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Abstract. Classical harmonic analysis says that the spaces of homogeneous
harmonic polynomials (solutions of Laplace equation) are irreducible modules
of the corresponding orthogonal Lie group (algebra) and the whole polynomial
algebra is a free module over the invariant polynomials generated by harmonic
polynomials. Algebraically, this gives an (sl(2,R), o(n,R)) Howe duality. In this
paper, we study two-parameter oscillator variations of the above theorem associ-
ated with noncanonical oscillator representations of o(n,C). We find the condi-
tion when the homogeneous solution spaces of the variated Laplace equation are
irreducible modules of o(n,C) and the homogeneous subspaces are direct sums
of the images of these solution subspaces under the powers of the dual differential
operator. This establishes an (sl(2,C), o(n,C)) Howe duality on some homoge-
neous subspaces. In generic case, the obtained irreducible o(n,C)-modules are
infinite-dimensional non-unitary modules without highest-weight vectors. When
both parameters are equal to the maximal allowed value, we obtain explicit ir-
reducible (G,K)-modules for o(n,C).
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1. Introduction

Harmonic polynomials are important objects in analysis, differential geometry
and physics. A fundamental theorem in classical harmonic analysis says that
the spaces of homogeneous harmonic polynomials (solutions of Laplace equation)
are irreducible modules of the corresponding orthogonal Lie group (algebra) and
the whole polynomial algebra is a free module over the invariant polynomials
generated by harmonic polynomials. Bases of these irreducible modules can be
obtained easily (e.g., cf. [16]). The algebraic beauty of the above theorem is
that Laplace equation characterizes the irreducible submodules of the polynomial
algebra and the corresponding quadratic invariant gives a decomposition of the
polynomial algebra into a direct sum of irreducible submodules. This actually
forms an (sl(2,R), o(n,R)) Howe duality (cf. [6–9]).
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Cao [1] proved that the subspaces of homogeneous polynomial vector solu-
tions of the n-dimensional Navier equations in elasticity are exactly direct sums of
three explicitly given irreducible submodules when n 6= 4 and direct sums of four
explicitly given irreducible submodules if n = 4 of the corresponding orthogonal
Lie group (algebra), and the whole polynomial vector space is also a free module
over the invariant polynomials generated these solutions. Moreover, he solved the
initial value problem for the Navier equations. In particular, Cao’s work can be
viewed as a supplement to Olver’s well known work [15] on algebraic study of lin-
ear elasticity. It is a quadratic vector generalization of the classical theorem on
harmonic polynomials.

In [17], the second author proved that the space of homogeneous polynomial
solutions with degree m for the dual cubic Dickson invariant differential operator is
exactly a direct sum of Jm/2K+1 explicitly determined irreducible E6 -submodules
and the whole polynomial algebra is a free module over the polynomial algebra
in the Dickson invariant generated by these solutions. This gave a cubic E6 -
generalization of the above classical theorem on harmonic polynomials.

Lie algebras (Lie groups) serve as the symmetries in quantum physics (e.g.,
cf. [3, 5, 11, 12, 14]). Their various representations provide distinct concrete
physical models. Many important physical phenomena have been interpreted as
the consequences of symmetry breaking (e.g., cf. [14]). Harmonic oscillators are
basic objects in quantum mechanics (e.g., cf. [3, 5]). Oscillator representations of
finite-dimensional simple Lie algebras are the most fundamental ones in quantum
physics (e.g., cf. [2, 4]). Howe [9] determined the multiplicity-free such repre-
sentations. In [16], the second author found the methods of solving flag partial
differential equations for polynomial solutions. Moreover, we [13] used a result in
[16] to prove certain Z2 -graded oscillator generalizations of the classical theorem
on harmonic polynomials for sl(n,C).

The aim of this work is to establish certain two-parameter oscillator vari-
ations of the classical theorem on harmonic polynomials, associated with non-
canonical oscillator representations of orthogonal Lie algebras, which are obtained
by swapping differential operators and multiplication operators in the canonical
oscillator representations induced from the natural representations. The Howe du-
ality does not hold on the whole polynomial algebras. But we find the condition
when the homogeneous solution spaces of the variated Laplace equation are ir-
reducible modules of o(n,C) and the homogeneous subspaces are direct sums of
the images of these solution subspaces under the powers of the dual differential
operator. This establishes an (sl(2,C), o(n,C)) Howe duality on some homoge-
neous subspaces. In particular, we obtain explicit infinite-dimensional non-unitary
modules of orthogonal Lie algebras that are not of highest-weight type. Explicit
bases of all the above irreducible modules in generic case are obtained.

Let G be a semisimple Lie algebra and let K be a maximal proper reductive
Lie subalgebra of G . An infinite-dimensional irreducible G -module is said of
(G,K)-type if it is a direct sum of finite-dimensional irreducible K-submodules.
When both parameters are equal to the maximal allowed value, we obtain an
infinite family of explicit irreducible (G,K)-modules for orthogonal Lie algebras.
Below we give a technical introduction.
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For convenience, we will use the notion i, i+ j = {i, i+1, i+2, ..., i+ j} for
integers i and j with i ≤ j . Denote by N the additive semigroup of nonnegative
integers. Let Er,s be the square matrix with 1 as its (r, s)-entry and 0 as the
others.

The compact orthogonal Lie algebra o(n,R) =
∑

1≤r<s≤nR(Er,s − Es,r),
whose representation on the polynomial algebra A = R[x1, ..., xn] is given by
(Er,s − Es,r)|A = xr∂xs − xs∂xr . Denote by Ak the subspace of homogeneous
polynomials in A with degree k . Recall that the Laplace operator ∆=∂2

x1
+· · ·+∂2

xn

and its corresponding invariant η = x2
1 + x2

2 + · · · + x2
n . When n ≥ 3, it is well

known that the subspaces of harmonic polynomials

Hk = {f ∈ Ak | ∆(f) = 0} (1.1)

form irreducible o(n,R)-submodules and

A =
∞⊕

i,k=0

ηiHk (1.2)

is a direct sum of irreducible submodules. In other words, the irreducible sub-
modules are characterized by the Laplace operator ∆ and its dual invariant η
give the complete reducibility of the polynomial algebra A . Since the space
R∆ + R[∆, η] + Rη forms an operator Lie algebra isomorphic to sl(2,R) (e.g.,
cf. [10]), the above conclusion gives an (sl(2,R), o(n,R)) Howe duality (cf. [6–9]).

Note that the split

o(2n,C) =
n∑

i,j=1

C(Ei,j−En+j,n+i)+
∑

1≤i<j≤n

[C(Ei,n+j−Ej,n+i)+C(En+j,i−En+i,j)].

(1.3)
Denote B = C[x1, ..., xn, y1, ..., yn] . The canonical oscillator representation of
o(2n,C) on B is given by

(Ei,j − En+j,n+i)|B = xi∂xj − yj∂yi , (Ei,n+j − Ej,n+i)|B = xi∂yj − xj∂yi , (1.4)

(En+i,j − En+j,i)|B = yi∂xj − yj∂xi (1.5)

for i, j ∈ 1, n . The Laplace operator becomes ∆ =
∑n

i=1 ∂xi∂yi and its dual
invariant is η =

∑n
i=1 xiyi .

Fix n1, n2 ∈ 1, n with n1 ≤ n2 . Changing operators ∂xr 7→ −xr, xr 7→ ∂xr
for r ∈ 1, n1 and ∂ys 7→ −ys, ys 7→ ∂ys for s ∈ n2 + 1, n in the above canonical
oscillator representation, we get another noncanonical oscillator representation of
o(2n,C) on B determined by

(Ei,j − En+j,n+i)|B = Ex
i,j − E

y
j,i (1.6)

with

Ex
i,j|B =


−xj∂xi − δi,j if i, j ∈ 1, n1;
∂xi∂xj if i ∈ 1, n1, j ∈ n1 + 1, n;
−xixj if i ∈ n1 + 1, n, j ∈ 1, n1;
xi∂xj if i, j ∈ n1 + 1, n

(1.7)
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and

Ey
i,j|B =


yi∂yj if i, j ∈ 1, n2;
−yiyj if i ∈ 1, n2, j ∈ n2 + 1, n;
∂yi∂yj if i ∈ n2 + 1, n, j ∈ 1, n2;
−yj∂yi − δi,j if i, j ∈ n2 + 1, n,

(1.8)

and

Ei,n+j|B =


∂xi∂yj if i ∈ 1, n1, j ∈ 1, n2,
−yj∂xi if i ∈ 1, n1, j ∈ n2 + 1, n,
xi∂yj if i ∈ n1 + 1, n, j ∈ 1, n2,
−xiyj if i ∈ n1 + 1, n, j ∈ n2 + 1, n

(1.9)

and

En+i,j|B =


−xjyi if j ∈ 1, n1, i ∈ 1, n2,
−xj∂yi if j ∈ 1, n1, i ∈ n2 + 1, n,
yi∂xj if j ∈ n1 + 1, n, i ∈ 1, n2,
∂xj∂yi if j ∈ n1 + 1, n, i ∈ n2 + 1, n.

(1.10)

Correspondingly we obtain a variation of the Laplace operator:

D = −
n1∑
i=1

xi∂yi +

n2∑
r=n1+1

∂xr∂yr −
n∑

s=n2+1

ys∂xs (1.11)

and its dual

η =

n1∑
i=1

yi∂xi +

n2∑
r=n1+1

xryr +
n∑

s=n2+1

xs∂ys . (1.12)

Set

B〈k〉 = Span{xαyβ | α, β ∈ N n;
n∑

r=n1+1

αr −
n1∑
i=1

αi +

n2∑
i=1

βi−
n∑

r=n2+1

βr = k} (1.13)

for k ∈ Z . Define
H〈k〉 = {f ∈ B〈k〉 | D(f) = 0}. (1.14)

Below we always take K =
∑n

i,j=1 C(Ei,j − En+j,n+i). Our first result is:

Theorem 1. For any n1 − n2 + 1− δn1,n2 ≥ k ∈ Z, H〈k〉 is an irreducible
o(2n,F)-submodule and B〈k〉 =

⊕∞
i=0 η

i(H〈k−2i〉) is a decomposition of irreducible
submodules. The module H〈k〉 under the assumption is of highest-weight type only
if n2 = n. When n1 = n2 = n, all the irreducible modules H〈k〉 with 0 ≥ k ∈ Z
are of (G,K)-type.

It can be verified that the space CD+C[D, η]+Cη forms an operator Lie al-
gebra isomorphic to sl(2,C). The above theorem establishes an (sl(2,C), o(2n,C))
Howe duality on the homogeneous subspaces B〈k〉 with n1−n2+1−δn1,n2 ≥ k ∈ Z .
When n1 − n2 + 1 − δn1,n2 < k ∈ Z , H〈k〉 is an indecomposable module and con-
tains the proper nonzero submodule H〈k〉

⋂
η(B) by [15]. This shows that our

representation is not unitary. Due to the mixture of differential operators with
multiplications operators, the modules H〈k〉 are not of highest-weight type when
n2 < n .
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Observe that the split

o(2n+ 1,C) = o(2n,C)⊕
n⊕
i=1

[C(E0,i − En+i,0) + C(E0,n+i − Ei,0)]. (1.15)

Let B′ = C[x0, x1, ..., xn, y1, ..., yn] . We define a noncanonical oscillator represen-
tation of o(2n + 1,C) on B′ by the differential operators in (1.6)-(1.10) with |B
replaced by |B′ and

E0,i|B′ =


−x0xi if i ∈ 1, n1,
x0∂xi if i ∈ n1 + 1, n,
x0∂yi−n

if i ∈ n+ 1, n+ n2,
−x0yi−n if i ∈ n+ n2 + 1, 2n

(1.16)

and

Ei,0|B′ =


∂x0∂xi if i ∈ 1, n1,
xi∂x0 if i ∈ n1 + 1, n,
yi−n∂x0 if i ∈ n+ 1, n+ n2,
∂x0∂yi−n

if i ∈ n+ n2 + 1, 2n.

(1.17)

Correspondingly we obtain a variation of the Laplace operator:

D′ = ∂2
x0
− 2

n1∑
i=1

xi∂yi + 2

n2∑
r=n1+1

∂xr∂yr − 2
n∑

s=n2+1

ys∂xs (1.18)

and its dual operator

η′ = x2
0 + 2

n1∑
i=1

yi∂xi + 2

n2∑
r=n1+1

xryr + 2
n∑

s=n2+1

xs∂ys . (1.19)

Set

B′〈k〉 =
∞∑
i=0

B〈k−i〉xi0, H′〈k〉 = {f ∈ B′〈k〉 | D′(f) = 0}. (1.20)

The following is our second result:

Theorem 2. For any k ∈ Z, H′〈k〉 is an irreducible o(2n+1,C)-submodule.

Moreover, B′ =
⊕

k∈Z
⊕∞

i=0(η′)i(H′〈k〉) is a decomposition of irreducible submod-
ules. The module H′〈k〉 is of highest-weight type only if n2 = n. When n1 = n2 = n,

all the irreducible modules H′〈k〉 are of (G,K)-type.

It can be verified that the space CD′ + C[D′, η′] + Cη′ forms an op-
erator Lie algebra isomorphic to sl(2,C). The above theorem establishes an
(sl(2,C), o(2n,C)) Howe duality on the whole polynomial algebra B′ .

The explicit expressions for all the above irreducible modules Theorems 1
and 2 are given. In the case of highest-weight type, the highest-weight vector
and its weight of the corresponding irreducible modules are also presented. Since
the representations with parameters (n1, n2) are contragredient to those with
parameters (n− n2, n− n1), the case n2 < n1 has virtually been handled.
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In Section 2, we present some preparatory works. In Section 3, we prove
Theorem 1. Section 4 is devoted to the proof of Theorem 2.

Xu’s research is supported by Chinese National Science Foundation NSF
11171324.

2. Preparation

In our proofs of Theorem 1 and Theorem 2, the following result from [16] play a
key role.

Lemma 2.1. Let B be a commutative associative algebra and let A be a free
B -module generated by a filtrated subspace V =

⋃∞
r=0 Vr (i.e., Vr ⊂ Vr+1 ). Let T1

be a linear operator on B ⊕A with a right inverse T−1 such that

T1(B,A), T−1 (B,A) ⊂ (B,A), T1(η1η2) = T1(η1)η2, T−1 (η1η2) = T−1 (η1)η2 (2.1)

for η1 ∈ B, η2 ∈ V , and let T2 be a linear operator on A such that

T2(V0) = {0}, T2(Vr+1) ⊂ BVr, T2(fζ) = fT2(ζ) (2.2)

for r ∈ N, f ∈ B, ζ ∈ A. Then we have

{g ∈ A | (T1 + T2)(g) = 0}

= Span{
∞∑
i=0

(−T−1 T2)i(hg) | g ∈ V, h ∈ B; T1(h) = 0}. (2.3)

Set

εi = (0, ..., 0,
i

1, 0, ..., 0) ∈ N n. (2.4)

For each i ∈ 1, n , we define the linear operator
∫

(xi)
on A by:∫

(xi)

(xα) =
xα+εi

αi + 1
for α ∈ N n. (2.5)

Furthermore, we let

∫ (0)

(xi)

= 1,

∫ (m)

(xi)

=

m︷ ︸︸ ︷∫
(xi)

· · ·
∫

(xi)

for 0 < m ∈ Z (2.6)

and denote

∂α = ∂α1
x1
∂α2
x2
· · · ∂αn

xn ,

∫ (α)

=

∫ (α1)

(x1)

∫ (α2)

(x2)

· · ·
∫ (αn)

(xn)

for α ∈ N n. (2.7)

Obviously,
∫ (α)

is a right inverse of ∂α for α ∈ N n. We remark that
∫ (α)

∂α 6= 1
if α 6= 0 due to ∂α(1) = 0. In this paper, our T1 ’s are of the type ∂α and the

right inverse T−1 =
∫ (α)

.
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Note that

K =
n∑

i,j=1

C(Ei,j − En+j,n+i) (2.8)

forms a Lie subalgebra of o(2n,C), which is isomorphic to gl(n,C). Take the
Cartan subalgebra H =

∑n
i=1 C(Ei,i − En+i,n+i) and the subalgebra spanned by

positive root vectors

K+ =
∑

1≤i<j≤n

C(Ei,j − En+j,n+i). (2.9)

Recall B = C[x1, ..., xn, y1, ..., yn] and the action of o(2n,C) on B given in (1.6)-
(1.10). A K-singular vector v in B is a weight vector such that K+(v) = {0} .
According to [13], we have:

Lemma 2.2. Suppose n1 + 1 < n2 . If n2 < n, the set of all homogeneous
K-singular vectors are

{ηm(xm1
i ym2

j ) | m,m1,m2 ∈ N; i = n1, n1 + 1; j = n2, n2 + 1}. (2.10)

When n2 = n, the set of all homogeneous K-singular vectors are

{ηm(xm1
i ym2

n ) | m,m1,m2 ∈ N; i = n1, n1 + 1}. (2.11)

Lemma 2.3. Suppose n1 + 1 = n2 . If n2 < n, the set of all homogeneous
K-singular vectors are

{ηm2(xm1
i ym3

j ), xm1
n1+1y

m2
n1+1, η

m1+m2(xm2
n1
ym3−m1
n1+1 ), ηm1+m2(ym2

n1+2x
m3−m1
n1+1 )

| mr ∈ N; (i, j) = (n1, n1 + 1), (n1, n1 + 2), (n1 + 1, n1 + 2)}. (2.12)

When n2 = n, the set of all homogeneous K-singular vectors are

{ηm2(xm1
n−1y

m3
n ), xm1

n ym2
n , ηm1+m2(xm2

n−1y
m3−m1
n ) | mi ∈ N}. (2.13)

Denote

ζ1 = xn1−1yn1 − xn1yn1−1, ζ2 = xn2+1yn2+2 − xn2+2yn2+1. (2.14)

Lemma 2.4. Suppose n1 = n2 . If 1 < n1 < n− 1, the set of all homogeneous
K-singular vectors are

{xm1
n1
ym2
n1
ζm3+1

1 , xm1
n1+1y

m2
n1+1ζ

m3+1
2 , ηm3(xm1

n1
ym2
n1+1) | mi ∈ N}. (2.15)

When n1 = n2 = 1 and n ≥ 3, all homogeneous K-singular vectors are

{xm1
2 ym2

2 ζm3+1
2 , ηm3(xm1

1 ym2
2 ) | mi ∈ N}. (2.16)

Assuming n1 = n2 = n−1 and n ≥ 3, we have the following set of all homogeneous
K-singular vectors:

{xm1
n−1y

m2
n−1ζ

m3+1
1 , ηm3(xm1

n−1y
m2
n ) | mi ∈ N}. (2.17)



986 Luo and Xu

In the case n1 = n2 = 1 and n = 2, all homogeneous K-singular vectors are

{ηm3(xm1
1 ym2

2 ) | mi ∈ N}. (2.18)

Assume n1 = n2 = n. All homogeneous K-singular vectors are

{xm1
n ym2

n ζm3
1 | mi ∈ N}. (2.19)

An element g ∈ B is called nilpotent with respect to K+ if there exist a
positive integer m such that

ξ1 · · · ξm(g) = 0 for any ξ1, ..., ξm ∈ K+. (2.20)

Lemma 2.5. Any element in B is nilpotent with respect to K+ . In particular,
any nonzero K-submodule of B must contain a K-singular vector.

For `1, `2 ∈ Z , We write

B〈`1,`2〉 = Span{xαyβ | α, β ∈ N n;
n∑

r=n1+1

αr −
n1∑
i=1

αi = `1;

n2∑
i=1

βi −
n∑

r=n2+1

βr = `2}

(2.21)
and

H〈`1,`2〉 = {f ∈ B〈`1,`2〉 | D(f) = 0}. (2.22)

Then
B〈k〉 =

⊕
`∈Z

B〈`,k−`〉, H〈k〉 =
⊕
`∈Z

H〈`,k−`〉 (2.23)

for k ∈ Z . The following is the main result in [13].

Lemma 2.6. Let `1, `2 ∈ Z such that `1 + `2 ≤ n1 − n2 + 1 − δn1,n2 . For
m ∈ N, all nonzero subspaces ηm(H〈`1−m,`2−m〉) are irreducible highest-weight
sl(n,C)-submodules. Moreover, B〈`1,`2〉 =

⊕∞
m=0 η

m(H〈`1−m,`2−m〉).

Note

[D, η] = n2 − n1 −
n1∑
i=1

xi∂xi +
n∑

r=n1+1

xr∂xr +

n2∑
j=1

yj∂yj −
n∑

s=n2+1

ys∂ys (2.24)

by (1.11) and (1.12). This shows that the space CD + C[D, η] + Cη forms an
operator Lie algebra isomorphic to sl(2,C). Furthermore, for any g ∈ H〈`1,`2〉and
m ∈ N , we have ηm(g) ∈ B`1+m,`2+m and

D(ηm(g)) = m(n2 − n1 + `1 + `2 +m− 1)ηm−1(g). (2.25)

3. Proof of Theorem 1

In this section, we will prove it case by case.
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Case 1. n1 + 1 < n2 and n1 − n2 + 1 ≥ k ∈ Z .

According to Lemma 2.2 and (2.24), the K-singular vectors in H〈k〉 are: for
m1,m2 ∈ N ,

xm1
n1
ym2
n2+1 with − (m1 +m2) = k, (3.1)

xm1
n1+1y

m2
n2+1 with m1 −m2 = k, (3.2)

xm1
n1
ym2
n2

with −m1 +m2 = k. (3.3)

Note

(En+n2+1,n1 − En+n1,n2+1)|B = −xn1∂yn2+1 − yn1∂xn2+1 (3.4)

by (1.10). So

(En+n2+1,n1 − En+n1,n2+1)m2(xm1
n1
ym2
n2+1) = (−1)m2m2!x−kn1

(3.5)

for the vectors in (3.1). Moreover,

(En+n2+1,n1+1 − En+n1+1,n2+1)|B = ∂xn1+1∂yn2+1 − yn1+1∂xn2+1 (3.6)

again by (1.10), which implies

(En+n2+1,n1+1 − En+n1+1,n2+1)m2(xm1
n1+1y

m2
n2+1) = m1![

m1−1∏
r=0

(m2 − r)]y−kn2+1 (3.7)

for the vectors in (3.2). Furthermore,

(En1,n+n2 − En2,n+n1)|B = ∂xn1
∂yn2
− xn2∂yn1

(3.8)

by (1.9), which implies

(En1,n+n2 − En2,n+n1)
m2(xm1

n1
ym2
n2

) = m2![

m2−1∏
r=0

(m1 − r)]x−kn1
(3.9)

for the vectors in (3.3).

On the other hand,

(En1,n+n2+1 − En2+1,n+n1)|B = −yn2+1∂xn1
− xn2+1∂yn1

(3.10)

by (1.9), which implies

(En1,n+n2+1 − En2+1,n+n1)
m2(x−kn1

) = (−1)m2 [

m2−1∏
r=0

(−k − r)]xm1
n1
ym2
n2+1 (3.11)

for the vectors in (3.1). Moreover,

(En1+1,n+n2+1 − En2+1,n+n1+1)|B = −xn1+1yn2+1 − xn2+1∂yn1+1 (3.12)
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by (1.9), which implies

(En1+1,n+n2+1 − En2+1,n+n1+1)m2(y−kn2+1) = (−1)m2xm1
n1
ym2
n2+1 (3.13)

for the vectors in (3.2). Furthermore,

(En+n2,n1 − En+n1,n2)|B = −xn1yn2 − yn1∂xn2
(3.14)

by (1.10), which implies

(En+n2,n1 − En+n1,n2)
m2(x−kn1

) = (−1)m2xm1
n1
ym2
n2

(3.15)

for the vectors in (3.3). Thus for any two vectors in (3.1)-(3.3), there exists
an element in the universal enveloping algebra U(o(2n,C)) which carries one
to another. On the other hand, the vectors in (3.1)-(3.3) have distinct weights.
Thus any nonzero o(2n,C)-submodule of H〈k〉 must contain one of the vectors in
(3.1)-(3.3) by Lemmas 2.2 and 2.5. Hence all the vectors in (3.1)-(3.3) are in the
submodule by (3.4)-(3.15). Therefore, the submodule must contains all H〈`,k−`〉
for ` ∈ Z by Lemma 2.6, equivalently, it is equal to H〈k〉 due to (2.23). So H〈k〉
is irreducible. By (3.12) and (3.14), H〈k〉 is not of highest-weight type. For any
m ∈ N , n1−n2 + 1 ≥ k−m and so H〈k−m〉 is an irreducible o(2n,C)-submodule.

Since D is locally nilpotent, for any 0 6= u ∈ B〈k〉 , there exists an element
κ(u) ∈ N such that

Dκ(u)(u) 6= 0 and Dκ(u)+1(u) = 0. (3.16)

Set

Ψ =
∞∑
i=0

ηi(H〈k−2i〉). (3.17)

Given 0 6= u ∈ B〈k〉 , κ(u) = 1 implies u ∈ H〈k〉 ⊂ Ψ. Suppose that u ∈ Ψ
whenever κ(u) < r for some positive integer r . Assume κ(u) = r . First

v = Dr(u) ∈ H〈k−2r〉 ⊂ Ψ. (3.18)

Note

Dr[ηr(v)] = r![
r∏
i=1

(n2 − n1 + k − r − i)]v (3.19)

by (2.25). Thus we have either

u =
1

r![
∏r

i=1(n2 − n1 + k − r − i)]
ηr(v) ∈ Ψ (3.20)

or

κ

(
u− 1

r![
∏r

i=1(n2 − n1 + k − r − i)]
ηr(v)

)
< r. (3.21)

By induction,

u− 1

r![
∏r

i=1(n2 − n1 + k − r − i)]
ηr(v) ∈ Ψ, (3.22)
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which implies u ∈ Ψ. Therefore, we have Ψ = B〈k〉 . Since the weight of any K-
singular vector in ηi(H〈k−2i〉) is different from the weight of any K-singular vector
in ηj(H〈k−2j〉) when i 6= j , the sums in Theorem 1 are direct sums.

Case 2. n1 + 1 = n2 and 0 ≥ k ∈ Z .

Assume n1 + 1 = n2 < n . By (2.12) and (2.24), the K-singular vectors in
H〈k〉 are those in (3.1)-(3.3). So Theorem 1 holds by the arguments in Case 1.
Suppose n1 < n2 = n . According to (2.13) and (2.24), the K-singular vectors in
H〈k〉 are those in (3.3). Expressions (3.9) and (3.15)-(3.22) imply the conclusions
in the Theorem 1.

Case 3. n1 = n2 and 0 ≥ k ∈ Z .

Recall

ζ1 = xn1−1yn1 − xn1yn1−1, ζ2 = xn1+1yn1+2 − xn1+2yn1+1. (3.23)

Suppose n1 = n2 < n − 1. Lemma 2.4 and (2.24) tell us that the K-singular
vectors in H〈k〉 are those in (3.1) and

x−kn1
ζm+1

1 for m ∈ N, (3.24)

y−kn1+1ζ
m+1
2 for m ∈ N. (3.25)

Again all the singular vectors have distinct weights. If N is a nonzero submodule
of H〈k〉 , then N must contain one of the above K-singular vectors by Lemma
2.5. If N contains a singular vector in (3.1), then x−kn1

∈ N by (3.5). Suppose
x−kn1

ζm+1
1 ∈ N for some m ∈ N . Note

(En1−1,n+n1 − En1,n+n1−1)|B = ∂xn1−1∂yn1
− ∂xn1

∂yn1−1 (3.26)

by (1.9). Thus

(En1−1,n+n1 − En1,n+n1−1)m+1(x−kn1
ζm+1

1 )

=

[
m+1∑
r=0

(−1)r
(
m+ 1

r

)
(∂xn1−1∂yn1

)m+1−r(∂xn1
∂yn1−1)

r

]

×

[
m+1∑
s=0

(−1)s
(
m+ 1

s

)
(xn1−1yn1)

m+1−sx−k+s
n1

ysn1−1

]

=

(
m+1∑
r=0

(
m+ 1

r

)2

[(m+ 1− r!)]2r![
r∏
i=1

(−k + i)]

)
x−kn1

= [(m+ 1)!]2

(
m+1∑
r=0

(
−k + r

r

))
x−kn1
∈ N. (3.27)

So we have x−kn1
∈ N again. Symmetrically, y−kn1+1 ∈ N if y−kn1+1ζ

m+1
2 ∈ N for some

m ∈ N . Observe

(En+n1,n1+1 − En+n1+1,n1)|B = yn1∂xn1+1 + xn1∂yn1+1 (3.28)
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by (1.10). Thus

(En+n1,n1+1 − En+n1+1,n1)
−k(y−kn1+1) = (−k)!x−kn1

∈ N . (3.29)

Thus we always have x−kn1
∈ N .

According to (3.11), N contains all the singular vectors in (3.1). Observe

(En+n1−1,n1 − En+n1,n1−1)|B = ζ1, (En1+2,n+n1+1 − En1+1,n+n1+2)|B = ζ2 (3.30)

as multiplication operators on B by (1.9) and (1.10). Thus

(En+n1−1,n1 − En+n1,n1−1)m+1(x−kn1
) = x−kn1

ζm+1
1 , (3.31)

(En1+2,n+n1+1 − En1+1,n+n1+2)m+1(x−kn1
) = x−kn1

ζm+1
2 ∈ N . (3.32)

Note
(En1+1,n+n1 − En1,n+n1+1)|B = xn1+1∂yn1

+ yn1+1∂xn1
(3.33)

by (1.9). So

1

(−k)!
(En1+1,n+n1 − En1,n+n1+1)−k(x−kn1

ζm+1
2 ) = y−kn1+1ζ

m+1
2 ∈ N . (3.34)

Thus N contains all the K-singular vectors in H〈k〉 , which implies that it contains
all H〈`,k−`〉 ⊂ H〈k〉 by Lemma 2.6. So N = H〈k〉 by (2.23), that is, H〈k〉 is an
irreducible o(2n,C)-module. By (3.16)-(3.22), the direct sums in Theorem 1 holds.
Observe that Theorem 1 under the subcase n1 = n2 = n−1, n is implied by (2.17)-
(2.19) and the related partial arguments in the above. This completes the proof
of Theorem 1. �

Suppose n1 < n2 . Taking T1 = ∂xn1+1∂yn1+1 , T−1 =
∫

(xn1+1)

∫
(yn1+1)

and

T2 = D − ∂xn1+1∂yn1+1 in Lemma 2.1, H〈k〉 has a basis

{ ∞∑
i=0

(xn1+1yn1+1)i(D − ∂xn1+1∂yn1+1)i(xαyβ)∏i
r=1(αn1+1 + r)(βn1+1 + r)

| α, β ∈ N n;

αn1+1βn1+1 = 0;−
n1∑
i=1

αi +
n∑

r=n1+1

αr +

n2∑
i=1

βi −
n∑

r=n2+1

βr = k
}
. (3.35)

Finally, we want to find an expression for H〈k〉 for 0 ≥ k ∈ Z when n1 = n2 .
First n1 = n2 = 1 and n = 2. According to (4.30) and (4.38) in [13],

H〈−k〉 = Span{[xr1ys2(x1x2 − y1y2)l | r, s, l ∈ N; r + s = k}. (3.36)

Next we consider the subcase n1 = n2 = 1 and n ≥ 3. According to (4.26), (4.38)
and (4.41) in [13]

H〈−k〉

= Span{[
n∏
r=2

y l̂rr ][
∏

2≤p<q≤n

(xpyq − xqyp)k̂p,q ][
n∏
s=2

(x1xs − y1ys)
l̂s ], xl1[

n∏
s=2

ykss ]

×[
n∏
s=2

(x1xs − y1ys)
ls ] | l, ks, ls, l̂, k̂p,q, l̂s ∈ N; l +

n∑
s=2

ks =
n∑
r=2

l̂r = k}. (3.37)
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Assume 1 < n1 = n2 < n−1. By (4.23), (4.38), (4.39) (note H′〈−m1−m2,m2〉 =

H〈−m1−m2,m2〉 ) and (4.41) in [13], we have

H〈−k〉

= Span{[
n1∏
r=1

xl
′
r
r ][

∏
1≤p<q≤n1

(xpyq − xqyp)k
′
p,q ][

n1∏
r=1

n∏
s=n1+1

(xrxs − yrys)l
′
r,s ],

[

n−n1∏
r=1

y l̂rn1+r][
∏

n1+1≤p<q≤n

(xpyq − xqyp)k̂p,q ][
n1∏
r=1

n∏
s=n1+1

(xrxs − yrys)l̂r,s ],

[

n1∏
r=1

xlrr ][

n−n1∏
s=1

yksn1+s][

n1∏
r=1

n−n1∏
s=1

(xrxn1+s − yryn1+s)
lr,s ] | lr, ks, lr,s, l′r, k′p,q,

l′r,s, l̂r, k̂p,q, l̂r,s ∈ N;

n1∑
r=1

lr +

n−n1∑
s=1

ks =

n1∑
r=1

l′r =

n−n1∑
r=1

l̂r = k}. (3.38)

Consider the subcase n1 = n2 = n − 1 and n ≥ 3. By (4.28), (4.38) and
(4.39) (note H′〈−m1−m2,m2〉 = H〈−m1−m2,m2〉 ) in [13], we obtain

H〈−k〉

= Span{[
n−1∏
r=1

xl
′
r
r ][

∏
1≤p<q≤n−1

(xpyq − xqyp)k
′
p,q ][

n−1∏
r=1

(xrxn − yryn)l̄
′
r ], [

n−1∏
r=1

xlrr ]yk̂n

×[
n−1∏
r=1

(xrxn − yryn)l̄r ] | lr, k̂, l̄r, l′r, k′p,q, l̄′r ∈ N;
n−1∑
r=1

lr + k̂ =
n−1∑
r=1

l′r = k}. (3.39)

At last, we assume n1 = n2 = n . By (4.32) and (4.39) (note H′〈−m1−m2,m2〉 =

H〈−m1−m2,m2〉 ) in [13],

H〈−k〉 = Span{
n∏
r=1

xlrr ][
∏

1≤p<q≤n

(xpyq − xqyp)kp,q ] | lr, kp,q ∈ N;
n∑
r=1

lr = k}. (3.40)

4. Proof of Theorem 2

In this section, we prove Theorem 2.

Recall

o(2n+ 1,C) = o(2n,C)⊕
n⊕
i=1

[C(E0,i − En+i,0) + C(E0,n+i − Ei,0)] (4.1)

and B′ = C[x0, x1, ..., xn, y1, ..., yn] . Fix n1, n2 ∈ 1, n such that n1 ≤ n2 . The
representation of o(2n + 1,C) on B′ by the differential operators in (1.6)-(1.10)
with |B replaced by |B′ , (1.16) and (1.17). Recall B′〈k〉 =

∑∞
i=0 B〈k−i〉xi0. Then all

B′〈k〉 with k ∈ Z are o(2n + 1,C)-submodules and B′ =
⊕

k∈Z B′〈k〉 forms a Z-

graded algebra. Moreover, the related Laplace operator D′ = ∂2
x0

+ 2D by (1.18)
and its dual η′ = x2

0 + 2η by (1.19). A straightforward verification shows

D′ξ = ξD′, ξη′ = η′ξ on B′ for ξ ∈ o(2n+ 1,C). (4.2)
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As in the introduction, H′〈k〉 = {f ∈ B′〈k〉 | D′(f) = 0}. According to (4.2), H′〈k〉
is an o(2n+ 1,C)-submodule.

For ι = 0, 1, we define

Tι =
∞∑
i=0

(−2)ix2i+ι
0

(2i+ ι)!
Di. (4.3)

By Lemma 2.1 with T1 = ∂2
x0
, T−1 =

∫ (2)

(x0)
and T2 = 2D , we obtain

H′〈k〉 = T0(B〈k〉)⊕ T1(B〈k−1〉). (4.4)

Lemma 4.1. Suppose n1 < n2 . For k ∈ N, H′〈k〉 is an o(2n+ 1,C)-submodule

generated by xkn1+1 and H′〈−k〉 is an o(2n+ 1,C)-submodule generated by xkn1
.

Proof. First we assume n1 < n . Let V be an o(2n+1,C)-submodule generated
by xkn1+1 . Since xkn1+1 ∈ H′〈k〉 that is an o(2n+1,C)-submodule, we have V ⊂ H′〈k〉 .

Observe

(En1+1,n+j − Ej,n+n1+1)|B′ = −xn1+1yj − xj∂yn1+1 for j ∈ n2 + 1, n (4.5)

by (1.9) with |B replaced by |B′ . Repeatedly applying (4.5) to xkn1+1 with various
j ∈ n2 + 1, n , we obtain

xk+`
n1+1

n∏
s=n2+1

yβss ∈ V for `, βn2+1, ..., βn ∈ N,
n∑

s=n2+1

βs = `. (4.6)

Note

(En+i,n+n1+1 − En1+1,i)|B′ = yi∂yn1+1 + xixn1+1 for i ∈ 1, n1 (4.7)

by (1.6)-(1.8) with |B replaced by |B′ . Repeatedly applying (4.7) to (4.6) with
various i ∈ 1, n1 , we have

[

n1+1∏
i=1

xαi
i ][

n∏
s=n2+1

yβss ] ∈ V for α1, ..., αn1+1, βn2+1, ..., βn ∈ N (4.8)

such that k +
∑n1

r=1 αr +
∑n

s=n2+1 βs = αn1+1 .

Denote

I = {0, n1 + 1, n2, n+ n1 + 1, n+ n2 }. (4.9)

Then the Lie subalgebra

G = o(2n+ 1,C)
⋂

(
∑
i,j∈I

CEi,j) ∼= o(2(n2 − n1) + 1,C). (4.10)

Set

H̄〈`〉 = H′〈`〉
⋂

C[x0, xn1+1, ..., xn2 , yn1+1, ..., yn2 ] for ` ∈ N. (4.11)
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Then H̄〈`〉 forms an irreducible G -module by an equivalent form of the classical
theorem on harmonic polynomials. Repeatedly applying G|B′ to (4.8), we get

Tι(x
αyβ) ∈ V (4.12)

for α, β ∈ Nn such that αi = 0 if i > n2 , βj = 0 if j ≤ n1 , and

n2∑
r=n1+1

αr −
n1∑
i=1

αi +

n2∑
s=n1+1

βs −
n∑

j=n2+1

βj = k. (4.13)

Repeatedly applying (4.7) to (4.13) satisfying the above conditions, we get that
(4.13) holds for α, β ∈ Nn such that αi = 0 if i > n2 , and

n2∑
r=n1+1

αr −
n1∑
i=1

αi +

n2∑
s=1

βs −
n∑

j=n2+1

βj = k. (4.14)

According (1.6)-(1.8) with |B replaced by |B′ ,

(Ei,n1+1 − En+n1+1,n+i)|B′ = xi∂xn1+1 + yn1+1yi for i ∈ n2 + n. (4.15)

Repeatedly applying (4.15) to (4.13) satisfying (4.14), we get (4.13) for any α, β ∈
Nn such that

n∑
r=n1+1

αr −
n1∑
i=1

αi +

n2∑
s=1

βs −
n∑

j=n2+1

βj = k. (4.16)

Thus V = H′〈k〉 .
Let U be an o(2n+ 1,C)-submodule generated by xkn1

. Since xkn1
∈ H′〈−k〉

that is an o(2n+1,C)-submodule, we have U ⊂ H′〈−k〉 . Repeatedly applying (4.5)

and (4.7) to xkn1
with various i ∈ 1, n1 and j ∈ n2 + 1, n , we have

xkn1
[

n1+1∏
i=1

xαi
i ][

n∏
s=n2+1

yβss ] ∈ U for α1, ..., αn1+1, βn2+1, ..., βn ∈ N (4.17)

such that
∑n1

r=1 αr +
∑n

s=n2+1 βs = αn1+1 . Note

(En1,i − En+i,n+n1)|B′ = −xi∂xn1
− yi∂yn1

for i ∈ n1 − 1 (4.18)

by (1.6)-(1.8) with |B replaced by |B′ . Repeatedly applying (4.18) to (4.17), we
have

[

n1+1∏
i=1

xαi
i ][

n∏
s=n2+1

yβss ] ∈ U for α1, ..., αn1+1, βn2+1, ..., βn ∈ N (4.19)

such that
∑n1

r=1 αr +
∑n

s=n2+1 βs = αn1+1 + k .

Repeatedly applying G|B′ to (4.19), we get

Tι(x
αyβ) ∈ U (4.20)
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for α, β ∈ Nn such that αi = 0 if i > n2 , βj = 0 if j ≤ n1 , and

n2∑
r=n1+1

αr −
n1∑
i=1

αi +

n2∑
s=n1+1

βs −
n∑

j=n2+1

βj = −k. (4.21)

Repeatedly applying (4.7) to (4.20) satisfying the above conditions, we get that
(4.20) holds for α, β ∈ Nn such that αi = 0 if i > n2 , and

n2∑
r=n1+1

αr −
n1∑
i=1

αi +

n2∑
s=1

βs −
n∑

j=n2+1

βj = −k. (4.22)

Repeatedly applying (4.15) to (4.20) satisfying (4.22), we get (4.20) for any α, β ∈
Nn such that

n∑
r=n1+1

αr −
n1∑
i=1

αi +

n2∑
s=1

βs −
n∑

j=n2+1

βj = −k. (4.23)

Thus U = H′〈−k〉 .

Lemma 4.2. Suppose n1 = n2 . For k ∈ N, H′〈−k〉 is an o(2n+1,C)-submodule

generated by xkn1
and H′〈k〉 is an o(2n + 1,C)-submodule generated by T1(yk−1

n1
)

when k > 0.

Proof. In this case,

D = −
n1∑
i=1

xi∂yi −
n∑

s=n1+1

ys∂xs (4.24)

Note
(En+n1,0 − E0,n1)|B′ = yn1∂x0 + x0xn1 (4.25)

by (1.16) and (1.17) . Thus for u ∈ B ,

(En+n1,0 − E0,n1)[T0(u)]

= (yn1∂x0 + x0xn1)(
∞∑
i=0

(−2)ix2i
0

(2i)!
Di(u))

=
∞∑
i=1

(−2)ix2i−1
0

(2i− 1)!
yn1Di(u) +

∞∑
i=0

(−2)ix2i+1
0

(2i)!
Di(xn1u)

=
∞∑
i=1

(−2)iix2i−1
0

(2i− 1)!
Di−1(xn1u) +

∞∑
i=1

(−2)ix2i−1
0

(2i− 1)!
Di−1[D(yn1u)]

+
∞∑
i=0

(−2)ix2i+1
0

(2i)!
Di(xn1u)

= −
∞∑
i=0

(−2)i2(i+ 1)x2i+1
0

(2i+ 1)!
Di(xn1u)− 2

∞∑
i=0

(−2)ix2i+1
0

(2i+ 1)!
Di[D(yn1u)]

+
∞∑
i=0

(−2)ix2i+1
0

(2i)!
Di(xn1u) = −T1(xn1u)− 2T1[D(yn1u)] (4.26)
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and

(En+n1,0 − E0,n1)[T1(u)]

= (yn1∂x0 + x0xn1)(
∞∑
i=0

(−2)ix2i+1
0

(2i+ 1)!
Di(u))

=
∞∑
i=0

(−2)ix2i
0

(2i)!
yn1Di(u) +

∞∑
i=0

(−2)ix2i+2
0

(2i+ 1)!
Di(xn1u)

= −
∞∑
i=1

(−2)i−1x2i
0

(2i− 1)!
Di−1(xn1u) +

∞∑
i=0

(−2)ix2i
0

(2i)!
Di(yn1u)

+
∞∑
i=0

(−2)ix2i+2
0

(2i+ 1)!
Di(xn1u)

=
∞∑
i=0

(−2)ix2i
0

(2i)!
Di(yn1u) = T0(yn1u). (4.27)

Symmetrically, we have,

(En1+1,0 − E0,n+n1+1)|B′ = xn1+1∂x0 + x0yn1+1 (4.28)

by (1.16) and (1.17). So

(En1+1,0 − E0,n+n1+1)[T0(u)] = −T1(yn1+1u)− 2T1[D(xn1+1u)] (4.29)

and
(En1+1,0 − E0,n+n1+1)[T1(u)] = T0(xn1+1u). (4.30)

Let V be an o(2n+ 1,C)-submodule generated by xkn1
. Since xkn1

∈ H′〈−k〉
that is an o(2n+ 1,C)-submodule, we have V ⊂ H′〈−k〉 . Note

(En1+1,n+n1 − En1,n+n1+1)|B′ = xn1+1∂yn1
+ yn1+1∂xn1

(4.31)

by (1.9) with |B replaced by |B′ . Repeatedly applying (4.31) to xkn1
, we have

xk−rn1
yrn1+1 = T0(xk−rn1

yrn1+1) ∈ V for r ∈ 0, k. (4.32)

According to (4.26),

(En+n1,0 − E0,n1)[T0(xk−rn1
yrn1+1)]

= −T1(xk−r+1
n1

yrn1+1))− 2T1[D(xk−rn1
yn1y

r
n1+1)] = T1(xk−r+1

n1
yrn1+1) ∈ V. (4.33)

Similarly, (4.29) shows

(En1+1,0 − E0,n+n1+1)[T0(xk−rn1
yrn1+1)] = T1(xk−rn1

yr+1
n1+1) ∈ V. (4.34)

Suppose that

T1(xm1
n1
ym2
n1
xm3
n1+1y

m4
n1+1) ∈ V for mi ∈ N, m1 +m4 −m2 −m3 = k + 1 (4.35)
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and
∑4

i=1 mi = ` . Then (4.27) implies

(En+n1,0 − E0,n1)[T1(xm1
n1
ym2
n1
xm3
n1+1y

m4
n1+1)] = T0(xm1

n1
ym2+1
n1

xm3
n1+1y

m4
n1+1) ∈ V (4.36)

and (4.30) yields

(En1+1,0−E0,n+n1+1)[T1(xm1
n1
ym2
n1
xm3
n1+1y

m4
n1+1)] = T0(xm1

n1
ym2
n1
xm3+1
n1+1 y

m4
n1+1) ∈ V. (4.37)

For i1, i2 ∈ N such that i1 + i2 = 1, (4.24), (4.26), (4.36) and (4.37) give

(En+n1,0 − E0,n1)[T0(xm1
n1
ym2+i1
n1

xm3+i2
n1+1 y

m4
n1+1)]

= −T1(xm1+1
n1

ym2+i1
n1

xm3+i2
n1+1 y

m4
n1+1)− 2T1[D(xm1

n1
ym2+i1+1
n1

xm3+i2
n1+1 y

m4
n1+1)]

= (2(m2 + i1) + 1)T1(xm1+1
n1

ym2+i1
n1

xm3+i2
n1+1 y

m4
n1+1)

+2(m3 + i2)T1(xm1
n1
ym2+i1+1
n1

xm3+i2−1
n1+1 ym4+1

n1+1 ) ∈ V. (4.38)

On the other hand,

(En1+1,n1 − En+n1,n+n1+1)|B′ = −xn1xn1+1 + yn1yn1+1 (4.39)

by (1.6)-(1.8) with |B replaced by |B′ . Thus

(En1+1,n1 − En+n1,n+n1+1)[T1(xm1
n1
ym2+i1
n1

xm3+i2−1
n1+1 ym4

n1+1)]

= −T1(xm1+1
n1

ym2+i1
n1

xm3+i2
n1+1 y

m4
n1+1) + T1(xm1

n1
ym2+i1+1
n1

xm3+i1−1
n1+1 ym4+1

n1+1 ) ∈ V. (4.40)

Solving the system (4.38) and (4.40) for T1(xm1+1
n1

ym2+i1
n1

xm3+i2
n1+1 y

m4
n1+1), we get

T1(xm1+1
n1

ym2+i1
n1

xm3+i2
n1+1 y

m4
n1+1) ∈ V. (4.41)

Symmetrically, (4.24), (4.29), (4.36) and (4.37) give

(En1+1,0 − E0,n+n1+1)[T0(xm1
n1
ym2+i1
n1

xm3+i2
n1+1 y

m4
n1+1)]

= −T1(xm1
n1
ym2+i1
n1

xm3+i2
n1+1 y

m4+1
n1+1 )− 2T1[D(xm1

n1
ym2+i1
n1

xm3+i2+1
n1+1 ym4

n1+1)]

= (2(m3 + i2) + 1)T1(xm1
n1
ym2+i1
n1

xm3+i2
n1+1 y

m4+1
n1+1 )

+2(m2 + i1)T1(xm1+1
n1

ym2+i1−1
n1

xm3+i2+1
n1+1 ym4

n1+1) ∈ V (4.42)

and (4.39) yields

(En1+1,n1 − En+n1,n+n1+1)[T1(xm1
n1
ym2+i1−1
n1

xm3+i2
n1+1 y

m4
n1+1)]

= −T1(xm1+1
n1

ym2+i1−1
n1

xm3+i2+1
n1+1 ym4

n1+1) + T1(xm1
n1
ym2+i1
n1

xm3+i1
n1+1 y

m4+1
n1+1 ) ∈ V. (4.43)

Solving the system (4.42) and (4.43) for T1(xm1
n1
ym2+i1
n1

xm3+i2
n1+1 y

m4+1
n1+1 ), we find

T1(xm1
n1
ym2+i1
n1

xm3+i2
n1+1 y

m4+1
n1+1 ) ∈ V. (4.44)

By induction on
∑4

i=1mi , we conclude

Tι(x
m1
n1
ym2
n1
xm3
n1+1y

m4
n1+1) ∈ V for mi ∈ N, m1 +m4−m2−m3 = k+ δι,1. (4.45)
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Set

A′ = C[x1, ..., xn1 , y1, ..., yn1 ], A∗ = C[xn1+1, ..., xn, yn1+1, ..., yn], (4.46)

K1 =

n1∑
i,j=1

[C(Ei,j − En+j,n+i) + C(Ei,n+j − Ej,n+i) + C(En+i,j − En+j,i)] (4.47)

and

K2 =
n∑

i,j=n1+1

[C(Ei,j −En+j,n+i) +C(Ei,n+j −Ej,n+i) +C(En+i,j −En+j,i)]. (4.48)

Then K1
∼= gl(n1,C) and K2

∼= gl(n − n1,C) are Lie subalgebras of K and
B = A′A∗ . Since

A′〈`1,`2〉 = A′
⋂
B〈`1,`2〉, A∗〈`1,`2〉 = A∗

⋂
B〈`1,`2〉 (4.49)

are of finite-dimensional for any `1, `2 ∈ Z (cf. (2.21)) and

A′ =
⊕
`1,`2∈Z

A′〈`1,`2〉, A
∗ =

⊕
`1,`2∈Z

A∗〈`1,`2〉, (4.50)

A′ is a K1 -module generated by its K1 -singular vectors and A∗ is a K2 -module
generated by its K2 -singular vectors. According to Lemma 2.4,

{xm1
n1
ym2
n1
ζ
δ1,n1m3

1 | mi ∈ N} (4.51)

is the set of homogeneous K1 -singular vectors in A′ and

{xm1
n1+1y

m2
n1+1ζ

δ1,n−n1m3

2 | mi ∈ N} (4.52)

is the set of homogeneous K2 singular vectors in A∗ . Therefore, A is a (K1 +K2)-
module generated by

{xm1
n1
ym2
n1
ζ
δ1,n1m3

1 xm4
n1+1y

m5
n1+1ζ

δ1,n−n1m6

2 | mi ∈ N}. (4.53)

Observe

(En+n1−1,n1 − En+n1,n1−1)|B′ = ζ1, (En1+2,n+n1+1 − En1+1,n+n1+2)|B′ = ζ2 (4.54)

as multiplication operators on B′ by (1.9) and (1.10) with |B replaced by |B′ .
Repeatedly applying (4.54) to (4.45), we obtain

Tι(x
m1
n1
ym2
n1
ζ
δ1,n1m5

1 xm3
n1+1y

m4
n1+1ζ

δ1,n−n1m6

2 ) ∈ V (4.55)

for mi ∈ N such that m1 + m4 −m2 −m3 = k + δι,1 . Applying U(K1 + K2) to
(4.55), we have

T0(A〈−k〉), T1(A〈−k−1〉) ⊂ V. (4.56)

According to (4.4), H′〈−k〉 ⊂ V . Thus H′〈−k〉 = V .
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Let U be an o(2n + 1,C)-submodule generated by T0(ykn1
) with k > 0.

Since T1(yk−1
n1

) ∈ H′〈k〉 that is an o(2n + 1,C)-submodule, we have U ⊂ H′〈k〉 .
Repeatedly applying (4.31) to T1(yk−1

n1
), we have

T1(xrn1+1y
k−r−1
n1

) ∈ U for r ∈ 0, k − 1. (4.57)

By the same arguments as (4.35)-(4.56) with V replaced by U and k replaced by
−k , we prove H′〈k〉 = U.

Proof of Theorem 2.

First we prove that H′〈m〉 is an irreducible o(2n+ 1,C)-submodule for any
m ∈ Z . We divide it into two cases.

Case 1. n1 + 1 ≤ n2 .

First we consider H′〈k〉 with k ∈ N . Let U be any nonzero o(2n + 1,C)-
submodule of H′〈k〉 . Note

(En+1,n+n2 − En2,1)|B′ = y1∂yn2
+ x1xn2 (4.58)

by (1.6)-(1.8) with |B replaced by |B′ . Moreover,

(En1+1,n+1 − E1,n+n1+1)|B′ = xn1+1∂y1 − x1∂yn1+1 (4.59)

by (1.9) with |B replaced by |B′ . By Lemma 2.5, U must contain a K-singular
vector. If Tι(η

`(xk1j y
k2
n2

)) ∈ U with j = n1, n1 + 1, we have

(k2!)−2(En1+1,n+1 − E1,n+n1+1)k2(En+1,n+n2 − En2,1)k2 [Tι(η
`(xk1j y

k2
n2

))]

= Tι(η
`(xn1

j x
k2
n1+1)) ∈ U. (4.60)

We use (4.59) because n2 may be equal to n1 + 1. Next we consider the case
Tι(η

`(xk1j y
k2
n2+1)) ∈ U with j = n1, n1 + 1. Observe

(En+n1,n2+1 − En+n2+1,n1)B′ = yn1∂xn2+1 + xn1∂yn2+1 (4.61)

by (1.10) with |B replaced by |B′ . Thus

1

k2!
(En+n1,n2+1 − En+n2+1,n1)

k2 [Tι(η
`(xk1j y

k2
n2+1))] = Tι(η

`(xk1j x
k2
n1

)) ∈ U. (4.62)

Thus Lemma 2.2 and Lemma 2.3 show that some

Tι(η
`(xk1n1

xk2n1+1)) ∈ U. (4.63)

Note

(En1+1,0 − E0,n+n1+1)|B = xn1+1∂x0 − x0∂yn1+1 (4.64)
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by (1.16) and (1.17). Thus (1.12) and (2.24) give

(En1+1,0 − E0,n+n1+1)[T0(η`(xk1n1
xk2n1+1))]

= (xn1+1∂x0 − x0∂yn1+1)(
∞∑
i=0

(−2)ix2i
0

(2i)!
Di(η`(xk1n1

xk2n1+1)))

=
∞∑
i=1

(−2)ix2i−1
0

(2i− 1)!
xn1+1Di(η`(xk1n1

xk2n1+1))

−
∞∑
i=0

(−2)ix2i+1
0

(2i)!
Di(∂yn1+1(η

`(xk1n1
xk2n1+1)))

=
∞∑
i=1

(−2)ix2i−1
0

(2i− 1)!
Di(η`(xk1n1

xk2+1
n1+1))−

∞∑
i=1

(−2)iix2i−1
0

(2i− 1)!
Di−1(∂yn1+1η

`(xk1n1
xk2n1+1))

−`
∞∑
i=0

(−2)ix2i+1
0

(2i)!
Di(η`−1(xk1n1

xk2+1
n1+1)))

= `(n2 − n1 + `+ k2 − k1)
∞∑
i=1

(−2)ix2i−1
0

(2i− 1)!
Di−1(η`−1(xk1n1

xk2+1
n1+1))

+`T1((η`−1(xk1n1
xk2+1
n1+1)))

= `[1− 2(n2 − n1 + `+ k2 − k1)]T1((η`−1(xk1n1
xk2+1
n1+1))) (4.65)

and

(En1+1,0 − E0,n+n1+1)[T1(η`(xk1n1
xk2n1+1))]

= (xn1+1∂x0 − x0∂yn1+1)(
∞∑
i=0

(−2)ix2i+1
0

(2i+ 1)!
Di(η`(xk1n1

xk2n1+1)))

=
∞∑
i=0

(−2)ix2i
0

(2i)!
xn1+1Di(η`(xk1n1

xk2n1+1))−
∞∑
i=0

(−2)ix2i+2
0

(2i+ 1)!
Di(∂yn1+1(η

`(xk1n1
xk2n1+1)))

=
∞∑
i=0

(−2)ix2i
0

(2i)!
Di(η`(xk1n1

xk2+1
n1+1)) +

∞∑
i=1

(−2)i−1x2i
0

(2i− 1)!
Di−1(∂yn1+1(η

`(xk1n1
xk2n1+1)))

−`
∞∑
i=0

(−2)ix2i+2
0

(2i+ 1)!
Di(η`−1(xk1n1

xk2+1
n1+1))) = T0(η`(xk1n1

xk2+1
n1+1)). (4.66)

By (4.63), (4.65) and (4.66), we get

T0(xk1n1
xk2n1+1) ∈ U for some k1, k2 ∈ N such that k2 − k1 = k. (4.67)

Observe

(En1,n1+1 − En+n1+1,n+n1)B′ = ∂xn1
∂xn1+1 − yn1+1∂yn1

(4.68)

by (1.6)-(1.8) with |B replaced by |B′ . Repeatedly applying (4.68) to (4.67), we
obtain xkn1+1 = T0(xkn1+1) ∈ U . Thanks to Lemma 4.1, U = H′〈k〉 . So H′〈k〉 is an

irreducible o(2n+ 1,C)-submodule.
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Let V be any nonzero o(2n + 1,C)-submodule of H′〈−k〉 with k ∈ N + 1.

By the above arguments, xkn1
∈ V . Thanks to Lemma 4.1, V = H′〈−k〉 . So H′〈−k〉

is an irreducible o(2n+ 1,C)-submodule.

Case 2. n1 = n2 .

In this case

η =

n1∑
i=1

yi∂xi +
n∑

s=n1+1

xs∂ys . (4.69)

Thus

xm1
n1
ym2
n1
ζm3+1

1 =
1∏m2

i=1(m1 + i)
ηm2(xm1+m2

n1
ζm3+1

1 ) (4.70)

and

xm1
n1+1y

m2
n1+1ζ

m3+1
2 =

1∏m1

i=1(m2 + i)
ηm1(ym1+m2

n1+1 ζm3+1
2 ). (4.71)

First we consider H′〈k〉 with k ∈ N + 1. Let U be any nonzero o(2n + 1,C)-
submodule of H′〈k〉 . Then U must contain a K-singular vector by Lemma 2.5.

Moreover, (4.61) becomes

(En+n1,n1+1 − En+n1+1,n1)B′ = yn1∂xn1+1 + xn1∂yn1+1 . (4.72)

If Tι(η
`(xk1n1

yk2n1+1) ∈ U , then

1

k2!
(En+n1,n1+1 − En+n1+1,n1)

k2 [Tι(η
`(xk1n1

yk2n1+1))] = Tι(η
`(xk1+k2

n1
)) ∈ U. (4.73)

When Tι(η
`(xk1n1

ζk21 )) ∈ U , we have Tι(η
`(xk1n1

)) ∈ U by (3.27). Symmetri-

cally, we have Tι(η
`(yk1n1+1)) ∈ U if Tι(η

`(yk1n1+1ζ
k2
2 ) ∈ U , and (4.73) implies

0 6= Tι(η
`(xk1n1

)) ∈ U . By Lemma 2.4, we always have some Tι(η
`(xk1n1

)) ∈ U .
According to (4.69),

ηm(xm1
n1

) = 0 for m,m1 ∈ N such that m > m1. (4.74)

Thus ` ≤ k1 .

Note that

(En1,0 − E0,n+n1)|B′ = ∂x0∂xn1
− x0∂yn1

(4.75)
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by (1.16) and (1.17). Moreover, (4.24), (4.69) and (4.75) imply that

(En1,0 − E0,n+n1)[T0(η`(xk1n1
))]

= (∂x0∂xn1
− x0∂yn1

)(
∞∑
i=0

(−2)ix2i
0

(2i)!
Di(η`(xk1n1

)))

= −
∞∑
i=1

(−2)iix2i−1
0

(2i− 1)!
Di−1(∂yn1

(η`(xk1n1
))) + k1

∞∑
i=1

(−2)ix2i−1
0

(2i− 1)!
Di(η`(xk1−1

n1
)))

−
∞∑
i=0

(−2)ix2i+1
0

(2i)!
Di(∂yn1

(η`(xk1n1
)))

= `k1

∞∑
i=0

(−2)ix2i+1
0

(2i+ 1)!
Di(η`−1(xk1−1

n1
))

−2`k1(`− k1)
∞∑
i=0

(−2)ix2i+1
0

(2i+ 1)!
Di(η`−1(xk1−1

n1
)))

= `k1[1− 2(`− k1)]T1(η`−1(xk1−1
n1

)), (4.76)

(En1,0 − E0,n+n1)[T1(η`(xk1n1
))]

= (∂x0∂xn1
− x0∂yn1

)(
∞∑
i=0

(−2)ix2i+1
0

(2i+ 1)!
Di(η`(xk1n1

)))

=
∞∑
i=1

(−2)i−1x2i
0

(2i− 1)!
Di−1(∂yn1

(η`(xk1n1
))) +

∞∑
i=0

(−2)ix2i
0

(2i)!
Di(∂xn1

(η`(xk1n1
)))

−
∞∑
i=0

(−2)ix2i+2
0

(2i+ 1)!
Di(∂yn1

(η`(xk1n1
))) = k1T0(η`(xk1−1

n1
)). (4.77)

Therefore, we have

1

(k − 1)!
T1(ηk−1(xk−1

n1
)) = T1(yk−1

n1
) ∈ U. (4.78)

By Lemma 4.2, U = H′〈k〉 . Thus H′〈k〉 is an irreducible o(2n+ 1,C)-submodule.

Let V be any nonzero o(2n + 1,C)-submodule of H′〈−k〉 with k ∈ N . By

the above arguments (4.69)-(4.77), xkn1
∈ V . Thanks to Lemma 4.2, V = H′〈−k〉 .

So H′〈−k〉 is an irreducible o(2n+ 1,C)-submodule.

Fix k ∈ Z . Since D′ in (1.18) is locally nilpotent, for any 0 6= u ∈ B′〈k〉 ,
there exists an element κ(u) ∈ N such that

(D′)κ(u)(u) 6= 0 and (D′)κ(u)+1(u) = 0. (4.79)

Set

Ψ′ =
∞∑
i=0

(η′)i(H′〈k−2i〉). (4.80)
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Given 0 6= u ∈ B′〈k〉 , κ(u) = 1 implies u ∈ H′〈k〉 ⊂ Ψ′ . Suppose that u ∈ Ψ′

whenever κ(u) < r for some positive integer r . Assume κ(u) = r . First

v = (D′)r(u) ∈ H′〈k−2r〉 ⊂ Ψ′. (4.81)

Note that [∂2
x0
, x2

0] = 2 + 4x0∂x0 and so

(D′)r[(η′)r(v)] = 2rr![
r∏
i=1

[1 + 2(n2 − n1 + k − r − i)]]v (4.82)

by (1.18), (1.19) and (2.24). Thus we have either

u =
1

2rr!
∏r

i=1[1 + 2(n2 − n1 + k − r − i)]
(η′)r(v) ∈ Ψ′ (4.83)

or

κ

(
u− 1

2rr!
∏r

i=1[1 + 2(n2 − n1 + k − r − i)]
ηr(v)

)
< r. (4.84)

By induction,

u− 1

2rr!
∏r

i=1[1 + 2(n2 − n1 + k − r − i)]
ηr(v) ∈ Ψ′, (4.85)

which implies u ∈ Ψ′ . Therefore, we have Ψ′ = B′〈k〉 . Since the weight of any

K-singular vector in (η′)i(H′〈k−2i〉) is different from the weight of any K-singular

vector in (η′)j(H′〈k−2j〉) when i 6= j , the sums in Theorem 2 are direct sums. This
completes the proof of Theorem 2. �

References

[1] Cao, B., Solutions of Navier Equations and Their Representation Structure,
Advances in Applied Mathematics, 43 (2009), 331–374.

[2] Davidson, M., T. Enright, and R. Stanke, Differential Operators and Highest
Weight Representations, Memoirs Amer. Math. Soc. 94, no. 455, 1991.

[3] Fernández, F. M., and E. A. Castro, “Algebraic Methods in Quantum Chem-
istry and Physics,” CRC Press, Inc., 1996.

[4] Frappat, L., A. Sciarrino and P. Sorba, “Dictionary on Lie Algebras and
Superalgebras,” Academic Press, San Diego, 2000

[5] Georgi, H., “Lie Algebras in Particle Physics,” Second Edition, Perseus Books
Group, 1999.

[6] Howe, R., Dual pairs in physics:harmonic oscillators, photons, electrons, and
singletons, Applications of group theory in physics and mathematical physics
(Chicago, 1982), Lectures in Appl. Mathe. 21, Amer. Math. Soc., Providence,
RI. 1985, 179–207.



Luo and Xu 1003

[7] —, Remarks on classical invariant theory, Trans. Amer. Math. Soc. 313
(1989), 539–570.

[8] —, Transcending classical invariant theory, J. Amer. Math. Soc. 2 (1989),
535–552.

[9] —, Perspectives on invariant theory: Schur duality, multiplicity-free actions
and beyond, The Schur lectures (1992) ( Tel Aviv), Israel Math. Conf. Proc.,
8, Bar-Ilan Univ., Ramat Gan, 1995, 1–182.

[10] Humphreys, J. E., “Introduction to Lie Algebras and Representation Theory,”
Springer-Verlag New York Inc., 1972.

[11] Ibragimov, N. H., “Transformation groups applied to mathematical physics,”
Nauka, Moskow, 1983.

[12] Levin, F. S., “An Introduction to Quantum Theory,” Cambridge University
Press, London, 2002.

[13] Luo C., and X. Xu, Z2 -Graded oscillator representations of sl(n), Commun.
Algebra, in print; also see arXiv:1012.2931[math.RT].

[14] Ludwig W., and C. Falter, “Symmetries in Physics,” Second Edition,
Springer-Verlag, Berlin, Heidelberg, 1996.

[15] Olver, P. J., Conservation laws in elasticity, II, Linear homogeneous isotropic
elastostatics, Arch. Rational Mech. Anal.85 (1984), 131–160.

[16] Xu, X., Flag partial differential equations and representations of Lie algebras,
Acta. Appl. Math.102 (2008), 249–280.

[17] —, A cubic E6 -generalization of the classical theorem on harmonic polyno-
mials, J. Lie Theory 21 (2011), 145–164.

Cuiling Luo
College of Science
Hebei United University
Tangshan
Hebei 063009, P. R. China
luocuiling@heuu.edu.cn

Xiaoping Xu
Hua Loo-Keng Key
Mathematical Laboratory
Institute of Mathematics
Academy of Mathematics and
System Sciences
Chinese Academy of Sciences
Beijing 100190, P. R. China
xiaoping@math.ac.cn

Received October 19, 2012
and in final form February 18, 2013


	Introduction
	Preparation
	Proof of Theorem 1
	Proof of Theorem 2

