex Gs-associative algebra on sl(2,C) with a
nondegenerate, symmetric and left invariant bilinear form. Then there exists a
basis {h,z,y} of A such that the non-zero products are given by

1 1
he =z, vh=—x, hy= -y, yh=y, xy=§h, ?/x:_ﬁh'

Proof. Let f be the nondegenerate, symmetric and left invariant bilinear form,
and let {h,z,y} be a basis of si(2,C) such that
[h,x] =2z, [h,y] =2y, [z,y]=h.
It is easy to know that the identity (2.11) is equivalent to
[vy, 2] + [yz, 2] + [z2,y] = 0, V1,y,2 € A. (4.6)

We prove this theorem by the following several lemmas.
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Lemma 4.9. There exists a € C such that hh = ah.

Proof.  Let hh = ah + bx + cy. Since [hh, x| + [hx, h] + [zh, h] = 0, we know
that ¢ = 0. Replacing = by y, we know that b= 0. [ |

Lemma 4.10.  hz = “z, zh =2z, zz=0.

Proof. By [hh,z] + [hx, h] + [zh, k]| = 0 and
[hh, x] + [ha, h] + [zh, h] = 2ax + [hx, h] 4+ [hae — 22, h] = (2a + 4)z + [2hx, A,

we know that there exists m € C such that hx = “T”x + mh. Therefore
zh = “2x + mh. Since [hx,z] + [zz, h] + [zh, 2] = 0, we know that there exists
n € C such that zz = 2max + nh. By the identity [zz,z] = 0, we know that
n = 0. Thus zx = 2max. Since

f(hz,z) = f(xh,h) = f(zx,z) =0,
we have that

a+ 2
2

Fa,2) +mf(h,z) =0, GT_2f($, B) 4+ mf(h,h) =0, 2mf(z,z) = 0.

If m # 0, then f(x,z) = f(h,z) = f(h,h) = 0. It follows that f is degenerate
which is a contradiction. So m = 0. u

Lemma 4.11. hh =0, hx =2z, zh=—z, xx=0.

Proof. By Lemma 4.9, hh = ah. Assume that a # 0. Since f(hh,h) =
af(h,h) =0, we know that f(h,h) = 0. Furthermore we know that

fhhx) = af(hx) = —f(hha) = — 222 f(h,x)
= LU A w) — (o], )+ (B, ) = ~27(a, ).

It follows that f(h,r) = 0. Then f(hx,z) = “2f(x,z) =0 and

2

f(hh,y) = af(h,y) = %(f([h,h],y) — f(h,yl, h) + f(ly, h], b)) = 2f (y, ).
Then f(x,z) = 0 or f(h,y) = 0. For any case, f is degenerate which is a
contradiction. Thus a = 0. [

Similarly, we obtain the following conclusion.

Lemma 4.12. hy=—y, yh=y, yy=0.

Lemma 4.13. zy = %h, yr = —%h.
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Proof.  Since [zz,y] + [zy, 2] + [yz,z] = 0 = [h, 2] + 2[yz, 2], we know that
yr = —1h+bx. Due to the identity [yy, z]+ [zy, y] + [yz, y] = 0 = [h, y] +2[yz, y],
we know that b = 0. Therefore xy = %h. [ |

The theorem follows from the above lemmas. ]

Theorem 4.14. Let A be a Gs-associative algebra in dimension 3 with a
positive definite, symmetric and left invariant bilinear form f. Then A is trivial
or there exists a basis {e1,eq2,e3} of A such that non-zero products are given by

€1€9 = —€9€1 = €3, €1€3 = —€3€1 = —€9, €9€3 = —€3€2 = €1. (47)

Proof. Assume that A is not trivial. By Corollary 3.10, the associated Lie
algebra of the complexification A¢ of A must be the 3-dimensional complex simple
Lie algebra sl(2,C). Obviously Ac¢ is a complex Gj-associative algebra. By
Theorem 4.8, Ac is anti-commutative, i.e., xy = —yzx for any z,y € Ac. It is
obvious that A is anti-commutative, too. Let {€], €}, €4} be a basis of A such that
f(e},e;) = di5. Since A is anti-commutative, we know that

ele) = ehey, = eses = 0.

Let e\efy = aje] + asel, +aely. Then ay = ay =0 by f(e)e), e)) = f(eje), e)) = 0.
Hence by letting a = a3, we have

rr rr /
Similarly, there exist §,v € C such that
! ! ! ! / /AN ! 7 /
€163 = —e3€] = [ey, eye3 = —€3ey = ey,

Since A is anti-commutative and f is left invariant, we know that f(ejeh,e}) =
—f(ey, eles) = f(e], ehel). Since A is not trivial, we know that

a=—-F=v#0.
Therefore we have
€1€2 = —€2€1] = €3, €1€3 = —€3€] = —€2, €263 = —€3€3 = €]
: [eL o€ €
if we replace the basis {1, 2,2} by {e1, ez, e3}. [

Recall that a Lie group H is called unimodular if its left invariant Haar mea-
sure is also right invariant and a Lie algebra b is called unimodular if trace ad(x) =
0 for any = € b, where ad(z) is the adjoint operator satisfying ad(z)y = [z, y] for
any y € b.

Lemma 4.15 ([10]).  Let H be a connected 3-dimensional Lie group with a left
mvariant metric g and let b be the associated Lie algebra. Then we have the
following results.
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1) H is unimodular if and only if b is a unimodular Lie algebra. Further-
more in this case, there exists a basis {e1,es,e3} of b such that

g(ei,ej) = 51'3', and [62, 63] = \ieq, [63761] = A\aea, [61762] = Azes. (4-8)

2) If H is non-unimodular, then there exists a basis {e1,es,e3} of h such
that
glei,e;) = 06,5, and [er,es] = aes + bes, [e1, e3] = ceq + des, (4.9)

where ac+bd =0 and a+d # 0.

Theorem 4.16. Let A be a Gy-associative algebra in dimension 3 with a
positive definite, symmetric and left invariant bilinear form f. Then A is trivial.

Proof. First we prove that the associated Lie algebra of A is a unimodular
Lie algebra. Otherwise we assume that the associated Lie algebra of A is a non-
unimodular Lie algebra. By Lemma 4.15, there exists a basis {e1, e2,e3} of A such
that Eq. (4.9) holds, that is,

flei,ej) = 6ij, e1, ea] = aey + bes, |er, es] = cea + des,
where ac+bd =0 and a+ d # 0. By the above equation and Eq. (1.4), we have

ere; =0, eges = aey, esez = dey;

b—c b+c
€162 = €3, €261 = —Aa€y — €3;
c—b b+c
€1€3 = €2, €361 = — ey — des;
b+ ¢
€9€3 — €3€9 — €1.

Since (eg, e3,€1) = (e1,€e3,€2) and (es, ea,€1) = (€1, €9, e3), we know that
bd + cd 4 2ab =0, ab+ ac+ 2cd = 0. (4.10)
Therefore with the equation ac + bd = 0, we know that
ab+cd = 0.

Then by the above equation and Eq. (4.10) and a + d # 0, we know that b = 0.
Since (e, eq,€2) = (€2, €2, €1), we know that

&+ be+2a® =0,

which implies a = ¢ = 0. It follows that AA # A. Then A is trivial by Lemma
4.6, which is a contradiction.

Then the associated Lie algebra of A is a unimodular Lie algebra. Thus by
Lemma 4.15, there exists a basis {e1, e, e3} of A such that Eq. (4.8) holds, i.e.

f(ei7€j> = 5z‘j, [62, 63] = \ieq, [63761] = Aaes, [61762] = Azes.
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Then by the above equation and Eq. (1.4), we know that

€1€1 = €9€9 = €3€3 — O,

—)\1+>\2+)\3 —)\1‘1')\2—)\3
€162 = 5 €3, €261 = 5 €3;
A — Ay — A3 A+ A2 — A3
€163 = #62, €31 = #62;
Al — A2+ A3 —A =X+ A3
€9€3 = #61, €3y — 5 €1.

Since (eq, e3,e3) = (es, e3, 1), we know that
(A= X)) = A3 = (A1 + Ao — A3)2

Similarly, by the equations (eg,e1,e1) = (e1,e1,e3) and (ey,eq,e2) = (eg,€2,€1)
respectively, we know that

(A2 = A3)” = AT = (A = Ao = Xa)?,

(/\1 — /\3)2 — )\3 == ()\1 - )\2 + )\3)2.

Therefore we know that
M4+ =0.

It follows that Ay = Ay = A3 = 0. Hence A is trivial. ]

Remark 4.17. Theorem 4.16 also can be obtained by a more complicated
computation by considering directly the 3-dimensional (Gj4-associative algebras
with a positive definite and symmetric bilinear form as we have done for the
other G-associative algebras. On the other hand, by a similar study as in the
proof of Theorem 4.16 which follows from Lemma 4.15 given by Milnor in [10],
the corresponding results for the other G-associative algebras in this paper can
be obtained, too. Obviously, for these cases, our approach is less complicated
and certain part of the conclusions are more explicit and may extend to higher
dimensions.

Remark 4.18. We have shown that besides two examples, most of the G-
associative algebras (G = G;,i = 1,---,5) in dimension < 3 with a positive
definite, symmetric and left invariant bilinear form are trivial. So it seems that
these G-associative algebras are not very “compatible” with the positive definite,
symmetric and left invariant bilinear forms. However, the situation will be different
in higher dimensions, although the study in higher dimensions is very complicated
(Milnor only gave a complete classification in dimension 3 in [10] and it is quite
difficult to extend his study to higher dimensions). For example, there are more
non-trivial cases of left-symmetric algebras in dimension > 4 ([4]). Moreover, our
approach may be helpful to the study in higher dimensions and the study in this
paper can be a guide for further development.
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