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Abstract. The jet bundle J*G of k-jets of curves in a Lie group G has
a natural Lie group structure. We present an explicit formula for the group
multiplication in the right trivialization and for the group 2-cocycle describing
the abelian Lie group extension g — J*G — J*~1G.
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1. Introduction

The jet bundles J*M — M and higher order tangent bundles T*M — M over a
smooth manifold M are examples of natural operations in the sense of [4]. When
applied to a Lie group G, these constructions provide new Lie groups J*G and
T*G. In this article we provide a formula for the group structure on J*G in terms
of the Lie bracket and we compare it with a similar formula for the group structure
on T*G [1]. The tangent functor possesses a natural section for T*G — T*"1G, so
T*G is a semidirect product of T#~'G, while the jet functor provides an abelian
extension J*G — JF1@G.

The manifold of k-jets of smooth curves in a Lie group G is a fiber bundle
J*G — @, called the k-th order jet bundle [4]. Denoting by j*c the k-jet at 0 of
the curve ¢, the multiplication (j%¢)(j*b) := j*(cb) in J*G doesn’t depend on the
representing curves and defines a Lie group structure on J*G'. Its Lie algebra J*g
is isomorphic to g ®r R[X]/(X**1), the scalar extension of the Lie algebra g by
the truncated polynomial ring R[X]/(X**1). As a vector space it is isomorphic
to (k+ 1) copies of g.

The main result of the paper is Theorem 2.5 which gives the expression of
the group multiplication on the jet bundle J*G in the right trivialization [3]

j¥e € J*G = (c(0), (67¢)(0), (67¢)(0), . .., (") *1(0)) € G x g",
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where ¢ is a smooth curve in G with right logarithmic derivative 6"c = ¢’c™*. One
gets the multiplication law

(ga ('Tn)lgngk) (h7 (yn)lgngk) = gh, (mn + Z adxiz_l cee adxil Adg yi5>
AEPy, 1<n<k

and the inverse

(9, (@n)1enck) L = | g7, (Z (—=1)* Ad,- adg, ...ady,, | xQ) :
both involving sums over all anti-lexicographically ordered partitions A\U---UM\; =
{1,...,n} (disjoint union) with i, the cardinality of the subset A, for r =1,... /.
The number of anti-lexicographically ordered partitions with fixed cardinalities

(il,...,ig) 18

N CE R R AR i iy — 1 )
(1te) = i —1 iei—1 )\ =1 )

hence the n-th component in the above formulas can be written respectively as

Zn = Tp + Z Niy,.oi) adxil_1 cooady, Ad,y;,
i1+-+ig=n
Wy, = Z (_1)£N(i1,...,ig) Adg—l adxil c. ad%il T,

i1+ +ipg=n

The formulas involving partitions remind of the expressions for the mul-
tiplication and the inverse for the k-th order tangent group T*G in the right
trivialization [1]. The reason is that the k-th order jet bundle J*G can be iden-
tified with the subgroup (T*G)% of T*G, the fixed point set under the natural
action of the permutation group Sy (see Theorem 3.3).

All these formulas have no denominators, so one can work with geomet-
ric objects over general fields [1]. The identity fibers Ji(g) and Gi(g) of the
fiber bundles J*G and T*G are polynomial groups depending only on the Lie
bracket on g. The dimension of Ji(g) is k dim g, while the dimension of G(g) is
(2¥ — 1) dim g. Both assignments give functorial maps from Lie algebras to poly-
nomial groups, even in the more general case when g is a Leibniz algebra [2].
Moreover, the group multiplication is in both cases affine in the second argument,
so we actually get affine near-ring structures, slight generalizations of near-ring
structures (where the group multiplication is linear in one of the arguments) [6].

In the right trivialization, the first order jet bundle J'G coincides with the
tangent bundle T'G, so it is the semidirect product G x g for the adjoint action.
The second order jet bundle J2G is an abelian extension of G x g by g with
characteristic group cocycle

c((g,), (h,y)) = ad, Ad, y,
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and non-trivial Lie algebra cocycle

o((§,x),(n,y)) = 2[x,y].

This is a special case of Proposition 4.1, where the characteristic cocycles for
abelian extensions g — J*G — J*71G associated to higher order jet bundles are
computed.

2. Group multiplication in jet bundles

This section contains the main theorem of this paper, namely the expression of
the multiplication on the k-th order jet bundle J*G in right trivialization.

Theorem 2.1.  [3] The right trivialization of the jet bundle J*G — G':
je € J*G s (c(0), (67¢)(0), (6"¢)'(0),..., (5%)(’“_1)(0)) €Gxgh (2)

where ¢ is a smooth curve in G and j*c its k-jet at 0, is an isomorphism of
bundles, whose inverse assigns to (g, 1,72, ...,7,) € G x g~ the k-jet of the
curve ¢ in G, uniquely defined by c¢(0) = g and §"c(t) = 2/(t) for the Lie algebra
curve
¢ tF
£L‘(t) = tl’l + 512 + -+ E!L‘k

Remark 2.2.  When k > 2, the k-jet j%c with right trivialization (g, z1, ..., z)
doesn’t coincide in general with the k-jet j*b of the curve b(t) = (exp x(t))g, where
x is the Lie algebra curve defined above. Indeed, the right logarithmic derivative

of b is

o0

0"b(t) = 0" expx(t) = Z

=0
so 0"b(0) = z1, (6"b)'(0) = x4, but the higher order derivatives get additional
terms (670)"(0) = 3 + 1 ad,, 22, (670)"(0) = 24 + ad,, x5 + 1 ad? xs.

1 .
j ’
T ady ) 2'(t),

The multiplication (j*¢)(j%b) := j%(cb) doesn’t depend on the representing
curves and defines a Lie group structure on the k-th order jet bundle J*G — G.
Denoting the identity fiber by Ji(g), the Lie group J*G is a semidirect product
of G and Ji(g).

Let us introduce some notation needed for expressing the group multiplica-
tion on J*G in the right trivialization.

Let P, denote the set of all partitions A = A|... |\, of {1,...,n}, which
means that {1,2,...,n} = A\ U--- U )\, disjoint union of sets. We call £(\) = ¢
the length of the partition. We order each partition anti-lexicographically: the
ordering is done from right to left, always choosing the subset that contains the
highest available number. For n = 3 there are 5 such anti-lexicographically ordered
partitions Ps = {1]2|3,12|3, 2|13, 1|23, 123}.

The cardinality of A, is denoted by i, = |\.|. Of course n =iy + -+ + iy,
so each element A € P, determines an ordered decomposition of the number n.
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There are elements in P,, that determine the same ordered decomposition of n,
e.g. 2|13 and 1|23 both determine the decomposition 3 =1 + 2.

Lemma 2.3. The number of anti-lexicographically ordered partitions
A=XM|...|A of {1,...,n} with fived cardinalities iy, ..., i, is Ng,,. i, from (1).

Proof. Because of the anti-lexicographic ordering, the subset A, must contain
the element n, while the other iy — 1 elements can be chosen in (Z:ll) ways.
The subset \;,_; must contain the biggest of the remaining elements, so we have

(”_”_1) choices. Similarly, we get ( ) choices for the elements of A,

n—ig——ipy1—1
i_q1—1 j

ir—1
r = 1,...,¢. Their product gives the expression of N;, . ;) from (1) because of
the identity 21 +--- + iy = n. [ |

Remark 2.4.  ;From each anti-lexicographically ordered partition A = A\{|... |\
in P, one derives new anti-lexicographically ordered partitions

Nlep, i, m=0,....¢

by the following procedure: first we increase by 1 each element of A\, thus getting
a partition of the set {2,...,n + 1}, which we denote A", then we adjoin the
element 1 to the partition A*. There are m + 1 different ways to do this, namely
by placing the element 1 in the m-th subset of A* one obtains the partition
MMl of length ¢, while by placing the element 1 in a separate subset (in front),
one obtains the partition Al of length ¢ + 1. In all cases, the new partition is
again anti-lexicographically ordered. For instance, the three derived partitions of
A= 2|13 are A% =1]3|24, A\ = 3]124, and A2 = 13|24.

Each anti-lexicographically ordered partition in P, is a derived partition
for a unique anti-lexicographically ordered partition in P, , namely the one ob-

tained by removing the element 1 and lowering each remaining element by 1, e.g.
2113 = A& € Py for A =1[2 € P,.

Theorem 2.5.  The multiplication law in J*G, identified with G x g* in the
right trivialization (2), is (g,21,...,zk)(h,y1, ... yx) = (gh,2z1,...,2k), where
each z, € g s given by

2n = Tp + Z ad%f1 .. .adgci1 Adg v,

AEP,
=z, + Z Z Ny, ade,, - ady, Adg s, (3)
=1 i1+-+ip=n
and the inverse in J*G is (g,x1,...,21) " = (g7 wy, ..., wy), where each w, € g
15 given by
W, = Z (—1)£ Adg-1ad, ... ad%_1 T,
AEP,
¢
= Z Z (—1) N(’L'l,“.,’ig) Adg—l adxil N adxie_l T, (4)

=1 i1+-+ip=n
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P, denotes the set of anti-lexicographically ordered partitions X = \|...|\¢ of
{1,...,n}, i, denotes the cardinality of \., and N, . ;) is given by (1).

Proof.  In order to prove the multiplication formula (3) we consider the curves
x and y in the Lie algebra g,
2 tk t2 tk

5 . k|37k7 resp. y(t) = ty; + o142 +- Tk

and the curves ¢ and b in the Lie group G, uniquely defined by §"c = 2’ and
c(0) = g, resp. 0"b = ¢y’ and b(0) = h. In the right trivialization (2) we identify

jkc = (9727/(0)7 s 7$(k)(0)) = (979317 s ,l‘k) resp. ]kb = (h’v Y- - >yk)> so the
multiplication is

(g1, x1)(hoys, .. yk) = 55(cb) = (gh, 2(0), 27(0), ..., 2%)(0))

for 2/ =60"(cb) =0"c+ Ad.0"b = 2" + Ad.y'.
It remains to prove that z, = 2(™(0). To each anti-lexicographically ordered
partition A € P, with |\,| =i, we assign a curve F\ in g defined by

F (t) = adx(izil)(t) .. adw(il)(t) Adc(t) y(”)(t).
Its derivative can be written as a sum of terms of the same type:

. / .
F} = (ad ¢,y - .- adye) Ad.y™) = ad_¢,_,) . .. ad,u) ady Ad, y@

+ > ad e - adyen - adyen Adey™ +ad, i - adge) Adey @Y,
_ (5)
using at step two the fact that
(Ad, y®Y = adsre Ad, y® + Ad. y ™ = ady Ad.y@ + Ad, y@.

Since the ordered decomposition of the number n induced by the anti-
lexicographic ordered partition A € P, is n = ¢; + --- + 4y, the ordered decom-
positions of n + 1 induced by the derived partitions A, ... A" Al e P, .,
are n+1 =144+ 44, ....n+1 =d14+ -+ (i + 1)+ +ip, ...,
n+1=1i;+---+ (ig+1). This ensures that each term in the expression (5) of F}
corresponds to one of the derived partitions of A, so

We are now ready to compute the higher order derivatives of 2/ = 2/+Ad. vy’ .
We will prove by induction that:

() = 2™ (1) Z Fy(t (6)

AEP,
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For n = 2 the identity holds because 2" = (' +Ad.y') = 2" +ad, Ad. vy’ + Ad.y”
and P, consists of only two partitions 1|2 and 12. Assuming that (6) holds for
n — 1, we compute z(™:

1Al

(M =™ 4 Z F{ =2 + Z ZF/\[m]:x(”)—i—ZFp.

AEP_1 AEP,_1 m=0 PEP,

In the last step we use Remark 2.4: each element p € P, is obtained from a unique
element A € P,_; through derivation. This ends the proof of (6) by induction,
and the first part of (3) follows by evaluation at 0. For the second part of (3) we
apply Lemma 2.3.

To show the inversion formula (4), we consider again a Lie algebra curve
x(t) = tx + gl’g + o+ %xk, and the Lie group curve ¢ uniquely defined by
§"c =2’ and ¢(0) = g. In the right trivialization (2) we have j*c = (g, x1,...,21),
SO

(9,21, 21) " =55 = (g7 w'(0), w”(0), ..., w"(0))

for w' =6"(c7') = — Ad,-1 6"c = — Ad.-1 2’. We show by induction that

w™ = Z (—1)  Ader adye) - ad e, 2. (7)
AEPn

We denote by E) the Lie algebra curve (—1)*Ad.1ad,,) -..ad g, 2. For
n = 2 we compute w” = —(Ad.12") = —Ad,1 2" + Ade1ady 2’ = Eip + Eype.
Assuming that (7) holds for n — 1, we compute:

1Al

wh= " E =Y Y Egw=)»_ E,

AEPp -1 AePp—1 m=0 PEPR

where we use at step two the identity

(EA)/ — ((—1>f Ad.1 adx(il) R adx“éﬂ) x(l’é))/

= (—1)“_1 Adcfl adI/ adx(il) c. adx(ilil) CL’W)
¢ ¢
+ ) (1) Ademr adyy) - - adynn - ad o 200 = By

m=1 m=0

This ends the proof of (7) by induction.
Evaluation at 0 gives us the first part of (4), while the second part of (4)
follows immediately with Lemma 2.3. [ |

Example 2.6. For convenience of the reader we expand the multiplication in
the identity fiber J;(g) of J'G:
(21, T2, 23, 04) (Y1, Y2, Y3, Ya) = (21 + Y1, T2 + Yo + ada, Y1,

T3+ ys + 2ad,, yo +ad,, y1 + adfc1 Y1,

1+ ya + 3ady, ys + 3ady, ys + 3ad?, o

+ ad,, y1 + 2ad,, ad,, y1 + ad,, ad,, y1 + aud:;;1 Y1)-
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Remark 2.7. The counterpart of (3) and (4) in the left trivialization of J*G
(the bijection (2) with the right logarithmic derivative §"c replaced by the left
logarithmic derivative d'c = ¢c71¢’) are

Z z 1
= Yn + N”’ .ig) adyl .. adyil Adhfl Ly
i1+ +ip=n
and
w, = — E Ny, Ady adxi1 .. .zaudmiei1 T,
i1+ ig=n

A pure element of J*G is a k-jet whose expression (g,;) in the right
trivialization contains a single non-zero Lie algebra element. The inverse of the
pure element (e, x;) is (e, —z;). The following identity concerning multiplication
of pure elements was already obtained in [1]

(67 xl)(67 yl) = (€a 1+ Y1, a’dm Y1, adil Y, - - ’ad];:1 yl)'

It is not hard to see that the multiplication with a pure element (e,y;), where
1> 1, gives

i 1+1 k—1 i
(6,33'1)(6,?]1') = (eaxbyia <1> ad:m Yi, ( 9 ) adil Yis - (k . Z) adﬁl yz) .

The multiplication of two arbitrary pure elements is the content of the following
corollary.

Corollary 2.8.  In the right trivialized jet bundle J*G, the product of two pure
elements (e, ;) and (e,y;) with 1 <i < j <k is

B (i4+j5—1)! (ni+7—-10
(e, x)(e, y5) = (e, i, Yy, G =1 adg, Yjs - - - madxi Yj),

where n 1s the biggest natural number that satisfies ni + j < k. The components
known to be zero were not written. Similar formulas hold for i = j and i > j.

Proof. It is enough to compute

N o (nit+g—1\(ni—1 21— 1
(Byeenyisgd) — j—l i1 il

((+1).. . (20— 1)2i+1)... (i = )i+ 1)...(nit+j—1)  (nitj—1)

(G =DH1G = 1)! - nl(iln( = 1)!

and to apply Theorem 2.5. [ ]

3. Group multiplication in T*G

In this section we present the multiplication on the trivialized k-th order tangent
group T*G [1] and we show that the k-th order jet group J*G is isomorphic to
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the subgroup of fixed points of T*G under the obvious action of the permutation
group Sg.

The structure of higher order tangent groups was investigated in [1] Section
24. In the right trivialization we have a tower of semidirect products:

T g —» TFG = T(T" @) — T"'G,

where T%~'g denotes the Lie algebra of T~'(. Using infinitesimal units ¢y, ...,y
to keep track of each extension in the tower, i.e. TFG = T*1G x ¢, T* g, we get
the right trivialization of the k-th order tangent bundle T*G

TG =G X e19
T2G = TG x e3Tg = G X €19 X €29 X €210

TG = G x @a€[g€ag

where I denotes the power set of {1,...,k} and I} = I, — {0}. For any
multi-index o = {ay,...,a,} € I} we denote * = ¢,, ...€4,. In particular
TFg = Duer,£%g as a vector space.

An alternative notation is used in [1]: the multi-index « € I} is identified
with its characteristic function in {0, 1}*, written as a string of 0’s and 1’s, for
instance the string corresponding to the multi-index {2,3} € I3 is (110). We state
below the Theorem 24.7 from [1] in our notation.

Theorem 3.1. [1] The group multiplication for the k-th order tangent group
T*G in the right trivialization is

(9, (e%Ta)act) (B, (€%Ya)act;) = (gh, (€%%a)acry)

with
=1+ »  ady, ...ad;, Adgy,, (8)
AEP(a)
where P(a) denotes the set of all anti-lezicographically ordered partitions of the
subset o« C{1,...,k} and € is the length of the partition \. The inverse is given
by the formula

1

(9, (%%a)acry) = (g7

) (gawa)ael,j)
with
Wy = Z (—1)* Adgrady,, ...ads, . 9)
AeP(a)

Remark 3.2.  The analogues of (8) and (9) in the left trivialization of T*G are

= Yo + Z .. .adyAl Adj-1 zy, (10)
AEP(a)

and

— Y Adyad,,, ...ad,, . (11)
AEP ()
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We consider the obvious left action of the symmetric group S, on T*G by
permuting the infinitesimal units €1,...,&; [2]:

o (gu (€a$a)a€[;) = (97 (ga(a)xo)aell;*)? S Sk (12)

In contrast to the action (24.4) from [1], this action is not compatible with
the group multiplication (8) (a permutation o € Sy might perturb the anti-
lexicographic ordering of A € P, ), but we still have the following result:

Proposition 3.3.  With respect to the action of Sy given by (12), the fized point
set (T*G)%F is a subgroup of the tangent group T*G , isomorphic to the jet group
JFG.

Proof.  Elements (g, (€*%a)acrz) of (T"G)% are characterized by o = x5 for
all o, 8 € I} with the same cardinality, hence there exist z1,...,x, € g such that
Lo = Ty for |af =n. Let (g, (€%Za)acsz), (R, (€%Ya)acrz) € (TFG)% with 4 = x4
and Y, = Yjo|- (From the group multiplication (8) on T*G we get

o = T + Z ady, ...ady,  Adgyp,.
AEP(a)

For each a € I} with |a| = n, there exists a unique strictly increasing bijection
¢ :{1,...,n} - a=A{ay,...,a,}. It induces canonically a 1-1 correspondence
between the sets P, and P(«) of anti-lexicographically ordered partitions, bijec-
tion that preserves the length of the partition as well as the cardinality of each
subset. We get that

2o = Tp + Z adxw_l‘ .. dgcIA ‘Adg Yirdl» (13)
AEP,

hence each z, depends only on |a| = n, thus showing that

(9, (5axa)ael;§)<ha (gaya)ael,’;) = (gh, <5aza)ael,:) < (TkG)sk
In a similar manner, using (9), one sees that the inverse (g, (¢*%a)acr;)”' €
(TFG)%, so (T*G)%* is a subgroup of TFG.
The identification of an element (g, (€“%a)aczz) in (T*G)% with the cor-
responding element (g, (z,)1<n<k) in J*G, where z,, = z, for any « € I} with

la] = n, provides a bijection between these groups. (From the two expressions
(3) and (13) of the group multiplication in the right trivialization, it is easy to see
that this bijection is a group isomorphism. [ |

Example 3.4. The multiplication on T3G is

(€, (e°Ta)actz) (€, (E"Ya)act;)
= (e, 51(961 + 1), 52(332 + y2), 512(3512 + Y12 + ady, yo),

53($3 +y3), 513(%3 + y13 + ady, y3), 523(%3 + yo3 + ady, y3),

123(

£ (2123 + Y123 + ady, Yo3 + ady, Y13 + adyy, Y5 + ady, ady, ys))
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while the multiplication on J2G can be written as

(e7m17x27x3)(67y17y27y3)
= (e,21 + Y1, T2 + Yo + ady, Y1, 73 + Y3 + 2ad,, yo + ady, y1 + ad’ y1).

We observe that all elements of T3G can be decomposed in products of pure
elements

(€. (e"Ta)aery) = (e, % w12s) (e, €% wa3) (e, £ w13) (e, €%w3) (€, £ w12) (e, €722) (e, €1 11),

a property that holds for all T*G [1]. There is no analogous decomposition for
J3G:

(e,x3)(e,x2)(e, x1) = (e, 1, o, x3 + ad,, x1]).

Jet functor. The identity fiber of TG — G is a subgroup of T*G, denoted
by Gi(g) and identified with ©aer:e%g, so its dimension is (2 — 1)dimg. The
identity fiber Ji.(g) of J*G — G is a subgroup of J*G, identified with the direct
sum of k copies of g, so its dimension is kdimg.

As before we consider the natural action of the symmetric group Sy on
Gr(g) by permuting the infinitesimal units eq, ..., e:

o - <5a$a)aelg — (€U(a)l'a)aef,:7 o € S;.

The fixed point set Gy(g)%, identified with Ji(g), is a subgroup of Gi(g), El-
ements (£%7q)acrr of the fixed point set are characterized by z, = zp for all
a, B € I} with the same cardinality.

Theorem 3.1 resp. Theorem 2.5 provide the expressions for the group
multiplication and the inverse of an element on Gg(g):

(e%%a)acr; (E%a)acr; = | €% | Ta + Z adg,, ...ads, yy, (14)
)

AP (a o€l

(Eaxa);élz =& Z (—1)* adg,, ...ads, 2y, :

AEP() wels

—1
resp. on Ji(g): (mn)lgngk (yn)lgngk = (Zn)1§n§k and (xn)1§n§k = (wn)1§n§ka

Zp = XTp + Z ad%_1 cooady, Yi, = a0+ Z Nis,oie) ad%_1 coady, i,

AEPR i1+ tig=n
(15)
¢ ¢
Wy, = Z (=1)"adg,, - cady,, | @, = Z (=1)"Niy,...ip) ads, - cady,, | @y,
AEPR i1+ tig=n
where A is an anti-lexicographically ordered partition A;|...|A\; of o € I}, resp.

of {1,...,n}, of length ¢ and i, = |\, for r=1,... ¢.

The maps sending the Lie algebra g to the groups Gi(g) and Ji(g) are
functorial. Both are polynomial groups [2]. Moreover, the group multiplication is
affine in the second argument, so we actually get affine near-ring structures, slight
generalizations of near-ring structures [6].
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Leibniz algebras. A left Leibniz algebra [5] is a vector space g endowed with
a bilinear map [, | : g x g — g such that the left Leibniz identity holds

[z, [y, 2]l = [[v, 9], 2] + [y, [, 2]}, =z,9,2 €.

This condition is equivalent to the fact that the left ad-actions are derivations of
the bracket. A Lie algebra is the same as a Leibniz algebra with antisymmetric
bracket.

Theorem 3.5.  [2] For any left Leibniz algebra g, the multiplication (14) endows
Gr(g) with a group structure. Its fized point set Ji(g) under the permutation action
18 a subgroup.

The multiplication formula (15) on Ji(g) holds also for a Leibniz algebra g.

4. Abelian extension

This section is concerned with the group extension g — J*G — J*~1G assigned to
the right trivialization. The following result is a direct consequence of Theorem 2.5.

Proposition 4.1.  The right trivialized k-th order jet bundle J*G = G x g* is
an abelian Lie group extension of the right trivialized (k — 1)-th order jet bundle
JF1G = G x gF=1 by g, characterized by the group cocycle

Ck ((gamla"'7xk71)7(h7y17"'7yk71)) = Z adxi[71 -'-adxil Adgyig
AP —{12...k}

k
= Z Z N(h,...,ig) adxié_l N adxil Adg Yi,

=2 ’i1+...ig=k

with X = A\i| ... | ¢ anti-lexicographically ordered and i, = |\.|.
Its Lie algebra J*g is an abelian extension of J* ‘g by g with Lie algebra
cocycle

v (€ o) =5 (ol

=1

Proof. The expression of the group cocycle ¢, follows immediately from the
multiplication rule (3) rewritten as

2 = xp + Adyy, + Z ad%_1 cooady, Ad,y;,.
AEPL—{12...k}

The Lie algebra cocycle o can be obtained from the group cocycle ¢, by deriva-
tion:

o = 010k (e, e) — Da01ck (e, €). (16)

We will see that only the terms of the Lie group cocycle that correspond to
partitions A € Py, of length two provide non-zero terms for the Lie algebra cocycle.
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There are (kzl) anti-lexicographically ordered partitions A € P, of length

2 such that |A\;| =4 and |A\s| = k—1i, because the only requirement is that k € Xs.
Thus, splitting P — {12...k} into ordered partitions of length 2 and ordered
partitions of length bigger than 2, the group cocycle can be written as

Ck ((gvxla LI 7'1:]6—1)7 (h7y17 ... ayk—l))

k—1
k—1
- ( 2 ) ad:ci Adg yk‘—’i

=1
+ Y ad,, ad,, R

g’
p+q<k
where R';q is of the form ad,, ... ad,cj1 Adg yj, with m > 0. Then

k—1

O10xck(e,€) ((§ 21y - Tr1), (M Y1, -5 Y1) = Z <

i=1

k—1
i > ada}i Yk—i

and by (16) the Lie algebra cocycle is

Ok ((57 Tyyen. 7$k—1)7 (77’ Yty - - 7?//6—1))
—1 k—1

k
> ("7 st = X (M ey

i i=1

I
>
_

i ((k ; 1) " (Z - 1)) adz, Yr-i = i (l:) (i, Yn—i]

as requested. [ ]

Remark 4.2. Given two g-modules V' and W, each g-invariant element -
in A2V* @ W determines canonically a Lie algebra 2-cocycle on the semidirect
product g x V'

o, (& u), (n,v)) = v(u,v) € W.

Its cohomology class in H?(gx V, W) is non-zero. A special case is the g-invariant
element [, ] in A%g* ® g, which determines the Lie algebra 2-cocycle o that
characterizes J%g.

In the right trivialization, the ¢'2~*g component of T*G with addition is a
normal abelian subgroup of T*G', hence we get an abelian Lie group extension

g— TG — TFG/qg.

The jet group J*'G = (T*"1G)%-1 is isomorphic to the subgroup (T*G/g)°*
of fixed points, since the only multi-index with cardinality k&, namely 12...k,
was divided out. The pull-back of the abelian extension above by the inclusion
JF1G c T*G /g is nothing else but the abelian extension

g— JG — J"G.
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