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Abstract. Classical harmonic analysis says that the spaces of homogeneous
harmonic polynomials (solutions of Laplace equation) are irreducible modules
of the corresponding orthogonal Lie group (algebra) and the whole polynomial
algebra is a free module over the invariant polynomials generated by harmonic
polynomials. Algebraically, this gives an (sl(2,R), o(n,R)) Howe duality. In this
paper, we study two-parameter oscillator variations of the above theorem associ-
ated with noncanonical oscillator representations of o(n,C). We find the condi-
tion when the homogeneous solution spaces of the variated Laplace equation are
irreducible modules of o(n,C) and the homogeneous subspaces are direct sums
of the images of these solution subspaces under the powers of the dual differential
operator. This establishes an (si(2,C),o(n,C)) Howe duality on some homoge-
neous subspaces. In generic case, the obtained irreducible o(n,C)-modules are
infinite-dimensional non-unitary modules without highest-weight vectors. When
both parameters are equal to the maximal allowed value, we obtain explicit ir-
reducible (G, K)-modules for o(n,C).

Mathematics Subject Classification 2010: Primary 17B10, 17B20; Secondary
42B37.

Key Words and Phrases: Orthogonal Lie algebra, harmonic polynomial, oscilla-
tor representation, irreducible module, invariant operator.

1. Introduction

Harmonic polynomials are important objects in analysis, differential geometry
and physics. A fundamental theorem in classical harmonic analysis says that
the spaces of homogeneous harmonic polynomials (solutions of Laplace equation)
are irreducible modules of the corresponding orthogonal Lie group (algebra) and
the whole polynomial algebra is a free module over the invariant polynomials
generated by harmonic polynomials. Bases of these irreducible modules can be
obtained easily (e.g., cf. [16]). The algebraic beauty of the above theorem is
that Laplace equation characterizes the irreducible submodules of the polynomial
algebra and the corresponding quadratic invariant gives a decomposition of the
polynomial algebra into a direct sum of irreducible submodules. This actually
forms an (sl(2,R),o(n,R)) Howe duality (cf. [6-9]).
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Cao [1] proved that the subspaces of homogeneous polynomial vector solu-
tions of the n-dimensional Navier equations in elasticity are exactly direct sums of
three explicitly given irreducible submodules when n # 4 and direct sums of four
explicitly given irreducible submodules if n = 4 of the corresponding orthogonal
Lie group (algebra), and the whole polynomial vector space is also a free module
over the invariant polynomials generated these solutions. Moreover, he solved the
initial value problem for the Navier equations. In particular, Cao’s work can be
viewed as a supplement to Olver’s well known work [15] on algebraic study of lin-
ear elasticity. It is a quadratic vector generalization of the classical theorem on
harmonic polynomials.

In [17], the second author proved that the space of homogeneous polynomial
solutions with degree m for the dual cubic Dickson invariant differential operator is
exactly a direct sum of [m/2]+1 explicitly determined irreducible Eg-submodules
and the whole polynomial algebra is a free module over the polynomial algebra
in the Dickson invariant generated by these solutions. This gave a cubic Fg-
generalization of the above classical theorem on harmonic polynomials.

Lie algebras (Lie groups) serve as the symmetries in quantum physics (e.g.,
cf. [3, 5, 11, 12, 14]). Their various representations provide distinct concrete
physical models. Many important physical phenomena have been interpreted as
the consequences of symmetry breaking (e.g., cf. [14]). Harmonic oscillators are
basic objects in quantum mechanics (e.g., cf. [3, 5]). Oscillator representations of
finite-dimensional simple Lie algebras are the most fundamental ones in quantum
physics (e.g., cf. [2, 4]). Howe [9] determined the multiplicity-free such repre-
sentations. In [16], the second author found the methods of solving flag partial
differential equations for polynomial solutions. Moreover, we [13] used a result in
[16] to prove certain Z*-graded oscillator generalizations of the classical theorem
on harmonic polynomials for si(n,C).

The aim of this work is to establish certain two-parameter oscillator vari-
ations of the classical theorem on harmonic polynomials, associated with non-
canonical oscillator representations of orthogonal Lie algebras, which are obtained
by swapping differential operators and multiplication operators in the canonical
oscillator representations induced from the natural representations. The Howe du-
ality does not hold on the whole polynomial algebras. But we find the condition
when the homogeneous solution spaces of the variated Laplace equation are ir-
reducible modules of o(n,C) and the homogeneous subspaces are direct sums of
the images of these solution subspaces under the powers of the dual differential
operator. This establishes an (sl(2,C), o(n,C)) Howe duality on some homoge-
neous subspaces. In particular, we obtain explicit infinite-dimensional non-unitary
modules of orthogonal Lie algebras that are not of highest-weight type. Explicit
bases of all the above irreducible modules in generic case are obtained.

Let G be a semisimple Lie algebra and let I be a maximal proper reductive
Lie subalgebra of G. An infinite-dimensional irreducible G-module is said of
(G, K)-type if it is a direct sum of finite-dimensional irreducible K-submodules.
When both parameters are equal to the maximal allowed value, we obtain an
infinite family of explicit irreducible (G, K)-modules for orthogonal Lie algebras.
Below we give a technical introduction.
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For convenience, we will use the notion 4,7+ j = {i,i+1,i+2,...,i+j} for
integers ¢ and 7 with ¢ < j. Denote by N the additive semigroup of nonnegative
integers. Let E,., be the square matrix with 1 as its (r,s)-entry and 0 as the
others.

The compact orthogonal Lie algebra o(n,R) = Y, .. R(E, s — Es,),
whose representation on the polynomial algebra A = R[zy,...,x,] is given by
(Ers — Esy)|la = 2,0, — x50;,. Denote by Aj the subspace of homogeneous
polynomials in A with degree k. Recall that the Laplace operator A:8§1+- : -+0§n
and its corresponding invariant n = 23 + 23 + --- + 22. When n > 3, it is well
known that the subspaces of harmonic polynomials

Hi ={f € A [ A(f) = 0} (1.1)

form irreducible o(n,R)-submodules and

A= é n'Hy, (1.2)

i,k=0

is a direct sum of irreducible submodules. In other words, the irreducible sub-

modules are characterized by the Laplace operator A and its dual invariant n

give the complete reducibility of the polynomial algebra A. Since the space

RA + R[A,n] + Ry forms an operator Lie algebra isomorphic to si(2,R) (e.g.,

cf. [10]), the above conclusion gives an (sl(2,R), o(n,R)) Howe duality (cf. [6-9]).
Note that the split

0(2n,C) = Y C(Eij— Ensjnsi)+ Y, [C(Einsj— Ejnei) + C(Entji — Bnij)].
ij=1 1<i<j<n
(1.3)
Denote B = Clzy,...,%pn,Y1,-.-,Yn]. The canonical oscillator representation of
o(2n,C) on B is given by

(Ei,j - En+j7n+i)|B = x’ia$j - yjayia (Ez',n-i-j - Ej7n+i)|B = xiayj - xjaym (14)

(Entij — Entji)ls = 410z, — y;0s, (1.5)
for i,j € 1,n. The Laplace operator becomes A = Y " 9,.0, and its dual

invariant is n =Y . | 2;y;.

Fix ny,m9 € 1,n with n; < ny. Changing operators 8, + —x,, z, — 0,
for r € 1,n; and 9,, = —vys, ys — 0, for s € ny +1,n in the above canonical
oscillator representation, we get another noncanonical oscillator representation of

0(2n,C) on B determined by

(Eij — Enyjnri)ls = Ef; — B (1.6)
with
—xj0,, — 0;; ifi,j € 1,ny;
. Oy, O, ifiel,ng, jg€n +1,n;
.. p— 4 J
EW|B —T;%; ifien +1,n, g€l ng; (1.7)

T30y, ifi,j€n;+1,n
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and .
YiOy, ifi,5 € 1,n0;
— UiV ifi € 1,n9, j Eng + 1,n;
pls={ v HiclmsemiLn )
18 0y, 0y, ifieny+1,n, j€1,ng; (1.8)
—yj(()yi - 51'13‘ if Z,j € ng + l,n,
and _ N
8zi8yj ifi € 1,77/1, j S 1,712,
) Y0y ifi€ling, jEN +1n,
Einsjls = x;0 ifien +1,n, j€1, ny, (1.9)
—z;y; ifieni+1n, jeEn+1,n
and _ N
—X5Y; lfj S ].,’I’Ll, 1€ 17TL2,
Eoiyls = —x;0, ifjel,ng, i€ny+1,nm, (1.10)

YiOy, ifjeni+1,n,1€1,ny,
axjé?yi ifj6n1+1,n, 1E€ny+ 1,n.

Correspondingly we obtain a variation of the Laplace operator:

n

leayl—{_ Z Oz, Oy, — Z Y5Oy, (1.11)

r=ni+1 s=no+1

and its dual

H—Zyﬁxﬂr Z Ty + Z 240, (1.12)

r=ni1+1 s=nao+1
Set

oy = Span{z®y’ | o, f € N Z a, — ZaﬂLZ@ Z Br =k} (1.13)

r=ni+1 r=ng+1

for k € Z. Define
={f € Byy | D(f) = 0}. (1.14)

Below we always take K = Z C(E;; — Enyjnti). Our first result is:

i,0=1

Theorem 1. For any ny —ng +1— 0y, 0, > k € Z, Huy is an irreducible
o(2n,F) -submodule and By = @ion' (Hp—2:) s a decomposition of irreducible
submodules. The module Hy under the assumption is of highest-weight type only
if ng =mn. When ny = ny = n, all the irreducible modules Hyy with 0 > k € Z

are of (G, K) -type.

It can be verified that the space CD+C[D, n]+Cn forms an operator Lie al-
gebra isomorphic to sl(2,C). The above theorem establishes an (sl(2,C), o(2n,C))
Howe duality on the homogeneous subspaces By with ny —ny+1—109,, », > k € Z.
When ny —ng + 1 — 0y 0, <k € Z, Hyy is an indecomposable module and con-
tains the proper nonzero submodule H (\n(B) by [15]. This shows that our
representation is not unitary. Due to the mixture of differential operators with
multiplications operators, the modules H ), are not of highest-weight type when
no < n.
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Observe that the split
o(2n 4 1,C) = o(2n,C) & IC(Eo; — Eurio) + C(Eonsi — Eio)l.  (1.15)
=1

Let B = Clxg, 21, ..., Tn, Y1, ---, Yn] . We define a noncanonical oscillator represen-
tation of o(2n + 1,C) on B’ by the differential operators in (1.6)-(1.10) with |
replaced by |z and

—XoT; ifi € 1,nq,
) 20y, ifi €ny+1,n,
Foids =19 20, , ifientLntm. (1.16)
| —ToYin Hi€N+mny+1,2n
and _
( 0,,0., ifiel ng,
) 204, ifi € ny+1,n,
Bl =4 40, #fient Lot (1.17)
[ 0200y, if1€n+mny+1,2n.

Correspondingly we obtain a variation of the Laplace operator:

= —2szayl+2 Z s, 0y, — 2 Z Y5Oy (1.18)

r=ni+1 s=na+1

and its dual operator

n —:(:0—1—22%8%4—2 Z oYy + 2 Z 250y, - (1.19)

r=ni+1 s=no+1
Set
ZB -7507 Hl(k:) ={fe Bl(k) | D'(f) = 0}. (1.20)

The following is our second result:

Theorem 2. For any k € Z, Hy, 1s an irreducible o(2n+1, C) -submodule.
Moreover, B' = @,, @fio(n’)i(ﬂ’(k>) is a decomposition of irreducible submod-
ules. The module ’H’<k> 15 of highest-weight type only if no =n. When ny =ny =n,
all the irreducible modules 7—[’<k> are of (G, K) -type.

It can be verified that the space CD' + C[D',n'] + Cn’ forms an op-
erator Lie algebra isomorphic to si(2,C). The above theorem establishes an
(sl(2,C),0(2n,C)) Howe duality on the whole polynomial algebra B'.

The explicit expressions for all the above irreducible modules Theorems 1
and 2 are given. In the case of highest-weight type, the highest-weight vector
and its weight of the corresponding irreducible modules are also presented. Since
the representations with parameters (ni,ns) are contragredient to those with
parameters (n — ng,n — ny), the case ny < ny has virtually been handled.
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In Section 2, we present some preparatory works. In Section 3, we prove
Theorem 1. Section 4 is devoted to the proof of Theorem 2.

Xu’s research is supported by Chinese National Science Foundation NSF
11171324.

2. Preparation

In our proofs of Theorem 1 and Theorem 2, the following result from [16] play a
key role.

Lemma 2.1. Let B be a commutative associative algebra and let A be a free
B-module generated by a filtrated subspace V =J2,V; (i.e., V. C Voy1). Let Ty
be a linear operator on B & A with a right inverse T such that

1B, A), Ty (B, A) C (B, A), Ta(mnz) = Ta(m)nz, Ty (mnz) =Ty (m)nz (2.1)
for m € B, no € V', and let Ty be a linear operator on A such that
(Vo) = {0}, Ta(Viga) € BV:, Ta(f¢) = f12(¢) (2.2)
forre N, feB, (e A. Then we have

{g€ Al (Th + T2)(9) = 0}

= Span{) (~Ty Tz)'(hg) | g € V, h € B; Ti(h) = 0}. (2.3)
1=0
Set '
¢ =(0,..,0,1,0,...,0) € N™, (2.4)

For each i € 1,n, we define the linear operator f(x_) on A by:

xoz-l—si
/( )(xa) = . for o € N"™. (2.5)

Q;

Furthermore, we let

m

—_——

(0) (m)
/ =1, / :/ / for 0 <meZ (2.6)
(z4) (z4) (1) (1)
and denote

(@) (1)  plaz) (an)
80‘:35118?22~~(9§§, / :/ / / for « € N™ (2.7)
(1) J(z2) (zn)

Obviously, [ @) is a right inverse of 9* for & € N™. We remark that [ (@) ga # 1

if a # 0 due to 0%(1) = 0. In this paper, our T}’s are of the type 0% and the

right inverse T} = [ (@)
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Note that .
K=Y C(Ei; = Enyjnis) (28)
ij=1
forms a Lie subalgebra of o(2n,C), which is isomorphic to gl(n,C). Take the

Cartan subalgebra H = 3" | C(E;; — E,1in+i) and the subalgebra spanned by
positive root vectors

Ki= Y C(Eij— Entjmti): (2.9)
1<i<j<n

Recall B = Clx1, ..., %pn, Y1, ..., Yn] and the action of o(2n,C) on B given in (1.6)-
(1.10). A K-singular vector v in B is a weight vector such that I, (v) = {0}.
According to [13], we have:

Lemma 2.2.  Suppose n; +1 < ny. If ny < n, the set of all homogeneous
IC-singular vectors are

{nm<xzn1y;nz) | m,my,mg € Nji =ny,ny + 1,7 = ng,ng + 1}. (2.10)
When no = n, the set of all homogeneous K -singular vectors are

{n™ (2" y?) | myma,mg € Nyi = ng,my 4 1} (2.11)

Lemma 2.3.  Suppose ny +1 = ny. If ny < n, the set of all homogeneous
IC-singular vectors are

m1+m2( m3—mi mg—ml)

{n™ (wlmyf“), I’Z?H?/Zﬁla n Ty Yni ), N erZQ—Q—Q‘/Enl—i-l
| m, € N;(i,7) = (n1,n1 + 1), (n1,n1 +2),(ny + 1,01 +2)}. (2.12)

mi+ma (

When ny = n, the set of all homogeneous K -singular vectors are

{2 (2n2 yyp), ey, ™ (a2 g, ) | mg € N (2.13)
Denote
Cl = Tny1—1Yny — Ty Yni—1, <2 = Tny+1Yno+2 — Tno+2Yng+1- (214)

Lemma 2.4. Suppose ny =ns. If 1 <ny <n—1, the set of all homogeneous
IC -singular vectors are

{apyma (et g G s (a2, ) | my € N (2.15)

When ny =ng =1 and n > 3, all homogeneous K -singular vectors are
{25y G ™ (2] y5) | mi € N} (2.16)

Assuming ny = ny = n—1 and n > 3, we have the following set of all homogeneous
IC -singular vectors:

{ayn G ™ () | ma € N} (2.17)

n—
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In the case ny =ny =1 and n = 2, all homogeneous KC-singular vectors are
{n™ (21" y5"™) | ms € N} (2.18)
Assume nqy = ny =n. All homogeneous K -singular vectors are

{an yn (™ | m; € N} (2.19)

An element g € B is called nilpotent with respect to K. if there exist a
positive integer m such that

&--&n(g) =0 for any &, ...,&, € K. (2.20)

Lemma 2.5.  Any element in B is nilpotent with respect to .. In particular,
any nonzero K -submodule of B must contain a K-singular vector.

For 01,0y € Z, We write

Bie,epy = Span{az®y” | a, f € N™; Z o — Zaz—fl,Z@ > B =1}

r=ni+1 i=1 r=ng+1
(2.21)

and
H (€1,£2) {f S 8(51 £2) ’ D( ) 0} (222)

By = D Buw—o, Hoy = P Hens (2.23)

LeZ LEZ

for k € Z. The following is the main result in [13].

Then

Lemma 2.6. Let (1,0, € Z such that {1 +ls < nqy —ng+ 1 — 0yyp,. For
m € N, all nonzero subspaces N™ (Mo, —ms—my) are irreducible highest-weight
sl(n, C) -submodules. Moreover, B, ¢,y = @m0 1™ (H (6, —m,t3—m)) -

Note
[D,n] =ng —ny — Z 20y, + Z 2Oy, + Zyjay] Z ysOys  (2.24)
r=ni1+1 s=no+1

by (1.11) and (1.12). This shows that the space CD + C[D,n] + Cn forms an
operator Lie algebra isomorphic to s/(2,C). Furthermore, for any g € H, ¢,y and
m € N, we have n™(g) € By, 4m to+m and

D(n™(g)) = m(ng —ny + £y + by +m — )™ (g). (2.25)

3. Proof of Theorem 1

In this section, we will prove it case by case.
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Case 1. ni+1<ng andny—ns+1>keZ.

According to Lemma 2.2 and (2.24), the K-singular vectors in H are: for
my,mo € N,

Ty Ynoyr  With — (my +ma) =k, (3.1)
Y T with my —mq =k, (3.2)
L TS with —my +mg = k. (3.3)
Note
(En+n2+1,n1 - En+n1,n2+l)’3 = _:Unlayn2+l - ynlaﬂﬁnz-u (34>
by (1.10). So
(En+n2+1,n1 - En+n1,n2+1)m2 (ﬂfﬁlyzﬁl) = (_1)m2m2!x;1k (3'5)

for the vectors in (3.1). Moreover,

(En+n2+1,n1+1 - En+n1+1,n2+1)|3 = 8xn1+1ayn2+1 - yn1+1azn2+1 (3'6)

again by (1.10), which implies

mi1—1
(Bntnot1,m+1 = Entngt1mo41) ™ (@0 1 Uny 1) = mal] H (ma — T)]yﬁgkﬂ (3.7)
r=0
for the vectors in (3.2). Furthermore,
(En1,n+n2 - En27n+n1)|8 = aa7n1 8yn2 - xmaynl (3'8>
by (1.9), which implies
mo—1
(Enl,n—I—nQ - En2,n+n1)m2 (xnmllny;) = m?'[ H (ml - T)]J’;lk (39)
r=0
for the vectors in (3.3).
On the other hand,
(En1,n+n2+1 - En2+1,n+n1)|8 = _ynz—l—lamnl - xnz-&-l@ynl (3.10)
by (1.9), which implies
mao—1
(En1,n+n2+1 - En2+1,n+n1)m2 (xglk) - (_1)m2[ H <_k - 7")]33211%7?211 (311>
r=0

for the vectors in (3.1). Moreover,

(En1+1,n+n2+1 - En2+1,n+n1+1)|6 = —Tpi+1Yno+1 — $n2+laynl+1 (312)
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by (1.9), which implies

(En1+1,n+n2+1 - En2+1,n+n1+1)m2(y;2k+1) = (_1>m2xzzlly2122+1 (313)

for the vectors in (3.2). Furthermore,

(En—l-m,m - En+n1,n2)|3 = ~Tn1Yny — ymaﬂJnQ (314>

by (1.10), which implies
(En—l-nz,m - En-l—m,m)mz ($;f) = (—1)m2xﬁlyﬁ2 (315)

for the vectors in (3.3). Thus for any two vectors in (3.1)-(3.3), there exists
an element in the universal enveloping algebra U(o(2n,C)) which carries one
to another. On the other hand, the vectors in (3.1)-(3.3) have distinct weights.
Thus any nonzero o(2n, C)-submodule of H ) must contain one of the vectors in
(3.1)-(3.3) by Lemmas 2.2 and 2.5. Hence all the vectors in (3.1)-(3.3) are in the
submodule by (3.4)-(3.15). Therefore, the submodule must contains all H ks
for ¢ € Z by Lemma 2.6, equivalently, it is equal to Hyy due to (2.23). So H
is irreducible. By (3.12) and (3.14), H is not of highest-weight type. For any
m €N, ny —ny+12>k—m and so H,_, is an irreducible o(2n, C)-submodule.

Since D is locally nilpotent, for any 0 # u € By, there exists an element
k(u) € N such that

D (u) #£0 and D*WH(y) = 0. (3.16)

Set .
U= "0 (Hp-2)- (3.17)

=0

Given 0 # u € Byy, w(u) = 1 implies u € Hyy C ¥. Suppose that u € ¥
whenever x(u) < r for some positive integer r. Assume x(u) = r. First

v="D"(u) € Hpp—2,) C V. (3.18)

Note

T

DIy (v)] = r![[ [(ne — na + k= r — i) (3.19)

=1

by (2.25). Thus we have either

1

U T e —m k== €Y (3:20)
or X 7,
K (u — T Ay - 2)]77 (v)) <. (3.21)
By induction,
u— ! n'(v) € ¥, (3.22)

rl[Ti— (ne —ny + k —r —1)]
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which implies v € ¥. Therefore, we have W = B,. Since the weight of any K-
singular vector in n'(H_2s) is different from the weight of any KC-singular vector
in 77 (M k—2;)) when ¢ # j, the sums in Theorem 1 are direct sums.

Case 2. ny+1=mng9 and 0 > k € Z.

Assume ny +1 = ny < n. By (2.12) and (2.24), the K-singular vectors in
Hy are those in (3.1)-(3.3). So Theorem 1 holds by the arguments in Case 1.
Suppose n; < ny = n. According to (2.13) and (2.24), the K-singular vectors in
Hxy are those in (3.3). Expressions (3.9) and (3.15)-(3.22) imply the conclusions
in the Theorem 1.

Case 8. ny =nq9 and 0> k € 7.
Recall

gl = xnl—ly'rh - xnly’rh—l; C? - xn1+1yn1+2 - $n1+2yn1+1- (323)

Suppose n; = nyg < n — 1. Lemma 2.4 and (2.24) tell us that the K-singular
vectors in H gy are those in (3.1) and

—k m+1
ny 1

gkt for m € N. (3.25)

Again all the singular vectors have distinct weights. If N is a nonzero submodule
of Hpy, then N must contain one of the above K-singular vectors by Lemma
2.5. If N contains a singular vector in (3.1), then z,* € N by (3.5). Suppose
z, 5" € N for some m € N. Note

(En1—1,n+n1 - En1,n+n1—1)|8 = axnlflaynl - affnlaynlfl (326)
by (1.9). Thus

for m e N, (3.24)

(En1—1,n+n1 - Eﬂl,n+n1—1)m+1(x;1k {n—i—l)
m~+1
r m+1 m+1—r T
= Z(_l) ( r )(a$nllayn1> o (8$nlayn171) ]
r=0
m+1
_1)\s m+1 m+1l—-s, .—k+s, s
. [Z( (" 7))
m~+1 2 T
= (Z (m:— 1) [(m+1-— r!)]Qr![H(—k + Z)]) x;lk
r=0 i=1
m+1
—k+r
= 12 —k
[(m +1)]] (; < . )) a, ke N. (3.27)

So we have x,,F € N again. Symmetrically, y, %, € N if y, %, ("' € N for some

m € N. Observe

(En-&-m,m-l-l - En+n1+1,n1)|3 - ynla$n1+1 + ‘/L‘nlaynlJrl (328)
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by (1.10). Thus
(En+n1,n1+1 - En+n1+1,n1)7k<y;1k+1> = (_k)u:;lk cN. (3-29)

Thus we always have 2, € N.
According to (3.11), N contains all the singular vectors in (3.1). Observe

(Ener*l,m - En+n1,nrl)|8 = Cla (En1+2,n+n1+1 - En1+1,n+n1+2>|3 = <2 (3-30)

as multiplication operators on B by (1.9) and (1.10). Thus

(En+n1—1,n1 - En-&-m,m—l)mﬂ(xr:lk) = 'TT_Lk 1%—&-17 (3~31)
(En1+2,n+n1+1 - En1+17n+n1+2)m+1(1‘;1k) m+1 EN. (3~32)
Note
(En1+1,n+n1 - Enl,n+n1+1)|3 = $n1+1ayn1 + yn1+1axn1 (3-33)
by (1.9). So
]_ — — m m
m(Em—H,nﬁn - En1,n+m+1> k(xmk 2 +1) yn1+1C +1 (3~34)

Thus N contains all the K-singular vectors in H ), which implies that it contains
all Hp—ey C Hyy by Lemma 2.6. So N' = Hy,y by (2.23), that is, Hpy is an
irreducible o(2n, C)-module. By (3.16)-(3.22), the direct sums in Theorem 1 holds.
Observe that Theorem 1 under the subcase ny = ny = n—1,n is implied by (2.17)-
(2.19) and the related partial arguments in the above. This completes the proof
of Theorem 1. [ |

Suppose ny < ny. Taking Ty = &y, 0y, 1, 11 = f(xnﬁl f(ynﬁl) and
To =D — 8%1“8 o +1 10 Lemma 2.1, H has a basis

|a,p €N

{ Z $n1+1yn1+1) (D - axn1+1ayn1+1)i<xayﬂ)
Hr 1(Oén1+1 + T’) (/BnlJrl + T)

n

n2
an1+15n1+1=0;—z@i+ Z ar+25i— Z Br=k}. (3.35)
i—1

r=ni1+1 =1 r=nz+1

Finally, we want to find an expression for H gy for 0 > k € Z when n; = ns.
First n; =ny =1 and n = 2. According to (4.30) and (4.38) in [13],

H-yy = Span{[z1ys(z172 — y1y2)' | 7,5,1 € Nyv + 5 = k}. (3.36)

Next we consider the subcase n; = ny =1 and n > 3. According to (4.26), (4.38)
and (4.41) in [13]

Hi-k)

= Span{ Hy H (TpYq — qup)gp’q][H(xlxs - ylys>lAs]a o [H ve]

2<p<g<n 5=2 s=2
n

<[[[@12s — v190)"]

s=2

) VS

oL kg e ENJI+ D k= 1, =k}. (3.37)
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Assume 1 < ny =ny <n—1. By (4.23), (4.38), (4.39) (note H)_,, .. 1y =
H (1 —mamyy ) and (4.41) in [13], we have

Hi-r
ni ni n
- Span{[H xi’r][ H (xpyq - qup)kp’q} [H H (ITLL’S - yrys)l“],
r=1 1<p<q<ny r=1s=n1+1
n—ni N ni n N
[ H yi{ﬁ-r][ H (Tpyq — qup)kp’q][H H (€5 = ypys)"™],
r=1 n1+1<p<qg<n r=1s=n1+1
n1 n—mi ny n—mi
[H xlrr][ H yfli+8] [H H (T Ty s — yryn1+8)lm] Uy ks, Lrs 17 k;m
r=1 s=1 r=1 s=1

n—ni ni n—ni

Ul by s € ; ilr +3 k=31 =3 T =k (3.38)
r=1 s=1 r=1 r=1

Consider the subcase ny = ng =n —1 and n > 3. By (4.28), (4.38) and
(4.39) (note H; = H{—m1—mams) ) i [13], we obtain

—m1—ma,ma)

Hi-k)
n—1 n—1 ~ n—1 N
= span{[[[ar)l II (oowe —2gwn)™ (] [(rrrn = wow)" ] (] ] 3Tk
r=1 1<p<qg<n—1 r=1 r=1
n—1 ~ N n—1 N n—1
<@ = yoyn) "] [ 1o b s L K €N L+ k=) 1=k} (3.39)
r=1 r=1 r=1

At last, we assume n; = ny = n. By (4.32) and (4.39) (note H;
H(—m1—m2,m2)) in [13]7

—mi—ma,ma)

Hiw = Span{Hxl[H H (pyq — qup)kp,q] |l kpg €N Z I, =k}. (3.40)
r=1

r=1 1<p<g<n

4. Proof of Theorem 2

In this section, we prove Theorem 2.
Recall

o(2n + 1,C) = o(2n,C) & @IC(Eo,; — Eutio) + C(Eonsi — Eio)] (4.1)
i=1

and B' = Clxg, Z1, .., Tn, Y1, -, Yn]. Fix ni,ny € 1,n such that n; < ny. The
representation of o(2n + 1,C) on B’ by the differential operators in (1.6)-(1.10)
with | replaced by [, (1.16) and (1.17). Recall B}, = > 77°( Biy—yxj. Then all
B, with k € Z are o(2n + 1,C)-submodules and B' = P, , B, forms a Z-
graded algebra. Moreover, the related Laplace operator D' = 92 + 2D by (1.18)
and its dual 7/ = 22 + 2n by (1.19). A straightforward verification shows

DeE=¢ED, &nf =n'éon B for £ € 0(2n+1,C). (4.2)
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As in the introduction, Hj,, = {f € B'(k) | D'(f) = 0}. According to (4.2), H,
is an o(2n + 1, C)-submodule.
For + = 0,1, we define

o8} _2 1 .21+t )
T,=Y E2'm ™ (4.3)

By Lemma 2.1 with T} = 9?2

xo?

T = f(fo)) and Ty = 2D, we obtain
H/(k) =To(By) ® Th(Bg-1y)- (4.4)

Lemma 4.1.  Suppose i <ny. For k € N, Hj,, is an o(2n + 1, C) -submodule
generated by z¥ | and H’<_k> is an o(2n + 1,C) -submodule generated by z* .

Proof.  First we assume n; < n. Let V be an o(2n+1, C)-submodule generated
by 2 .. Since 2% | € Hy, that is an o(2n+1, C)-submodule, we have V' C H,, .
Observe

(Bnitints — Ejnrm+1) |l = —Tny 195 — 250y, ,  for je€ny+1.n  (4.5)

by (1.9) with |s replaced by |z . Repeatedly applying (4.5) to zf ., with various
j € ngy+ 1,n, we obtain

l.flir—il H yss € V fOI" ga 6n2+17'--75n S N; Z ﬁs - g (46)

s=na2+1 s=no+1
Note
(Entintnitr — Eny110)lsr = 6i0y, oy + TiTny 1 for ¢ € 1,m (4.7)

by (1.6)-(1.8) with |z replaced by |z . Repeatedly applying (4.7) to (4.6) with
various ¢ € 1,ny, we have

ni1+1 n
T =00 TT vl eVifor an, . cmys1, Bugsrs ooy B €N (4.8)
1=1 s=no2+1

such that &+ ™ a, + 370 ) Be = nyy1-
Denote

I={0,n1+1,ny, n+mny+1,n+ny}. (4.9)
Then the Lie subalgebra

G=0(2n+1,C)[ (D  CEi;) = o(2(nz — m1) + 1,C). (4.10)

ijel
Set

7-_[<€> — H/<£> mC[a:O,me, ey Ty Yny 41y -+ Yo for ¢ € N. (4.11)
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Then 7'_[<g> forms an irreducible G-module by an equivalent form of the classical
theorem on harmonic polynomials. Repeatedly applying G|z to (4.8), we get

T (x%y%) eV (4.12)
for o, 8 € N" such that a; =0 if ¢ > ny, 5; =0 if 7 <n;, and
no n
SR ST I (19
r=ni+1 s=ni1+1 j=n2+1

Repeatedly applying (4.7) to (4.13) satisfying the above conditions, we get that
(4.13) holds for «a, € N™ such that a; =0 if i > ny, and

Z a, — Zal—i-Zﬂs Zn: B; =k (4.14)

r=ni1+1 Jj=n2+1
According (1.6)-(1.8) with |z replaced by |s,
(Ei7n1+1 - En+n1+1,n+i>|3’ = xiazn +1 + Yni+1Yi for 7 € ng +n. (415)
1

Repeatedly applying (4.15) to (4.13) satisfying (4.14), we get (4.13) for any «, 3 €

N" such that .
Z o, — Z%JrZﬁs > Bi=k (4.16)

r=ni+1 Jj=n2+1

Thus V' = H,,

Let U be an o(2n + 1, C)-submodule generated by z¥ . Since zf € ’H/
that is an o(2n+ 1, C)-submodule, we have U C H/_ ) Repeatedly applymg (4 5)
and (4.7) to «f with various i € 1,n; and j € m, we have

ni+1 n
mﬁl[H [ H y>] € Ufor ay, ..., 41, Brgsts o Bn €N (4.17)
i=1 s=no+1

such that Y "™ .+ | s = apn,41. Note
(Enyi — Ensipany) g = —2i05,, — 4:0,,  for i €ng —1 (4.18)

by (1.6)-(1.8) with |z replaced by |z . Repeatedly applying (4.18) to (4.17), we
have

ni+1 n
T =00 T w21 € Utor ai, . ctnysn, Brgsrs s Bn €N (4.19)
=1 s=na+1

such that Y™ a, + 377 ) By = anp1 + k.
Repeatedly applying G|s to (4.19), we get

T,(z*y") € U (4.20)
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for o, 8 € N" such that a; =0 if ¢ > ny, 5; =0 if j <ny, and

n2

Yo=Y at Y Bi— > Bj=-k (4.21)

r=ni+1 =1 s=ni+1 j=n2+1

Repeatedly applying (4.7) to (4.20) satisfying the above conditions, we get that
(4.20) holds for «, 8 € N™ such that a; =0 if ¢ > ny, and

n2

Y= wi+d Bi— > Bi=-k (4.22)

r=ni1+1 =1 s=1 j=no+1

Repeatedly applying (4.15) to (4.20) satisfying (4.22), we get (4.20) for any «, § €

N" such that . o s .
D= i+ Bi— > Bi=—k (4.23)

r=ni1+1 i=1 s=1 j=no+1

Thus U = 7—[< Ky - ]

Lemma 4.2.  Suppose ny = no. For k € N, 7—[’<_k> is an o(2n+1, C)-submodule

generated by xk and Hiyy 15 an o(2n + 1,C)-submodule generated by Ti(yi )
when k > 0.

Proof. In this case,

- ixﬁyz - i ysﬁ% (424)
=1

s=ni1+1

Note
(Bniny0 = Bon) |5 = Yny Ozg + ToTny (4.25)
by (1.16) and (1.17) . Thus for u € B,

(Entnio — Eon,) [To(u)]

_ = (_2)i$gi i
- (yn18:co +x0$n1)(; WD( ))
(= 2)%3Z ! ; o (=2)ag
i=1 =0
R e 32 2
_ 20 pitl(y, D" ![D(y,
oo Z 2’L+1
+Z ’Dl wm )
o, S
- _ D'(wpu) =2 ) ~o—D'[D(yn,u)]
Z QH ; 2i 1 1)!
2z+1

+ Z ,DZ (znyu) = =T (zn,u) — 211 [D(Yn, u)] (4.26)



Luo AND XU 995

and

(Erntng0 = Eony ) [T1(w)]

O (_9)ig2itl
= n) (3 D W)

220+ 1)
= > o D) = Blan). (4.27)

Symmetrically, we have,
(Erny41,0 — Eontni+1) |8 = Tny1105, + TolYny+1 (4.28)

by (1.16) and (1.17). So
(Eni+10 = Eopsni+1)[To(w)] = =T1(Yny+1u) — 271 [D (20, 11u)] (4.29)

and

(Eni+1,0 = Eopni+1)[T1(0)] = To (T, 41u). (4.30)

Let V be an o(2n + 1, C)-submodule generated by «% . Since z¥ € Hi gy
that is an o(2n + 1, C)-submodule, we have V' C #/_;,. Note

(Enys1mtn — Enyngnyv1)|80 = Tny 110y, + Yny 4105, (4.31)
by (1.9) with |z replaced by |z . Repeatedly applying (4.31) to xﬁl, we have
ahryr o =To(al Tyr ) EV for r €0, k. (4.32)
According to (4.26),

(En—I—m,O - EO,nl)[TO (:):Zl_ry;1+1)]
= (=" yn 1) = 20D Yy, 1)) = Ta(zh "y L) € Ve (4.33)

ni

Similarly, (4.29) shows
(Enir1,0 = Bornie)[To(@, "Yny0)] = Tl yniis) € V. (4.34)
Suppose that

Ty(zptypeay® ypt) € Voo for my € N, my +my —my —mg =k +1 (4.35)



996 Luo AND XU

and S m; = . Then (4.27) implies

(Entny0 = Eon ) [T1 (@0 v @i Yniha)] = TO(xnmllmeJrleilyrZil) €V (4.36)
and (4.30) yields

(Buyt1,0= Bogem+0) (L (@ gz ymta)] = To(anymz e ynt,) € Ve (4.37)
For i1,is € N such that iy +1iy = 1, (4.24), (4.26), (4.36) and (4.37) give

my, ma+iy,.m3+iz, m4
(ETH‘”LO - Eoynl)[TO (mnl ni xnl-l—l ynl—i—l)]
_ mi1+1, ma+iy .m3+iz, my m1, ma+i1+1,_ .m3+iz, my
- _Tl (':CTIJ ynl xn1+1 yn1+1) - 2T1 [D(xnl yn1 xnl—‘rl ynl—i—l)]

(2(ma + i1) + 1)Ty () Hymatigmsfizgme )

+2(mg + io) Ty (a2t g et —lymitly e (4.38)

ni yn1

On the other hand,

(En1+1,n1 - En+n1,n+n1+1)’3’ = —Tpn; Tny+1 + YnyYni+1 (439)

by (1.6)-(1.8) with |z replaced by |z . Thus

(En1+1,n1 - En+n1,n+n1+1) [TI (Irn:ll yﬁZHI xnmlsjlwily;z{fl)]

mi1+1, ma+i1 .m3+iz, mq mi, ma+ii+1,.m3+ir—1, ma+1

= Dy e Tyt ) + Ty, To't1 Ynyy1) € Vo (4.40)
Solving the system (4.38) and (4.40) for T (zmilymetiagstizgm ) we get
Ty (i tlymathagmatizgm ) e V. (4.41)
Symmetrically, (4.24), (4.29), (4.36) and (4.37) give

(Bny1,0 — Eopsny 1) [To(a ymtoamstizyme )

— m1, ma+ii .m3+iz2, ma+1 mi, ma+ii ,ma+iz+1, mq
- _Tl (xnl yn1 ’I.nl—f—l yn1+1 ) - 2T1 [D(m’lh ynl mnl-‘rl yn1+1)]

= (2(m3 + ig) + 1)T1 <xmlyz2+ilxmsjli2yzil)

+2(my + iy Ty () Hymathtgmetietlyma ) e v (4.42)
and (4.39) yields

(En1+1,n1 - En-‘rnl,n—f—nl-i-l) [Tl (1‘2111 yz’iﬁ_il_lx?fjlhyzal)]

mi+1, mo+ii—1,.m3+iz+1, my m1, ma+i1 ,.m3+i1, ma+1

= (@ " Tt Ymyr) T D@y Py ty) € Ve (4.43)
Solving the system (4.42) and (4.43) for T (zmymztigstizy ity we find
Ty (g tigmsfizymatty € v, (4.44)
By induction on Zle m;, we conclude

T (zytypeay® ypt ) €V for m; € N, my+my—mg—m3=k+96,1. (4.45)
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Set

A =Clx1, oo Ty Y1y ooy Yny |y, A= ClTpy 15 ooy Ty Yng 15 -5 Ynl, (4.46)

ni

Ky = Z [C(Ei,j - En+] nH) + C( Lntj T EJ nﬂ) + C( n+i,j EnJrj,i)] (4'47)

ij=1
and

n

Ko = Z [(C(Ei,j - En+j,n+i) + C(Ei,n+j - EJ’,N—H') + C(En+i,j - En-l—j,i)]' (4'48)

i?j:n1+1

Then Ky = gl(ny,C) and Ky = gl(n — ny,C) are Lie subalgebras of K and
B=AA*. Since

A/(él1‘€2> = A/ mBMlsz)’ A el €2> ./4 ﬂ B gl 52 (449)

are of finite-dimensional for any ¢, 0 € Z (cf. (2.21)) and

A= P Ay A= B Al (4.50)

L1,l2€Z 01 ,02€7

A’ is a Ki-module generated by its KC;-singular vectors and A* is a Ky-module
generated by its Ko-singular vectors. According to Lemma 2.4,

{amyme ™™™ | m; € N} (4.51)
is the set of homogeneous K;-singular vectors in A" and
5 —ny M
{onayna G " [ mi € N} (4.52)

is the set of homogeneous /Cy singular vectors in A*. Therefore, A is a (K1 +K3)-
module generated by

6 nq M. m 6 n—nq M
{xnl ym b n14+1yn1+IC e | m; € N}. (4.53)
Observe

(Ener*l,m - En+n1,nrl>|l3’ = Cla (En1+2,n+n1+1 - En1+1,n+n1+2>|13’ = <2 (4-54)

as multiplication operators on B’ by (1.9) and (1.10) with |z replaced by |s .
Repeatedly applying (4.54) to (4.45), we obtain

n1 M5 m ) n—mnq MM
( 7L1 yn12<11 ! n13+1yn1+lc ' ' 6) E v (455)

for m; € N such that m; + mgq — mo —mg = k4 6,1. Applying U(K; + K2) to
(4.55), we have
Tg(.A(_k)),Tl (.A<_k_1>) cV. (4.56)

According to (4.4), H{_;, C V. Thus H_,, = V.
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Let U be an o(2n + 1,C)-submodule generated by To(yr ) with k& > 0.
Since Ty(yk ) € Hjy,y that is an o(2n + 1, C)-submodule, we have U C H,.

n

Repeatedly applying (4.31) to T1(y%!), we have
Ti(x) yh ") el for r €0,k —1. (4.57)

By the same arguments as (4.35)-(4.56) with V' replaced by U and k replaced by
—k, we prove ’H’<k> =U. [

Proof of Theorem 2.

First we prove that H;, , is an irreducible o(2n + 1, C)-submodule for any
m € Z. We divide it into two cases.

Case 1. n; +1 < ngy.

First we consider Hj,, with & € N. Let U be any nonzero o(2n + 1,C)-
submodule of H,. Note

(En+1,n+n2 - Eng,l)‘B’ - ylayn2 + T1Tn, (458)

by (1.6)-(1.8) with |z replaced by |z. Moreover,

(Enyt1nt+1 = ELngng+1)|5 = Tny 110y, — xlayn1+1 (4.59)

by (1.9) with |z replaced by |s. By Lemma 2.5, U must contain a K-singular
vector. If TL(nZ(x?lyﬁg)) € U with j =ny,n + 1, we have

(kQ!)_Q(Em—&-Ln—H - El,n+n1+1)k2(En+1,n+n2 - Em,l)k2 [TL(UZ(xﬁlyﬁi))]

= T (@} w2,,) €U (4.60)

We use (4.59) because ny may be equal to n; + 1. Next we consider the case
Tb(nz(a:?lyﬁiﬂ)) € U with j =ny,n; + 1. Observe

(Entninatt = Engnotin )5 = yn1accn2+1 + xmaynQH (4.61)

by (1.10) with | replaced by |z . Thus

1
Tyt (Enemna1 = Eping 1) (L0 (25 g 1)) = T (2 232)) € U (4.62)

Thus Lemma 2.2 and Lemma 2.3 show that some

T.(n (zF 2*, )y e U (4.63)

ni1*ni+1

Note

(En1+1,0 - EO,n+n1+1)|B - mm-&-laﬂ?o - ‘roayn1+1 (464)
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by (1.16) and (1.17). Thus (1.12) and (2.24) give

(Bny410 — Bopsny+10) Do (ahr a2 )]

S
- ('rm—i-lamo - 'Ioayn1+l)(; (T)'OD (ne(‘rﬁixfn+l>>>
o0 (_2)1'1,22‘—1 ; ) .
= > (QT({)!%HHD (' (el a2 )
i=1

o (_2)1‘ 2i+1

T .
- Z (2—,0?731(8%1“ (nf(wﬁiwﬁiﬂ)))

=0
& (_2)7;1,27;—1 ; . o (—Q)ii$2i_l . 3
= Z (Qi——(i)!p (' (zmy i) — Z (ZTf)!D Oy a1 (a2 1))

- (_2)%(2;+1 i =1/ k1 Ko+l
0> D )
0

0 (—9)ig2i—1 N B
= 5(”2 —ny+ 0+ ky — k‘l) Z ((%)f(i)'pz l(ne 1(1’511155221i11))
i=1 :
(' (2 eiiih))
= 1 —2(ng —ny 4+ L+ ky — k)]Ty (" Yk 2™ Th) (4.65)

ni1“ni+1

(Buy10 = Bopnm ) [T1(0 (27272 11))]

> (—2)%8“1

= (xn1+1axo - $oayn1+1)(z WD’(ne(xﬁllxﬁi_i_l)))
i=0 )

_9Y)ig2i i 2 (_9)ig2it2 i
C205 D) -3 O iy, ()

; (2i)! £ (2i+ 1)
>

n1¥n1+1 Ynq+1 n1*ni+1

(_2)‘23‘30Z,Dz’(77£<xk1 :Ek2+1)) + Z ((_23 Z__l'flozpi—1<8 (nﬁ(:pkl Ikg )))

— T 2 i _
= (Qi—Jr%,D (M ay2th))) = To(n' (a2 ih)). (4.66)
i=0 ’

By (4.63), (4.65) and (4.66), we get

To(xﬁllxﬁiﬂ) eU for some ky, ks € N such that ks — k1 = k. (4.67)
Observe
(Enl,n1+1 - En+n1+1,n+n1)8’ = axnl 8xn1+1 - yn1+1ayn1 (468)

by (1.6)-(1.8) with | replaced by |g. Repeatedly applying (4.68) to (4.67), we

obtain a% , = To(zk ;) € U. Thanks to Lemma 4.1, U = Hipy - So Hiyy is an

irreducible o(2n + 1, C)-submodule.
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Let V' be any nonzero o(2n + 1,C)-submodule of H/_,, with k¥ € N+ 1.
By the above arguments, z* . € V. Thanks to Lemma 4.1, V 7-[’ . So Hl(—k)
is an irreducible o(2n + 1 (C) submodule.

Case 2. ny = nsy.

In this case

0= Zyﬁxl - Z 250, (4.69)

s=ni1+1
Thus
™M m 1 m mi+msg M
nllyn12 3+1 - H’H’ZQ (m1 +Z)n 2(1‘”11—"_ ? 1 3+1) (470)
=1
and
m 1 mi+ma m
n1+1yn1+1c it = Hm1 (m +Z>?7 (yn11++1 2 2 3+1) (471)
=1

First we consider M)y, with & € N+ 1. Let U be any nonzero o(2n + 1,C)-
submodule of ’H’<k>. Then U must contain a K-singular vector by Lemma 2.5.
Moreover, (4.61) becomes

(En+n1,n1+1 - En+m+1,n1)6’ - yn1axn1+1 + xmaynlﬂ' (4~72>

If T,(n (x5t ys2 1) € U, then

1
k_zl(E"+"1’”1+1 - En+n1+1,n1)k2 [TL(UK( ley:?—&-l))] = TL(UK( k1+k2)) eU. (4-73)

When T,(n*(z51¢1?)) € U, we have T,(n‘(x f}l)) € U by (3.27). Symmetri-
cally, we have T,(n'(yl',)) € U if T,(n"(ys,1G?) € U, and (4.73) implies
0 # T,(n'(z%)) € U. By Lemma 2.4, we always have some T,(n’(z¥)) € U.

n ni

According to (4.69),
n"(xt) =0 for m, m; € N such that m > m;. (4.74)

Thus ¢ < k;.
Note that

(Enyo — Bonin) |5 = amoamnl - xoaynl (4.75)
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by (1.16) and (1.17). Moreover, (4.24), (4.69) and (4.75) imply that
(Enr0 = Boen) [To (0 (a7})]

_ <amamnl—xoaynl><z< D8 i (1))

P (2i)!
= -3 D O ) Tk Y )
- Z 0" D0, (' (%)
oo zx2z+1 )
- 0y 2 (22’+ LD )
o0 zl,Qz-i-l ]
2t = k) 3 D )
= (k1 =200 — k)T (0" M@k h), (4.76)
(Enno — Bomsn ) [T 07 (252)
= (0, — 200, (3 G D k)
- Z((f)ﬁ@ O ) + 3 Do, (o 08)
= (— 2)%31% i 0/ k 0/ k1—1
- Z WD (O, (" () = kaTo(n (232 7)). (4.77)
Therefore, we have
ﬁﬂ (o (@) = (k") e U. (4.78)

By Lemma 4.2, U = H;,. Thus H;,, is an irreducible o(2n + 1, C)-submodule.

Let V' be any nonzero o(2n + 1, C)-submodule of #/_,, with k € N. By
the above arguments (4.69)-(4.77), ¥ € V. Thanks to Lemma 4.2, V = Hi gy
So H;_y, is an irreducible o(2n + 1, C)-submodule.

Fix k € Z. Since D’ in (1.18) is locally nilpotent, for any 0 # u € B’<k>
there exists an element x(u) € N such that

(DY (u) #0 and (D)W () = 0. (4.79)
Set .
V=" (0) (Hipaiy): (4.80)

=0
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Given 0 # u € By, r(u) = 1 implies u € Hj,, C ¥'. Suppose that u € ¥
whenever k(u) < r for some positive integer r. Assume x(u) = r. First

v=(D")"(u) € Hij_py C V. (4.81)

Note that [9?

2, 48] = 2+ 4200, and so

r

(D) [(r)" ()] = 27 ] 1L+ 2(n2 =y + & —r = i)]Jv (4.82)

i=1
by (1.18), (1.19) and (2.24). Thus we have either
1

S T T 3m —m k=W eV (4.83)
N 1
" (u 2T+ 20—+ k=1 — z‘)]"r(“)) < (4.84)
By induction,
1 ' (v) € ¥, (4.85)

T T L+ 20—+ k— 1 — )]

which implies u € U'. Therefore, we have ¥ = Bbﬂ)' Since the weight of any
K-singular vector in (n')'(Hj._g;) is different from the weight of any K-singular
vector in (1)’ (H;_,;) when i # j, the sums in Theorem 2 are direct sums. This
completes the proof of Theorem 2. |
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