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1. Introduction

The main work of this paper concerns homomorphisms between the generalized
Verma modules arising from conformally invariant systems of differential oper-
ators. As a conformally invariant system is a central object of this paper, we
begin with introducing the definition of such systems of operators. Loosely speak-
ing, a conformally invariant system is a system of differential operators that are
equivariant under a Lie algebra action. To describe the equivariance condition
precisely, let go be a real Lie algebra. The definition of conformally invariant
systems requires the notions of a gp-manifold and gg-bundle. First, a smooth
manifold M is said to be a go-manifold if there exists a Lie algebra homomor-
phism 7y : go = C°(M)BX(M), where X(M) is the space of smooth vector fields
on M. Here, the Lie algebra structure of C*°(M) @ X(M) is the standard one in-
duced from the algebra structure of differential operators. Given gg-manifold M,
write ma (X)) = mo(X) + m(X) with 7mo(X) € C®°(M) and m(X) € X(M). Next,
let D(V) denote the space of differential operators on a vector bundle V — M.
We regard any smooth functions f on M as elements in D(V) by identifying
them with the multiplication operator that they induce. Then we say that a vec-
tor bundle V — M is a go-bundle if there exists a Lie algebra homomorphism
v g0 — D(V) so that in D(V) [my(X), f] = m(X)ef for all X € go and
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all f € C®°(M), where the dot e denotes the action of the differential operator
m1(X). Here, as for C®°(M)®X(M), the Lie algebra structure of D(V) is the stan-
dard one coming from its algebra structure of operators with composition. Now,
given go-bundle V — M, a system of linearly independent differential operators
Dy, ..., D,, € D(V) is called a conformally invariant system on V with respect to
my if, for all X € g, it satisfies the bracket identity

[ (X), D] =Y Cif D,

where C’i)j( are smooth functions on M. By extending the Lie algebra homomor-
phisms 7, and 7y C-linearly, the definitions of a gy-manifold, go-bundle, and
conformally invariant system can be applied equally well to the complexified Lie
algebra g = go ®r C.

The Laplacian A on R"™ and wave operator [J on the Minkowski space
R3! are two typical examples for conformally invariant systems consisting of one
differential operator. The notion of conformally invariant systems generalizes that
of Kostant’s quasi-invariant differential operator ([16]). A systematic study of
conformally invariant systems recently started with the work of Barchini-Kable-
Zierau in [4] and [5], and the study of such systems of operators is continued in
[11], [12], [13], [14], [15], [18], and [20].

While the works [4], [11]-[15], [18], and [20] mainly focus on the construc-
tion of conformally invariant systems or the solution spaces to such systems of
operators, we in this paper study the homomorphisms between generalized Verma
modules that arise from conformally invariant systems. Homomorphisms between
generalized Verma modules (or equivalently intertwining differential operators be-
tween degenerate principal series representations) have received a lot of attentions
from many points of views (see for example [6], [8], [10], [17], and [22]). It has
been shown in [5] that a conformally invariant system yields a homomorphism
between certain generalized Verma modules, one of which is non-scalar. In the
present work we would like to understand the “standardness” of such homomor-
phisms. A homomorphism between generalized Verma modules is called standard
if it is induced from a homomorphism between the corresponding (ordinary) Verma
modules, and called non-standard otherwise. While standard homomorphisms are
well-understood (see for example [6] and [21]), the classification of non-standard
homomorphisms is still an open problem. See for instance [1], [2], and Section 11.5
of [3] for the classification of such maps for certain cases. We may want to note
that much of the published work concerning non-standard homomorphisms is for
the case that the nilpotent radical n for parabolic subalgebra q = [@®n is abelian.

In [18] we have built a number of conformally invariant systems of first and
second order differential operators, that are associated to maximal parabolic subal-
gebras q = [@n with nilpotent radical n satisfying the conditions that [n, [n,n]] =0
and dim([n,n]) > 1. We call such nilpotent algebra n quasi-Heisenberg and such
parabolic subalgebras q quasi-Heinseberg type. Then, in this paper, we determine
whether or not the homomorphisms between the generalized Verma modules aris-
ing from the systems of operators associated to maximal parabolic subalgebras q
of quasi-Heisenberg type are standard. As the nilpotent radical n of q = [ @ n is
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quasi-Heisenberg, this gives examples of non-standard maps beyond the scope of
the case that n is abelian.

To describe our work more precisely, we now briefly review the results of
[18]. Let G be a complex, simple, connected, simply-connected Lie group with Lie
algebra g. Give a Z-grading g = @)__, g(j) on g so that q = g(0)©P,.,9(j) =
[ @ n is a parabolic subalgebra. Let () = Ng(q) = LN. For a real form g, of g,
define G to be an analytic subgroup of G with Lie algebra go. Set Qo = Ng,(q).
Our manifold is M = Go/Qo and we consider a line bundle £, — G/Q for each
s € C. By the Bruhat theory, the homogeneous space Gy/Qy admits an open
dense submanifold NOQO/ Qo. We restrict our bundle to this submanifold. By
slight abuse of notation we refer to the restricted bundle as £;. The systems that
we construct act on smooth sections of the restricted bundle L,.

Our systems of operators are constructed from L-irreducible constituents
W oof g(—r + k) @ g(r) for 1 < k < 2r. We call the systems of operators €
systems. (We shall describe the construction more precisely in Section 2.) It is not
necessary that every L-irreducible constituent of g(—r + k) ® g(r) contributes to
the construction for €2 systems. Then we call irreducible constituents W special
if they contribute to the systems of operators. Here, we should remark a certain
discrepancy of the definition for special constituents between this paper and [18].
In [18], special constituents for €2y systems are defined as irreducible constituents
of g(0) ® g(2) whose highest weights satisfy a certain technical condition. (See
Definition 6.7 of [18].) In the paper we first observed that, if an irreducible
constituent of g(0) ® g(2) contributes to an €y system then its highest weight
satisfies the technical condition. We then tried to show that the opposite direction
also holds; namely, we tried to show that irreducible constituents with the highest
weight condition contribute to €2y systems. For all the cases but two, it is verified
that such irreducible constituents do contribute to the construction. The difficulty
for the two open cases is that there is a problem to apply to these cases the
method that is used for any other cases. We do expect that also in the open cases
the constituents with the highest weight condition contribute to the construction.
Thus we redefined special constituents in the way introduced at the beginning of
this paragraph, so that the definition works not only for 2y systems but also for
Q. systems for general k. We would like to verify the open cases elsewhere and
so the two definitions for special constituents do agree.

There is no reason to expect that €2, systems are conformally invariant on
L, for arbitrary s € C; the conformal invariance of ) systems depends on the
complex parameter s for the line bundle £,. We then say that an (2, system has
special value sy if the system is conformally invariant on the line bundle L, .

In [18], we found the special values of the €2; system and certain €2 systems
associated to a maximal parabolic subalgebra ¢ of quasi-Heisenberg type. We may
want to note that, to find the special values for €2, systems, the technical condition
on the highest weights for the special constituents plays a crucial role. (See Section
7 of [18].) See Theorem 5.1 and Table 4 for the special values of these systems.
In Table 4, one notices that there are two missing cases, the cases with a question
mark (7). These are the two open cases mentioned above. We would like to fill in
the gaps in the future.
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In this paper, with the special values determined in [18] in hand, for k =
1,2, we classify the homomorphisms ¢q, between the generalized Verma modules
arising from the conformally invariant €2, systems as standard or non-standard.
Our main tool is a well-known result due to Lepowsky (Theorem 4.3). It turns
out that the map ¢gq, is non-standard if and only if the special value s, of an
(2, system is a positive integer. See Theorem 5.3 for the result for the map g, .
Table 5 summarizes the classification for ¢q, .

Now we outline the rest of this paper. This paper consists of six sections
with this introduction and one appendix. In Section 2 we recall from [18] the
construction of the €2 systems. We also review maximal parabolic subalgebras q of
quasi-Heisenberg type in this section. Section 3 discusses the relationship between
conformally invariant €2, systems and homomorphisms between generalized Verma
modules. We start Section 4 with reviewing the general facts on the standard
homomorphisms. We then specialize such facts to the situation that we concern.

In Sections 5 and 6, for k£ = 1,2, we determine whether or not the homo-
morphisms ¢q, arising from the €2, systems associated to the maximal parabolic
subalgebra ¢ under consideration are standard. This is done in four theorems,
namely, Theorem 5.3, Theorem 6.5, Theorem 6.6, and Theorem 6.38.

Finally, in Appendix A, we recall from [18] the miscellaneous useful data
for the parabolic subalgebras under consideration. The data will be referred to in
several proofs in this paper.

2. Preliminaries

The purpose of this section is to recall from [18] our construction of systems of
differential operators. We also review the maximal parabolic subalgebras of quasi-
Heisenberg type.

2.1. A specialization of the theory.

First we recall from Subsection 2.1 in [18] the g-manifold and g-bundle that
we study in this paper. Let G be a complex, simple, connected, simply-connected
Lie group with Lie algebra g. Such G contains a maximal connected solvable
subgroup B. Write b = h @ u for its Lie algebra with h the Cartan subalgebra
and u the nilpotent subalgebra. Let q¢ D b be a parabolic subalgebra of g. We
define @ = Ng(q), a parabolic subgroup of G. Write Q = LN for the Levi
decomposition of ().

Let go be a real form of g in which the complex parabolic subalgebra ¢
has a real form qg, and let Gy be the analytic subgroup of G with Lie algebra
go. Define Qo = Ng,(q) C @, and write Qy = LoNy. We will work with G/Qq
for a class of maximal parabolic subgroup )y whose Lie algebra qq is of two-step
nilpotent type.

Next, let A = A(g,h) be the set of roots of g with respect to h. Let
AT be the positive system attached to b and denote by II the set of simple
roots. We write g, for the root space for @« € A. For each subset S C II,
let qs be the corresponding standard parabolic subalgebra. Write q¢ = [s @ ng
with Levi factor [¢ = h @ ®aeA5 g and nilpotent radical ng = @QGA+\AS s P
where Ag = {a € A | @ € span(I1\S)}. If Qp is a maximal parabolic subgroup
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then there exists a unique simple root g € II so that q = qq,). Let A; be
the fundamental weight of . The weight ), is orthogonal to any roots a with
go C [1,[]. Hence it exponentiates to a character x4 of L. As x, takes real values
on Ly, for s € C, character x* = |x4|° is well-defined on Ly. Let C,« be the
one-dimensional representation of Ly with character x°. The representation x* is
extended to a representation of )y by making it trivial on Ny. It then deduces a

line bundle £, on Gy/Qo with fiber C,s.
The group Gy acts on the space

O (Go/Qo, Cys)
= {F € C®(Gy,Cy+) | F(gq) = x*(q7")F(g) for all ¢ € Qo and g € Go}

by left translation. The action 7, of go on C7°(Go/Qo,Cys) arising from this
action is given by

(. (V) F)(g) = S Flexp(~¥)g)],_, (2.1)

for Y € gg. This action is extended C-linearly to g and then naturally to the
universal enveloping algebra U(g). We use the same symbols for the extended
actions.

Let N, be the unipotent subgroup opposite to Ny. The natural infinitesimal
action of g on the image of the restriction map C°(Go/Qo, Cys) = C(Ny, Cys)
induced by (2.1) gives an action of g on the whole space C*(Ny, Cy:). We also
denote by 7, the induced action. Observe that we have the direct sum g=n®q.
If we write Y = Y; + Y, for the decomposition of Y € g in this direct sum then,
for Y € g and f € C*(Ny, C,s), the derived action of g on C®(Ny,C,s) is given
by

(rs(Y)e f)(R) = sAq ((Ad(R™1)Y)q) f(7) — (R((Ad(n )Y )a) e f) (R),  (2:2)

where R is the infinitesimal right translation of g. The line bundle £; — Gy/Qo
restricted to Ny is the trivial bundle Ny x Cys — Ny. By slight abuse of notation,
we refer to the trivial bundle over N, as L,. It follows from the observation in
Subsection 2.1 in [18] that Ny and £, — N, are a g-manifold and g-bundle,
respectively.

2.2. The 2, systems.

In this subsection we briefly recall from Subsection 3.1 of [18] our construc-
tion of differential operators. For a subspace W of g, we write A(W) = {a €
A | g, C W} and II(W) = A(W) NII. We keep the notation from the previous
subsection, unless otherwise specified.

Let g = __,9(j) be a Z-grading on g with g(1) #0. For 1 <k <2r,
we define a map 7, : g(1) — g(—r + k) ® g(r) by X — Z(ad(X)* ® Id)w
with w = ZweA(g(r» X, ®X,,, where X, are root vectors for ~; so that
{1X,,, X, [Xy,, X_+,]} is an sl(2)-triple. Take L to be the analytic subgroup
of G with Lie algebra g(0), and let W be an L-irreducible constituent of
g(—r + k) ® g(r). Write P*(g(1)) for the space of polynomials on g(1) of ho-
mogeneous degree k. If W* is the dual space of W with respect to the Killing



852 KuBo

form r then there exists an L-intertwining operator 7|y« € Homy(W* P*(g(1)))
so that, for Y* € W*, Tx|lw+(Y*)(X) = Y*(1(X)). Here, we may want to
note that Y*(mx(X)) is well-defined for 7,(X) ¢ W. Indeed, observe that, as
g(—r+k)*®g(r)" = g(r—k)®@g(—r) via the Killing form &, the element Y* € W* C
g(—r+k)*®@g(r)* is a linear combination of k(X,, ) ®k(Xgs, ) with constant coef-
ficients, where X, and X are root vectors for a € A(g(r—k)) and 5 € A(g(—r)).
IfEY* =3, 5Cas K(Xa,) ®r(Xp, ) with constants ca,p then Y*(7;,(X)) is given
by Y*(re(X)) = (1/k) 32, o Cap 5(Xa, ad(X)*(X_y))) £(Xp, X,).

If 7xlw+ #Z 0 then we call the irreducible constituent W special for .
Given special constituent W for 7, we consider the following composition of
linear maps:

W Ph(g(1)) = Symf(g(—1)) B U®) S DL, (2.3)

Here, o : Sym"(g(—1)) — U(n) is the symmetrization operator and D(L,)* is the
space of fi-invariant differential operators for £,. Let Qg|w- : W* — D(L,)" be the
composition of linear maps, namely, Q|+ = RoooTy|w+. For simplicity we write
Qr(Y*) = Qglw~(Y™*) for the differential operator arising from Y* € W*. Note
that the linear operator Qi |y~ : W* — D(L,)" is an Lg-intertwining operator.
(See the observation at the end of Section 3.1 of [18].)

Now, given basis {Y}*,..., Y } for W*, we have a system of differential

operators
Qe(Y7), -, (V). (2.4)

We call such a system of operators the Q|+ system. When the irreducible
constituent W* is not important, we simply refer to each |y« system as an €2
system. We may want to note that (), systems are independent of the choice for
a basis for W* up to some natural equivalence. (See Definition 3.5 of [18].)

It is important to notice that it is not necessary for €1 systems to be
conformally invariant; their conformal invariance strongly depends on the complex
parameter s for the line bundle L£,. So we say that an (), system has special
value s if the system is conformally invariant on the line bundle L. In [18], we
have found the special values for the 2; system and certain €2, systems associated
to maximal parabolic subalgebras q of quasi-Heinseberg type. We shall show the
special values in Sections 5 and 6, respectively.

2.3. Maximal parabolic subalgebras of quasi-Heisenberg type.

In Sections 5 and 6, with the special values determined in [18] in hand, we
shall determine whether or not the homomorphisms arising from the €2; system
and ()5 systems associated to maximal parabolic subalgebras q of quasi-Heisenberg
type are standard. Then, in this section, we recall from Section 4 of [18] such
maximal parabolic subalgebras q.

First, we call a maximal parabolic subalgebra q = [€&n quasi-Heisenberg
type if its nilradical n satisfies the conditions that [n, [n,n]] = 0 and dim([n,n]) >
1. Let a4 be a simple root, so that the parabolic subalgebra q = qo,; = @& n
determined by «q is of quasi-Heisenberg type. Let (-,-) be the inner product
induced on h* corresponding to the Killing form x. Write ||a||> = (a,a) for
a € A. The coroot of a is o¥ = 2a/(c, ).
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Recall from Subsection 2.1 that A\; denotes the fundamental weight for
aq. If Hy, € b is defined by x(H,H,,) = A\(H) for all H € b and if H; =
(2/||eg][?)Hy, then as q has two-step nilpotent radical, for 5 € A", 3(H,) can
only take the values of 0, 1, or 2. Therefore, if g(j) denotes the j-eigenspace
of ad(H,) then the action of ad(H,) on g induces a 2-grading g = @32_29@)
with parabolic subalgebra q = g(0) & g(1) @ g(2), where [ = g(0) and n =
g(1) ® g(2). The subalgebra n, the nilpotent radical opposite to n, is given by
n=g(—1)®g(—2). Here we have g(0) =, g(2) = 3(n) and g(—2) = 3(n), where
3(n) (resp. 3(n)) is the center of n (resp. n). Thus we denote the 2-grading on g
by

g=s3meoa-l)elagl)@sn) (2.5)
with parabolic subalgebra
q=1®g(1) ®3(n).
Therefore the maps 7, associated to the grading (2.5) are given by

7t 8(1) = g(~2+ k) @ 3(n) (2.6)

for 1 <k <A4.

We next consider the structure of the Levi subalgebra [ = 3(I) & [[, [], where
3(0) is the center of [. Observe that 3(I) is one-dimensional. Indeed, we have
3(0) = Naeng ker(e) with TI([) = M\{ag}. As [ = g(0), we have a(H,) = 0 for
all a € A(l). Thus, H, is an element of 3([), and so we have 3(I) = CH,.

To observe the semisimple part [I,[] of [, let v be the highest root of g. If
g is not of type A, then there is exactly one simple root that is not orthogonal
to 7. Let a, be the unique simple root so that q' = g, is the parabolic
subalgebra of Heisenberg type; that is, its nilradical n’ satisfies dim([n/,n]) = 1.
Hence, if q = qya,} is a parabolic subalgebra of quasi-Heisenberg type then «., is
in II(f) = II\{cy}. The semisimple part [I,1] is either simple or the direct sum of
two or three simple ideals with only one simple ideal containing the root space g,.,
for a.,. Given Dynkin type T of g, if we write 7 (i) for the Lie algebra together
with the choice of maximal parabolic subalgebra q = q(,,} determined by «; then
the three simple factors occur only when q is of type D, (n —2). So, if q is not of
type D, (n — 2) then there are at most two simple factors. In this case we denote
by L, (resp. [,,) the simple ideal of [ that contains (resp. does not contain) g .
Thus [ may decompose into

[=CH, &L &L, (2.7)

Note that when [I,1] is a simple ideal, we have [,, = {0}. (See Appendix A.)
The maximal parabolic subalgebras q = [ & n of quasi-Heisenberg type with the
decomposition (2.7) are given as follows:

Bu(i) 3<i<n), Cu(i)(2<i<n—1), Dy(i)(B3<i<n-—3), (2.8)

and
Es(3), Eg(5), E7(2), E7(6), Es(1), Fy(4). (2.9)
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Here, the Bourbaki conventions [7] are used for the labels of the simple roots. Note
that, in type A, , any maximal parabolic subalgebra has abelian nilpotent radical,
and also that, in type G5, the two maximal parabolic subalgebras are of either
3-step nilpotent type or Heisenberg type.

3. The Q, systems and generalized Verma modules

The aim of this section is to show that conformally invariant {2, systems induce
non-zero U(g)-homomorphisms between certain generalized Verma modules. The
main idea is that conformally invariant ) systems yield finite dimensional simple
[-submodules of generalized Verma modules, on which n acts trivially.

In general, to describe the relationship between conformally invariant sys-
tems and generalized Verma modules, we realize generalized Verma modules as the
space of smooth distributions supported at the identity. However, in our setting
that the g-bundle is a line bundle Ly, it is not necessary to use such a realization.
Thus, in this paper, we are going to describe the relationship without using the
realization. For the general theory see Sections 3, 5, and 6 of [5].

A generalized Verma module M,[W] := U(g) Quq W is a U(g)-module
that is induced from a finite dimensional simple [-module W on which n acts
trivially. Observe that if C_;,, is the g-module derived from the Q-representation
(x~%,C) then the differential operators in D(L,)" can be described in terms of
elements of M,[C_;,,]. Indeed, by identifying My[C_;),] as U(n) ® C_,,,, the
map M,[C_,,] — U(n) given by u ® 1 — u is an isomorphism of vector spaces.
Then the composition

M,[C_y] = UE) 5 D(L,)" (3.1)

is a vector-space isomorphism.
Define

MW" ={ve M[W]| X -v=0forall X €n}.

The following result is the specialization of Theorem 19 in [5] to the present
situation. For the definitions for straight, homogeneous, Lg-stable conformally
invariant systems, see p. 797, p. 804 and p. 806 of [5].

Theorem 3.2. If D = Dy,...,D,, is a straight, homogeneous, Lg-stable confor-
mally invariant system on the line bundle Ly, and if w; denotes the element in
U(n) that corresponds to D; for j =1,...,m wvia right differentiation R in (5.1)
then the space

F(D) = spanc{w; @1 |j=1,...,m}

is an L-submodule of M[C_gy,]".

Now, let W be a special constituent of g(—r + k) ® g(k) for 7. Let
wrlw+ : W* — U(n) be the linear operator so that wy|w«(Y™) is the element
in o(Sym*(n)) C U(n) that corresponds to the differential operator Q;(Y*) =
Qilw+(Y*) in D(L,)", via right differentiation R in (2.3). As for Qu(Y™), for
simplicity, we write wy(Y*) = wg|w+(Y*). Then, given basis {Y{*,..., Y} for
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W*, the space F(Q|w+) for the Qilw system Qplp~ = Q. (Y7), ..., Q(YF) is
given by

F(Q|w~) = spanc{wp(Y) @ 1] j=1,...,m} C M[C_,,]. (3.3)
Proposition 3.4. Suppose that special constituent W* has highest weight v .

1. The space F(Q|w+) is the simple L-submodule of My[C_sy,] with highest
weight v — sA.

2. Moreover, if the Q|lw+ system is conformally invariant on the line bundle
Ly, then F(Qu|w+) is a simple L-submodule of My[C_g 5, ]" with highest
weight v — 5p).

Proof. First observe that, by the Lg-equivariance of the operator
Qrlws : W* = D(Ly), for L € L and Y* € W*, we have

where the action [-Y™ is the standard action of L on W*, which is induced from
the adjoint action of L on W. This shows the L-invariance of F'(€|w+). To show
the irreducibility observe that there exists a vector space isomorphism

F(Qglw~) = W* @ C_g,,

that is given by wk(Y;*) ®1 — Y ®1. It is clear that this vector space isomorphism
is L-equivariant with respect to the standard action of L on the tensor products
F(Q|w+) CUM)RC_,y, and W*RC_g), . In particular, if W* has highest weight
v then F(|w~) is the simple L-module with highest weight v — sA,.

Note that, by Remark 3.8 in [18], if the Q|w+ system is conformally
invariant then it is a straight, Lg-stable, and homogeneous system. Now the
second assertion follows from the first and Theorem 3.2. [ |

Now, if the Q|w+ system is conformally invariant on L, then, by Propo-
sition 3.4, F(Q|w+) is a simple [-submodule of My[C_,,,]) on which n acts
trivially. Thus the inclusion map ¢ € Homy (F(Q|w+), My[C_y,»,]) induces a
non-zero U(g)-homomorphism

P, € Homu(g),L (Mq[F<Qk’W*>]7 MQ[C*SOMD

between the generalized Verma modules, that is given by

PQy,

Mo [F(Qlw-)] = Mg[C_sn,] (3.5)
U@ (wp(Y)®1) = u-o(wp(Y) @ 1).

If F(Qulw+) = C_g», then the map in (3.5) is just the identity map.
However, Proposition 3.6 below shows that it does not happen.
Proposition 3.6. If the Q|w~ system is conformally invariant on the line bundle

Eso then F(Qk‘w*) # C,SO,\q .
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Proof. Observe that if v is the highest weight for W* then F(€Qy|w+) has
highest weight v — soAq. If F'(Qi|w+) = C_4», then v = 0, and so the irreducible
constituent W C g(—r + k) ® g(r) would also have highest weight 0. As v is
the highest weight for g(r), the highest weight of any irreducible constituent of
g(—r + k) ® g(r) is of the form v+ n with 1 some weight for g(—r + k). Thus,
the highest weight 0 for W must be of the form 0 = v + (—v). However, since
only g(—r) has weight —~, it cannot be a weight for g(—r + k) unless £ = 0. As
k=1,...,2r (see Subsection 2.2), this shows that F(|w+) # C_y», - n

Corollary 3.7. If the Q|w+ system is conformally invariant on the line bundle
Ly, then the generalized Verma module My[C_y,,,] is reducible.

Proof.  This immediately follows from (3.5) and Proposition 3.6. ]

The goal of this paper is to determine whether or not the maps ¢q, are
standard in the quasi-Heisenberg setting. To do so, it is convenient to parametrize
generalized Verma modules by their infinitesimal characters. Therefore, for the
rest of this paper, we write

My[F(Qulw-)] = My = so)q + ) (3.8)
and
Mg[Cson,] = Ma(—=s0Aq + p), (3.9)
where p is half the sum of the positive roots. Then (3.5) is expressed by

[Z49]

My(v — soAg + p) = My(—s0)\q + p) (3.10)
UV u-u(v)

with v = wep(Y*) ® 1.

4. Standard maps between generalized Verma modules

The aim of this sections is to discuss standard maps between generalized Verma
modules and homomorphisms between (ordinary) Verma modules. In particular,
we specialize a result of Lepowsky to the present situation.

We start with recalling the notion of standard maps. For n € h*, let M (n)
be the (ordinary) Verma module with highest weight n — p. Write

Pr={Ceb | (¢, a") €1+ Zs for all a € II(I)}.

For n,( € P/, suppose that there exists a non-zero U(g)-homomorphism
¢ : M(n) — M((). If K(n) is the kernel of the canonical projection map
pr, : M(n) — M,(n) then, by Proposition 3.1 in [21], we have (K (n)) C K(().
Thus the map ¢ induces a U(g)-homomorphism g : My(n) — M,y(¢) so that
the diagram

M (1) — M(¢)

pr{ lprc
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commutes. The map ¢yyq is called the standard map from M,(n) to My(¢). These
maps were first studied by Lepowsky ([21]). As dim Homyg) (M (n), M(¢)) < 1,
the standard maps @44 are uniquely determined up to scalar multiples. Note that
the standard maps g could be zero and also that not every homomorphism
between generalized Verma modules is standard. Any homomorphisms that are
not standard are called non-standard maps.

If v =—(1—50)ay in (3.10) with 1 — sy € 1 + Z>( then one can show
that the standard map ¢gq from My(—(1 — so)ag — SoAq + p) to My(—SsoAq + p)
is non-zero by computing pgq(1 @ vT), where 1 ® v is a highest weight vector of
My(—(1 — so)ag — SoAg + p) with weight —(1 — sg)aq — soAq. To prove it, we will
use the following well-known result. (See for example [9, Proposition 1.4].)

Proposition 4.1. Given A € h* and o € 11, suppose that n = (A + p,a) €
14+ Zso. If 1 ®@ vt is a highest weight vector of weight X\ in M(\ + p) then
X", - (1 ®wv") is a highest weight vector of weight —na + X.
Observe that, by (3.8) and (3.9), we have
My (v=s50Aq+p)=U(8) Qu(q) F(Qlw~) and My(—soAq+p)=U(a) Qug) Csor, -

Thus if v, and 1_4,, are highest weight vectors for F'(Q|w~) and C_j», , respec-
tively, then 1 ® v, and 1 ® 1_,», are highest weight vectors for My(v — soAq + p)
with highest weight v — soAq and for My(—soAq + p) with highest weight —spAq,
respectively.

Proposition 4.2. If 1 — sy € 1 + Z>( then the standard map psq from
My(—=(1 = sp)ag — SoAq + p) to My(—s0Aq + p) maps

1® vy — cX:éjO @1 gz, 70
for some non-zero constant c. In particular, the standard map pgq s non-zero.

Proof. Write n = 1 — so and denote by 1 ® 1,4, 5, @ highest weight
vector for M(—nag — soAq + p) with highest weight —nay — spAq. Observe that
since (A\q, o) = (p,oy) = 1, we have n = 1 — 59 = (—spA\q + p, ). Hence
—N0g — SoAq + P = Sa,(—50Aq + p). By hypothesis, we have n =1 — 59 € 1+ Zxo.
It then follows from Proposition 4.1 that the map ¢ : M(—nog — soAq + p) —
My(—s0Aq + p) is given by

(p(l & 1—naq—so>\q) = CXﬁaq ®1

with ¢ # 0. As aq € II\II(I), if pr_g,\ 4, 1 M(=s0Aq + p) — My(—s0)q + p) is
the canonical projection map then pr_, , . (X", ®1) # 0. Then the universal
property of My(—nay — soAq + p) in the relative category O% (see for example
Section 9.4 in [9]) guarantees that pr_, Agdp O ® factors through a non-zero map
Ostd © Myg(—nog — soAq + p) = My(—soXq + p)- [

In order to determine if gy is non-zero in a more general setting, we will
use the following theorem by Lepowsky. As usual, if there is a non-zero U(g)-
homomorphism from M (n) into M(¢) then we write M(n) C M(C).
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Theorem 4.3. [21, Proposition 5.3] Let n,{ € P, and assume that M(n) C
M(C). Then the standard map pgq from My(n) to My(C) is zero if and only if
M(n) C M(saC) for some o € TI(1).

Theorem 4.3 reduces the existence problem of the non-zero standard map
wstq between generalized Verma modules to that of the non-zero map between ap-
propriate Verma modules. It is well known when a non-zero U (g)-homomorphism
between Verma modules exists. To describe the condition efficiently, we first in-
troduce the definition of a link of two weights.

Definition 4.4. (Bernstein-Gelfand-Gelfand) Let X\, § € b* and Bq,...,[0; € AT.
Set 6g = 0 and O; = sp,---s30 for 1 < ¢ < t. We say that the sequence
(Bi1,...,0) links 6 to X\ if

(1) 0y = X and
(2) <6i—176iv>6220 fOT’lSiSt.

Theorem 4.5. (BGG-Verma) Let \,§ € h*. The following conditions are equiv-
alent:

(1) M(X) € M(6)
(2) L(X\) is a composition factor of M(J)
(3) There exists a sequence (B1,...,[0;) with B; € AT that links 0 to X,

where L(\) is the unique irreducible quotient of M(\).

Observe that if there is a non-zero U(g)-homomorphism (not necessarily
standard) from M,(n) to My(¢) then M(n) C M(¢). By taking into account
Theorem 4.5 and this observation, in our setting, Theorem 4.3 is equivalent to the
following proposition.

Proposition 4.6. Let M,(v — soAq + p) and Mi(—soAq + p) be the generalized
Verma modules in (3.10). Then the standard map from Mq(v — soAq + p) to
My(=s0Aq + p) is zero if and only if there exists o € II(l) so that —a — soAq + p
is linked to v — soA\q + p.

Proof. First observe that since there exists a non-zero U(g)-homomorphism
¢q, from My(v — soA; + p) to My(—soAq + p), we have M(v — soAq + p) C
M(—soAq + p). Therefore, by Theorem 4.3 and Theorem 4.5, the standard map
from My(v —soAq+p) to My(—soAq+p) is zero if and only if there exists o € II(1)
so that s,(—soAq + p) is linked to v — 5o\ + p. As (A\g,a¥) =0 and (p,a”) =1
for a € II(I), we have so(—spAq + p) = —a — soA\q + p. Now this proposition
follows. [

With Proposition 4.6 in hand, in the next two sections, we shall determine
whether or not the homomorphisms ¢q, that arise from the €2 system(s) for
k = 1,2 constructed in [18] are standard.
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5. The homomorphism ¢gq, induced by the (2; system

In this section we show that the homomorphism ¢gq, arising from the {2; system
associated to a maximal parabolic subalgebra q of quasi-Heisenberg type is stan-
dard. For each a € AT, we define {X,, X _,, H,} as an sl(2)-triple; in particular,
we have [X,,X_,] = H,. For a,f € A with o+ 3 € A, we write a constant
Nop for [X,, Xp] = NapXaip. Recall from Subsection 2.2 that an irreducible
constituent W of g(—r + k) ® g(r) is called special for 74, if 7|y # 0.

It follows from (2.6) that the €y system is constructed from the map
7 :9(1) = g(—1) ®3(n) with X — (ad(X) ®Id)w, where w = Donsenim) X ®
X, . In Section 5 of [18], it is shown that irreducible constituent W of g(—1)®3(n)
is special if and only if W = g(1) and also that there is only unique such a
constituent. Via the composition of maps in (2.3), the ; system is given by
R(X_ay), -, R(X_q,,) for A(g(1)) ={aq,...,am}.
Theorem 5.1. [18, Theorem 5.7] Let g be a complex simple Lie algebra, and let
q be a maximal parabolic subalgebra of quasi-Heisenberg type. Then the 2y system
is conformally invariant on Lg if and only if s = 0.

It follows from Proposition 3.4 and Theorem 5.1 that the €2; system yields
a finite dimensional simple [-submodule F(€4) in (U(g) ®u(q) (CQ)n = My(p)". If
oy is the simple root that determines the maximal parabolic subalgebra ¢ then,
as it is the lowest weight for g(1), W* = g(—1) has highest weight —ay. Thus, by
Proposition 3.4, the simple [-module F'(€2;) has highest weight v — soA\; = —ay.
Now, by (3.10), the inclusion map F(€4) < My(p) induces a non-zero U(g)-
homomorphism

Yo, - Mq<_aq + p) — Mq(ﬂ)-

Proposition 5.2. If q is a maximal parabolic subalgebra of quasi-Heisenberg type
then the standard map pgq : My(—oq + p) — My(p) is non-zero.

Proof. This follows from Proposition 4.2 with sy = 0. [ |

Theorem 5.3. If q is a mazimal parabolic subalgebra of quasi-Heisenberg type
then the map pq, is standard.

Proof. Let v, be a highest weight vector for F(€2;). Since ¢q, (1 ® v) =
1 v, = vy, to prove that g, is standard, by Propostion 4.2 and Proposition 5.2,
it suffices to show that v;, = cX_,, ® 1o with some non-zero constant c. To do so,
as vy, is a highest weight vector for F'(€;), we show that X_, ® 1y is a highest
weight vector for F(€). Since the §; system is R(X_,,),...,R(X_,,,) for
A(g(1)) = {au,...,n}, it is clear that the elements w;(X_q,) € o(Sym' (7)) =0
that correspond to R(X_,,) under R are w(X_o;) = X_4,;. Then it follows from
(3.3) that

F() = spanc{X_, ® 1o | @ € A(g(1))}.

Therefore X_,, ® 1o is a highest weight vector for F'(€;). n
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6. The homomorphisms g, induced by the (2, systems

The aim of this section is to classify the homomorphisms g, that are induced by
the €y systems associated to maximal parabolic subalgebras q listed in (2.8) and
(2.9) as standard or not.

We first recall from Section 6 of [18] some observation on special con-
stituents. The )y systems are constructed from the map 7 : g(1) — [ ® 3(n)
with X +— 1(ad(X)? ® Id)w. Observe that if V(v) is a special constituent of
9(0) ® 3(n) = [ ® 3(n) with highest weight v then, as V(v)* is embedded into
P2(g(1)) = Sym?(g(1))* C g(1)* ® g(1)*, we have V(v) < g(1) ® g(1). Thus the
highest weight v is of the form p + €, where p is the highest weight for g(1) and
€ is some weight for g(1).

Recall from (2.7) that we have [ = CH, & [, & [,,,. Thus the tensor product
[® 3(n) may be written as [® 3(n) = (CH, ® 3(n)) & (I, ® 3(n)) & (I, @ 3(n)).
It is shown in Section 6 of [18] that, for q under consideration in (2.8) and (2.9),
there are exactly one or two special constituents of [ ® 3(n); one is an irreducible
constituent of [, ® 3(n) and the other is equal to [,, ® 3(n). We denote by
V(pu+e,) and V(pu+€,,) the special constituents so that V(u+e,) C [,®3(n) and
V(pu+€ny) = ,®3(n). We summarize the data on the special constituents in Table
1 and Table 2 below. We use the standard realizations for the roots for the classical
algebras, while the Bourbaki conventions [7] are used for the exceptional algebras
for the labels of the simple roots. A dash in the column for V(i + €,,) indicates
that [,, = {0} for the case. (So there is no special constituent V' (u + €,,).)

Table 1: Highest Weights for Special Constituents (Classical Cases)

Type Vip+e) Vet en)
Bn(i), 3<i<n-—2 2e1 e1+ &+ Eip1 + Eigo
Bn(n — 1) 2&?1 €1+ &9+ éEn
Bn(n) 251 —
Cn(i), 2<1<n-1 €1+ &9 251“}‘28@4.1
D,(i),3<i<n-3 2e1 g1+ ea+Eip1 + Eigo

Definition 6.1. [18, Definition 6.20] Let u be the highest weight for g(1), and let
€ =€, Or €,y. We say that a special constituent V(u+ €) is of

(1) type 1la if p+ € is not a root with € # p and both p and € are long roots,
(2) type 1b if u+ € is not a root with € # j and either u or € is a short root,
(3) type 2 if p+ € =2u is not a root, or

(4) type 3 if p+ € is a root.

Table 3 below shows the types of special constituents for each maximal
parabolic subalgebra q. In [18] the special values for the type la and type 2 cases
are determined.

For pp+e=p+ey or u+ €,,, we write

Aure(g(1)) = {a € A(g(1)) [ p+e—a e Alg(1))}-
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Table 2: Highest Weights for Special Constituents (Exceptional Cases)

Type Vip+e)

Es(3) a1 + 2as + 2a3 + 4oy + 3a + 206
E6(5) 2(11 + 2042 + 3(1/3 + 40[4 + 20[5 + g
E.(2) 2001 + 209 + 4das + Say + das + 3ag + 2007
E,(6) 201 + 3aig + das + 60y + das + 20 + oy
Es(1) 2a; + 4ag + bag + 8ay + Tas + 6 + dar + 2as
F4<4 2061 + 40(2 + 60&3 + 20&4

Type V(g + €ny)

Fs(3) 201 4 209 + 203 + 3y + 205 + g
Es(5) a1 + 2a9 + 2a3 + 3y + 205 + 20
E7(2) -

E7(6) 2041 + 2&2 + 30[3 + 40&4 + 3@5 + 2046 + 2(17
Eg(1) -

Fy(4) —

Table 3: Types of Special Constituents

Type Vipte) Vip+en)
Bn(i), 3<i<n—2 Type la Type la
B,(n—1) Type la  Type 1b
B,(n) Type 2 -
Cn(i), 2<i<n—-1 Type3 Type 2
D,(i), 3<i<n—3 Typela  Type la
FEs(3) Type la  Type la
Es(5) Type la  Type la
E;(2) Type la -
E,(6) Type la Type la
Ex(1) Type 1a —
Fy(4) Type 2 -

We denote by |A,4(g(1))| the number of elements in A, (g(1)).

861

Theorem 6.2. [18, Theorem 7.16, Corollary 7.23] Suppose that V(u + €) is a

special constituent of type 1a or type 2.

(1) If V(i +e€) is of type 1a then the S|y (uye)- system is conformally invariant

on Ly if and only if
[Apte(g(1))]
2

S =

— 1.

(2) If V(i +€) is of type 2 then the Qo|y (e system is conformally invariant

on Lg if and only if
s =—1.

Let \; be the fundamental weight for the simple root «; that determines
the maximal parabolic subalgebra q. Table 4 below summarizes the line bundles
Ls = L(s\;) on which the Qs systems are conformally invariant. When q is of
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Table 4: Line bundles with special values

Parabolic q Do |v (g Qa|v(uteny)”
B,(i),3<i<n—-2[L((n—i—3)N) L(N\;)
Bu(n—1) £(2) ?
B, (n) L(=n) -
Co(i),2<i<n-—1 ? L(—N\;)
Dp(i),3<i<n—3|L((n—i-1)\) L(\)
Eg(3) L(A3) L(2X3)
Eg(5) L(Xs5) L(2Xs5)
E4(2) L(2)2) -
E7(6) LX) L(3X)
Es(1) L(3\) -
Fy(4) L£(=a) -

type B,(n — 1), the constituent V(u + €,,) is of type 1b, and when q is of type
Cy (1), the constituent V' (p 4+ €,) is of type 3. Therefore, a question mark is put
for these cases in the table.

Now, with the results in Table 4 in hand, we determine the standardness
of ¢q,. Observe from Table 3 and Table 4 that each €]y (.4~ system satisfies
exactly one of the following:

1. The special constituent V' (u + €) is of type 2.
2. The special value sq is a positive integer.

3. The parabolic subalgebra q is of type B, (i) for 3 <i <n—1 and V(u+e) =
V(p+e,).

We shall consider these three cases separately.

6.1. The type 2 case.
We first study the homomorphism attached to the special constituent V(u+ ¢€) of
type 2. By Table 3, we consider the following three cases:

V(p+e,) for By(n), V(p+eny) for Cp(i)(2 <i <n-—1), and V(u+e,) for Fy(4).

If V(u+e€) is a type 2 special constituent then, by definition, V(u +¢€) =
V' (2u). Thus, as p and « are the highest and lowest weights for g(1), respectively,
we have V(pu+€)* = V(2u)* = V(—2a,). Therefore v in (3.10) is v = —2ay.
Moreover, by Theorem 6.2, the €]y (2« system is conformally invariant on the
line bundle £(—2,). Thus sy = —1. Therefore it follows from (3.10) that we have

0, + My(—2aq + Xy + p) = My(Aq + p).

Proposition 6.3. If q is the mazimal parabolic subalgebra of type B, (n), C,(7)
for 2 <i<n—1, or Fy(4) then the standard map pgq from My(—2aq + A\g + p)
to My(\q + p) is non-zero.
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Proof. This follows from Proposition 4.2 with sqg = —1. ]

In Section 7.3 of [18], it is observed that if Y;* is a lowest weight vector for
V(2p)* then the differential operator Q5(Y;*) is of the form

QQ(YE*) = aR(X*u)a

for some constant a. Therefore, the element wy(Y;*) in o(Sym?(n)) C U(n) that
corresponds to €25(Y;*) under R in (2.3) is of the form

wy (V) = aX? . (6.4)

Thus the simple [-submodule F(Qsv(a)+) of My(Aq+p)" = (U(g) ®u(q) C,)" has
lowest weight X? @ 1,,.

Theorem 6.5. Let q be a mazximal parabolic subalgebra of quasi-Heisenberg type,
listed in (2.8) or (2.9). If the special constituent V(u + €) is of type 2 then the
map pq, s standard.

Proof. In order to prove that ¢q, is standard, by Proposition 6.3, it suffices to
show that Xzaq@)l)\q is a highest weight vector for F'(Qs|v(2u)+). Since F'(Qsv (2)+)
has highest weight v —so\; = —2aq+ A4, it is enough to show that Xzaq ®1y, isin
F(Qav(2u)-). We know that a lowest weight vector for F/(Qa|y(gu-) is X2, ® 1y,
This will allow us to show that X%aq ® 1y, is in F(Qa|y(eu-). We do so in a
case-by-case manner. Since the arguments are similar for each case, we show only
the case V(u+e€,) for B, (n). (For the other cases see Section 8.3 in [19].) In the
standard realization of the roots we have u = ¢, aqg = a,, = €, and

AT()={ej—er |1 <j<k<n}
(see Appendix A). Thus,
X2, @01, =X2 @1, and X2, @1, = X2, ®1,,.
A direct computation shows that

Xa?l—an : (XEQ ® 1)\71) = 2N31—57L,—51X36" ® 1/\n’

where N.,_., ., is the constant so that [X., . ,X . ] = No—c, o, X_,. (See
the beginning of Section 5.) Therefore, as X, ., € [, we have Xzaq ® 1y, =
X2, @1y, € F(Qlvew)- -

6.2. The positive integer special value case.

Next we handle the case that the special value s; is a positive integer.
Theorem 6.6. Let q be a mazximal parabolic subalgebra of quasi-Heisenberg type,
listed in (2.8) or (2.9). If the special value sq is a positive integer then the standard
map from Mq(v —soAg+p) to My(—soAq+p) is zero. Consequently, the map pq,
s non-standard.
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Proof. By Proposition 4.6, to show that the standard map is zero, it suffices
to show that there exists o € II([) so that —a— soAq + p is linked to v — soAq +p.
We achieve it by a case-by-case observation. By Table 4, the following are the
cases under consideration:

L. V(i +eny) for By(i) 3<i<n-—2)

2. V(p+ey) and V(p+ €,4) for D, (i) (3<i<n-—3)

o
<

p+ey) and V(i + €,,) for Eg(3)

S
< <

p+€,) for E7(2)

6. V

(
(
(
(1 + €
(
(n+ey) and V(i + €,4) for E7(6)
(

) (
) (
) and V(i + €,,) for Eg(5)
) (
) (
) (

7. V(p+e€y) for Eg(1)

Our strategy is to first observe that the highest weight v for V(u + €)* is
of the form
v=-28—a —a

for some 5 € A(g(1)) and o/,a” € II(I). We then show that the sequence (o, )
links —a”" — soA\q + p to (=28 — o/ — ") — soA\q + p. Here we only show three
cases, namely, V(u + €,,) for B,(i), V(u+¢€,) for D,(i) (3 <i <n—3), and
V(pn+e,) for Eg(3). Other cases can be shown similarly. (For some details for
the other cases see Section 8.3 in [19].)

1. V(p+ €ny) for B, (i) for 3 <i <n —2: Since, by Table 4, the special
value sy is sg = 1, we wish to show that there is a € II([) so that —a — \; + p is
linked to v — A; + p. First we find the highest weight v for V(i + €,,)*. Observe
that we have A*(I) = AT([,) U A*T([,,) with

AT(L) ={ej—er [1<j<k<i}

and
AT ={ejter|i+1<j<k<n}U{g|i+1<j<n}

in the standard realization of the roots (see Appendix A). Since
AGm) ={ej+en |1 <)<k <i},
the simple [-module 3(n) has lowest weight €;_1 +¢;. As V(u+€ny) = Ly ®3(n),
we have V(u + €,,)" = I, ® 3(n)" = [, ® 3(n)*. Since [,, has highest weight
€i4+1 + Eito, this shows that the highest weight v for V(u + €,,)* is
v =(€ip1+Eiy2) — (6ic1 + &) = —€in1 — & + €1 + Eiga.

We have

—€ic1 — &+ &ip1 + Eipa = —2(6i — €iy1) — (6im1 — €i) — (Eig1 — €ig2)
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with €; —e;01 € A(g(1)) and €;-1 —€;, €i41 — €it2 € II(I) (see Appendix A). Now
we claim that (g;,_1 —&;,6; —€;41) links —(g,41 —€i40) — ANi +p to —2(g; —€441) —
(i1 —€i) — (8i41 — €i42) — A; + p. This is to show that

Sei—git1 SEi—l—Si(_(€i+1_8i+2)_/\i+p) = _2(6i_€i+1)_(62'—1_gi)_(€i+1_5i+2>_)‘i+p
with
(—(eit1 = €iva) = Xi+p, (i1 — 1)) € Zxo
and
(Sei1—e;(—(Eip1 = €iv2) = X +p), (€0 — €i11) ") € Zo.

(See Definition 4.4.) As ¢;_; —¢; € II(I), we have (\;, (g,-1 —&;)¥) = 0. Since
(p, (€i-1 —&;)Y) = 1, it follows that

(—(€ir1 — €ig2) — N+ p, (€im1 —&)Y) =1 € L.
Thus,

Seiy—e;(— (g1 — €ig2) = Xi +p) = —(€ic1 — &) — (€iy1 — €ig2) — Ai + .

Next, as ¢; — g;41 is the simple root that determines the parabolic q, we have
(Niy (gi —€i41)Y) = 1. Since (p, (g; —€i41)¥) = 1, it follows that

(Sey q—e;(—(€ix1 — €i42) — N+ p), (8: — €i11) ")
= (—(ei-1 — &) — (€ip1 — €ig2) — X+ p, (& — €i41) ")
=2 c ZZO‘

Therefore,

561—51-0-1561‘—1—61'(_(61'4-1 - 6i+2) - )‘1 + p)
= Se;—erpr (—(€im1 — €i) = (Eiv1 — €i2) — Ai 4+ p)

= —2(g; —€iy1) — (€i-1 — &) — (Eip1 — €ir2) — N+ p

2. V(u+ey) for D, (i) for 3 <i <n —3: Since, by Table 4, the special
value sg is s9 = n —i — 1, we want to show that there is a € TI(I) so that
—a—(n—1i—1)\ + p is linked to v — (n —i — 1)\; + p. By Table 1, we have
p+€, = 2e;. Observe that if a; = €;—¢;41 and wj = 84,54, "+ Sa; for1 <j<i—1
then the longest element wg of the Weyl group of type A;_; may be expressed
as wy = W;_W;—z---wy. It is shown in Section 6 of [18] that V(u + €,) is an
[,-submodule of [, ® 3(n). Since [, is of type A;_1 (see Appendix A), the highest
weight v for V(u +€,)* is then given by

v =—wy(2e;) = —2¢;.

We have

—2e; = —2(gi —€p-1) — (en1 —€n) — (En-1 +€n)
with & —e,1 € A(g(l)) and €,1 — €5, €n—1 + &, € II(I). Then a direct
computation shows that (e,_1—e,,& —en_1) links —(g,_1+¢e,) —(n—i—1)\;+p
to =25, — (n—i— 1)\ + p.
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3. V(p+e€,) for Eg(3): Since, by Table 4, the special value sq is sp = 1,
we want to show that there is o € TI([) so that —a— Az + p is linked to v — A3+ p.
By Table 2, we have

,u+67:a1+2a2+2a3+4a4+3a5+2a6.

As V(pu+€,) is a simple [,-submodule of [, ® 3(n), if wy is the longest element
of the Weyl group of [, then, by using LiE, the highest weight v for V(u+€,)* is
given by

v = —wo(oq + 209 + 203 + day + 3as + 2a4)

= —2a3 — (1 — Oy

with a3 € A(g(1)) and a;, a4 € II([). Now a direct computation shows that
(a1, a3) links —ay — A3+ p to (—2a3 — a3 — ag) — A3 + p. n

6.3. The V(i +e€,) case for B, (i) for 3 <i<n—1.

Now we consider the case V(i +¢€,) for B, (i) for 3 <i <n—1. By Table
4, the special value sy is sp =n —i— (1/2) for 1 <i <n—1. (Note that when
i=n—1,wehave s =1/2=n—(n—1)—(1/2)). By the same argument used
for the case V(i +¢€,) of D, (i) in the proof of Theorem 6.6, the highest weight v
for V(i +€,)" is v = —2¢;. Therefore, we have

Pa, + Mo(=28i = (n — i = (1/2)Ai + p) = My(=(n —i = (1/2))Xi + p).  (6.7)

We first show that the standard map @y is non-zero. If § = Zaen Mo €
> acn Lo then we say that |mg| are the multiplicities of a in (.
Proposition 6.8. If q is the maximal parabolic subalgebra of type B, (i) with
3 <i<n—1 then the standard map @sq from My(—2e; — (n —i— (1/2)) N\ + p)
to My(—(n—1—(1/2))\; + p) is non-zero.

Proof.  First note that, as so = n —i — (1/2) ¢ Z, Proposition 4.2 cannot be
applied to this case. Then, to prove this proposition, we observe Proposition 4.6;
we show that there is no « € TI(I) so that —a — (n —i — (1/2))\; + p is linked to
—2¢; — (n—1—(1/2))\; + p. For simplicity we write

(i) =—(n—1i—(1/2))\; + p.

Since ¢; = Z?:z a; with a; simple roots in the standard numbering, we want
to show that there is no « € TI([) so that —a + §(i) is linked to —2¢; + (i) =
=237 a;+0(i). Suppose that such o’ € TI(I) exists. Let (B1,...,8,) be a link
from —a’+0(i) to —2>°7 ;o +d(i). Without loss of generality, we assume that
forall j=1,...,m,

<S/8j71 T Sﬁl(_a/ + 5@))7 B]v> # 0.

(If j =1 then set sg, = e, the identity.) By the property (2) in Definition 4.4,
this means that we assume that

<Sﬁj—1 e 851(_0/ + 6(1))7 6]v> cl+ ZZO (69)
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for all j = 1,...,m. Observe that it follows from the property (2) in Definition
4.4 that any weight linked from —a' + (i) is of the from

_ Znaa) —a' +6(i) with n, € Zsy. (6.10)
a€ll

We have AT = AT(I) UA(g(1)) UA(3(n)), where AT([), A(g(1)), and A(3(n))
are the sets of the positive roots in which «; has multiplicity zero, one, and two,
respectively. As (01,...,Bm) is a link from —a’ 4 6(i) to =237 a; +0(i), we
have

8, - 58, (—a’ + (i :—2Za]+(5 (6.11)

If B; € AT(I) for all j then we would have

—QZajJr(S(i):sBm---sﬁl( o +6(i)) = Zkza —a' +6(4)

aelI(l)

for some k, € Z>(. This implies that

—2a; — 2 i a; = Z koat) — o (6.12)

Jj=i+1 aell(l

This is absurd, because, as II(I) = [I\{a;} and o € II(I), the simple root «; does
not contribute to the right hand side of (6.12). Thus, there must exist at least one
B in (B1,...,Bwm) with 5; € A(g(1)) UA(3(n)).

Now we show that any £, in (f,...,5,) cannot belong to A(g(l)) U
A(3(n)). First, suppose that there exists f, in (f,...,0,) with 5, € A(3(n)).
Observe that A(3(n)) consists of the positive roots ¢; +¢; for 1 < j < k <4
(see Appendix A). So (5, is f, = es + & for some 1 < s < t < i. Since each
g = Z?:z a; with a; simple roots, the positive root 8, = e;+e; with 1 <s <t <1

can be expressed as
=g,+ & = Zaj —i-QZa]

If c= <Sﬁr—1 T 851(—04 + 5( ))757\»/> then

Sgr Sﬁl(_a/ + 5(2)) =881 5/31(_0/ + 5()) - Cﬁr
=55, Sg(—a/ + (1)) — ¢( Za]—i—QZoz] (6.13)

Observe that, by (6.10), sg, , - - sg, (—a’ 4+ 0(4)) is of the form

Sy sp (=) +6(1) = (=) maa) — o’ + (i) (6.14)

a€ll

for some m, € Z>o. Moreover, as sg,, --- Sz, (—a’ +0(i)) is a weight linked from
s, -+ Sp (—a’ + (i), the weight sg, - sp, (—a’ + d(i)) is of the form

S, - Sp(—a/ + (i Zm a)+ ss. S (—a’ +0(4)) (6.15)

a€ll
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for some m! € Z>(. By combining (6.13), (6.14), and (6.15), we have

S, 551<—o/ + (7))
- Z M) + 8, - -+ 55, (—a' +0(i))

a€ll

—Zm;Oé)“_Sgr_l"'Sﬁl( o +6(i) —c Zoz]—irZZ&]
a€ll

—Zm;a Zma —c Zoz]—i-ZZaj —a' +6(4) (6.16)
a€ll acll

with m,, m!, € Z>o. By (6.9), we have
= (s, s, (—0/ + (1)), B) € 1+ Zzo.

Therefore, by (6.16), the weight sg,, - - - s, (—a’ + (7)) is of the form

S S (—a +0(i Znaa—Za]—QZa]—a +0(i

acll

for some n, € Z>o. By (6.11), this implies that

220@ Znaa+z%+22a3+a
Jj=t

acll

Since s <t < i, we then have

0= ZnaoHrZoszrZZajJra—QZaj
a€ll
_{Zaennaa+2 04j+22j:t0zj—l—a ift <i

6.17
Eaen”aa"‘z Lo+ if t = 1. (6.17)

This is a contradiction, because, as n, € Zsq, (6.17) cannot be zero. Therefore
no f3; in (fi,...,Bm) is a root in A(3(n)).

Next we suppose that there exists 3, in (f1,...,053,) with 8. € A(g(1)).
There are long roots and short roots in A(g(1)). We handle these cases separately.
We first suppose that 3, is a long root in A(g(1)). The long roots in A(g(1)) are
gjtepfor 1 <j<iandi+1<k<n. (See Appendix A.) The roots ¢; £ ¢,
may be expressed in terms of simple roots as

5j+5k=ioq+ioq Zoq—i—ozz—i-Zoq—i-ZZoq—i—Zan
l=j =k

I=i+1

and

n n
5J~—5k:5 al—g ap = E o) + oy + E oy.
I=j I=k

l=i+1
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We show that if 5, = ¢;+ey then (sg._, - sz (—a’+0(3)),5)) ¢ Z. Observe that
since a, is the only short simple root, the coroot (g; 4 &;)" can be expressed as

(g5 + €k)v

Zal—kaz%— Z al+22al+2an

l=i+1

20 20,
= -
ZI|€j+€kll2 |lej + exl? _z: |I<€J+<€kll2 ZI|€J+€kll2 lej + el

—Zal +a) + Z o) —I—ZZal + ay’.

l=i+1

Similarly, we have

—5k Zal+a +Zal

l=i+1

Now observe that, as \; is the fundamental weight for «;, for a € 11, we have

(6(i), @) = (=(n—i— (1/2))\i + p,a”)

_ —n+1i+(3/2) ifoz:c.)zi (6.18)
1 otherwise.
Thus,
(0(2), (&5 + é?k)V)
Za, +a) + Z a) +2Zal +aY)
I=i+1

i—1
=) (8(), o) + (3(d), o) + Z ), o +22 (0(i), )

I=j l=i+1

i—1—-(G—1)+(—n+i+(3/2)) + (k:—l—z)+2(n—1—(k—1))+1
—k+i—7+(3/2).

Similarly,
(6(i), (g5 —ex)) =—n+k+i—7+(1/2).

Hence, for 8, = ¢; £+ ¢, we have (4(i), 8Y) ¢ Z. Now, by (6.14), we have

<Sﬂr71"'sﬁ1< a+5 Zma —a+5()ﬂ7\f>
= _Zma 5V> < (Z>7ﬁ7\~/>

with m, € Z. Since my, (o, 8)), (/, BY) € Z and (0(i),8Y) ¢ Z, this shows that
<8ﬁ'r71 T 851(_0/ + (5<Z)>7 5;/) ¢ L.
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Finally, we suppose that [, is a short root in A(g(1)). The short roots
in A(g(1)) are ¢; for 1 < j < i (see Appendix A). Thus S, is 5, = ¢ for
some 1 <[ < 4. Since g is of the form g = Z?:z aj, (6.11) forces that | = i;
otherwise, sg,, -+ s (—a’ + 6(i)) would have a contribution from some «; € II
with 1 <j <i—1. Thus g8, =¢; = Z;L:Z a;. Since 3, is a short root, the coroot
B = (32j_;a;)" can be expressed as

- "\ 2aq; < 2q; 2 —

Vv A J n =9 v 2 v V.
5= () =25 i ||2+ 2 T TR ~ 2002 2 oo
It then follows from (6.18) that

(8(0), ) = {=(n =i = (1/2)Ai + p, (3 ) )

n—1
=(—(n—1i—(1/2)\ + p,2a;) + 2 Z Oé;/ +a))
j=it1
n—1
=2(—(n—i—(1/2)X\+p0a)) +2 Y (—(n—i—(1/2))X\ + p.c))
Jj=i+1
+(=(n—i=(1/2)Ai +p, ay)
=2(—n+i+(3/2))+2(n—1—14)+1
=2
Thus, by (6.14), we have
(56, -+ 58, (=0 + 6(i)) (= > mac) =o' +6(i), )
a€ll
Zma —a,BY) + (6.19)
acll

with mg, € Zso. Thus, as 3, =37 a;, if d = (=) cpmaa — o, B)) + 2 then
S, -+ Sp (—a’ +6(i)) is of the form

Sﬁr”.sﬁl(_&/_Fé(i)):Sﬁrfl..‘8ﬂ1< a+5 dZOAJ

By (6.14) and (6.15), we have

S, -+ 5p, (= + 6(0) Zm o)+ sg. - s, (—a’ +0(7))
acll
— Zm’aa) + 85,4 sp (—a’ +6(i)) — dZO‘j
a€cll J=i

= —Zm;oz Zmaa dZoz]—O/—i-(S(i)

a€cll acll J=t
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with m,, m!, € Z>. Therefore, sg, --- 53 (—a’ +d(i)) can be expressed as

oS5 (—0 +0() ==Y naa—d Y a;—a’ +4(i)
j=i

a€cll

for some n, € Z>(. By (6.11), this implies that

Ziaj:Znaa—i—dzn:aj—i—a'. (6.20)
j=i ~i

acll Jj=t

By comparing the coefficients of «; in the both sides, we have
Ng, +d = 2. (6.21)

By (6.9) and (6.19), we have d = (=) .ymqa — o, 3)) +2 € 1+ Z>(. Since
Na; € Z>o, (6.21) forces that
d=2ord=1.

If d =2 then (6.20) becomes

Qiaj :Znaa+2iaj+a'.
j=i =i

a€ll j=i

Therefore,
Z nea+ o =0, (6.22)
a€ll

which is a contradiction, because as o € II and k!, € Z>¢, the left hand side of
(6.22) cannot be zero. If d = 1 then, since d = (=) .gmea — o/, 3Y) +2, we
have

<—Zmaa—a’,ﬂ,\ﬂ/>+2:1.

acll
Thus,
) mea+d,8)=1. (6.23)
acll
Observe that, as 3, = ¢; in the standard realization, if (a,8Y) # 0 for a € I
then @ must be o = g;1 —¢g; in II(I) or o« = ¢; — ;41 in II\II(I). Since
(i1 —ei,e)) = =2, (g; — gi41,8)) = 2, and o € TI(I), the left hand side of
(6.23) is

<Z M+ O'/’ 67\*/> =Me;_—¢ <5i—1 — & 5;/> + Me;—e;1q <6i — Eit1, 5;/> + <O/7 5;/>
acll

= —2M¢, ¢, +2me, - 250/,62'71—&'

- 2(m5i_5i+1 T~ Mey_1—e; — 50/761'—1—61')7

—&i+1

where 04, ,—, is the Kronecker delta. As mg,_.,.., m._ ., and 0qrc, e,
are integers, this shows that (3 .mea + o/, f)) # 1, which contradicts (6.23).
Therefore, no f, in (B, ..., Bm) is a short root in A(g(1)). Hence there is no link
from —a’ +6(i) to =27 o + 0(3). n
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Now we are going to show that the map
pa, - My(=2ei — (n —i = (1/2))Ai + p) = My(=(n —i = (1/2))Ai + p)

is standard. This is to show that, given highest weight vector vy, for F(Qa|y(ute,)+),
the image @q,(1®v;,) of 1®wvy, is a non-zero scalar multiple of pgq(1®wvy), where
F(Q2|v(ute,)+) is the finite dimensional simple [-submodule of
My(~(n— i — (1/2))A; + p)"
induced by the ]y (uqe, )+ System, so that
My(=2e; — (n—i— (1/2))A; + p) = U(8) Su(q) F'(2]v(ute,)) -

Observe that, by the definition of ¢gq, , we have ¢q,(1®v;) = 1-v;, = vj,. On
the other hand, if 1®v™ is a highest weight vector for M (—2e;—(n—i—(1/2))\;+p)
with highest weight —2e; — (n—i—(1/2))\; and if pr: M(—(n—i—(1/2))\i+p) —
My(—(n —1i—(1/2))\; + p) is the canonical projection map then @gq(1 ® vy,) =
(prog)(1®vt), where ¢ is an embedding of M(—2¢; —(n—1i—(1/2))\; + p) into
M(—(n—1i—(1/2))\; + p); in a diagram we have

M (=26 — (n— i — (1/2))\s + p) 2 M(=(n — i — (1/2))X; + p)

| [

Mo(=28; — (n =i — (1/2))Xi + p) == My(—(n — i — (1/2))A; + p),

where pr’ : M(—2¢;,—(n—i—(1/2))\i+p) = Mq(—2e;—(n—i—(1/2))X\;+p) is the
canonical projection map. Note that, by Proposition 6.8, we have (proy)(1®vt) =
vsta(l ® vy) # 0. Therefore, to show that ¢q, is standard, we wish to show
that v, = ¢q,(1 ® v;,) is a non-zero scalar multiple of (pro ¢)(1 ® v*). Since
My(=(n—i—(1/2))\ +p) =UM) @ C_(—i—(1/2))», as an [-module, we have

Un = U @ 1-(ni— /2 (6.24)

and
(prop)(1®@v") =a® 1 iz, (6.25)

for some wuy, @ € U(n)\{0}. Hence, to show that vy, is a non-zero scalar multiple of
(prop)(l®@wvt), it suffices to show that uy; in (6.24) is a non-zero scalar multiple
of @ in (6.25).

Observe that, as v, = up ® 1_(,—i—(1/2))», is a highest weight vector for the
simple [-submodule F(€2|y(ute,)+) of UM) @ C__i—(1/2))r,40, for all a € TI([),
we have X, - (up ®@1_(—i—1/2)),) = 0. Therefore ad(X,)(up) = 0 for all a € II(I).
On the other hand, it follows from (3.3) that F(€s|v(u4c,)) is spanned by the
elements of the form u®1_(,_;—(1/2))x, With u € o(Sym*(n)). Since F(Qa|v (ute,))
has highest weight —2¢; — (n — i — (1/2))\;, this shows that w, is an element in
o(Sym?(n)) with weight —2¢;.

Definition 6.26. For u € U(n), we say that u satisfies Condition (H) if u
satisfies following three conditions:

(1) u € o(Sym*(n)),
(2) u has weight —2¢;, and
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(3) ad(X,)(u) =0 for all o € TI(I).

It follows from the observation made before Definition 6.26 that u, € U(n)
in (6.24) satisfies Condition (H). Our first goal is to show that any element in /(1)
that satisfies Condition (H) is a scalar multiples of wy,.

Lemma 6.27. For any 8 € AT([) UA(3(n)), we have 2, — 5 ¢ A™T.

Proof. This lemma follows from a direct observation. (See Appendix A for
A*(1) = A*(L) U A*(L,,) and A(3(n)).) .

We write u = @ ca+ 9o for the nilradical of b = b @ u and we denote by
u the opposite nilradical of u. Note that, as n is the nilradical of the parabolic
subalgebra q =& n, we have n C u.
Lemma 6.28. If u is in Sym*(u) with weight —2¢; then u is of the form

AXZE»L' + Z BeX_(ei4e) X—(ei—en)
k=i+1
for some constants A and By,. In particular, we have u € Sym?*(n).

Proof.  If u € o(Sym?(u)) with weight —2¢; then u is of the from

u = Z CBX—ﬂX—QEH-ﬁ

for some constants cg, where the sum runs over the roots § € AT = AT([)U
A(g(1)) UA(3(n)) so that 2¢; — f € AT. By Lemma 6.27, the roots § must be in
A(g(1)). Thus if Ao, (g(1)) ={8 € A(g(1)) | 2¢; — 5 € A} then

u= Z cgX_gX 9,48
BEA2e, (a(1))
By Appendix A, we have
Alg(l)) ={ejxep|1<j<iandi+1<k<n}U{e|1<j<i}.
Thus,
Age,(9(1)) ={B € A(g(1) | 2ei —B e A ={eiter | i+ 1<k <n}U{&}

Therefore u is of the form

u= Y pX X oig
Betac, (a(1))

= CEnggi + Z C€i+st—(Ei+sk)X—(€i—sk) + Z Csifst—(si—sk)X—(si—&-sk)
k=i+1 k=i+1

= CEinei + Z (Céﬁ-&k + cez'—&k)X—(Ei-i-&k)X—(&i—ék)'
k=i+1

If A=c., and By = c.;4¢, + C:;—c, then u can be expressed as

n
u=AX_ + Y BiX_(cen X (-0 n
k=i+1
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Proposition 6.29. If u € U(n) satisfies Condition (H) then w is a scalar multiple
of up,.

Proof. As wuy, satisfies Condition (H), to prove this proposition, it suffices to
show that any element w € U(n) that satisfies Condition (H) is a scalar multiple
of

uo = X2 4+ > 0 X e X (er—c)), (6.30)
j=i+1
where
4 n—1 N .
by = (—1)" b, [| o) (6.31)
k=j er—€kt1,—(€iter)

for j=1+1,...,n—1 and

2N5n,_5i

b, = — )
Nana_(5i+5n)

(6.32)

Here, N, s are the constants so that [X,, Xs] = NagXais-

If w € U(n) satisfies Condition (H) then u € o(Sym?(n)) C &(Sym?(i))
and has weight —2¢;, where ¢ : Sym(u) — U(u) is the symmetrization map for
Sym(u). Thus it follows from Lemma 6.28 that u is of the from

u=AX?_ + Y BiX oo Xo(eiep) (6.33)
k=i+1

for some constants A and Bj. Now observe that, by the condition (3) in Definition
6.26, we have ad(X,)(u) =0 for all a € II(l). Therefore, as ¢; —¢;41 and ¢, are
in II() for j =i+1,...,n— 1, we have

ad(X,—¢,,,)(u) =0 and ad(X.,)(u)=0

for j=i+4+1,...,n— 1. By (6.33), this means that for j =i+ 1,...,n—1,

a’d(XEj_EjJrl)(AXEEi + Z BkX*(EiJrEk)X*(ﬂ*Ek)) =0

k=i+1
and .
ad(XEn)(AXin + Z BkX*(EHrEk)X*(Ei*Ek)) =0,
k=i+1
which are

B; ad(XEj—EjH)(X*(EHFEJ')X*(&*E]'))+Bj+1 ad(XEj—5j+1)(X*(€¢+€j+1)X*(Ei*€j+1)) =0
and
A ad(Xen)(XEai) + B, a’d(Xsn)(X_(5i+5n)X_(5i_5n)) =0,

respectively. By solving the system of linear equations, we obtain B; = b;A for
j=1i+1,...,n with b; in (6.31) and (6.32). Therefore, by (6.30) and (6.33), we
obtain u = Auyg. [



KuBo 875

By Proposition 6.29, to prove that ¢q, in (6.7) is standard, it suffices to
show that @ in (6.25) satisfies Condition (H). As (prop)(1&vt) = a®1_(—i—a/2)A,
is a highest weight vector with highest weight —2¢; — (n — i — (1/2))\;, one can
easily see that @ satisfies the conditions (2) and (3) in Definition 6.26. So we wish
to show that % is in o(Sym?(#1)). To do so we need several technical lemmas.
Lemma 6.34. No polynomial in Sym”(n) for r > 3 has weight —2¢;.

Proof. Observe that the simple root agq = «; has multiplicity > 1 in any roots
p € A(n). Therefore, in the weights for any polynomials in Sym"(n), the simple
root «; has multiplicity greater than or equal to r. Since «; has multiplicity 2 in
—2g; = =2, ;a;, no polynomial in Sym’(n) for r > 3 has weight —2¢;. [

Corollary 6.35. Any non-zero polynomials in Sym" () with weight —2¢; for r > 3
have contributions from root vectors X_, for ao € AT(I).

Proof.  Since A(u) = AT([)UA(n), this is an immediate consequence of Lemma
6.34. |

Lemma 6.36. If u € U(u) has weight —2¢; then

u=AX>_ + Y BiX_ciepX (et Y u'X_q (6.37)

k=i+1 aeA+ (1)
for some constants A and By, and some elements u® € U(u).

Proof. If
U, (1) = {u € U(u) | u has degree at most r}

then U(m) = U2, U, (1) and U,y (1) /U, (1) = Sym™ ' (). We show this lemma
by induction on the degree r for U, (it). First observe that since —2¢; ¢ A,
the element u cannot be in U (1) = C @ u. Thus if u € Us(t) then u €
Sym? (1) & Uy (1) /Uy (1). Thus, by Lemma 6.28, if u € Us (i) then u = AX?_ +
Zzziﬂ By X_(ci4e0) X —(ci—e,) for some constants A and Bj. Now assume that
this lemma holds for u € U,.(u) for 3 < r < ¢, and suppose that u € U1 (1).
By Corollary 6.35, any polynomials in U1 (u)/U (1) = Sym"™ (1) with weight
—2¢; have contributions from root vectors in [. By permuting the root vectors, in
U;1(11), those polynomials can be expressed as

(some polynomial in U (1)) + Z v X,
aeAt (1)
with some v* € U, (it). Therefore the element u € U1 (u) is of the form
u=np+ Z v X_,
aeAT(I

for some p,v* € U, (11). By the induction hypothesis, the polynomial p € U;(u)
can be then expressed as

p=AX2_ + Z BiX_ oo Xo(emepy + 3 X 4

k=i+1 aeAt(I)
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for some constants A and By, and some elements a® € U;_q(u). If u® = a* + v

then w is of the form in (6.37). By induction, this lemma follows. [

Now we are ready to show that the map ¢q, in (6.7) is standard. Recall
that if 1 ® v is a highest weight vector for M(—2¢; — (n —i — (1/2))\; + p) with
highest weight —2¢; — (n — i — (1/2))\; and if pr: M(—(n—1— (1/2))\; + p) —
My(—=(n —i—(1/2))X\; + p) is the canonical projection map then ¢gq(1 ® vy,) =
(pro ¢)(1 ® v*™), where ¢ is an embedding of M(—2¢; — (n —i — (1/2))\i + p)
into M(—(n—1i—(1/2))\; + p). By Proposition 6.8, we have (pro¢)(1®v") =
Ysta(l @ wvp) # 0.

Theorem 6.38. If q is the mazimal parabolic subalgebra of type B,(i) for 3 <
i <n—1 then the map @q, induced by the Qa|v(uie,)- system is standard.

Proof.  Observe that, as M(—(n—i—(1/2))\i+p) = UU)RC__i—(1/2))x, » the
vector ¢(1®v™) is of the form ¢(1®@v") = ®1_(—i—(1/2))x, for some v’ € U(u).
Since (1 ® v™) has weight —2¢; — (n — i — (1/2))\;, the element u' has weight
—2¢;. Thus, by Lemma 6.36, we have

n
W =AX2 4+ Y BiX e X e+ Y u"X
k=i+1 aeAT(I)

for some constants A and By, and some elements u® € U(u). As X .., X_(c1c0),

and X_(.,_.,) are not in [, pguqa(1 ® vy) is given by

psa(1®@vy) = (prog)(l®@v™)

:Pf((AXQEﬁF Y BiX e X e+ Y, uX ) ®1—(n—i—(1/2>>xi)>
k=i+1 aeA+(I)

= (AX2, + Y BiX_erenX(eime) ® Louoim/m)an
k=i+1

Write @ = AX?_ + > 0,1 BiX_(ci4e0)X—(e,—c,)- Clearly @ satisfies Condition
(H). Thus, by Proposition 6.29, there exists a constant ¢ so that 4 = cu;, with uy
in (6.24). By Proposition 6.8, we have @ # 0; thus ¢ # 0. Since @q,(1 ® v;) =
vy = Up K 17(n7i7(1/2))/\¢7 we obtain

P, (L@ vp) = up ® 1_(ni—1/2)n = (1/¢)@sta(l @ vp). u

In Table 5 below we summarize the classification of the maps g, .

A. Miscellenious Data

In this appendix we recall from [18] the miscellenious data for the maximal
parabolic subalgebras q = [ @ g(1) @ 3(n) of quasi-Heisenberg type shown in
(2.8) and (2.9) in Section 2. For the definition of the deleted Dynkin diagram
see Subsection 4.1 of [18].
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Table 5: The Homomorphism g, for the Non-Heisenberg Case

Parabolic subalgebra q | Qv (uie, ) Qv (pteny)”
Bn(i),3<i<n-—2 standard non-standard
Bn(n—1) standard ?
B,(n) standard —
Ch(i),2<i1<n-—1 ? standard

D,(i),3 <i<n—3 | non-standard | non-standard

E(3) non-standard | non-standard
Es(5) non-standard | non-standard
E;(2) non-standard —
E;(6) non-standard | non-standard
Es(1) non-standard -
Fy(4) standard -

§B,(i), 3<i<n-—2

1. The deleted Dynkin diagram:

o %) Qi1 oy (0788 Qp—1 Op

O O O O
aq &%) a3 QG
3. The subgraph for [,,:
@) L 4O:>O
Q1 Qp_1 QOp

We have ., = ay. The highest weight ;¢ and the set of roots A(g(1)) for
g(1) are p = g1 +¢e;41 and A(g(l)) ={e;£ex |1 <j<idiandi+ 1<k <
n}U{e; | 1 <j <i}. The highest weight v and the set of roots A(3(n)) for 3(n)
are v =¢e;+¢&2 and A(3(n)) = {e; +ex | 1 <j <k <i}. The highest root &, and
the set of positive roots A*(L,) for [, are & =¢1—¢; and AT([,) ={e; —e, |1 <
J < k <i}. The highest root ¢,, and the set of positive roots A*(l,,) for [,, are
fny = 5i+1‘|‘5z‘+2 and AJF([WY) = {Z:‘j:l:Ek | 1+1 S j <k S n}U{gj | 1+1 S j S n}

§Bn(n—1)
1. The deleted Dynkin diagram:
o o o
aq Qo Op—2 OQp_1 Op
2. The subgraph for [,:
O— o0 o0 o)
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3. The subgraph for [,,:

We have o, = ay. The highest weight p and the set of weights A(g(1)) for
g(1) are p=¢e14¢, and A(g(1)) ={e;te, |1 <j<n—-1}U{e; |1 <j<n—1}.
The highest weight v and the set of weights g(3(n)) for 3(n)) are v = &1 +¢2 and
A(3(n)) = {ej+er | 1 <j <k <n—1}. The highest root &, and the set of positive
roots AT (L) for [, are & =e;—¢,-1 and AT(ly) ={e;—¢e, |1 <j <k <n-—1}.
The highest root &,, and the set of positive roots A*(l,,) for [,, are &,, = ¢,
and AT ([,,) = {e.}.

§B,(n)
1. The deleted Dynkin diagram:
O O O——
o (0%)) Ap—1
2. The subgraph for L,:
O O O O
(%1 (e%) ag Qp—1

3. No subgraph for [,, (l,, ={0})

We have o, = ay. The highest weight ;¢ and the set of weights A(g(1))
are u = ¢y and A(g(l)) = {e; | 1 <j <n}. The highest weight v and the set of
weights A(3(n)) for 3(n) are v =¢e;+¢e5 and A(3g(n)) = {e;j+¢e, |1 <j <k <n}.
The highest root &, and the set of positive roots for [, are {, = ¢ — ¢, and
AT(L) ={e; —ex |1 <j<k<n}.

§CL(1),2<i<n-—1
1. The deleted Dynkin diagram:

a Qi1 Q4 Q78] Op—1 0Oy

2. The subgraph for [,:

O O O O
e%1 e%) (0%} Qi1
3. The subgraph for [,,:
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We have a., = . The highest weight p and the set of weights A(g(1)) for
g(1) are p =e14¢€;41 and A(g(l)) ={ejter |1 <j<iandi+1 <k <n}. The
highest weight v and the set of weights A(3(n)) for 3(n) are v = 2¢; A(3(n)) =
{ej+ex|1<j<k<i}U{2,|1<j<i}. The highest root &, and the set of
positive roots A*(I,) for [, are £, = &1 —¢; and AT([,) ={e;—¢e, | 1 <j <k <i}
The highest root &,, and the set of positive roots A(l,,) for [,, are &,, = 2e,44
and At(l,) ={ejter|i+1<j<k<n}U{2|i+1<j<n}.

§D,(i), 3<i<n—3

1. The deleted Dynkin diagram:

Op—1
'e) 0. O ® O Qp—2
(@3] %) a1 (0788

Qp

2. The subgraph for [,:

O O O O
(o7 Qo a3 a1
3. The subgraph for [,,: 1
O Qp—2
Q1
an

We have o, = ay. The highest weight p and the set of weights A(g(1))
for g(1) are p=¢1+¢;41 and A(g(l)) ={e; e |1 <j<iand i+1 <k <n}.
The highest weight v and the set of weights A(3(n)) for 3(n)) are v =&, +¢2 and
A(3(n)) ={ej+¢er | 1 <j <k <i}. The highest root &, and the set of positive
roots A*T([,) for [, are & =¢1 —¢; and AT([,) ={e; —ex | 1 <j <k <i}. The
highest root &,, and the set of positive roots A*([,,,) for [, are &,, = ;41 +€i42
At(l,) ={gjter|i+1<j<k<n}.

§E6(3)

1. The deleted Dynkin diagram:

2. The subgraph for L,:
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3. The subgraph for [,,:

We have a., = ap. The highest weight p for g(1) is p = oy +as+az+2a4+
2a5 + ag. The highest weight v for 3(n) is v = a1 + 2a9 + 2a3 + 3ay + 205 + o
The highest root &, for [ is & = ag + a4 + a5 + ag. The highest root &, for [,

is gn’y = Qq.

§Eq(5)

1. The deleted Dynkin diagram:

2. The subgraph for L,:

3. The subgraph for [,,:

We have o, = ay. The highest weight p for g(1) is pp = a3 + a2 + 205 +
204+ a5+ ag. The highest weight «y for 3(n) is v = ag +2as +2a3+ 30y + 205+ .-
The highest weight &, for I, is & = a1 + as + a3 + a4. The highest weight &,

for [,y is &y = 0.

§E7(2)

1. The deleted Dynkin diagram:

2. The subgraph for L,:

3. No subgraph for [, (l,, ={0})

We have o, = ay. The highest weight p for g(1) is p = oy + a2 + 203 +
3ay+3as 4 206 + a7 The highest weight ~ for 3(n) is v = 2aq +2as + 3ag +4ay +
3as + 2a6 + a7. The highest root &, for [, is {, = oy + a3 +ay + as + asg + az.
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§E7(6)

1. The deleted Dynkin diagram:

a2

o '9) i 9) & 9]

aq a3 Qg Qs Qg Q7
2. The subgraph for [,: o
Qly
a Q3
a5
3. The subgraph for [,,:
©)
Qa7

We have a, = ay. The highest weight p for g(1) is p = oy + 2a9 + 203 +
3oy 4 2a5 + ag + a7 The highest weight v for 3(n) is v = 2a1 + 20 + 3as + 4oy +
3as + 206 + 7. The highest root &, for L, is &, = oy + as +2a3 + 204 + 5. The
highest root &, for [,y is &, = 7.

§Eg(1)

1. The deleted Dynkin diagram:

%]

Qaq Qz g Q5 @ Q7 O3
2. The subgraph for L,:

(8%

'e) e} e) o) oy

a3
3. No subgraph for [, (l,, ={0})

We have «, = ag. The highest weight p for g(1) is p = a3 + 3as +
3ag + bay + 4das + 3ag + 2a7 + ag.  The highest weight v for 3(n) is v =
201 + 3o + 4az + 6oy + das + 4ag + 3ar + 2ag. The highest root &, for [,
is & = g + oz + 204 + 205 + 206 + 207 + .

§F4(4)
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1. The deleted Dynkin diagram:

O—O0—70—(

aq %] as QY

2. The subgraph for [,:

O——O0—=0
aq (%) Qa3

3. No subgraph for [, (l,, ={0})

We have ., = ;. The highest weight p for g(1) is g = a1 +2as+3a3+ay.

The highest weight v for 3(n) is v = 20y + 3 + 4a3 + 2a4. The highest root for
& for 1y is & = a1 + 2as + 2a3.
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