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Abstract.  We prove that the flag kernel singular integral operators of Nagel-
Ricci-Stein on a homogeneous group are bounded on LP, 1 < p < oo. The
gradation associated with the kernels is the natural gradation of the underlying
Lie algebra. Our main tools are the Littlewood-Paley theory and a symbolic
calculus combined in the spirit of Duoandikoetxea and Rubio de Francia.
Mathematics Subject Classification 2010: 42B20, 42B25.

Key Words and Phrases: Homogeneous groups, singular integrals, multipliers,
flag kernels, Fourier transform, maximal functions, LP-spaces, Littlewood-Paley
theory.

1. Introduction

Flag kernels on homogeneous groups have been introduced by Nagel-Ricci-Stein
[11] in their study of quadratic C'R-manifolds. They can be regarded as a general-
isation of Calderén-Zygmund singular kernels with singularities extending over the
whole of the hyperplane x; = 0, where x; is the top level variable. The definition
is complex, as it involves cancellation conditions for each variable separately. How-
ever, the description of flag kernels in terms of their Fourier transforms is much
simpler and bears a striking resemblance to that of the symbols of convolution
operators considered independently by the author in, e.g. [8]. As a matter of fact,
the kernels of [8] turn out to be flag kernels smoothed out at infinity.

In Nagel-Ricci-Stein [11] we find an LP-boundedness theorem for the very
special flag kernels where the associated gradation consists of commuting subalge-
bras of the underlying Lie algebra of the homogeneous group. The natural question
of what happens if the gradation is that of a homogeneous Lie algebra has been
left open. The aim of this paper is to answer the question in the affirmative. We
prove that such flag kernels give rise to bounded operators.

The smooth symbolic calculus mentioned above has been adapted to an
extended class of flag kernels of small (positive and negative) orders and combined
with a variant of the Littlewood-Paley theory built on a decomposition of the Dirac
delta due to Dziubariski [4]. The decomposition is obtained by a functional calculus
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954 GLOWACKI

of a generalised heat kernel very similar to the Poisson kernel on the Euclidean
space (see [7]). The strong maximal function of Christ [1] is also instrumental.
The approach has been inspired by the well-known paper by Duoandikoetxea and
Rubio de Francia [3]. The influence of this paper and, of course, Nagel-Ricci-Stein
[11] is evident throughout.

A preliminary step is the L2?-boundedness of operators with flag kernels
(see [9]) which we reproduce here for the convenience of the reader. This is proved
solely by means of symbolic calculus.

After this paper had been completed, a preprint of Nagel-Ricci-Stein-
Wainger [12] has been made available, where the LP-boundedness theorem for
flag kernels is proved. This comprehensive treatment of flag kernels on homoge-
neous groups has been announced for some time. Professor Stein has lectured a
couple of times on the subject, see, e.g. [13]. The authors also use a version of
Littlewood-Paley theory but otherwise the approach differs from the one presented
here in many respects, the most important being our use of symbolic calculus and
partition of the Dirac delta related to a generalised heat kernel. That is why we
believe that what is presented here has an independent value and may count as a
contribution to the theory.

Contents
1 Introduction 953
2 Preliminaries 954
3 The class Sy(g) of test functions 958
4 Multipliers in M (u) 959
5 More on the multipliers 961
6 L2-boundedness of flag kernels 964
7 A representation of the Dirac delta 966
8 Littlewood-Paley theory 968
9 The strong maximal function 971
10 LP-boundedness of flag kernels 972

2. Preliminaries

Let g be a nilpotent Lie algebra of dimension D and g* its dual. Let {d;};~0 be
a family of dilations on g and let

g; ={re€g:dx=1thz}, 1<j5<d,
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where 1 < p; < ps < -+ < pg. Denote by n; the dimension of g; and by
Q; = pjn; the homogenous dimension of g;. The homogeneous dimension of g is

d
Q=) Q;
j=1
We have
d d
i=Do. =Dy (1)
7=1 j=1

and

o Ok, if pi+p; = pr,
S R Rt
where P = {p; : 1 < j <d}.
We shall also regard g as a Lie group with the Campbell-Hausdorff multi-
plication
vy =z +y+r(zy),

where r(z,y) is the (finite) sum of terms of order at least 2 in the Campbell-
Hausdorff series for g (cf., e.g. Corwin-Greenleaf [2]). In particular, 0 becomes
the group identity, and 27! = —x, for 2 € g. Under this identification the
homogeneous ideals

are normal subgroups.

We also pick an auxilliary Euclidean norm ||-|| such that the decomposition
(1) is orthogonal and fix an orthonormal basis {ex;};%; in g. Thus the variable
x € g splits into z = (z1, 29, ...,24), Wwhere

T = (Tr1, T2, - - - Thny,) € Gk

A similar notation will be applied to the variable £ € g* and to the multiindices
a. In particular,

d ng
of =3 lawl,  orl =D Jauyl
k=1 j=1
and
d
d(a) = pilasl,
k=1
for
a=(ap)is  ap = (a)it.
Let also

D" =

d
k=

N
I[Py DuF(x) = F(x)ey.

15=1
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These are usual vector space derivatives and should not be confused with left-
invariant group derivatives which play no explicit role here.

A nonnegative function x — |z| is called a homogeneous norm, if
a) |z| =0 if and only if z =0,
b) | —af = |o], for z € g,
c) |6x| = t|z|, for z € g,t > 0.

Such a function is by no means unique. However, if |- | and |- |
homogeneous norms, then there exists a constant C' > 0 such that

are

CYa| < |z| < Clal, T € g.

For most purposes the following homogeneous norm

d
v = fal = 3 a7
j=1

is sufficient. We fix it once and for all. Define also partial homogeneous norms

k k
wle =D Ml M7 =)yl 1<k <d.
j=1 j=1

In particular, |z|; = |x1|, and |z|; = |z|. Another notation will be applied to g*
where we have the dual dilations and the dual homogeneous norm, both denoted
in the same way as those on g. For & € g*,

d d
k=D IGIT =1l 1<k<d
j=k j=k

In particular, |¢]; = [¢], and [¢]q = [&d]-

The Schwartz space of smooth functions which vanish rapidly at infinity
along with their derivatives will be denoted by S(g). This is a Fréchet space
with the usual countable set of seminorms. Let S'(g) be the space of tempered
distributions, that is the dual to S(g). If T € S'(g) is a tempered distribution on
g, we let

(T, f) =(T. ),
where f(z) = f(z~!). For t > 0, we let
fi(z) =t Cf(612), T €y,

so that
D fy(x) = t~4) (D) (x) = t4I=Q(D* £)(6,-12).

This extends to distributions by

(My, f)y=(M,fod), t>0.
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Convolution on g is defined by
frglx /f vy aly)dy,  f,g€ S(9),

where dy is a Lebesgue measure which is also invariant under left and right group
translations. The Lebesgue spaces of functions integrable with p-th power will be
denoted by LP(g). Convolution is easily extended to distributions in the following
way. If T € §'(F) and g € S(g), then g+ T is a distribution acting by

(gxT,f)=(T.g=f), [eSa).

If, furthermore, S € S'(g) has the property that Op(S)f = f * S is a continuous
endomorphism of S(g), then the distribution T % .S is defined by

(TxS,f)y=(T,fxS), feS(g).

Convolution T x S also makes sense when T,S are convolvers, that is when the
operators Op(T') and Op(S) extend from S(g) to bounded operators on L?(g).
Then, there exists a tempered distribution U such that

Op(U)f = Op(T) Op(S)f = Op(T)(fx S),  f € S(g).
The distribution U = T % S is called the convolution of T and S. In both cases
(T % S) =T, % S, t>0.

The Fourier transforms are
)= [ @dn, 1€ = [ e@9p©)de,
(&) /g e (z) dx &) /g e &)

where the Lebesgue measures dr and d§ are normalised so that the Plancherel

formula
— [t = [ 1P do= 112
g g

holds. If M is a distribution such that M is a locally integrable function, then
M(€) = M(5,8),  Eegh t>0.

Whenever we use the symbol * or refer to convolution, we mean the group convo-
lution.

Recall also the integration in polar coordinates formula (Folland-Stein [6],
Proposition 1.15). There exists a unique Borel measure o on the unit sphere
Y ={z € g:|z| =1} such that, for every f € L'(g),

/f dx—/ Ql/f5z (dz).

In particular, if f(z) = ¢(|z|), then

/g ooy dz = C /

where C' = o(%).
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Remark 2.1. We shall write
A(s) = B(s), s€5,

whenever A(s), B(s) are quantities dependent on s and there exists a constant
C' > 0 such that
CA(s) < B(s) < CA(s), seSs.

3. The class Sp(g) of test functions

Let Sp(g) be the subspace of S(g) of those f whose Fourier transform vanishes for
&4 in a neighbourhood of 0 € g and also for £, outside a compact subset (which
may depend on f) of g5. Note that if f € Sp(g), then it has zero integral, hence
So(g) cannot be dense in L'(g).

Lemma 3.1.  The class Sy(g) is a dense subspace of LP(g), for 1 < p < co.
Proof. Let 1/¢g+1/p=1, and let g € L(g) be such that

/ f(@)g(x)dr =0, | € So(a).

We are going to show that g = 0, which implies the required density. For
p€85(¢g), where g’ = g1 B - B ga—1, let

g1(zq) = // o(xg(2!, xq) da'.

Then, g; € L%(gy). Observe that, for every ¢ € C°(gy) such that 15 vanishes in
a neighbourhood of the origin,

/ Gi(Ea)y(&a) dea = / 91(xa) Y (2q) drg = /9(33)(90 @) (z)dz =0

9 9d g

so g1 € S'(g,) is supported at the origin. Therefore, g; is also a polynomial, hence
it must be zero. Since ¢ € S(g') was arbitrary, g itself must be zero. [

Lemma 3.2. Let K be a convolver on g. If f € So(g), then Kxf fxK €
So(g). In particular, So(g) is invariant under left and right group translations.

Proof. If ¢ € C*(gq) and ®(§) = ¢(&q), then
Y =0® ¢, (2)

where ¢ is the Dirac delta at the origin in g; @ -+ ® gq_1. Thus, ®V is a measure
supported in {0} X g4, hence it is central. Therefore, f € Sy(g) if and only if there
exists a neighbourhood U C g4 of the origin and a compact set C' C g; such that
fx®V =0, for all p € C*(U) and all p € C°(g5\ C). Thus, our claim follows
from the following identities

(Kxf)*x® =K+ (f+®Y), (f+xK)x®' = (f»dY)*K,

valid for every convolver K on g. [ |
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4. Multipliers in M (u)

Let pt = (1, fo, - - ., ptq) € RY. We say that a distribution A € S'(g) belongs to
the class S(u), if its Fourier transform A is a smooth function which satisfies the
estimates

d
IDA(€) H (14 |€]p) Pkl all o,

The space S(u) is a locally convex space if endowed with the family of seminorms

d

Al s = = sup sup JT@+ [gle)retrelenl| D Ag)),
al<téeg”

for [ € N. Apart from the locally convex topology, one also considers the topology
of bounded convergence in S(u), that is the topology of uniform convergence on
compact subsets of g* of Fourier transforms and all their derivatives of sequences
of elements of S(u) bounded in the locally convex topology. Note that S(g) is
dense in S(p) with respect to the topology of bounded convergence.

Proposition 4.1.  The mapping

S(g) xS(g) 2> (f,9) = frgeS(u+v)

is continuous if the space S(g) x S(g) is considered as a subspace of S(u) x S(v).
It is also continuous when the spaces S(u), S(v), and S(u + v) are endowed
with the topology of bounded convergence. By continuity, it extends to a mapping
S(v) x S(p) = S(p+ v) which is continuous in the twofold sense.

Proof.  This follows from Corollary 5.2 of [§]. ]

Corollary 4.2.  Let A€ S(u). Then f — fxA is a continuous endomorphism
of the Schwartz space S(g).

Remark 4.3. Let A€ S(u), B € S(v). Then, by Corollary 4.2, we can define
(Ax B, f) = (A, f x B).

so that AxB € S(uu+v). The mapping (A, B) — A% B is the extension mapping

S(v) x S(u) = S(v+ p) of Proposition 4.1.

Let
N ={pu= (i, p2, - pa) ¢ || <1, 1 <k <d}.

Let u € N'. We say that a distribution M € S'(g) belongs to the class M(u), if
its Fourier transform is a locally integrable function which is smooth where &; # 0
and satisfies the estimates

[DM(€)] < Ca H|§|“k el g £0, all e
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The space M () is a locally convex space if endowed with the family of seminorms

d
1M || aaue = sup sup [T le] DM (g)],
k=1

|| <L €470 7
for [ € N. We have
M| pgys = P NM | jmgya, >0, 1EN, (3)

d
where (1) = S0 ue.
Let w : g — [0,1] be a smooth even function depending only on &g,
supported in the set 1/2 < |§;] < 4, and such that

douk(€)’ =) u@r) =1,  &#0. (4)

keZ keZ

Let Uy = u). Then Uy is a bounded central measure (see the beginning of the
proof of Lemma 3.2). Note that U, = (Up)y—«. Let Vi, = Uy % U,. For any
T € 8'(g) such that T is locally integrable on g*,

T:ZVE*T:J%ZVMT, (5)
keZ |k|<n

where the series of the Fourier transforms is convergent almost everwhere on g*.
By Lebesgue’s dominated convergence theorem, it is convergent also in S'(g*).
Therefore, the series itself is convergent in S'(g).

Lemma 4.4.  If M € M(u), then, for every k, Upx M, Vix M € M(u)NS(p),
and

100 * M| mguyp = 0o * Ml[sgyi: (Vo x M| pgyp = [Vox Ml[sge,  (6)
for every | € N. Furthermore,
[ M| puya = sup Vi x Ml mgys, L€ N. (7)
kez
Proof. Note that U, is central and UE = U SO

(Uox MYNE) = u(€)M(€),  Ecg"

Thus (6) follows from the fact that w(§) vanishes for &; near the origin.
We have
Vo * M| peuye < ClIM I wmgu

and

Vix M = (V()*MQk) ;
2
which combined with (3) implies
Vi x M s < CIM | meya-

To complete the proof observe that the partition of unity (4) is uniformly locally
finite. [
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Proposition 4.5. Let p,v,u+v € N. For every M € M(u) and every
N € M(v), the sequence

T, = Z(Uk*M)*(Uk*N)
|k|<n

is convergent in S'(g) to an element T € M(u+v), and, for every | € N, there
exist l1,lo € N and a constant C > 0 such that

| TN sy < CUM | acy i IV | m), - (8)

Proof. By the argument used at the end of the previous proof,
1Tl mure < € sup [(Uk % M) % Uy * N) [ M) -

Furthermore, by (3), (6), and Proposition 4.1,

(U5 M) (U Nt = (U % M) % (Uo 5 Not)) s
= 27 heluty) [ (Uo x Max) % (Ug * Nox) HM(M+V)J
< G2 |(U % M) # (Ug * Now) ||t
< Co2 P Ug % Mo || sy, 11U * Noe || 5002
< Cs27 P Mo | pay. 27| No || )
= O3l M | vy IV |aeo) s

Now, for every £ € g* with &; # 0, there exists ngy such that

T(€) =Tu(€) = Ty (), n>no, (9)

which shows that 7' € M(u) and gives the bound (8). By definition of || - || (),
and (8),

d
T.(6) < T Ll ™,

j=1
where the function on the right is locally integrable, so, by (9) and Lebesgue’s
dominated convergence theorem, 7,, — 7" in S'(g). [

5. More on the multipliers

Most properties of distributions in the classes M(u) are expressed in terms of
their Fourier transforms. However, we need also an estimate on the growth of
M € M(p) directly on the group. This is the objective of this section.

Proposition 5.1. For v € N, let M € M(v) N L*(g). Then, there exists
[ € N and a constant A > 0 such that

d
[M(2)] < AIM | pa [ ]2z, @ #0. (10)

k=1
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Proof. There is no harm in assuming that M € S(g) as long as the final
estimate depends only on a seminorm || M || ). We start with the case d = 1.
Let v = a, where |a| < 1. The dilations are d,z = tPz, where p > 1. Let ¢ be a
compactly supported smooth function on g* equal to 1 in the neighbourhood of
zero |¢| < 1. Then,

M) = [ o= | 09e00TTe) de
[ 00 )T d = 1) + Dfe).
The first integral is estimated by a simple change of variable:
1L(@)] < 1M || oy ol =97 /g |o(O)1[€]* d€ < CIM || pagay,olar| =27

Let u be a unit vector in g such that (x,u) = ||z|| = |z|P. Denote by 0, the
derivative in the direction of u. Let m be an integer such that mp > Q) + a. By
m integrations by parts,

(i)™, ) Z( ) [ e lalr et on e

+ /em’@(l — (00O M (€) dE = Ji(w) + Jol(z).

The integrands in the above integrals vanish for |z||{| < 1 so, by the same change
of variable as in I,

[ T1(@)] < M| sagayml | ™ Z/ E)[g|~ e de

l€)>1
< O M || aga) mlz[™~7,

since |£]7 < [€|* < C on the support of the derivatives of ¢. Similarly,

Ta(@)] < ([ M iy ™0 / e d

[£1>1
< C||M||M(a),m‘x|mp_Q_av

where the integral on the right is convergent since mp > (Q+a. Collecting together
the estimates for Jy(z) and Jo(z), we get

2" I ()| < |(, w) ™ [a ()] < [ ()] + [ 2 ()]

< ClIM | me@yml ™97,

and finally
M (2)] < [Li(@)] + [ La(2)] < CIIM || vgayml2] =47

This proves our proposition for d = 1.
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We continue by induction on d. Suppose that d > 1 and the claim holds
for every 1 < d < d. For a given x € g, let

]{30 = max{k: . |[L'j| S |[E1| 01 S j S ko}
Let
v = (x1,29,...,21,) € ¢, 2" = (Thys1,---,2a) € 9"

Similarly, we split £ = (¢/,¢") € (g")' @ ()", v = (V',V"), and a = (¢/,a"). For
" e g’ let
MI”(I/) _ M(CE’,:L‘”), o= g/‘

Assume for the time being that v, < 0. By induction hypothesis,

ko
|M(2)] = | My (2')| < Ay|| Mor || mgry H ], O, (11)
k=1
where
A ko
Mol arya, = max sup [DgM(E,2") TT lely" 1. (12)
|lo'[<l g, #£0 P}

We have used the fact that
([6a] + 1€l + -+ [&D) ™ < €], 1 <k < ky,

because v, < 0. By induction hypothesis again,

A d
[DEM(E,a")] < A0(M) [T Jaf ™, (13)

k=ko+1

where

N
C(M) = [[Dg M(&', )l mer o
d

= max sup |Dg‘,/,/D?,/M(§/7£H>| H |é-|];l/k+pk|ak|'
o[ <12 g0 k=ko-+1

Here again we have taken advantage of v, < 0. Even more importantly, by the
choice of kg,
2|k < Ko(|Trogr| + -+ - + |7k]), ko < k <d,

so we could put |z|; ®*™** on the right hand side of (13). Thus, by (12), and (13),

1Mo lnonas < Al Ml [T Jeli 7,
k=ko+1

which combined with (11) gives

d
|M ()] < Ay As | M || aioyens [ ] 12l @
k=1
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We are almost done. To complete the proof, we only need to remove the
additional assumption v, < 0. Fix x € g with x; # 0. For each k, let k; < k be
such that

Let uy, be a unit vector in gi such that

<xk17uk1> = ||:L‘k1|| = |"L‘/€1 |pk1'
Then
d
Mi(y) = [ [, ur) M (y)
k=1

is in M(p), where p, = vx — pr, <0 so, by our proof so far,

d—dH\ P M ()] < | My ()] < Al My | g ZH|a:|‘Qk

k=1

Note that
| M1 ]| mya < M| amw) i+ds

so that, finally,

d
M ()] < d" A M| pagoyaza [ ] 1219
k=1

Remark 5.2.  In the estimate (10) the exponents —Qy — v, are all negative and
|zx| < |z|x so, under the hypothesis of Proposition 5.1,

d
’M($)| < A”MHM(V)J H ‘xk‘_Qk_Vk- T 7é 0. (14)

k=1

It is this estimate that we really need (see Lemma 10.1 below).

6. L2%-boundedness of flag kernels

In the context of this paper it is natural to work with a description of flag kernels
given in terms of flag multipliers (see Nagel-Ricci-Stein [11], Theorem 2.3.9). We
say that a tempered distribution K on g is a flag kernel if its Fourier transform
K is a smooth function where £; # 0 and satisfies the following estimates

DK (€)| < C, H|g|kpk'“k‘, €470, all o

Thus, K is a flag kernel if and only if K € M(0), where 0 = (0,0,...,0).
The following is Theorem 2.5 of [9]. For the convenience of the reader we
reproduce its proof here.
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Proposition 6.1. Let K be a flag kernel on g. The convolution operator
f = f* K defined initially on So(g) extends uniquely to a bounded operator
K on L*(g) and there exists a constant C' > 0 and an integer | such that

K| < Cll K| mo).-
Proof. It is sufficient to know that

1+ Kll2 < ClLK [ m)all 12,

for f in the dense class Sp(g). By Theorem 5.5 of [8], there exists a constant
C > 0 and an integer [ € N such that

1F* Tl < ClIT sl fll, - f € Sla), (15)

for T' € S(0). By the definition of the distributions V,

F=Y)f+Vi=) _Vixf,  feSig).

kez keZ

where the supports of the Fourier transforms (Vj, x )" form a uniformly locally
finite family. Therefore, by Plancherel’s theorem,

IFI3 2 ) IVix £II3,  f € Solg)- (16)

keZ

Recall also that Vi, = Uy * Uy and Uy = (Up)y-+. Therefore, by Lemma 4.4, (15),
and (3),
Vi f KI5 = [|[Ug % Uy = f x K][3
= 259 (Up  for) % (Up % Kp)|3 < 259Uy % Ko [|30y 11U * for I3
~ 29| Uo % Ko [ 30yl Uo  for [l < ClIK R uo)allUs * F1I3-

By (16),
DU fIE =3 _(Vix £.£) < CIFIE,
keZ keZ
which, in virtue of (16) and the above calculus, gives the required estimate. n

If M, N € M(0), then they are convolvers. Therefore, if f € Sy(g), then,
by Lemma 3.2, fx N € Sy(g) and

fxMxN=(f«N)xM,

that is _
(M N, .f) = (M, .f+N), zeg, (17)

where . f(y) = f(zy).
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Corollary 6.2.  Let M € M(u)NM(0), N € M(v)NM(0), where p, v, u+v €
N. Then, M, N are convolvers and

M*N =Y (U M)* U+ N) € M(pu+v),
keZ

where the series is convergent in S'(g). Moreover, for every [, there exist ly,ls
and a constant C' > 0 such that

1M 5 N mgusvya < ClIM || aiguya,

IN || M) -

Proof.  Let
T => (Up*M)*(Us*N).
keZ
By Proposition 4.5, ' € M(u+v)NM(0) and the series is convergent in the sense
of tempered distributions. Since M = N and T are convolvers, Sy(g) is dense in

L*(g) and invariant under translations, and T satisfies (8), it is enough to show
that

<M*N7f>:<T7f>7 fESO(g)a
which follows by (17). In fact,

(M %N, f) = (M, f+N)
= S (Vik M, f 5 Ny = S (U M, f (U« N)™)

:Z«Uk*M)*(Uk*N)vf):<T7f>' [ |

Corollary 6.3 (Theorem 2.2 of [9]).  If K1, Ky are flag kernels on g, then their
convolution Ky x Ky is also a flag kernel.

7. A representation of the Dirac delta

There always exists a homogeneous norm p on g which is smooth away from the
origin. In fact, we may take advantage of the implicit function theorem and let

and p(0) = 0. By Folland-Stein [6], page 8, p is a homogeneous norm.
Let us define a tempered distribution

Py =tim [ (50~ ) =S 1€ St

E— \Z|26

which, as is easily seen, coincides with the smooth function z + p(z)~9~1 on

g\ {0} and is homogeneous of degree —@Q) — 1, that is

(P.fy =t""UPf),  feS()
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see, e.g. [7]. The distribution —P is a generalised laplacian and, therefore, the
operator f +— fx P is positive and essentially selfadjoint with S(g) for its core
domain (Hunt [10]). Let us denote by P its selfadjoint closure and by E(d\) the
corresponding spectral measure. If m € C2°(0,00), then, by Proposition 4.3 of
Dziubariski [4], there exists ¢ € S(g), denoted by m", such that

mP)f = [ mNE@NS = fem’ = frg. f e L)
0
In a conversation, Jacek Dziubanski explained how to prove the following lemma.

Lemma 7.1. If m € C°(1,2), then ¢ =m" has all moments vanishing.

Proof. Let N be a large integer. By hypothesis, we can write m(\) =
AVmy(N\), where my € C°(1,2). Therefore,

=1 * PV,

where ¢ = m) € S(g), and PV is the convolution power of P which is a
homogeneous distribution of degree —() — N smooth away from the origin. Note
that PV can be represented as

PN =Ky + kn,
where Ky is a compactly supported distribution, and ky € C*°(g) satisfies
ky(x)| < CL+[2[) Y, zeg

If F' is a smooth function of polynomial growth, say, |F(z)| < C(1 + |z|)*, then,
for N > a, the convolution

FxPYN=FxKy+ Fx*ky

makes sense, and defines a function of polynomial growth. Moreover, for every

feS(g),
(Fx PN f)y = (F, f x PY).

Now, we are ready to conclude our argument. If F' is a homogeneous polynomial
of homogeneous degree a, then

(Fp) = (F,yxPY) = (F+ P" ¢) =0,

since F'x PV is a smooth function which is homogeneous of degree a — Q — N <
—(@ < 0, hence must be zero. [ |

The following corollary is the objective of this section.

Corollary 7.2.  There ezists a real even function ¢ € S(g) such that

/xo‘go(:c) dx =0,
g
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for every o, and
dt
f= / J*pex P (18)

where the integral is convergent in L*(g)-norm, for every f € S(g). Moreover,
Pt * Ps = Ps * Py, t,s > 0.

Proof.  Let m € C°(1,2) be real and such that

2
/ m(t)? a_ L.
1 t

Let ¢ = m". By Dziubanski’s theorem, ¢ € S(g) is real and ¢* = . The vanish-
ing moments condition is a consequence of Lemma 7.1. Since P is homogeneous
of degree —(@) — 1, we have

m(tP)f = f * ¢y, t>0, (19)
cf. Dziubanski [5], Lemma 3.4. Therefore, if f € S(g), then

f:/ E(d\)f = / / t)\ dt E(d\) f
—/0 m(tP) L - /fwtwt

That dilations of ¢ commute follows by (19) and spectral theorem. n

8. Littlewood-Paley theory

From now on we fix the function ¢ of Corollary 7.2.

Proposition 8.1.  Let

ot = ([ eaer )",

be the Littlewood-Paley square function operator. Then,
lge (N2 = [l fll2,  F € S(g).

Proof. Let f € S(g). By (18),

_ o0 d 00 d
112 =, F) = /<fwtwt,f>f—/o /|fwt< e &
g

// 7> o) e = (1) .

Recall that g®) is a subgroup of g. Let ¢ be the counterpart of ¢ for g
replaced by g, 1 <k < d. Let

(I)k: - 5k ® Pk,
where 9, stands for the Dirac delta at 0 € 69] 193
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Corollary 8.2. [f

o)) = ([T1r+@ar )",

then
9o, flla = [[fll2;  f € S(g).
Proof. This is a direct consequence of Proposition 8.1. |
Let
b = (I)l*q)g*'“*@d,
and

Op = (P1)y x % (Pa)ry, T =(t,...,ta) € RL.
Corollary 8.3.  For every T,
o7 € S(g),

and for every v € N,

d
D7l pmeys < C T T 8
k=1

Proof. That &7 € S(g) is a simple exercise. It is clear that,

¢ € () M(0,...0,a,0,...,0),

la|<1

where the only nonzero term stands on the k-th position, and

1(Pr) s [ M (0,000,000 < ity | < 1.

Therefore the assertion follows by Corollary 6.2. [ |

Corollary 8.4.  We have

d
)= [ Afxorgeon T el

d
+
where
dI'  dtydty. .. dtg
T  titg...tqg
Proof.  This follows from (18) by iteration. ]
Proposition 8.5.  The Littlewood-Paley square function operator

J,

+

1/2
Gq>(f)(x)=< \f*ch(x)F‘%T) ,
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is of type (p,p), for every 1 < p < oo. That is, there exists a constant C
(dependent on p) such that

IGe(Nllp < Cllfllp, feS(g).

Proof. The proof is based on standard techniques of Littlewood-Paley theory
for vector-valued functions as contained in Folland-Stein [6] (see Theorem 6.20.b
and Theorem 7.7).

We start with defining some Hilbert spaces and operators. Let Xg = C

and T
X, = L*(RE, T)’ 1<k<d.

Let Wy : L*(g, Xj—1) — L*(g, Xi) be the operator

Wi (@)(T, ) = £ (@) (@)T) = [ (000 Fan)(T) dy

where T = (t1,...,tx_1). Note that W} acts only on the (x,...,z4)-variable.
We can also write

Wif(@) = [ wnlo) oy dy
g
where, for every y € g®) and every m € Xj_;,

wi(y) : X1 = X, wr(y)(m)(Ts 1) = (0r)s,, (v)m(T).

We claim that W}, is a bounded operator, even an isometry. In fact, by the
definition of ®; and Corollary 8.2,

IWel 22 x,) = / Wt @)%, de
g

/ /Oo dt / dT
—[a [ & e
g 0 t Rjr_l T

k
Ly

2

(r)e() f(xy)(T) dy

2

dx,

g(®)

[ @) (D] dy

Rk—l

/Rk " T / ’ (5 (Pr)s, frx (Pr)s)
o dT
— | ol = [ 1T = W ey

+

where fr(z) = f(x)(T).
Another property of the kernel wj of W that is needed is the following.
For every «a,

o —QW—d(a

| D®we() |, -, < Calaelg @, (20)
where Q¥ = Qi 4+ Qpp1 + - + Qq. This follows readily from the fact that
or € S(g®) and therefore satisfies

D%k ()] < Ca(1 + |afy) =@ 4,
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As a bounded operator from L*(g, Xj_1) to L*(g, Xj) satisfying (20) W}, is a
vector-valued kernel of type 0, and, by Theorem 6.20.b of Folland-Stein [6], it
maps LP(g, Xy_1) into LP(g, Xx) boundedly, for every 1 < p < oo.

This implies our assertion. In fact,

Go(f)(z) = [[WaWar ... Wi f(2)|x,

and therefore

1Ge(Ner@) = WaWar .. Wifllrg xa) < Cllfllirg.xo) = CllI p- =

A word of comment on the symbol ®7 would be appropriate here. The
notation may suggest that the functions ®1 are dilates of a single function. They
are not, but they have estimates of this form, which is our justification. In the next
section we are going to use the same notation for the “real” dilates of a function.
We hope the reader will not get confused.

9. The strong maximal function

Let
ATI = (6t1I175t2I27 c. ,5td$d), €T &€ Q,T - Ri

For a function F on g and T € Ri, let
Fr(z) = T"OF(Apaz) = 7959 479 F (60w, 6,12a),
where
T=Q =9 ;% T =Yg,

Let Bj ={z €g;:|z] <1}, and let D = By x --- x By. Let |D| be the
Lebesgue measure of D. The strong maximal function on g is defined by

M/(x) = sup /D £yl dy = sup 1]+ (x0)r(o). (21)

d
TeR?

A theorem of Michael Christ asserts that, for every 1 < p < oo, there exists a
constant C' > 0 such that

IMFllp < Cllfll,— f € L(0),

that is, M is of (p,p) type (see Christ [1]). Actually, Christ considers a slightly
different but obviously equivalent maximal function, where yp is replaced with
x5, where B={x € g:|z| <1}.

We shall need the following corollary of Christ’s theorem.

Corollary 9.1. Let0<a <1, and let

d

F(z) = [ [z a9 ay #0,

j=1
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where y(s) = min{s, s '}, for s > 0. Then the mazimal function

Mpf(z) = sup |f|*Fr(z)
TeR?

is of (p,p) type for 1 < p < 0.

Proof. The function F' is radially decreasing in each variable so

F(x) = sup hgr(z),

hr<F
and
/F(:L') dr = sup /hR(:C) dx,
hr<F
where

hR = Z CRXD(ARfll’), CR > 0, R = (7“1,7"27 . ,T'd) € Ri,
ReR

and R C Ri is a finite set. For f > 0, we have

fx(hr)r() =Y errrd® . rd f x (xp)rr(x)
R

1
< <m Z crrdr§? .rffd]D|> Mf(z)
R

17w ll1
5 Mf(z)
| D]
and therefore
(@) < LM (e),
which completes the proof. [ |

10. LP-boundedness of flag kernels

We keep the notation established in previous sections. For S € Ri, let
Y(S) =(s1)7(s2) -+ v(sa),  ~(s) =min{s,s7'}.
Lemma 10.1.  Let K be a flag kernel. Let
Krg=®psxKx®p, T,5€¢R%.
There exists a constant C' > 0 and an integer | such that, for every T,S € Ri,
|[Kr,s5(2)| < CIIE || meo)7(8) ! Fr(w), (22)

where
d

F(z) = [ [v(ae)"/* |zl =9, (23)

k=1
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In particular, there exists a constant Cy > 0 independent of T such that

/ Krs(@)] do < C1[| K | aaora 1(S)V™
g

Proof. By Corollary 8.3, for u,v,u+v € [-1/2,1/2]¢,

d d

1278l mgn < Co [Ttrse)™, 1@l amwyin < Co [J(E0)™

k=1 k=1

hence, by Corollary 6.2 and the fact that K € M(0), for every [, there exists I’

such that .

1K sl mesons < CIE oy | [ (suti) 15
k=1

Note also that, by Propositions 8.3 and 6.1, Krs € L*(g). Hence, by Proposi-
tion 5.1,

|Krs(z)| < CK | meo lHS“kt“k+”k‘x’;Qk—uk—uk’
k=1

for some C,l. Since Q) + pur + v > 0,

d
|Kr.s(x)| < CIK oy | [ st || Qs
k=1

By choosing appropriately px = +1/4 and v, = 0,4+1/2 depending on whether s
and t_'|z)| are smaller or greater than 1, we get

d
|Kr,5(x)| < C| Km0, H 1/4 1|x| )1/4|x] Qk

k=1

—CHKHMO)W( ) Fr(x).

Finally,

/IKT,s(x)I dr < CIIKIIM(0>,W(S)1/4/F($) dr = O || K| mouv(5)". m
g g

Corollary 10.2. Let 1 <p < . For a given S € Rﬂlr, the mazximal operator

K5/ (2) = sup |f| = |67 (0)

is of type (p,p) with
15 fllp < CUK i v ()4 fll € L7(g),
for some C >0 and l € N .

Proof. The assertion follows by Lemma 10.1 and Corollary 9.1. [ |
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Lemma 10.3. Let K € L(g), g € L*(g). Then,
lg* K(2)* < | K| |9 * | K|(2), =z €q

Proof. In fact,

lgx K(@)? < (/|g 2y YK @) 21K >,1/2dy)2

/Igl zy K|y dy/lK )| dy

< Kl lgl* | K| (=),
for every x € g. [ |

We turn to the main result of this paper. The reader may wish to com-
pare the proof we give with that of Theorem B and the preceding lemma of
Duoandikoetxea-Rubio de Francia [3].

Theorem 10.4. Let K be a flag kernel on g. For every 1 < p < oo, the
singular integral operator

f=fxK,  feSla),

extends uniquely to a bounded operator K on LP(g), and there exists a constant
C > 0 and an integer | such that

| K ||p—s2r < C|K || pm0).-

Proof. By Lemma 3.1, the space Sy(g) is dense in LP(g), for every 1 < p < 0.
Let f,g € So(g). By Corollary 8.4, Proposition 6.3, and Lemma 3.2,

K dT
(f*K,g)=(f,9gxK) = /(f*q)T,g*K*CIDT)T
T
/ f*q)Tag*(DTS*q)Ts*K*CI)T)ﬁd—
RY JRY S T

dT dS
/Rd ” fT7gTS*KTS>T R

where N
Jr =[x P7, grs = g * Prg, Krg=®rg*x K xPr.

We are going to estimate

ar

Ls(f,q) :/R (fr,g9rs * Kr.s) = T

+

for a given S. Recall that, by Proposition 8.5, the square function G¢ of Section
8 is of type (p,p), for every 1 < p < oo. Let 1 <p <2 and f,g € So(g). By the
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Schwartz and Holder inequalities,

wstol < [ ( / ifﬂx)?d%)m ( [ lovsx st %T>/ i
<l | [ ( /| )

+

/2
dT
lgTs * KT,S($)|2 ?) dz

AT 1/2
< Cil[ £l =

Y

/R 975 * K1,5(")

+

q/2

where 1/p+1/q = 1. Note that ¢ > 2. Thus, there exists a nonnegative function
w with ||ul|, =1, where 2/¢ + 1/r = 1, such that

ar
Z// 975 % K1,5(2)” — u(z) d.
a/2 o /R g

Therefore, by Lemmas 10.3, 10.1 and Corollary 10.2, there exists [ € IN such that

dT
/ lgrs * Kr.5(-)|? T
Rd

+

A:|

drT
A< OIS [ [ lors o sl ) aope

< Kl (9) | / jrs(a) - Kule) da
< Gl Km0 (S )1/4\G<1>( WISl < Coll K| 307 (S) 219115,
whence, by Proposition 8.5,

|Ls(f, 9)| < CIE | sav(S) I fllnllglle- (24)

Finally,

ds
(K f,9)| < ClIK | me) </Rd V(S = ) £ 1lpllgllq

= C1[| K| meoya | f11pll9lqs

which proves our case for 1 < p < 2. The result for 2 < p < oo follows by duality.
The case p = 2 has already been established in Proposition 6.1. [ |

Corollary 10.5. Let 1 < p < oco. Let K be a flag kernel on g. For each
n € N, let

K,=Y VixK, K.f=fxK,

lk|<n

Then, for every f € LP(g),

|K,f—Kfl|,—0, n — 00.
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Proof. By Lemma 4.4,

| Kl pmoys < szﬁg Vi x K|l meo)1 < Crll K[ m0).

so the family {K,} is bounded in M(0). By Theorem 10.4, the norms of the
operators K, acting on LP(g) are uniformly bounded. Recall from Section 4
that, for every f € Sy(g),

Kf = an7
if n is large enough so that, by Lemma 3.1, the convergence holds on a dense
subset of LP(g). [
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