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Abstract.  Let co(J) be the conformal algebra of a simple Euclidean Jordan
algebra J. We show that a (non-trivial) unitary highest weight co(.J)-module has
the smallest positive Gelfand-Kirillov dimension if and only if a certain quadratic
relation is satisfied in the universal enveloping algebra U(co(J)¢). In particular,
we find an quadratic element in U(co(J)c). A prime ideal in U(co(J)c) equals
the Joseph ideal if and only if it contains this quadratic element.
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1. Introduction

1.1. Unitary highest weight modules. Let (G, K) be an irreducible Hermi-
tian symmetric pair of non-compact type. If we denote their Lie algebras by
(go, t0), denote their complexification by g = go@C and ¢ = £ @ C, then
t = CH@[t, ¢] with ad(H) having eigenvalues 0,1,—1 on g. Usually we use
the real lie group G for the Hermitian symmetric pair (G, K) or merely the Lie
algebra go. There are seven cases of Hermitian symmetric pairs which we refer to
as follows:

su(p,q), sp(n,R), s0"(2n), s0(2,2n — 1), 50(2,2n — 2), eg(_14), e7(—25)-

Let M be an irreducible non-compact Hermitian symmetric space. Let
G be the identity component of the automorphism group of M. Let K be the
stabilizer of a fixed point of M, which is a maximal compact subgroup of G.
Then M can be identified with G/K as smooth manifolds and (G, K) will be a
Hermitian symmetric pair of non-compact type.

We call (G, K) a tube type Hermitian symmetric pair when G/K is a
tube type Hermitian symmetric space. In our notation, the tube type Hermitian
symmetric pairs are as follows:

su(p,p), sp(n,R), s0™(4n), s0(2,2n — 1), s0(2,2n — 2), er(_as).
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Recall that the irreducible unitary representations of GG are in one-to-one
correspondence with the irreducible unitary (g, K)-modules. And a representa-
tion of G is called a highest weight representation if its underlying (g, K')-module
is a highest weight g-module. Then we know a unitary highest weight module
is irreducible. When (G, K) is a Hermitian symmetric pair, the unitary high-
est weight modules of G had been classified by Enright-Howe-Wallach [5] and
Jakobsen [15, 16]. We sometime call such G-modules simply by g-modules or
go-modules.

1.2. Euclidean Jordan algebras. The Euclidean Jordan algebras were initially
introduced by P. Jordan [17] for the purpose of reformulating quantum mechanics
in a minimal way. Then Jordan-von Neumann-Wigner [18] classified the simple
finite dimensional Euclidean Jordan algebras: they consist of four infinity series
(i.e. T'(n), H,(R), H,(C) and H,, (H) ) and one exceptional (i.e. Hsz (0)).
Although Euclidean Jordan algebras are abandoned by physicists quickly,
the Jordan methods have proved useful tools in a variety of settings by mathemati-
cians since 1950’s. Some applications can be found in McCrimmon [25, 26]. From
Koufany [23] and Faraut-Koranyi [9], we know the tube type Hermitian symmet-
ric spaces, irreducible tube domains and the conformal algebras co(J) of simple
Euclidean Jordan algebras are in natural one-to-one correspondence. So tube type
Hermitian symmetric pairs and the conformal algebras of simple Euclidean Jordan
algebras are in one-to-one correspondence. In this paper, we will use the language
of Euclidean Jordan algebras to study the unitary highest weight co(.J)-modules.

1.3. Kepler problems and quadratic relations. The Kepler problem is a
physics problem about two bodies with an attractive force obeying the inverse

square law. Mathematically it is a mechanical system with configuration space
R? := R*\{0} and Lagrangian

1 1

L=-r?*+-=

2 + r’
where r is a function of ¢ taking value in R?, r’ is the velocity vector and r is
the length of r. Therefore, quantum mechanically the Hamiltonian for the Kepler

problem becomes
1

g--ia_ -,
2 r

where A is the Laplace operator on R?.
The MICZ-Kepler problems are generalizations of the Kepler problems, and
they were independently discovered by McIntosh-Cisneros [27] and Zwanziger [43]
more than thirty years ago. The (classical) MICZ-Kepler problem with magnetic
charge ;1 € R is a natural mathematical generalization of the Kepler problem,

with the Lagrangian

1 1
L:§r’2+——A-r’—M—

r

where A is the magnetic potential. Let B := V X A = p-5. Then the equation

of motion is
r’ = -1 XB+(———>
A
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Recently Meng [28, 29, 35, 33| generalized the MICZ-Kepler problems and
discovered a family of quadratic relations. Let m be an integer and m > 2. We
define a (3 +m) x (3 +m) matrix [n,,] = diag(1,1,—-1,...,—1). We denote its
inverse by [7*]. Let Clyny1 be the Clifford algebra over C generated by X/ s
subject to relations:

X, X, + X, X, = —2n,,.

Let us denote M, = $(X,X, — X, X,). Then we have

i
[Maba Mcd] = _i(nbcMad - nachd - 77bd]\4ac + 7/}tzd]\fbc)- (11)

So {M,,} generate so(2,m + 1).

Let (7,V) denote the unitary highest so(2,m + 1)-module, and 7(0) := O
for any O € s0(2,m+ 1). We use [-,-] and {-,-} to denote the commutator and
anticommutator in a Lie algebra throughout the paper.

Then Meng proved the following theorem.

Theorem 5.1 [30, Theorem 2] A (non-trivial) unitary highest weight module of
s50(2,m+ 1) = (co(I'(m))) has the smallest positive Gelfand-Kirillov dimension if
and only if it satisfies the following quadratic relations on the underlying module
space:

{]\;[M,le‘} =y with p,v=-1,0,1,...,m+1, (1.2)

where M,j\ = n’\“]\;./W and c is a representation-dependent real number.

We denote a unitary highest co(J)-module by (7, V), (0) := O for any
O € co(J). In this paper we will show the following main theorem.
Theorem 4.1 A (non-trivial) unitary highest weight co(J)-module has the small-
est positive Gelfand-Kirillov dimension if and only if the following primary quadrat-
ic relation is satisfied:

Q1) 2 X L? — L?— L{X..Y.} = —aly as an operator on V.
1<a<D
Here D =dim(J). a = a(J, k) (given in Remark 7.2) is a nonzero constant
and only depends on the highest weight X = X(k) (given in Corollary 3.1).
{ea} is an orthonormal basis for J. p is the rank of J. L., X. and Y,

are generators of the conformal algebra co(J).

We find that the two quadratic relations in the two theorems are equivalent
when J =T(m). So we call (Q1) a generalized quadratic relation.

This generalized quadratic relation is firstly introduced by Meng [36]. When
Meng reconstructed the various Kepler-type problems [31, 32, 34] in the unified
language of Euclidean Jordan algebras in Ref.[36], he constructed the minimal
representation for the conformal algebra co(J). Then he showed that this repre-
sentation actually satisfied a quadratic relation, which corresponded to k£ = 0 in
Q).

For a simple complex Lie algebra g not of type A,,, Joseph [19] constructed a
completely prime 2-sided ideal Jy in the universal enveloping algebra U(g), whose
associated variety is the closure of the minimal nilpotent orbit in g*. In this paper,
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we find that any prime ideal I C U(g) equals the Joseph ideal Jy if and only if 1
contains Qf £ (2 Y L2 —I2—3{X.,Y.}+a) with a = a(J,0) = §(1+524).

P 1<a<D

1.4. Outline of the paper. In section 2, we recall some basic definitions and
properties about Jordan algebras. We will give their relation with tube type
Hermitian symmetric pairs. In section 3, we recall the unitary highest weight
modules and the classification theorem by Enright-Howe-Wallach [5]. In section 4,
we state the main theorem and give some corollaries. Then in section 5, 6 and 7,
we give a case-by-case proof for the main theorem.

2. Some basic facts in Euclidean Jordan algebras

The facts and theorems reviewed in this section can be found in Koecher [22] and
Faraut-Kordnyi [9].

A linear Jordan algebra J is an(not necessarily associative) algebra over a
field F whose multiplication satisfies the following axioms:

1. xy = yx (commutative law).
2. z(2?y) = 2*(xy) (Jordan identity).

If we define the left multiplication in the Jordan algebra J by L, (v) = uv,
then a Jordan algebra over a field F is just a commutative algebra over F such
that [L,, L,2] = 0.

Suppose V' is an associative algebra over a field F(Char # 2), and A is a
linear subspace of V', closed under square operations, i.e, u € A = u?> € A. Any
such A gives rise to a Jordan algebra AT under a new product:

zoy = ((x+y)’ —2*—y?)/2

For example, if we take V = CI(R", @) (i.e, the Clifford algebra of R" equipped
with a quadratic form @) and A = R @ R™, then we get a Jordan algebra A*,
denoted by I'(n).

A Jordan algebra J is called special if it can be realized as a Jordan
subalgebra of some A™. All other Jordan algebras are called exzceptional Jordan
algebras.

A Jordan algebra J is called semi-simple if its canonical symmetric bilinear
form 7 (where 7(u,v) = the trace of L,, ) is non-degenerate. J is called simple if
it is semi-simple and has no nontrivial ideals. Every semi-simple Jordan algebra
J is a direct sum of simple Jordan algebras.

A Jordan algebra J over R is called Fuclidean if its canonical symmetric
bilinear form 7 is positive definite. So a Euclidean Jordan algebra is semi-simple.

Theorem 2.1. (Jordan, von Neumann and Wigner). The complete list of
simple Fuclidean Jordan algebras are the following:

1. The algebra T'(n) = R®R" (n > 2).
2. The algebra 3, (R) (n >3 orn=1).
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3. The algebra 3,,(C) (n > 3).
4. The algebra H,, (H) (n > 3).

5. The algebra H3 (O ).

Remark 2.1. H,(F) denotes Hermitian n x n matrices with entries in F. In 1934,
Albert [1] showed that Hs (O) is not special.

We define the trace of an element in a simple Euclidean Jordan algebra J
as: tr(\, @) =2\ for I'(n), and tr(u) = trace(u) for the other types.
We define the inner product on a Euclidean Jordan algebra J by

1
Wl = G

7(u,v),

for all u,v € J.
Every semi-simple Jordan algebra(over a field K with Char = 0) has a unit
element e. We define the rank of a Euclidean Jordan algebra J as p := tr(e).
For a simple Euclidean Jordan algebra .J, we have:

tr(u) = dinf(J) Tr(L,) = dinf(J)T(u’e)'

Then we see (ulv) = /l)tr(uv).

Theorem 2.2.  Let J be a simple FEuclidean Jordan algebra of rank p , xq € J
is non-zero and x3 = tr(xo)zy . Then there is an orthogonal basis for J:
{ei, - yeppei;y with (1<i<j<p,1<p<d) such that

1.

1. each basis vector has length 7

2 _ _ A
2. e =€, eie;; =0 fori#j,

p

3. Zeii =€,

i=1

2 1 1 . . .. .
4. (€)? = 5(ejy +ewn) , euel; = ejjer; = ger;, euely, =0if i # i #k ;
5. tre; =1, trej; =0 ;

6. Ty = (t’f’l’o)Gu .

Remark 2.2. The parameter d in the above theorem is called the degree of J, and
dim(J) = p+ w. The set {eq1, -+ ,e,,} is called a Jordan frame.
We have the following table:

A derivation D of a Jordan algebra J is a linear transformation of J such
that

D(zy) = Dz -y+ x - Dy,
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Table 2.1:
2 n n n 3
n—1 1 2 4 8

for all x,y € J. The set der(J) of all derivations of J is a Lie algebra with respect
to the usual bracket, [Dy, Do) = D1 Dy — Dy Dy. An automorphism W of J is an
invertible linear transformation of J such that

Wzy) = W(x) - W(y),

for all =,y € J. The set Aut(J) of all automorphisms of .J is a a Lie group since
it is a closed subgroup of GL(J).

The Lie algebra of Aut(J) is der(J). If J is semi-simple(over R or C),
and L, is the left multiplication of J, then every D € der(J) is a finite sum of
(L., L], with z,y € J.

If J is a Jordan algebra, we define the quadratic representation of J:

P(z) = 2L% — L.

Then we can define the structure group by Str(J) := {W € GL(J) |
P(Wz)=WP(z)V for all x € J and some fixed V- € GL(J)}.
If we denote Sy, = [Lu, Ly] + Luw, Suu(2) = {uvz} and S!, = Sy, then

[Smn Szw] = S{uvz}w - Sz{vuw}-

So ste(J) := span{Su, | u,v € J} becomes a real Lie algebra, called the struc-
ture algebra of J. When J is a semi-simple Jordan algebra (over R or C), the
Lie algebra of Str(J) will be equal to ste(.J).

Let J be a simple Euclidean Jordan algebra. We denote
Q) := {the interior of J*},Tq := J +i€Q.

Let Aut(Tq) be the group of holomorphic automorphisms of the tube domain Tg,.
Then the Lie algebra of Aut(Ty) is co(J), called the conformal algebra of J with
Lie bracket defined in the next theorem. As a vector space,

co(J)=Jdste(J) D J".
In the following we shall rewrite v € J as X, and v € J* as Y,,.

Theorem 2.3.  (Tits-Kantor-Koecher Construction). Let J be a simple Eu-
clidean Jordan algebra, then co(J) := J @ ste(J) & J* becomes a simple real Lie
algebra with the definitions as following:

1. [XuaXv] = 0; [Y”UJYU] = 0;'
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2. [Xuy}/v] = _QSuv ;
3. [Suva ] X{uvz} - XSuv(z [Suva Y;'] - Y{Uuz} = _YS{“,(Z) y
4

. [Sum Szw] = S{uvz}w - Sz{vuw} = SSuv(z)w = P28, (w)

for u,v,z,w € J.

Remark 2.3. Actually, we have the following Table 2.2:

Table 2.2:
J Oet str co
I'(n) |so(n)|so(n,1)® 50(2,n+ 1)
Hn(R) | s0(n) | sl(n,R) &R | sp(n,R)
H,.(C) | su(n) | sl(n,C) @ su(n,n)
Hn(H) | sp(n) | su*(2n) © 50" (4n)
Hs(O) | fa | eo26) OR | e(5)

3. The classification of unitary highest weight modules

In this section we review some well-known facts and notations about the classifi-
cation of unitary highest weight moduless. The details can be found in the paper
Enright, Howe and Wallach [5], hereafter referred to as EHW/[5].

Let (G, K) be an irreducible Hermitian symmetric pair with real Lie alge-
bras go and €. Let g and ¢ be their complexification. Then ¢ = CH @P[¢, €| with
ad(H) having eigenvalues 0,1, —1 on g. If we denote p* = {X € g|[H, X] = £ X},
then g=p- PetPp™.

Let b be a Cartan subalgebra of both g and €. Let A denote the roots

f (g,h) and A. the roots of (¢, h). Let A, denote the complement so that
A = A.UA,. We call the roots in these two sets the compact roots and non-
compact roots respectively. Let AT denote a fixed positive root system for which
AT =ATUAT and A} ={a € Af|g, C p*} Let 8 denote the unique maximal
non-compact root of A™ and denote Y = (B 5 Now choose ¢ € h* so that ( is
orthogonal to A, and ((,8Y)=1. Let A € b* be Al -dominant integral and F(\)
be the irreducible £-module with highest weight . By letting p* act by zero, we
may consider F(\) as a module of ¢ = €@ p™. Then we define:

N(A) = U(g) @ug) F(N).

Let L()A) denote the irreducible quotient of N(A). If L(A) is unitarizable(i.e
it is equivalent to the g-module of K -finite vectors in a unitary representation of
G, or it is a unitary (g, K)-module), then A = A\g + 2(, with g € h* such that
(Ao + p,5)=0, and z € R. For a fixed Ao, the set of all z € R with L(Ay + 2() a
unitary g-module takes the following form:
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@ [ J ® --- O [ J
Let Z(Xo) = {z € R | L(A\o + 2¢) is unitarizable }. Let Z()g), denote the
subset of Z(\g) for which N(A) is reducible. We call Z(\g), the unitary reduction
points on the line. These points correspond to the value of z on the above line
which are equally spaced from A(Xg) to B(A\g). A(Xo) is called the first reduction
point, and B(\g) is called the last reduction point. The reduction level r(\g) of
Ao is the number of points in Z(\g),.. We list these reduction points by

A(Ng) = 20, | < 220

"00) < 21 < - < 2" = B(Xo).

From now on we simply call L(\) a unitary highest weight go-module since it is
a module of the hermitian symmetric pair gg.

We define C'(A\g) = W. Let r be the split rank of go. Then r equals
the reduction level of the weight \g = —(p, 8Y)(. And we have the following table

from EHWI5]:

Table 3.1:
do su(p,q) | sp(n,R) | s0*(2n) | s0(2,2n —2) | 50(2,2n — 1) | eg(_14) | e7(—25)
C(No) 1 1/2 2 n—2 n—3/2 3 1
r min{p, q} n [n/2] 2 2 2 3
(p,BY) [ p+q—1 n 2n — 3 2n — 3 2n — 2 11 17

So we can denote C(\g) by C since it is independent of Ag.

Lemma 3.1.  Suppose J is one of the 5 simple Fuclidean Jordan algebras, then
1. r=p, i.e., the split rank of co(J) equals the rank of J;
2. 2C' =d, here d is the degree of J.

Let g be a complex Lie algebra and U(g) be the enveloping algebra of g.
We denote by U,(g) the finite dimensional subspace of U(g), which are spanned
by products of at most n elements in g. Then {U,(g)}2, is the natural filtration
of U(g). By the Poincaré-Birkhoff-Witt theorem, we can identify the associated
graded ring grU(g) = ©;2oUn(g)/Un-1(g) with the symmetric algebra S(g).

Let M be a finitely generated U(g)-module. We can take a finite dimen-
sional subspace M, of M such that M = U(g)My. Define M,, = U,(g)Mo(n =
1,2,...). Then {M,} gives an increasing filtration of M. We get a finitely gener-
ated graded S(g)-module gr;M = &5 jer, M, gr,M = M, /M, ;.

Let Ann(L(\)) € U(g) be the annihilator of the unitary highest weight
module L(A). Then its graded ideal is:

gr(Ann(L(X))) = Anngg)(grL(A)) = {D € S(g) | Dw = 0 for all w € gr(L(X))}.
The associated variety of the (g, K)-module L()) is defined to be:

V(L(A)) = V(gr(Ann(L(N)))) ={X € g" | D(X) =0 for all D € gr(Ann(L(\)))}.
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Here S(g) is viewed as the polynomial ring over g* through the Killing form of
g. In the language of algebraic geometry, V(L())) is just the set of all prime
ideals containing Annggr(L())), a closed subvariety of the affine algebraic va-
riety SpecS(g). It is also a K -invariant subvariety of g*(or of (g/€)*) since the
compatibility of the K action and the module structure on L(\). In fact V(L(\))
is equal to the closure of some nilpotent Kc-orbit, also equal to the union of a
finite number of nilpotent K¢-orbits by Vogan [42].
We define the Gelfand-Kirillov dimension of L(X) by:

GK dim(L())) = dim V(L(\)).

For a simple complex Lie algebra g not of type A,,, Joseph [19] constructed a
unique completely prime 2-sided ideal Jy in the universal enveloping algebra U(g),
with the property that its associated variety V(gr(Jp)) is equal to the closure of
the minimal nilpotent orbit in g*. This ideal is callled the Joseph Ideal. However,
it was noticed by Savin [38] that there is a gap in the proof of Lemma 8.8 in
Joseph[19]. Gan and Savin[10] proved the uniqueness property of the Joseph ideal.

A unitary highest weight go-module L(\) is called minimal if its annihi-
lator is the Joseph ideal. So it must have the smallest positive Gelfand-Kirillov
dimension. From Refs. [6, 8, 20], we have the following lemma.

Lemma 3.2. A unitary highest weight go-module L(\) = L(X\g + 2() has the
smallest positive Gelfand-Kirillov dimension if and only if z = (p, ) — C, and
L(X\o + 2() has the zero Gelfand-Kirillov dimension if and only if z = (p,5).

Following the notations in Bourbaki [3], we can write the highest weight A
as a tuple of real numbers. Then we have the following corollary.

Corollary 3.1.  The unitary highest weight co(J)-module L(A)=L(Ao+2() has
the smallest positive Gelfand-Kirillov dimension if and only if:

((—(n+k—3),k,...k), k=0 or1/2, if J=T(2n)
(—(n+|k| = 1),|k|, ..., |k|, k), k is a half integer, if  J=T(2n-1)
—(3,3, 3.3+ k), k=0,1 if J = Hn(R)

n+k n+k e e
(\— o o, on /’%_‘_k’Q_nk"“?TrLk)?keZZO?
A= M
. e . n—+k n—+k ,
or (—2—nk,...,—2—nk,—2—nk—k,\ om g eeny on J),kEZEO, szzj'Cn((C)
—(1,..,L,k+ 1),k € Z>, if J =3, (H)
. (0,0,0,0,0,—4,2,—2), if J =H;(0)

L(Xo + 2C) has the zero GK dimension if and only if A equals zero weight.

Proof. From the above lemma, a unitary highest weight go-module L()\) =
L(Ao+2¢) has the smallest positive Gelfand-Kirillov dimension means z = (p, 5Y)—
C'. Then case by case from EHW/[5], we can compute all possible A\ for this z. =
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From Hilgert-Kobayashi-Mollers [13] and Torasso [39], we have the following
lemma about minimal representations.

Lemma 3.3. A unitary highest weight co(J)-module L(A\) = L(A\g + 2() is
manimal if and only if:

(—(n—3),0,...,0), if J=T1(2n)
(—(n—1),0,...,0), if J=T(2n—1)
A={ =L k) k=01, if J =%, (R)
(_17 T )7 ZfJ—g'fn(H)
(0,0,0,0,0, —4,2, —2), if J = 3;(0)

In other words, A\ = —C'( except for the odd part of the metaplectic representation.

The unitary highest go-module L(\) = L(—C() is called the first Wallach

representation.

4. Main theorem

We denote a unitary highest co(J)-module L(A) = L(Ag+2¢) by (m, V), n(O) := O
for any O € co(J).

Theorem 4.1. A (non-trivial) unitary highest weight co(J)-module L(\) =
L(Xo + 2C) has the smallest positive Gelfand-Kirillov dimension if and only if the
following primary quadratic relation is satisfied:

(Q1) % SOOI -L2- %{Xe,f/e} = —aly as an operator on V.
1<a<D
Here D=dim(J). a = a(J, k) (the explicit values will be given in Remark
7.2) is a nonzero constant and only depends on the highest weight A = \(k)

(given in Corollary 3.1). {e,} is an orthonormal basis for J.

Corollary 4.1.  From the quadratic relation (Ql), we can get the following
secondary quadratic relations:
(Q2) > X2 =pX¢.

1<a<D

(Q3) > {Xea,Xeau} = p{Xe,Xu}, for any u € J.
1<a<D
(Q4) % Z {Z;eaaf/eau27u(uea)} + 4 Z [f/ﬂufjea]z + {Xuai/u - %{Xuzaf/;} -

1<a<D P 1<a<D

HX., Y2} =0, forany ueJ.

Proof. Meng [36] had proved that the quadratic relation (Q1) implies (Q2)
for all J.
We compute [(Q1), X.] and get:

> {Xeo L} = p{Xe, Lo} (4.1)

1<a<D
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Then [(4.1), X,] implies (Q3).
We compute [(Q1), L, and get:

- Z (e, [ L) + 5 (X0 T — (K0 Vi) =0 (42)
Then [(4.2), L,] implies (Q4).

Corollary 4.2.  Suppose go = co(J) # su(n,n) (i.e. not of type A) and (w,V)
is a (non-trivial) unitary highest weight co(J)-module. Then (w,V') is minimal if
and only z'f the following quadratic relation is satisfied:

- Z L} — 12— {X’e,ffe} = —alyas an operator on V. (4.3)

1<a<D

Here D = dim(J), a = 24(1 + (pf)d) is a monzero constant and equal to a(J,0)

in our main theorem, and {e,} is an orthonormal basis for J.

Remark 4.1. The quadratic relation in the above corollary is a special case of (Q1)
Actually all highest weights in a minimal co(J)-module correspond to a = a(J,0)
in Corollary 7.2. From Meng[36], we know a(J,0) = 24 (1 + @l).

For a simple complex Lie algebra g = co(J)c not of type A, , we know that
the Joseph ideal Jy in U(g) is the unique completely prime ideal whose associated
variety is the closure of the minimal nilpotent orbit in g*. From the definition of
minimality and our Corollary 4.2, we must have:

the annihilator ideal Ann(L(X)) C U(co(J))c) is equal to the Joseph ideal
Jo if and only if Ann(L(X\)) contains

Q2 (= Z L} — L~ {XG,Y}+pd( +W)). (4.4)

1<a<D

Then any prime ideal I C U(g) equals the Joseph ideal Jy if and only if I

contains Q] = (% > L2 —L2—3{X.,Y.}+a) with a = a(J,0) = pd(l—I—(p 2dy
1<a<D

In Ref. [36], Meng constructed the models of some generalized Kepler
problems. He found that: a minimal unitary highest weight co(.J)-module can
be realized by a L?-model, i.e. the Hilbert space of bound states of a model from
a generalized Kepler problem he defined in his paper. Then Meng showed: the
quadratic relation (Q1) with a = a(J,0) is in fact in the annihilator of the minimal
co(J)-module he defined.

Before we give a proof for our main theorem, we define some notations
which will be used throughout the rest of this paper. We take the same notation
with Meng[36]. Denote

1
Ey =iL,F =

2(%%-—}2), hu::_d(xh'+}z%
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for any v € J.
Then we have the following property according to the TKK commutation
relations.

Lemma 4.2. 1. [hy, EE] = £2E= ;

2. [Ef,E7] = —hyy — 2[Ly, L) ;
3. By, Ef]=[E,, E;]=0;
4. [huu hv] = 4[Lu7 Lv] :

5. Proof of the main theorem-the case when J =T'(m) (m > 2)

Actually this case had been proved by Meng [30].

Let m be an integer and m > 2. We define a (3 +m) x (3 + m) matrix
[nw] = diag(1,1,—1, ..., —1). We denote its inverse by [n*]. Let Cly ;41 be the
Clifford algebra over C generated by X/ s subject to relations:

X, X, + X, X, = —2n,,.
We denote M, = ﬁ(X#X,, — X, X,,), then we have
[Maba Mcd] = _i(nbcMad - nachd - 77bd]\4ac + nadec)- (51)

Then {M,,} generate so(2,m + 1).
Let (m, V') denote the unitary highest so(2,m + 1)-module, and 7(0) := O
for any O € so(2,m + 1). In Ref. [30], Meng proved the following theorem.

Theorem 5.1.  (Meng). A (non-trivial) unitary highest weight module of
co(I'(m)) = s0(2,m + 1) has the smallest positive Gelfand-Kirillov dimension if
and only if it satisfies the following quadratic relations on the underlying module
space:

{M,x, M2} = ey with p,v = —1,0,1,...,m + 1, (5.2)

where ]\;[lf‘ = 77)"‘]\2,{1, and c is a representation-dependent real number.
From (5.1) we find that:
Lemma 5.2.  The quadratic relation in Meng’s theorem is equivalent to the

following relation:
{ Moy, M)‘o} = Cloo = €, (5.3)

plus the commutation relations between the M’s in (5.1).

The Jordan algebra I'(m) has an orthogonal basis:

€11 = (%, %,0, ...70),

€22 = (%7 _%707 . 70)7

ety = (0,0, %,0,...,0) = Les,

e’lf—(()oﬂo L0 (\)/)5— epro, 1l <p<d=m-—1
12 — y My ey Yy 5 My *\/5;;4»27 S U =m
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We define the following linear transformation:

¢ : co('(m)) = so(2,m + 1)
Xe = —i(M_10+ Mom+1),
Yo = —i(M_10 — Momyr),

Lxg) = —i(=AM_1 i1 + Z u; My ;),

1<i<m
here @y = (uy, Ugy ..., Uy ).
By using the TKK commutation relations, we can get

7
©(Xeyy) = —é(M—l,o + M_11 + Moms1 + Mi i),

l

90<X€22) - 2(M—1,0 - M—l,l + MO,m-‘rl - Ml,m+1)7
)

90(}/611) - _g(M—l,O - M—l,l - MO,m—H + Ml,m+1)7
)

80(}/622) = __(M*I,O + Mfl,l - MO,m+1 - Ml,m+1)7

2
)
@(Xe‘fz) = _E(M—l,uﬂ + My1,me1),
1
90(}/:3‘1‘2) = _E(_M—l,uﬂ + M,u+l,m+1)-

Then we can easily check that ¢ is an isomorphism by computing its inverse p=*

and ¢! satisfies the commutators.
From this linear transformation we find that:

{Mo)\, M)\(]} = Cl)pp = C := —a

is equivalent to

SN B - XY=
P 1la<D 2
And the commutation relations in (5.1) is equivalent to the TKK commutation
relations.
The TKK commutation relations is naturally satisfied by such unitary
highest weight co(J)-modules from the definition of Lie algebra modules. So
Meng’s theorem is equivalent to:

Theorem 5.3. A (non-trivial) unitary highest weight module of so0(2,m+1) =
(co(I'(m))) has the smallest positive Gelfand-Kirillov dimension if and only if the
following quadratic relation is satisfied as operators on the underlining module
space V :
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6. Proof of the main theorem-the hermitian cases (Part I)

For the remaining Hermitian cases, firstly we suppose a unitary highest weight
co(J)-module satisfies a quadratic relation (Q1) in the main theorem. We will
show that it will have the smallest positive Gelfand-Kirillov dimension by com-
puting its highest weight in a case-by-case way. Then in the next section, we will
show the other direction of the main theorem.

The idea is very simple. Actually, if we denote Q1 = (% > f/ga — [:g —
1<a<D

%{f(e, Y.} + a), then the quadratic relation (Q1) is equivalent to (Q1)vy =0 and
[(Q1), (g - Eg}’:)]v,\ =0, where 5; € A is a root and v, is any highest weight
vector in V. From theses equations, we can work out the highest weight A\. Mainly
we will use the equations (Q2), (Q3) and (Q4) to compute the highest weight A.

6.1. The case when J = H,(R)(n > 3).

We will follow the approach in Meng [30]. The idea is to construct a
convenient Cartan basis and then rewrite the quadratic relations in terms of the
Cartan basis elements.

In this case, co(J) = sp(n,R). The positive roots are e; — e; (compact
roots), e; + e; (non-compact roots) with ¢ < j and 2e; (non-compact roots) with
1 < i <mn. We choose the following Cartan basis for sp(n,R):

HQei - heii = _Z(Xe” + Y;“) Heizl:ej - heii + hejj
1 1
EQE' - E+ = iLeu‘ - §(X8n' - }/eu) E_2ei = Ee ZLeu + 2<X€u - Y;u)
ez—f—e] \/_E+ E_ei_ej = \/EE;J‘

(h +4[Le,;, Lc;,])

€ij

Eieiej) = \/—

Then we get:

Len‘ = _%<E26¢ + E*2€¢)

1
Le-- = — Ee» e: T E—ei—e
1] 2\/5( it J ])
1
Xeu’ = §(E726¢ - EQei + iHZei)
1
}/eii = _i(E—QCi - EQei - iHQei)

(ZEezfej + ZEfel+eJ + E,Q,e] - Eei+ej>

X, =
ij 2\/_
eij 2\/—

(ZEel—eg F il eite; — Eei—e; + Eeﬁ-ej)

Let (m, V) be the unitary highest weight module of co(.J) = sp(n,R) with
highest weight A = (A1, Aa, ..., A,). Then for any highest weight vector v € V', we

have 7(Hy)v = Hqv = M Hy)v = 2(0‘ a))v and m(E,)v =0 if « is a positive root.
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We let the quadratic relations (Q1) and (Q2) act on any highest weight
vector, then we get:

(D AP+ (m+1)( > M) +4a=0, (6.1)

1<i<n 1<i<n
and
(A= DN+ > N=0 (6.2)
1<i<n 1<i<n 1<i<j<n

By the unitarity, we can get:
A< A1 <. <N LZ0. (6.3)

From the quadratic relation (Q3), we can get

"

Yo A F20( X Aj) =0, here we take u = \/pe11;

1<j<n 1<j<n
> N+ 2 A2 ) =0,
i<j<n 1<k<i p#i (6.4)

here we take u = \/pey, 2 <i <n—1;

Yo A +20( >0 Aj) =0, here we take u = \/peyy,.

L 1<k<n 1<j<n

Since A is not a zero weight, then from (6.4) and (6.3), we must have

1
AM=X=..=X_1=—=>\,.
2
From the quadratic relation (Q4), we can get

(2A1 +2M\, + 1) Z Xi + (3+n)A\, — 33X =0, here we take u = \/pey,. (6.5)

1<i<n

Then we can get A\,

SoA:{:El

6.2. The case when J = H,(C)(n > 3).
In this case, co(J) = su(n,n). The compact positive roots are e; — e; with
1<i<j<norn+1<i<j<2n,and the non-compact roots are e; — e; with

. : Eij+Eji a Eij—FEji
1<i<mnand2n>j>n+1. Let {\/pe;; = \/ﬁ#,\/ﬁeij = ﬁv—l#}
be the orthonormal basis for J;;. We choose the following Cartan basis for su(n,n):

—3 —k, with £ =0,1.
), if k=0,
2+ 1), k=1

)

N[O |
SN

75,
1
729

1 .
Hei+’711 —€jiny §(hnﬁ1€ii+”ﬁ267j - 4Z[Leij’ Leng
where 71 = 0,n;n9 =0,n;m0 = 1,1, = —1
Hei—3n+i - heii



762 Bar

1
Eei_en-H - E+ - ZLen 2(X€ii - Y;iu)
1
E*€i+€n+i = E;’i = iLeii + i(Xen' - Yen)
1
E@i—ej = ﬁ(helj—i—ie% + 4[Leij+ie§"j; Lejj])
1
E—eri-ej - ﬁ(heﬂ_ie% - 4[Leij_ie%’ Lejj])
1
Een+r€n+j - ﬁ(he’j”e% - 4[Leij+ie%’ Lejj])
1
E76n+i+en+j - ﬁ(he"j*ie% + 4[Leiﬂ'7iegj’ Lejj])
1 1 -
E€i_€n+3 = 7 e”ﬂe E_5i+en+j = EEeij*ieij
1 -
‘E'ej_En""I B 7 eu_le j E_ej+en+i - EEeij—i_ie?j

Then we get:

)
Leii = _§(E6¢*6n+z‘ + E*€i+€n+i)

[
Le,; = __(Eeifenﬂ + E*€i+€n+j + Eej*enqLi + E*6j+€n+i)

€5 2\/§
Lef‘j = _2_\/§(E€i_€n+j - E_ei+en+j - Eej_enJri + E_€j+€n+i)
1

Xeii = §(E_€i+en+i - Eei_en+i + iH@i_en-H)
1 )
Yv&‘i = _§(E76i+6n+i - Eeifenﬂ' - ZHeifenH)

= (ZEez_e] + ZE_ez"Fe] + ZE@n+z_en+g _I_ ZE_5n+z+en+]

X,
] 2\/_

+ E76i+€n+j + E*€j+€n+i - Eeifenﬂ - Eejfenﬂ‘)

r . : : .
eij — m(ZEei_ej + ZE_ei+ej + ZE€n+i—€n+j + ZE—€n+i+6n+j

- E—6i+en+j - E_ej+en+i + Eei_en+j + Eej_5n+i)

Xef‘]- = m(Eei_ej + E_ei+ej - E8n+i—6n+j - E_en+i+en+j
+ ZE_ei+en+j - ZE_€j+en+i + ZEei_erH»j - ZEej_en+i)
(Eei*ej + EfeiJrej —E

Enti—€n4j

- B

entitentj

1
iy m
- Z.E—ei—&-en_w- + iE—ej+en+i - iEei—en_H- + iEe]-—en_H)
where 1 <i < j < n.

Let (m, V) be the unitary highest weight module of co(J) = su(n,n) with
highest weight A = (A1, Ag, ..., A,). Then for any highest weight vector v € V', we

have 7(Hy)v = Hov = M Hy)v = 2(2‘ O‘))v and m(E,)v =0 if « is a positive root.
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We let the quadratic relations (Q1) and (Q2) act on any highest weight
vector, then we get:

(D A=) +20( D A= Apy) = —4a, (6.6)

1<i<n 1<i<n

D= = (D A=) =2 ) (N = Aes) =0 (6.7)

1<i<n 1<i<n 1<i<j<n

From the unitarity we have
)\n S /\n—l S S )\1 S >\2n S S >\n+2 S )\n—l-l- (68)

For A-type root system, we have

From the quadratic relations (Q3) and (Q4), we can get:

A= Ai) >+ (= 2 (A=) +2 =)A= Asi)

1<i<n

+n+2-20 i — D, AN+ D (M + k) =0, (6.10)

1<j<n 1<k<i—1
here we take u = /pe;; for 1 <i < n,

and

[ (A= X)X (N = Angs) +2 = 1) (A — A

1<i<n
+n+2=20) i — D0 At > (At Angr)
1<j<n 1<k<i—1
+(>‘j - )‘n+j)2 + (_ Z (/\i - )‘n—i-i) +2- j)(/\j - >‘n+j> (6 11)
1<i<n .
+(n+2=2) i — 2 A+ D (At Angs)

1<j<n 1<k<j—1
+2<)\z - /\TH-Z)()\] — )\n—l—j) + 2()\J - )‘n—H) - O,
here we take u = e;; +ej; for 1 <i < j <n.

From (6.10) and (6.11) we get:
(A = Angi) (A = Ang) = —(Aj = Ansa)- (6.12)

If \iy — Antip, = 0 for some 7y, then we have \; — A\, =0 for i < j <n
and A, — A\ppx = 0 for 1 < k < 4 since (6.12). This result and (6.8) imply
Ap = . = A1 = Ao, = ... = A\py1. Since the constant a is not zero, we get a
contradiction with (6.6). So we must have

Ai— A <=1, for 1 <1< n.

Lemma 6.1. A\, — Xy, = —1 or Ay — Ay = —1. And \; — Ny, = —1 for all
1<j<n.
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Proof. Suppose A\; — A\py1 < =2 and A\, — Ay, < —2. Then from (6.12) we
have

Mo — At < 200 — 20015 An — At < 20 — 2290
= 20, < 2\
= Aon = A1 by (6.8)
= ()‘1 - )‘n+1)()‘n - /\1) = _<>‘n - )‘n+1) = _()‘1 - )‘n-i-l) - ()‘n - )‘1)
S A = At = —2 A — Ao = —2, A — Anp1 = —4 by (6.12)
= _2()‘i - >‘n+i> = ()‘i - >\n+i)<)‘n - )‘2n) = _)‘n + >\n+i7
2008 = Ass) = O — Ar ) — Ad) = =N + At

4
" 3
We get a contradiction since all \; — \,4; are integers. So we may suppose
An — Ao = — 1.
If we also have A\ — A\, 1 = —1, then

—1= _()‘1 - )‘n—i-l)()‘n - )‘2n> = A — At

= —1=XN— X1 <A — A1 = —(A1 — A1) (N — Ai)
= -1<\ -4 <1

=N A =—1forl1 <i<n.

Now we suppose \; — A\,y1 = —1 — k < —2. Then

An — Ao = —1

= A= i = — (N — M) (A — Aan) = A — A

s N=XNforl<i<n-1

= M= Xg1) N = Agj) = =N+ g1 == A+ A1 >0
=N —Apgj=—1lforl <j<n.

The result is similar if we suppose A\; — A\,,11 = —1. ]

So we can get:

A=(b,....0b+14+kb+1 .0+1) k€ Z>o,
N—— -

n
or

A=(b,.b,b—kb+1,..b+1),k€ Zs.
—_——— -

Then from (6.9), we have

n+k n+k n—=k n—k n—=k
A= (— e, — , + k,
2n 2n 2n 2n 2n

[ J/
-~
n
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or

6.3. The case when J = H,(H)(n > 3).
In this case, co(J) = s0*(4n). The compact positive roots are e; — e; with
1 <1 <7 < 2n, and the non-compact roots are e; +e; with 1 < z' < 7 < 2n.

Let (/e = VPR, iy = oy TEEe, e = b s, =
Vrk E”\;;“} be the orthonormal basis for J;;. We choose the followmg Cartan
basis for so*(4n):

Hei+en+i = hezz
Hei_en+i - 22([Lez] Y L 4 ] I:Lelzj? Lefj])

1
Eei+en+l E+ = ZLe“ (Xeu' - Yeu)

2
Booer = Boy = il + 5 (Xe, — Vo)
Berenps = L2 +iLea Loy — il
B = Loy +iLeg Ly — i)
crevcenss = 5(Beymey, + 40l Ly )

‘ ~

E

En+i—Cn+tj

(heijf’inﬁezlj + 4[[/61']'71'77»716;1]'7 Lejj])

[\
»—t%
[\

E_e'ﬁ+i+eﬁ+j - (heij-i-inﬁe‘ilj - 4[Leij+i77ﬁe?j7 Lejj])

~

H

€nt+i—€ntj—n

N — DN

h

—

€ii—ej;

- 4i77ﬁ [Lefj ) Lef’j])

E

Cn+i—Cntj—

(h€2 +inned; + 4[L62 +inned; Lejj])

)
»—t%»—

(hefj—inﬁefj - 4[Le§j—inﬁefja Lejj])

ij

[v)
3
t
+
(o)
3
+
9
3
|
)

2
1 )
Hei+n+€n+j - E(he”"'eﬁ'j — 4inn [Lezzj’ Le?j])
1
o +
Eei+ﬁ+6ﬁ+j - EefjJrinﬁe?j
E*ewrﬁ*eﬁﬂ = Eef mne
=——F"

entitentj—n eij—inﬁef‘j

“&IH&IHEIH&I

B

—€n+i—Cntj—n 6ij+i'r]ﬁ€g=j

H. (heii+ejj + ding, [Lez‘j7 Le;‘j])

At+itTentj—n

N |
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where n = 0,n;m0 = 1,1, = —1.

Let (m, V) be the unitary highest weight module of co(J) = s0*(4n) with
highest weight A = (A1, Aa, ..., A,). Then for any highest weight vector v € V', we
have 7(Hy)v = Hqv = M(Hy)v = (()‘ a))v and m(E,)v =0 if « is a positive root.

Similar to the previous case, we can write the generators of so*(4n) as
linear combinations of these Cartan basis and then from the quadratic relations

(Q1) and (Q2), we can get:

1<i<n 1<i<n

and

ST Ar)? = (D N+ Ae)® =2 D (N F Ani +2X045) = 0. (6.14)

1<i<n 1<i<n 1<i<j<n
From the unitarity we have:

From the quadratic relations (Q3) and (Q4), we can get:

[+ X))+ (= 2 N+ Aagd) +2 =) (A + M)

1<I<n
_(n - ) n+i Z )‘nJrJ Z ()‘l + >‘n+l)
1<j<n 1<i<n (6.16)
+ > (A +Agr) =0,

1<k<i—1
here we take u = /pe;; for 1 <i < n,

and

(N )+ (= D2 N+ M) F2 =) (N + M)
1<I<n
_(n - 2) n—+i Z )‘nJrl - Z ()‘l + >\n+l)
1<I<n 1<i<n
1<k<i—1
+(/\j + )‘nJrj)z + (_ Z (/\l + )‘nJrl) +2- j)(/\j + )‘nﬂ') (6 17)
1<i<n .
—(n=2) i — > A — 2 M+ Aap)
1<i<n 1<I<n
+ 2 (Mt Aagk)
1<k<j—1
+2(Ai + Angi) (A + Angg) +2(A) + A + 20045) =0,
[ here we take u =¢;; +¢j; for 1 <i < j <n.

From (6.16) and (6.17) we get:

(N 4 Antd) N+ Aatj) = —(Aj + Angi + 200045)- (6.18)



BaIl 767

From (6.15) we know A; + A,y < 0. If \;; + A1y, = 0 for some ip < n,
then from (6.18) we have

0= )\n + )\nJriO + 2)\271 <0
=\, = 0, /\n+io =0, )‘io =0, Aoy = 0.

Then we get all \; =0, \,; =0.

If Ay + Agn = 0, then from (6.15), we have all \; = 0,\,,; = 0. But this
is a contradiction since the given highest weight module is nontrivial. So we must
have:

201 SN+ < —1for 1 <1< n.

Lemma 6.2. M\ + X\, ;=-2for 1<i<n.
Proof.  If \j, + A\nyi, = —1 for some iy < n, then from (6.18) we can get

)\n + )\Qn = /\n + /\n+i0 + 2)\2n
= 0= )\n—l—io + /\Qn < 2)\n+i0 < -1

This contradiction implies
A+ < —2forl1 <i<n.
If Aiy + Angiy < —4 for some ig < n,then from (6.18) we can get

An F Antip + 222, < 4N, + 49,

= Atip < 3+ 209, < 2Xg, < 20,44,
= Mntio < 244 <0

= A\ptip =0

= A\, = 0 by (6.15).

This contradiction implies
Ai + A > —3forl1 <i<n.
If A\iy + Apyi, = —3 for some iy < n, then from (6.18) we can get

A+ Anip + 222, = 3\, + 32,

= Atip = 220 + A2 < Aan < Mg

= Xop = oo = Aptigy A = 0

= XN=0for 1 <i<n, Ay =...=N\ppiy, = —3.

When ig > 1, we take k < iy, then from (6.18) we have

3( Ak + Antr) = Nig + Mg + 2014
= )\nJrk - —3
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So we always have Ay, = ... = A1 = =3, A\, = ... = A\; = 0. But from the
quadratic relation (Q4), we have

()\1 + )\2 + )\n—i-l + )\n+2)(n + 1 + Z ()\Z + )\nﬂ))

1<i<n

. ) — _ _ 2
+2 53 (4 2hs) = (= = A+ A (6.19)

—(n -+ 1))\1 — (Tl — 3))\2 — 5)\n+1 - )\n+2 = 0,
here we take u = \/pe1s.

Then we get: —6(n+1—3n)+2(—6n)+15+3 = 0, i.e. 12=0, a contradiction!
So we must have
Ai + Ay =—2forall 1 <i<n. ]

From the above lemma and (6.18), we have:
2(Ai 4+ Anri) = (N + A + 2A044),

which implies \; = \,,11 for 1 <i <mn.

From the above lemma and (6.15) we also have Ay = ... = A1, A1 =
o =Agp_1. Then we can get \y = ... =\, = A\pp1 = ... = Ay = — 1.

So we have A = (—1,...,—1,—k — 1),k € Z>.

6.4. The case when J = H;3(0).

In this case, co(J) = ez_25. The compact positive roots are {+e; +
e; with1 <i<j <5} {3(es—er—es+ > (—1)"De;)| Y n(i) is even}, and
1<i<5 1<i<5

the non-compact positive roots are {£e; +eg with 1 < i < 5} (J{es —er} U{3(es —
n(z 2\ s « Epq—F,

er + e + 1<ZZ<5(—1) ()ez‘)|1§<5n(z) is odd}. Let {\/pes, = \/ﬁa%m =

1,i,j,k,l,il,ﬁjl7, kl} be the orthonormal basis for Jpg- We choose the following

Cartan basis for e7(_ss):

Eee+€3 = Ee—gz Eeﬁ_e?r = E;1
1 1
_ + _ _— + _ + _ _— t
Eeﬁ+el - EZ1 - \/§Ee12+\/jle§2 E€6+ez = Ez2 = \/§E6{2+\/j1611€2
1 1
E66+e4 =E! =—F} E€6+65 = E;;, = _EJZ

4 \/§ ehatv/=Teth
By o = Ef fori=1,2,4,5

1
\/§ €12~V _1611%

Eeive, = L., L] for 1 <i<j<5andi#3,j#3

E*€i+€j = [LENLZJ‘] E*ei*ej = [LZE‘?LZ}}
1
Eei—ej = [LZ“ Lz}] Eei:‘:€3 = E(hzz :l: 4[Lzz7 LEll])
1
E,eii% = _<hz_¢ + 4[LZ_¢7 Leu])

2
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E_, = E; if E, = E} for non-compact positive root «

(-5) — 3(es—ertestes—estesteater)

L(es—ertestestes—es—ep—e1) —

L Et
V2 ely+v/—Tek}
1

+

V2 e Tl

1

_ _ +
Eﬁ(—4) T E%(58*€7+€6+€3+65*€4+€2+61) - \/§Eel23,\/jeél3
1
— _ +
EB(+4) - E%(68—€7+66+€3—65+84—62—61) - \/§Eel23+\/fle§l3
Eﬁ(72 = ! EJZ STk Eﬂ(+2) = ! JZ ST ok
) \/§ ep3—V—legy \/5 epstv—legs
1 1
- ___FE*t _ - __F°* .
Ep .,y = \/EE623+\/—1633 B \/§Ee23—\/—16;3
E - i L — LE+ _
H(4—) \/§ 5(es—er+es—es—es—ea—ea—e1) \/i e13—v/—1el,
B, :L L(es—er+es—e3+estesteat ZLEJF V—Tei
(44) \/5 5 (es—ertes—e3+es+es+eater) \/5 e13+v/—1lel,
1 1,
EH 142) El(e—e+e—e—e—e+e+e): Ej k
(+1+2) \/§ s(eg—er+teg—e3—es—eqtextel \/5 el 5 +v/—1ek,
E, . ——F - Lp
H(-1-2) \/§ 5(es—er+es—estestes—ea—er) \/5 edy—v/—Tek,
1 1.
EN 144) El(e—e-{-e—e—e—&-e—e—i—e): El il
(+1+4) \/§ 5(eg—ert+eg—e3—esres—extel \/5 eiztv—1lels
1 1
EN 1—4) El(e —e7+eg—e3+es—estea—eq) = E—il_ il
(=1-4) \/i 5(eg—er+eg—e3+es—es+ez—ei \/5 by —v/—Teil
E —1 E —1 Et
P(+2+a) \/§ 5 (es—ert+es—es—estestea—er) — \/5 eIl —Tekl
1 1
_ _ +
Eu(—2—4) - \/§E%(68*674’66*634’65*84*@24‘61) - \/§E€{é, —Tekl

H, = [E,, E_,] if a is compact

H, = —[E,, E_,] if ais non-compact
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Let (m,V) be the unitary highest weight module of co(J) = e7(_25 with
highest weight A = (A1, Ag, ..., A,). Then for any highest weight vector v € V', we

have 7(Ho)v = Hov = AN Hy)v = 2(8\5))

2%y and w(FE,)v =0 if « is a positive root.

Similar to the previous case, we can write the generators of e;(_s5) as linear
combinations of these Cartan basis and then from the quadratic relations (Q1)

and (Q2), we can get:

(2>\6 + )\8 - )\7)2 + 18(2)\6 + /\8 — /\7) 4+ 4a = 0,

(6.20)
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and

(206 + As — A7)2 — (A6 — A3)2 — (Ng + A3)? (6.21)
—(Ag — A7)? + (240 — 4A3 — 204 — 2)5) = 0. '
By unitarity we conclude that
A=A > M > A3 2> X > A 20,0 <0< Ay (6.22)
By unitarity, we also have
As—Ar— > AN >(Ne—N).
1<j<5,j#1
Take sum on 7, then we have:
10A7 +5X6+3 > A <0,
1<5<5
= 10\ +5X < =3 > A, <0,
1<5<5
= 2\7+ X < 0.
If A¢ =0, then 0 < —)X\g = A7 < —% = 0. From (6.22), we can get:
0=X =Xy =X3=X; = Xs.
This implies: A = (0,0,0,0,0,0,0,0).
So we can assume Ag < 0.
From the quadratic relation (Q3), we have
X6(4 —2)\7) = 0, here we take u = \/pess. (6.23)
This implies A7 = 2, \s = —2.
From the quadratic relation (Q4), we have
A7(4+ Xg) =0, here we take u = /pess. (6.24)

This implies A\ = —4.
Then from (6.21) and (6.22), we have 0 = A\; = Ay = A3 = Ay = ;.
So A = (0,0,0,0,0, —4,2, —2).

7. Proof of the main theorem-the Hermitian cases (Part II)

In this section, we will show that for any unitary highest weight co(J)-module
L(A), if it has the smallest positive Gelfand-Kirillov dimension, then it must satisfy
the quadratic relation (Q1) for some value a only depending on A = A(k) in
Corollary 3.1.

We have the following lemma.
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Lemma 7.1.  Our quadratic relation (Q1) is equivalent to the following relation:
1<a<D

We denote it by (Q1)'.

Proof.  We suppose the relation (Q1) holds, then we compute [(Q1), X.] and
get (4.1):
Z {Xea7 Lea} = P{Xe> Le}'

1<a<D

Then from [(4.1),Y,] we can get:

43 L2+ ) X, Yo} =4pL2 + p{X., Yo},

1<a<D 1<a<D

which implies the relation (Q1)".
Conversely, if the relation (Q1)" holds, the we compute [(Q1)", X.| and get
(4.1):
Z {Xews Le, ) = p{Xe, L}
1<a<D

Then from [(4.1),Y.] , we find that the relation (Q1) holds. n

If a (non-trivial) unitary highest weight co(J)-module has the smallest
positive Gelfand-Kirillov dimension, then from the previous lemma we need to
show that (> {Xe.,Ye.} —2p(L%+a))v =0 for any element v € V.

1<a<D
If we denote @1 = (> {X...Y..} —2p(L% + a)), then from the above
1<a<D
case-by-case computation we know: Qjvy, = 0 for any highest weight vector

vy € V.
From the TKK commutation relations and the property of highest weight
module, we know any element v € V' is a linear combination of the form (L, ---

Eeakf(eﬂl e )N(eﬂpf/% e 1767(1)1),\, with k,p,q > 0. So we need to show
Q1 (L, Ly Ky -+ Koy Vo, oo T Joa = 0, (71)
or equivalently,
(L - 1Q% Leay)s - ) Lea s Xeg 1o+ s X, L Ve, 1o Yo, Joa = 0. (7.2)

Let J be a Hermitian type simple Euclidean Jordan algebra 3,(K), then
we can take the following orthonormal basis:
{VPewps /el <p < p,1 <a<b<pey=FEyenp= \%(Eab + Eyg), by =
%(Eab—Eba) for 2 < pu <danday = i,a3 = jyay = k,as = l,a = il,a7; =
gl as = kl}, where Eu = (Zpg)nxn, Tpg = OapObg-

We denote this basis by O;.

Then we have the following lemma.
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Iiem1’~na 7.2.~ For any eg, eg,,ey,... € Oy, we simply write Eeﬁ by [N@, Xeﬁ by
Xp, Yo, by Yp, then

1. [ llvzﬁ]zo;
2. A ::[ /17)25] =2 Z {)N(MSBQ}—Z/){E&XB};
1<a<D
3. Ay:i= QY] = =2 3 {Va, S} +20{Le, V3 };
1<a<D
b An = [Q1 Xpl, Xp ] =4 Y XaXs,u() — 40X Xs, [An, Xp] = 0;
1<a<D

5. Agp = [[Q/DYV]?Y’H] = 41<Z<D Y/Oé Sya(y1) — 40177?;71, [A227Y/72] = 0;

6.
Arz :=[[Q}, X4], V]
=—92 Z {Xa, YSB&('Y)} —4 Z {Swy, Sga}
1<a<D 1<a<D
+2p{ X5, Y} + 4p{Ssy, Le};
7.
A122 :H[Qlla Xﬁ]? Y/’Y]a Y/:Yl]
=4 Y " {80y Youem} T4 Y {8 Yoo}
1<a<D 1<a<D
+4 > {880, Yo,atm} — 40{ 8, Y3}
1<a<D
- 4P{S,8'ya Ym} - 4P{Lev Ys'yﬁ(')’l)};
8.
Atz :[H[Qlla Xﬁ]? Y/’Y]? }7')/1]7 Y/’YQ]
=—38 Z YSWQ (72) YS&B (71) -8 Z W1a(“/2) Saﬁ 7)
1<a<D 1<a<D
-8 Z ?Saﬁ('YZ)?Sva(’Yl) + Sp?Swla(w)?v
1<a<D
+ 80Ys 5 (10) Yoy + 80Y5, Vs 5(10)
[A1222>Yy3] =0;
9.

Aqig IZ[A117 }77]
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= Z {Xa’gsﬁﬂ(ﬁl)”} —4 Z {Xsﬁa(ﬂnvgav}

1<a<D 1<a<D
+ 4p{ X, 551’7} +4p{ X3, Sﬁv}§
10. We simply write Sy,(z) by {uvz}, then

At122 1:[14112, Y/’yl]
=4 > {Xa YVstsamini} +8 D {8, Sisamin}

1<a<D 1<a<D
+4 )Xo Ysruem} 8 D {Ssasiin: Sar}
1<a<D 1<a<D

- 40{5(5, ?{751%}} - SP{gﬁ'ﬂ? 5’517}
- 4P{Xﬁl> YV{’Y/D”Yl}} - 8p{Sﬁl’Y1’ 557};

11.
Aq1229 32[141122,{/72]
=-28 Z {5’&72’ Y/{V{Baﬁl}’h}} — 8 Z {Sar Y{v{ﬁoa&}vz}}
1<a<D 1<a<D
=8 > {Sapn Yinant} =8 D {Stsasiime: Vo,uom)
1<a<D 1<a<D
-8 Z {S{Baﬁl}vwif{vaw}} -8 Z {Sa77 Y{Wl{ﬁaﬂﬂw}}
1<a<D 1<a<D
+ SP{SﬁW’ Y{’Yﬁrh}} + 8P{SB“/17 Y{’Yﬁrm}}
+ 8p{551% Yv{’hﬁ’m}} + 8P{Sﬂ1’y2> Yv{’}’ﬁ'ﬂ}}
+ SP{Sﬁl’Yl ) Y{’Yﬁw}} + 8p{557, Y{“ﬂﬁlw}};
12.

A112222 3:[14112227 }7’}'3]
=16 Y Voo Yptsesim) + 16 D VinantYigisas 1o

1<a<D 1<a<D

+16 > Visgsass) Vinan) T 16 ) {Viss(sasi10) Ysratn)

1<a<D 1<a<D

+16 > {Yisams Yiraw) + 16 D Yisars) Y (sasin)

1<a<D 1<a<D
- 16p}7{72573}}7{Vﬂ1’71} - 16p2{%5v3}}7{76172}
— 16pY (317 Yt — 169Y 115175} Vi)
- 1610?{7161%}?{7572} - 16p}~/{7573}3~/{wﬁlw}3
[A112202, }774] =0;
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15.
Avy =0, Aovy = 0;
Apvy =0, Apvy = 0;
Ajpvy =0, A0y = 0;
Ajapvy =0, A0y = 0;
Aqipvy =0, Aq12220) = 0;

A112222U/\ =0.

Remark 7.1. For each Hermitian type simple Euclidean Jordan algebra H,(K),
its basis O is a finite set. So the number of the operators in the form A, in the
above lemma must be finite.

The proof for this lemma is a straightforward computation, so we skip it.

Then we have the following:

Proof. (Proof of equation (7.2)). We use the same notation A, with some
operator in the lemma to mean they are in the same form. From the above lemma,
we only need to show

[[[H : '[Q/17X51]7' ’ ']7X5p]7}7“/1]7' ’ ']7 Y/’Yq]v/\ = 07 (73)

since [Q), Lg] = 0.
Also we know [H[ ,17 Xﬁl]a XﬁQ]a Xﬁs] = [Alla X53] = 0.
So we only need to show the cases p =0, p=1 and p = 2.
For p =0, we have

5 5 AQ’U)\, lf q = 1,
([Q1 Y], [ Yo Jun = ¢ Axuvy, ifg=2; 5 =0. (7.4)
0, if ¢ > 3.

For p =1, we have

[H[Qlla X51]7 Y%]v o ']7 Y’Yq]w\
=[[[A1, Y5,], - - -], Y3, ]oa
Aqvy, if ¢ =0;
Apvy, if g =1,
A0y, if ¢ = 2;
Arapuy, if ¢ =3;

0, if ¢ > 4.

=0.

For p = 2, we have

Q%1 Xs), Xso, Yaul, - 1, ¥, Joa

=[[[A1, Y], 1, Yo, o
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( Aqjvy, if ¢ = 0; )
Aj10y, if g =1;
Aq1220, if ¢ = 2;
Aq122203, if ¢ = 3;
Annuy, if ¢ =4;
0, ifg>5. )

=0.
So we have proved the equation (7.3). Then the equation (7.2) is proved. =

Combined with the previous argument, we have shown that: the quadratic
relation (Q1) is satisfied by any unitary highest weight co(J)-module which has
the smallest positive Gelfand-Kirillov dimension.

Remark 7.2. From the computations in the proof of our main theorem, we have

a=a(J k)
(—(n—1Dk+n—13, (k=0,3), if J=T(2n)
—k* — (n —2)|k| + n — 1, (k is a half integer), if J=T(2n—1)
_ "iqg?, (k=0,1), if J=%H,(R)
b (k=0,1,...), if J = %,(C)
n?—n—t B (£=0,1,..), if J = H,(H)
[ 18, (k=0), it J = 5;(0)

ie., a = a(J,k) only depends on the highest weight A = A(k) given in
Corollary 3.1.
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