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Abstract. Let G be a homogeneous group and let Xo, X1, Xa,...,X,, beleft
invariant real vector fields on G satisfying Hérmander’s rank condition. Assume
that X, X»,...,X,, are homogeneous of degree one and X is homogeneous
of degree two. In this paper, we study the following equation with drift: Lu =

e Xi(aij () Xju) + agXou = 3772 X;Fj(x), where a;;(z) are real valued,

bounded measurable functions defined in a domain Q C G, a;(z) = aji(z),
satisfying the uniform ellipticity condition in R and ag € R\{0}. Moreover,
the coefficients a;; belong to the class VMO (Vanishing Mean Oscillation) with
respect to the subelliptic metric induced by the vector fields Xg, X1, Xo,..., X}, .
We derive local LP estimates for second order derivatives and Holder estimates
by establishing the representation formulas and higher order integrability of weak
solutions to the above equation.
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1. Introduction and main results

Let Xo, X1, X, -+, Xp,(po < N) form a system of C'* real vector fields defined
in RY, which are left invariant with respect to translations on the homogeneous
group G, and homogeneous with respect to a family of dilations. More precisely,
X1, Xg, -+, X}, are homogeneous of degree one and X is homogeneous of degree
two. Assume that these vector fields satisfy Hormander’s condition at every point
of RY ie.,
rankL(Xo, X1, ..., Xp,)(x) = N, x € RN, (1)
where £(Xo, Xi,...,X,,) denotes the Lie algebra generated by Xg, Xi,...,X,,.
We derive local LP and Holder estimates of the weak solutions to the
equation

Lu= Y X(a(x)X;u) + apXou =Y X;Fj(x), (2)

ij=1 j=1
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where ay € R\{0} and a;j(x) are real valued, bounded measurable functions
defined in a bounded domain €2 C G, belonging to the class VMO, Vanishing
Mean Oscillation, with respect to the subelliptic metric induced by the vector fields
Xo, X1, X5+, X, ; moreover, the matrix {a;;(z)} is symmetric and satisfies the
uniformly ellipticity condition:

plél? < Z aij(2)€:; < Mg, (3)

t,j=1

with a.e. x € Q, £ € R ;4 >0 and

p<ag < pt
In particular, when a;;(z) = 0;; (i, =1,...,p0), ap = 1, L can be written
as
po
=> X7+ X, (4)
i=1

The operator L; has been studied extensively by many authors(see [15, 14, 26]).
Hormander in [15] pointed out that (1) implies the hypoellipticity of (4). In [14],
Folland proved that homogeneous hypoelliptic operators on nilpotent groups pos-
sess homogeneous fundamental solutions. To study LP regularity of the operator
0, X2, Rothschild and Stein [26] proposed a powerful technique of lifting and
approximation.
When X; =0,,,1=1,2,...,N —1, and Xy = 0;, L has the form

Lou = Z(? (a;j(x)0;u) + apdyu.

3,j=1

More recently, many authors considered the operator Ly. Krylov in [16] gave an
approach to the study of the LP solvability of the equations corresponding to Lo
with leading coefficients measurable in the time variable and VMO in the spatial
variables. In [6], Byun proved the L” estimates for divergence parabolic equations
with small BMO coefficients (see also [7, 18] and references therein).

In the case of apXo = >, bjwi0y, — Oy, Xy = Ony, @ = 1,2,...,pg, L
becomes

i,7=1

Po n
Lsu = Z 0;(aij(x)0;u) + Z bijzi0p;u — Oyu,
ij=1 ij=1
where (z,t) € R""!, (b;;) is a constant matrix with a suitable upper triangular
structure, while (a;;) is a pg X po uniformly elliptic matrix, with py < n. The oper-
ator L3 belongs to a class of Kolmogorov-Fokker-Planck ultraparabolic operators
and appears in many research fields. For instance, the Kolmogorov equation

92w+ 2105,u = Ou, (z,t) € R?

occurs in a financial problem (see[l, 12]), in the kinetic theory (see[l11, 20]) as
well as in a visual perception problem (see[22]). Owing to its importance in
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physics and in mathematical finance, it has been extensively investigated (see
e.g. 17,19, 23, 21, 25, 24] and references therein). If a;; are constant coefficients,
a systematic study of a class of equations with respect to L3 has been carried
out in [17, 19, 23]: Pascucci and Polidoro in [23] gave a direct proof of the
Harnack inequality and found explicitly the optimal constant in the inequality;
a parabolic maximum principle was proved by Kupcov in [17]. If the coefficients
a;; are measurable, Pascucci and Polidoro [24] showed that the weak solutions are
locally bounded functions by using Moser’s iterative method. If the coefficients a;;
belong to the Sarason class VMO, Manfredini and Polidoro in [21] investigated the
L? and Holder estimates of the equation corresponding to L3 by using the singular
integral method; Morrey estimates were obtained by Polidoro and Ragusa in [25].
Wang and Zhang [28] discussed Holder regularity of the solution of Lsu = 0 with
purely measurable coefficients a;;.

Recently, Bramanti and Zhu in [4] introduced the concept of locally homo-
geneous space and derived the LP estimates for singular and fractional integrals,
as well as LP estimates on the commutator of a singular or fractional integral with
a BMO or VMO function. These results were applied to deduce local LP and
Holder estimates of nonvariational operators on Hormander vector fields with drift
in [5].

In this paper, we are concerned with the local LP and Holder estimates for
weak solutions of (2) by establishing the representation formulas and the higher
order integrability of weak solutions to (2). To describe main results of this paper,
we need to introduce some notions.

Definition 1.1.  For a measurable function f € Li (G), we define

1
R) =su
L AT A
where fp is the average of f over B,.(z), which is given in (9). We say f €
BMO(G) (Bounded Mean Oscillation) if |[|f|l. = supzpns(R) < +oo, while
f € VMO(G) (Vanishing Mean Oscillation) if limp_,on(R) = 0.

/ |f(y) — fB,.|dy, R >0, ae.z €@,
By (x)

For a given domain (2, the spaces BMO(f2) and VMO(Q) are similarly
defined, if we take B, N2 instead of B,.

Definition 1.2.  We say that u is a weak solution of (2), provided u, Xju,...,
Xpou, Xou € L7 (Q) and

loc

Z/Qaij(ac)Xju(x)Xigo(x)dx—ao/QXgu(:z:)go(x)dx:Z/ﬂFj(x)ngo(x)dx,

1,7=1

for all ¢ € C§°(£2).
The main results are contained in the following theorems:

Theorem 1.3. Let @ CC Q and u be a weak solution of (2) in Q. If
u, Fj € LP(Q) for j = 1,...,p0, 1 < p < oo, then X;u € LP(SY) and there
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exists a positive constant ¢ depending only on G, u,p, ', Q, Xo, X1, X, -+, X},

such that
Z | Xjull o) < <Z | Eil () + HM\LP(@)) : (5)

Theorem 1.4. Let QO CC Q and u be a weak solution of (2) in Q. If
u, F; € LP(Q) for j = 1,...,po, p > Q, then there exists a positive constant
¢ depending only on G, u,p,V,Q, Xo, X1, Xo,---, X, such that

M = (Z 1 Fill e (o) + llullro@ ) cay e x ity (6)

|yt o x|

The proof of our results is based on a method introduced by Chiarenza,
Frasca and Longo [9, 10] in the study of non-divergence uniformly elliptic equation,
then extended by many authors to degenerate PDEs. We first prove a representa-
tion formula for solutions to (2) following the lines of the article [21] by Manfredini
and Polidoro, and then finish the proof relying on the general estimates proved by
Bramanti and Brandolini in [2]. The paper is organized as follows: In Section 2, we
introduce some known results about homogenous groups and describe some prop-
erties of fundamental solutions for the frozen operator of L. The representation
formulas for the weak solutions of (2) are deduced in Section 3. They are given
in Theorem 3.1 and Theorem 3.2. By using these formulas, we first establish two
important higher order integrability results (see Lemmas 4.1-4.2) and then prove
Theorem 1.3 in Section 4. Finally, Holder estimates are obtained in Section 5.

2. Preliminary

Give a pair of smooth mappings:
(2,y) » zoy] :RY xRY 5 RY; [z 27" : RV 5 RY,

RY together with these mappings forms a group with the origin being the identity.
Suppose that there exists an N— tuple of strictly positive exponents w; < wy <
. < wp, so that the dilations

D(o) : (z1,...,zn) — (0*'21,..., 0"V xN)

are group automorphisms, for all ¢ > 0. The space RY with this structure is
called a homogeneous group and denoted by G'.

We define a homogeneous norm || - || in G as follows. For any z € G\{0},
we set
[zl = p & |D(A/p)x| =1,
where | - | denotes the Euclidean norm; also let ||0]| = 0. Then

(i) [|D(e)z[| = el|z[| for every z € G, o > 0;
(ii) the set {x € G : ||z|| = 1} coincides with the Euclidean unit sphere ¥y ;
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(iii) the function = +— [|z|| is smooth outside the origin;
(iv) there exists ¢, ¢y, co > 1 such that for every z,y € G,

lz=H 1 < enl]); (7)

|z oyl < ealllz]l + [lyl) (8)
and .
ol < lyll < ey’ iyl <1, w = max(en, ).

In view of these properties, we can define the quasidistance d by

d(z,y) =y~ ozl

It follows from (7) and (8) that for any z,y,z € G and some positive constants
1,6 2 1,
d(z,y) 2 0,d(z,y) =0 =z =y;

¢y td(y,x) < d(a,y) < ed(y, o);
d(,I‘, y) S CZ(d(:Ev Z) + d(zv y))
The ball with respect to d is defined by

B.(z) ={y e G:d(x,y) <r}. 9)
Note that B(0,r) = D(r)B(0,1) and
|B($7T)| :rQlB(Ovl)L (10)

where € G, r >0 and Q = w; + -+ +wy. We will call ) the homogeneous
dimension of G. By (10), the Lebesgue measure dz is a doubling measure with
respect to d, that is

|B(z,2r)| <c|B(z,r)|, x€ G, r>0

and therefore (G, dz,d) is a space of homogenous type.
A differential operator Y on G is called homogeneous of degree § > 0 if

Y (o(D(0)z)) = " (Y ) (D(0))

for every test function ¢, ¢ > 0, x € G; a function f is called homogeneous of
degree o provided

f(D(o)x)) = 0“f(x), 0>0, z€QG.

Clearly, if Y is a homogeneous differential operator of degree 5 and f is a
homogeneous function of degree o, then Y f is homogeneous of degree a — 3.
The convolution of two functions on G is defined by

(f % g)(x) = /G f(x oy V)g(y)dy = /G oy~ o 2)f(y)dy,

if the above integrals make sense. We see from this definition that if P is any left
invariant differential operator, then

P(f*g) = f* Py,

provided the integrals converge.
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Lemma 2.1 ([2, 13, 14]).  Assume that K} is a kernel in C*°(G\{0}) and
homogeneous of degree h — @), for some integer h with 0 < h < @Q; Let T}, be the
operator

Thf = f* Ky

and let P" be a homogeneous left invariant differential operator of degree h. Then
(i) the following representation formula is true:

P"Tf = PV.(f x P"K}) + of,

where o is a constant depending on P" and K}, ;
(ii) the function PM"K), belongs to C*°(G\{0}) and is homogeneous of degree
—@Q, satisfying the vanishing property:

/ P"K,(2)dz = / P"Kj(2)do(2) =0, 0 <r < R < oo;
r<l|lz||<R

llzll=1
(i1i) the singular integral operator
f PV.(fx P"K})
is continuous on LP(G) for 1 <p < co.

Lemma 2.2 ([27]). Let a € (0,Q) and K € C(G\{0}) be a homogeneous
function of degree —a with respect to the group (D(N))xso- If g € LY(G), then

To(o) = [ Kooy
G
s a.e. defined, and there exists ¢ > 0 such that

1Tl e < ¢ max K (2)|l|9]| )

[l]
ifaing L -1, a
for any p verifying stHl=2+5-

Let A, be the set of py x py constant matrices A = {a;;}, satisfying
Ppo
pPlEP? < Z a;;&€; < pTPfEf, € e R,
ij=1
where g is the same as in (3). In the sequel, we denote the operator
po
Lo = Z a; X; X + Xo,
ij=1

where A = {a;;} € A,. By [2], L4 has a fundamental solution which is homoge-
neous of degree 2 — O, denoted by I'*.
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For any zy € G, we can freeze the coeflicients a;;(z) in the operator L of
(2) at zp and denote

Po
on = Z (I”(.CIZ'[))XZXJ + aoX(].

2,j=1

By applying the results in [14] to L., , we know that L,, has a fundamental solution
which is homogeneous of degree 2 — @), denoted by I'(xg;-). For 7,5 =1,...,po,
we set

[ij(zo; y) = Xi X[ (o, )] (y)-

The following results concerning the Fourier expansion of homogeneous
functions with respect to spherical harmonics have been given in [2, 21]. Let
{Yim}(m = 0,1,2,..., k = 1,...,¢») be an orthonormal system of spherical
harmonics in G' and complete in L?(Xy), where ¥y denotes the unit sphere of G,
m is the degree of the polynomial and g, is the dimension of the space of spherical
harmonics of degree m in G. We extend every function {Ys,,} to G\{0} by setting
Yim(y) = Yim(D(llyll7H)y) for y € G\ {0}.

Fixed z € G and given a homogenous function K € C*(G\ {0}) of degree

«, then there exists a sequence ™ (m =0,1,2,..., k=1,...,g,) such that
o0 gm
K(z,y) =Y ™ @)yl *Yim(v)- (11)
m=1 k=1

The following bounds about spherical harmonics hold:

Gm < C(N)Ym™ 2 for every m = 1,2, ... (12)
2\’ (X2 +18))
= | Yim(z)| < C(N)m' > (13)
ox
for x € ¥y, k=1,...,9m, m=1,2,...; moreover, for every r € N there exists

a positive constant C' = C(r) such that

sup |["(x)| < C(rym™>" (14)
zelG
for every m = 0,1,2,..., k = 1,...,g,. These results hold for the functions

['(zo;-), X;T(xo;-), Tij(xo;-) for 4,5 =1,...,po and XoI'(zo;-).
Note that, if we apply the above result to function

[(zo;-) = aOFA(-), (15)

we get the following estimate proved by Bramanti and Brandolini [2]

o B
B I
(5) r
The following lemma summarizes the properties of I'(zo;-) and I';;(zo; )
that will be used later.

sup < c(B,G, ). (16)

llz[l=1
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Lemma 2.3 (]2, 14]).  For every xq € G, it follows
(a) T(zo;-) € C®(G\{0});
(b) T'(xo;-) is homogeneous of degree 2 — Q;
(c) For every test function u and every x € G,

u(z) = (Lyyu x T'(zo;-)) () = / [(wo;y~ " o x) Lyyu(y)dy. (17)
G
Furthermore, for every i,j =1,2,...,po, there exist constants «;;(xg) such that

X Xu(z) = P.V./ Ly (xo: y o x) Lyyu(y)dy + cij(zo) Ly u(x); (18)
a

(d) T';j(xo;-) is homogeneous of degree —Q);
(e) For any R >r >0,

/ Dy (20: y)dy — / Ly (zo; y)do(y) = 0;
r<|lyll<R

lyll=1

(f) For any multiple index [, there exists a positive constant ¢ such that

forany i,5=1,...,po,
o B
(a—y) Lij(x;y)

Moreover, for the ;s appearing in (18), a uniform bound holds:

sup <ec.

lyll=1,z€G

sup |y ()| < ¢,
zeG

for some constant ¢ = ¢(G, ).

3. Representation formulas

In this section, we will prove some representation formulas for the weak solutions
of (2) in terms of the fundamental solution I'(+;-). For fixed s,r € R, 0 < s <r
and a function ¢ € C§°(R), we write [0,s] < ¢ < [0,7] to mean that 0 < p <1,
¢ =1 on [0,s] and suppy C [0,r]. For every yo € Q and r > 0 such that
B, (yo) C 02, we set

n(@) = ez~ o yol])- (19)
If u is a weak solution of (2), then nu is the solution of the following equation
L(nu) = divx(9) + g, (20)

where

po
dl’l])((g) = Zngja g - (917 cee 7gp0);
j=1

gj = n‘F} + U(IZ](-T)XZT], Z.a .] = 1a -+, Po;
g = (ADu, Dn) — (F, Dn) + aquXyn

and F' = (F1,..., Fp,). For convenience, we shall write B, instead of B,(yo) and

flz)=f(z™), v €q.
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Theorem 3.1.  If u is a weak solution of (2), then

() = = 3 [ Koy 00){(ay(0) sy 6) X 0m0)0) + G 1))
o » (21)
+ /Gr(a;, y~ o x)g(y)dy,

where K;(z;y ™t oz) = X;T(z;ytox)(i = 1,...,p9) is homogeneous of degree
1-0.

Proof.  Let v be a function in C3°(€2). For every zy € Q and every function
¢ € C5°(92), it follows from the definition of weak solutions and (20) that

/Q Luyo(y)d(y)dy = / 9(y)b(y)dy — / (G(y), Dé(y))dy

Q

- / ([A(xo) — AW D) (), DS(y))dy

(22)
_ /Q<A(Q;O)D(v —nu)(y), Dé(y))dy

- / ao(v — 1) () Xg b y)dy.

Now we divide the proof of (21) into three steps.

(i) We shall prove that (22) also holds (almost everywhere) if we replace
¢ with the function T'(xg;y~! o z). First of all, we note that the function v has
compact support so that (22) also holds for every ¢ € C*(G).

Assume that ¢ is a non-increasing function satisfying [0,1/2] < ¢ < [0, 1].
For every x, xy € 2 and for every ¢ > 0, we denote

¢s(wo; 2, y) = [1 — (Hx_;—oyu)] [(zg; 27" o). (23)

By v, Lyv € C°(G) and (17), we have

6—0

iy [ (L) )iz, ) = / (Luot) )T (0 y 0 2)dy = v(z).  (24)

We will consider the term [, g(y)@s(y)dy in the right hand side of (22).
According to the spherical harmonics expansion (11), without loss of generality,

['(zo; 27! o y) has the following form:

oo gm

= _ my \ Yim(z™' oy)
Doz toy) =) ) (o) sy e

m=1 k=1

Choosing r = 2N in (14) such that

sup [c*" (wo)| < C(N)m™7,
r0€G
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it follows from (12) and (13) that for every zy € G,

- C(N)
! < :
|F($O,l‘ Oy)| = ||.2?71 OyHQ,Q

Hence, for every z, € G, it follows from (23) that

| / 05(20: ) — Do o y)]g(y)dy]

< oo [ o (I ;oyu) 1

[~ o yl|92
= C(N)Rs(g)().

g(y)‘ dy

Noting that, the function 6 — Rs(g)(z) is non-increasing for every fixed x € G,
and for every xy € G,

1 2]

e ez P( 5) — 0asd— 0.

1

125(a)lp < gl

Thus for every zy € GG, there exists a zero measure set E such that for every
r € G\FE, we have Rs(g)(z) — 0 as 6 — 0, and so for every x € G\E and every
X € G,

lim / d5(z0; 2, y)g(y)dy = / P(xo; 5~ o 2)g(y)dy. (25)

In the same way, we estimate the next three integrals appearing in the right
hand side of (22). Setting

pi(t) = max{|¢(s)], 5 = t},

and using the facts that X;(||z||) is homogeneous of degree zero for i = 1,...,po,
and Xo(]|z]|) is homogeneous of degree —1, we obtain that
°l, [z~ oy
5| 5

lz” oyl \| _ 1|, (llz” oyl

for every i =1,...,po. According to the spherical harmonics expansion (11),

z oyl <

- Ykm oy)
X;T (s ™ ZZ&’W _km\e I

o Hx—l oyllo~!
for every zp € G and j =1,...,py. Choosing r = 2N in (14) such that

sup | (xo)| < C(N)m™, j=1,...,po,

zo€EG

it follows from (12) and (13) that for every zp € G and j =1,...,po,

X, (g o)) < — o)

_ 26
= ety 2
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Similarly, by (23), we can get

tin [ (G(). Dés(aiz. )y = [ (G(0). Dl w0 )y
Q Q

lim Q<[A(xo) — AW)]D(nu)(y), Dos(wo; x,y))dy

- / ([A(z0) — A()|D(u)(y), D (wo; 2" o))y

tim | (Ax)D(w — ) (1), Do (o 2.1)dy

= /Q<A(x0)D(v —nu)(y), DT (z0; 271 0 y))dy,

for every x € G\E and every xy € G .
We now deal with the last integral in the right hand side of (22). We claim
that for every = € G\ E and for every zy € G,

/an(v — nu)(y) Xy os(xo; z,y)dy — T'(v — nu)(xo, z) as 6 — 0, (27)

where

T (v —nu)(xg,xz) = lim ag(v — nu)(y) X T (zo; 271 0 y)dy, (28)

I700 S e Loy 25;

for some sequence (4;);en such that 6; — 0 as j — oo.
In fact, for every h € LP(G),

/G h(y) X3 0s(z0y " o 2)dy = / h(y)X; T (o; " o y)dy

[lz= oyl|>0

* xil °y -~ —
- / h(y)X; <90 (W) [(zg;2 ' o y)) dy.
§/2<] |z~ Loy|| <6

By using (7), (15) and (16), we have

- — 1 C(aOaQ7GJMa Cl)
| X (zo; 2" o y)| < ag sup [XgTH(2)]— < = :
" ezt [y~ oz)||? [z~ oy)|?

where ¢; is given in (7). Hence, we can find that there exists a bounded function
¢ such that ¢(t) =0 for ¢t > 1 and

) [yl A P— 1L (lla= oyl
35 (o (228 s ) = (120

for every o, z,y € G with /2 < |z~ oy|| < §. Moreover

_1 _
/ X5 (gp (—Hx ° yH) [(xo; x lo y)) dy = 0.
5/2< lo=Loy||<8 0
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Setting

:L’_l o ~
Tsh(z, z0) = / h(y) X, (90 (M) [(zg;27 "' o y)) dy,
6/2<]|lz—Loy|| <6

we have

|Tsh(z, z)]

1 X (e () e o) ) - el

1/ A<llw1oy||)
= 5 o ——— ) [h(y) — h(z)|dy
092 Jsj2<la1oyl1<s d [y) — h(z)]

= T h(x).

We claim from Minkowskii’s inequality that

1/p
IT2h], < / 5(2) ( / Ih(z o D()z) h<x>|p) dz =0, 50,
1/2<]|2|I<1 G

and (28) follows.

For convenience, we denote

w(ry, ) = —/F(ﬂﬁo;y‘lox)g(y>dy+/(G(y%Df(ﬂco;x‘loy)>dy
+ [ (Aan) = A@IDO @), DE(aoi™ )y

and

S(v —nu)(zg,z) = /Q<A(:L‘0)D(U —nu)(y), DT (zo; 27" 0 9))dy.

According to (22), (24)-(29), we derive

(nu)(x) = w(zo, #) = (nu)(x) — v(x) = S(v = nu)(zo, x) = T(v —nu)(we, ) (30)

for every x € G\ E and every o € G.
(i) We first assert that there exist two operator S#4 and T such that

1S (v —nu)(xo, z)| < S (v —nu)(z), x0, z € G, (31)
Po
1% (v = nu)l| oy < €D 1X;(0 = nu) ooy (32)
j=1
and
1T (v — nu)(zo, )| < THv —nu)(z), = € G\E, zg € G (33)
ITA = )l < cllo — v (1)

for some positive constants c.



FENG AND NIU 815
In fact, by the uniformly ellipticity condition (3), we have
Po .
S0 =)o) < Y- [ X0 = ()T i o)l
j=1"9
It follows from (7) and (26) that

~ _ C(N Cq Q)
. 1 ) 9

for every zp € G and j =1,...,py, where ¢; is given in (7). Denoting
C(N, C UV, |1, Po, C1) c1)
A o _ 3

it is clear that the operator S4(v — nu)(x) satisfies (31) for every o € G and
for every * € G. In view of Lemma 2.2, S4(v — nu)(x) also satisfies (32). In

the following, let us consider the expansion in spherical harmonics of the function
XD (zo;-):

*T . e Okm Ykm Oy)
XOF(.CL’Q, ZZ —.

2. 2 JoToy]@

We can choose 7 = 2N in (14) such that

sup ¢ (z0)| < C(N)m=N.

ro€EG
Denoting
T4(v = nu)(z)
oo dm _
_ Ykm(x ! © y)
= lim agC(N)m =N / =" (v —nu)(y)dy|
]Hw;; le—toy>s; 1Tt o y||?

for every x,y € G with = # g, it easily sees that the operator T (v — nu)
satisfies (33) every x € G\E and for every zy € G. By [2, Theorem 17] and (12),
TA(v — nu) also satisfies (34).
Next, if we set
T(v —nu) = [pu(z) = v(z)| + 54 (v = nu)(2) + T4 (v = qu)(z),  (35)

then it follows from (30), (31), (33) and (35) that

lw(zo; 2) — (nu)(z)| < T(v —nu)(x), =€ G\E, zy € G,
and by (32) and (34), there exists a positive constant ¢ such that

Ppo
1T'(v = )| Loy < ¢ (IIv —nullre) + ) 1K - nu)!hm) . (36)

j=1
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(iii) Let {vg}ren be a sequence of C§°(G) functions satisfying
lnu — vi|lLr(e) — 0, k — oo;

HXJ(UU - Uk)HLP(G) — 07 k — e, j = 17 .-, Do-

Denoting
w(z) = inf{T(vy, — nu)(z) : k € N}

and using the results in step (ii), we find a zero measure set £ C G such that

[w(wo, ) — (nu)(2)| < @), o]l < T (0 = nu)ll@ : k € N},

for every x € G\ E and for every zy € G.
Thus, by using (36) for every function vy, we conclude that

(nu)(z) = w(wo, ) (37)

for every z € G\E and for every zy € G. Choosing zy = z in (37), it follows
(21). It completes the proof. ]

Theorem 3.2.  If u is a weak solution of (2), then

Xy, (TIU)( )
- lli]% ly—toz]|> Kyi(z;y~t o x)[(aij (@) — aiy(9)) X, (nu) (y) + Gily)]dy

Ppo
+/ Ti(z3y ™t o 2)g(y)dy — ) ani()Gila
G =1

(38)

where ap;(r) = fEN Ky(z,y)vi(y)doy, vy is the outer normal at the unit sphere
EN m G, k?:]_,...,po.

Proof. It follows from Theorem 3.1 and (37) that

Xw(zo, ) :/Fk(:vo;y‘lo:v)g(y)dy
G

- ll_{l% . Kyi(zo;y~" o @)[(ai;(20) — ai(y)) X;(nu) (y) + Gi(y)]dy (39)
— Z vi(20)Gi(z) — Z ai(0)(aij(wo) — aii(2))X; (nu)(x)

for every zo € G and almost z € G, where ay;(zo) fz Ky (xo, y)vi(y)doy,, (vk
is the outer normal at the set Yy, k,2 = 1,...,p) are uniformly bounded for
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xg € G. For every fixed xg, let us consider the expansion in spherical harmonics
of the terms in (39). In order to simplify the notations we write

NE

Xi(nu)(x) = Xsw(zo, x) = ) bm(20)Ton(gm)(2), (40)

1

3
I

where g¢,,, denotes one of the following functions: g, G;, X;(nu) or a;; X;(nu), i,j =
1,...,po, and T, indicates the convolution of g,, and a suitable homogeneous
function. The convergence of the series in (40) is uniform with respect to xq, then

Xi(nu)(z) = Xew(w,2) = D bm(2)Tn(gm) (@),

NE

1

3
I

for almost every = € G. It shows that (38) is valid. ]

Let us define the following singular integral operators

Kijf(z) = P.V. /Fij(ﬂf; y~ o) f(y)dy,
where 2,7 = 1,...,py and the commutator

CIK, d|(f) = K(af) — aK(f),

for an operator K and a function a € L*(G).

Lemma 3.3 ([2]). For every p € (1,00), there exists a positive constant ¢ such
that for every a € BMO, f € LP(G), i,j=1,...,po,

1K f o) < |l fllere;
|CE5, al fll vy < cllall« |l fll e -
We state a local version of Lemma 3.3.

Lemma 3.4. Let p € (1,00), there exists a positive constant ¢ such that for
every a € BMO, feL*(Q), ,j=1,...,p0,

| K fllze) < el fllze;
HC[KZ‘j,a]f“LP(Q) < CHaH*HfHLp(Q)‘

Lemma 3.5 ([2]). If the function a belongs to VMO, then for every ¢ > 0
there exists v > 0, depending on € and the VMO modulus of a, such that for
every f € LP(G) (p € (1,00) ) with suppf C B,,

|\C[Kij,al flle sy < cell fllrs,)

fori,7=1,2,...,po.
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4. LP estimates

In this Section, we denote
Dou = (Xju, ..., X,u)

and write ||F||Lp(Q), ”Dou”Lp(Q), HQHLp(Q) instead Of Z§0:1 ||Fj||Lp(Q),

X ulley, D202 1G5 l|Lr (), respectively. For every yo € Q and 7,5 > 0
such that B,(yo) C €2 and s < r, we will consider the function 7 defined in (19).
For the sake of brevity, we use B, instead of B,(z) and denote

By using (20), we have
Lv = divx(G) + g.

In order to prove Theorem 1.3, we need some preliminary results.

Lemma 4.1.  If u is a weak solution of (2), u, F € LP(B,), % <p<oo and

Dou € LY(B,)(1 < ¢ < Q), with % = % + é Then there exists a positive constant

ro, depending only on the operator L, such that, if r < ro, then Dyu € L} (B,)
and
|1 DoullLes,) < (1 Fllees,) + ulles,) + [ Dot Locs,)), (41)

for every s € (0,7), where ¢ = c(r,s) > 0.

Proof. = We first prove that (41) holds under the hypothesis Dou € L} (B,).
According to Theorem 3.2, it holds

Po Po Po
Xyo(z) =Y Crilaiy, Xj0l(2) + > Thi(Gi)(x) = Tg(z) = > ari(w)Gi(x)
ij=1 i=1 i=1
for k =1,...,py. Hence it follows from Lemmas 2.1, 2.2 and 3.4 that
Po
[ Xkvllzes,) < c <Z laisll« [ X;0l Lo sy + 1G] e s,y + HgHLq(Br>> ,
ij=1

where the norm || - ||, is taken over B,. By a;; € VMO and Lemma 3.5, there
exists rg > 0 such that

| Dov|| e,y < (G|l e,y + 9llzacs.)) (42)

for every r € (0,r9). Since F,u € LP(B,), Dou € LY(B,), p > ¢ and 7 in (19)
is a function with support contained in the ball B,(xg), it is easy to verify that
G € LP(B,), g € L(B,) and there exists a positive constant ¢ such that

1G e,y < cl|ullLos,) + [[FllLes,)), (43)

19llzas,) < elllwlles,y + 11Fll oz, + [1DoullLas,)))- (44)
Now (41) immediately follows from (42),(43) and (44).
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We next show that the assumption Dyu € LP(B,) can be removed. In fact,
let us define the map

T (LYB,))" — (LY(B))",
by

(TU)k(x) =Y Crilaiy, X;U)(x) + Z Tyi(Gi)(x) — Tg(x) — Z i (7)Gi(x)

3,7=1

for every U € (LY(B,))™ and k=1,...,pp.

If ry is small enough, then there exists 0 < ¢ < 1 appearing in the L4
estimates for terms Cy;la;;, X;U] such that T is a contraction and so Dyv is
its unique fixed point. On the other hand, T is also a contraction map from
(LP(B,))" to (LP(B,)), thus T has a unique fixed point U, € LP(B,). Since
LP(B,) C LYB,), the function Dyv must coincide with U, € LP(B,). It ends the
proof. [ |

Lemma 4.2. If u is a weak solution of (2), u, F € LP(B,), % < p < o0.
Then there exists a positive constant ro, depending only on the operator L, such
that, if r < rg, then Dou € LY (B,) for some s < o <r and

loc

1Doull o5,y < eI Fllzoep,) + llullzoes,) + [ Doullzos,)); (45)

for every s € (0,7) and some 1 < qo < min(2,p), where ¢ = c(r,s) > 0.

Proof. If % <p< 5—?2, the result immediately follows from Lemma 4.1.

Otherwise we apply the iterative method. Let

k 1 1 r\ /m
= 1 :—>——— = —_
m = min{k € N 02 p}, J (s>
and for h=1,2,....m—+1, let
_5h—1 _5h pQ
Sh S, Th S, d4n (h—1)p+Q

By Lemma 4.1 we derive

| Doullzan(p,,) < c(lF lpan(s,,) + ullzoms,,) + | Dovllmsi(s,,))

for every h =1,2,...,m. Since sy =s, rp, =7 and @1 <2< q@n < ...<q =
p, we can get (45) from these inequalities and let ¢y = ¢, 41. By applying Lemma
4.1 and let o = ry, we obtain that Dyu € L} (B,). The proof is completed. =
Lemma 4.3 ([8]). Let ¢ be a bounded nonnegative function defined on the
interval [To, T1](0 < Ty < Ty). Assume that for any Ty < s <t < Ty, ¥ satisfies

Y(s) < O(t) + + B,
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where 0, A, B, [ are nonnegative constants, and 0 < % Then

A
(R—p)P

for every p satisfying Ty < p < R <Tj.

¥(p) < csl + B,

Proof of Theorem 1.3. Firstly, by Lemma 4.2, we find that if u is a weak
solution of (2) and u, F' € LP(Q) for % < p < o0, then we have Dyu € LP(§Y)

for ' CC Q. Otherwise, for 1 < p < %, it is easy to get Dou € LP(€)) by the
definition of weak solution.
Next, for any 0 < s <r <rg and p > ¢ > 1, we have

1/q
| Dot 1o = ( |Dou<x>|wx)

K/*(’DOUW)S)Z - rBryl—zdx] .

1_1
< (r®)a~7|| Doul o (s,)-

IN

Then for any 0 < € < %, there exists ¢ > 0, such that

[ Doul|za(s,) < el Doul|Le(s,)-
Combine with Lemma 4.1, we have

[1Doullo(s,y < e Fl|Lees,) + Nl zoes,) + el Doulloes,))-

By Lemma 4.3, we derive

| Doul| o3,y < (| F||lze(s,) + |ullr(s,)),

for any % < p < o0o. The case 1 < p < @ can be recovered by an elementary

duality argument. Finally, (5) follows by using a covering method. It ends the
proof. [ |

5. Holder continuity

In this Section, we will derive Theorem 1.4.

Lemma 5.1 ([2]). Let K € CY(G\{0}) be homogenous of degree o < 1 with
respect to the group (D(X))aso. Then there exist c = ¢(G,K) >0, M = M(G) > 1
such that

[K(zoy) — K(z)| +|K(yor) — K(z)| < cllyll«]*

for every x,y € G with ||z|| > M]||y||. Here

c¢=c¢(Q)- sup |DK(2)|.

ZEXN
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By Lemma 5.1, it is easy to conclude the following lemma.
Lemma 5.2.  There exist two constants ¢ > 0 and M > 1 such that

—1
71033)‘ <c Hy Ox”

.1 _ . g 0
IT(x0; 27 oy) — I'(xg; 2 S T e

-1
71012)|<C||y OZEH .

.1 .
ITj(xo; 27" oy) — I'j(wo; 2 S o ]@

-1
_10.%)’ <ec Hy Ox”

.1 .
Tij(2o; 27 oy) — Tij(wo; 2 > W,

for every x,y, 2,19 € G such that ||z" ox|| > M|z toy| and i,j=1,...,po.

Proof of Theorem 1.4. As in Section 4, we prove the statement for the
compact set Bg(zg) C Q. It is convenient to write (2) in the following form

Lou = divx (JDu) + Xou = divg (F),

A

where Zs’j:F’j—l—Xju—ZfilaﬂXiu,jzl,...,po, F;=0,j=py+1,...,N and

J is defined by
J= (fpo 0) |
0 0 NXxXN

Let 7 > 0 be such that B,(z¢) C 2 and let n be the function defined in (19). If
we set

then
Lov = div(nF) — (F, Dn) + uLn + 2(J Du, Dn).

By Theorem 1.3, we have
1E N o,y < lF @ + ullr@)- (46)

Since uw and v coincide in the set By, it is sufficient to prove the statement for
the function v. If we denote by I'°(z,y) = I'°(y~! o 2) the fundamental solution
of the operator Lg, then the following representation formula for v holds

o(z) = /G I (2, y) (u(y) Iny) + 2(T Duly), Dn(y)) — (E(y). Dn(y)))dy

Po

=3 [ K F iy = ) - Y- v, (47)

J=1

where K7 (z,y) = X;I%(y~ " ox)(j =1,...,po) is homogeneous of degree 1 — Q.
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Let us consider v; in (47), for =,z € B, we derive by Lemma 5.2 that
(@) =@l = | [ (3e0) = Kt Ey(o)dy

Lo S+ S D) )y

IA

+ f (K2 s) = K)o )y
[z~ oy[|> M|l oz]|

[ o~ ol Olno) B )y
[z~ oyl|<M]lz=toz||

roe / 1= oyl Cln(y) E (9)ldy
[z~ toyl|<co(M+c1)||z— oz

Z_l ox A~
Foe 4 Nz oall ey ay

Loy >Mlletoz] 271 0 Y9
= Il —I— IQ —f- ]3.

IN

Applying the Holder inequality,

o0

Fi(y
wes| MR,
= JrM etz <oyl <2tk e toz) (|27 0 Y]

o0

< (e =) ) Fy(w)ldy

21—k pr|lz—loz|| (z)

e}

~ _ P=Q P=Q _
cllnEjl |l eqllz™" o 27 > (277"
k=1

IN

Since p > (@), the above series is convergent. Hence,

~ _ p=Q
L] < clllnFjlllella™ o 2] 77" (48)
Similarly, it follows
~ _ P=Q
|I2| < cllnFjllloella™ o 27 (49)

Now we have

o0

IS ol By ldy
k 2

1
b1 Mooz < le~oyl|<2s Mla—1o] 1771 0 |9

o0

2 ~
Z (m) ol / —— ()5 (y)ldy
Z<2’“>

k=1

IN

c|nFjl ol o 2|7

Since the above series is convergent, it implies

~ _ P=Q
13| < clllnFjlllella™ o 2] %" (50)
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For x, 2 € B,, it follows from (48), (49) and (50) that

~ _ _Q
[0 (@) = vi(2)| < el Fllnga ™ o],

where j =1,...,pg, ¢ is a positive constant. It follows from (46) that
_ _Q
[05(x) = v;(2)| < e(1F [l + llullo@) |2~ o ]2 (51)

where

With a similar argument, for z, z € B, we obtain

[vo(z) — vo(2)] < ¢

_ _Q
|Fllza + lullza@)llz o] 7, (52)
11,1
 ~rTQ
Since g < p, it follows from (46), (47), (51) and (52) that

Po
ulxr) —ulz D
Ju(z) = ulz)] Q <e (Z 1Eill ooy + HUHLp(ﬂ)) » 2,2 € By, x # 2
=1

(e

By using the covering method in [3], we derive (6). The proof is completed. W
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