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Abstract. For a finite dimensional Lie algebra g over a field k of char-
acteristic zero, the p-function (respectively pnj-function) is defined to be the
minimal dimension of V' such that g admits a faithful representation (respec-
tively a faithful nilrepresentation) on V. Let b, be the Heisenberg Lie algebra
of dimension 2m +1 and let a, be the abelian Lie algebra of dimension n. The
aim of this paper is to compute (b, ® a,) and i (b ® ap,) for all m,n € N.
We also give a faithful representation and faithful nilrepresentation of b, & a,
of minimal dimension for all m,n € N.
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1. Introduction

In this paper, all Lie algebras and representations are finite dimensional over a field
k of characteristic zero. Given a Lie algebra g, we denote by p(g) the minimal
dimension of a faithful representation and by pni(g) the minimal dimension of
a faithful nilrepresentation. By Ado’s Theorem (or its proof) these numbers are
well defined and they are integers invariants of g (see for instance [12] page 202]).
Clearly, u(g) < pni(g), when g is nilpotent.

In the theory of the affine crystallographic groups and finitely-generated
torsion-free nilpotent groups, the invariant u plays an important role (for details
and reference see [4]). The following results are well-known:

Proposition. [, Propositions 2.31 and 3.8] Let G be an Lie group of dimension
n with g = Lie(G) the Lie algebra of G. If G admits a left-invariant affine
structure then pu(g) <n-+1.

The study of left-invariant affine structures over a Lie group G is linked
to the existence of left symmetric structures on the corresponding Lie algebra
g. Milnor stated that all real solvable Lie algebra would admit a left symmetric
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structure. There are many articles with positive results in this direction (see for
instance the original paper of Milnor [I5] and [I, O 11]). However, Y. Benoist
[2] and Burde and Grunewald [6] gave the first examples of nilpotent Lie groups
not admitting any left-invariant affine structure, they constructed nilpotent Lie
algebras g such that p(g) > dimg+ 1.

On the other hand, this problem is also related to the representation theory
of finitely generated nilpotent groups, since it is important to have methods for
finding integer matrix representations of small dimension for this class of groups
(see [10} I7]).

Computing g and py; (or finding bounds for them) for a given Lie algebra
is acknowledged to be a very difficult task and the goal has been achieved for very
few families (see for instance |20 [7, [8] [14]).

Let g be a Lie algebra. Assume that the center 3(g) is trivial then the
adjoint representation is faithful, it follows that pu(g) < dimg. If g is k-step
nilpotent whith £ =2 or 3 then

p(g) < dimg+1, (1)

(see [19]). In general, if g is nilpotent this result is not even true. In this direction,

it is known that 3

wg) < m

(see [3]). Since the classification of representations of nilpotent Lie algebra is a
wild problem, it reasonable to expect difficulties in obtaining p(g).

e, 2)

Let a,, be the abelian Lie algebra of dimension n and let b, be the Heisen-
berg Lie algebra of dimension 2m + 1 with a basis {Xy,..., X, Y1,..., Y, Z}
such that the only non-zero brackets are

(X, Y] = Z.

It is clear that the center of b, is 3(h,,) = k{Z}. In the rest of the paper, we
denote by [z] the ceiling of x. The following results are know for §,, and a,.

Theorem 1.1. Let m,n € N
(1) pnit(bm) = p(bm) = m +2 (see [3]);
(2) wla,) = [2vn—1| and pm(a,) = [2¢/n] (see [20], [13], [16]).

Let b,, ® a, be the direct sum of the Heisenberg Lie algebra and a,. The
upper bound for (b, ® a,) given by equation (1)) is

w(hm @ a,) < 2m+n+ 2.

Our main result in this paper are the value of  and pu,; for the Lie algebra
bm @ a, for all m,n € N. In this direction, we prove the following theorem.

Theorem. Let m € Ny andn € N. Then

tnit(bm @ a,) = m + {2\/11 + 1} and p(hy ® a,) =m+ (2\/5‘ .
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The paper is organized as follows. In , the upper bounds for u(h,, ® a,) and
tnit (i @ a,,) are obtained by explicitly constructing faithful representations and
faithful nilrepresentations of b,, ®a,, (which are shown to be of minimal dimension,
as we will see later). In §3| provides a detailed exposition of the proof of the lower
bound of u(h,, ® a,,) and g (hy S a,), here we use a theorem of Zassenhaus and
some results obtained in [§].

Our result for m = 0 coincides with the statement of Theorem . and
it is straightforward to see that our value of pu,; coincides with the statement of
Theorem . if n=0.

In general
(g1 ® 92) < pa(g1) + p(g2) (3)

for arbitrary Lie algebras gi,g2. If g = g1 ® --- @ g, is a semisimple Lie algebra
over C, where g; is a simple ideal of g, then pu(g) = p(g1) + -+ + p(g,) (see
[7]). But the equality in seldom occurs for nilpotent Lie algebras, for instance
pla,) = [2v/n—1] <>, pla;) = n. As far as we know, there is no example of
two nilpotent Lie algebra g;, dimg; > 2, such that p(g; @ g2) = u(g1) + p(g2)-

In this context, the Lie algebra b,, & a, can be viewed as an extreme case
in this sense, since

/“Lnil(bm D an) = Mnil(bm) + ,unﬂ(an) — €
:u(bm D Cln) = ,U(hm) + ,U(Cln) — €.

with € =1 or 2, depending on the value of n.

This paper is used in [I8] to calculate the p-function and p,;-function for
all 6-dimensional nilpotent Lie algebra over k.

2. A family of representations of b,, ® a,,

We start with a simple proposition.

Proposition 2.1.  Let g be a nilpotent Lie algebra and let (m,V) be a repre-
sentation of g. Then (m,V) is faithful if and only if (7 |yq),V) is faithful on
3(9).

Proof. Assume that g is k-step nilpotent and kersw is non trivial and let
Xo € kerm, Xo # 0. Since (7 |4q), V) is faithful on 3(g), we know that X, ¢ 3(g)
and thus there exists X; € g such that [Xo, Xi] # 0. Since kerm is an ideal
of g and (7 |;q),V) is faithful, [Xo, Xi] € kern,[Xo, X1] ¢ 3(g). Hence, there
exits Xo € g such that [[Xo, Xi], Xs] # 0 and hence, as before [[ X, X;], Xs] €
ker 7, [ Xo, X1], X2 € 3(g). We now apply this argument again k-times, to obtain
Xk—1 € g such that [[...,[[Xo, X1], X2],...], Xi] # 0 but this contradicts the fact
that g is k-step nilpotent.

The converse is clear. |

The Heisenberg Lie algebra b,, has a canonical faithful representation
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(70, k™) which in terms of the canonical basis of k™2 is given by

0x1 ... Tm =z
m m Y1
o (Z ;. X; + Z?Jzyz' + ZZ) = 0 : i, Yi, 2 € k. (4)
=1 =1 Ym
0

Let {A;,...,A,} be a basis of a,, and let {Z, Ay,..., A,} be a basis of
the center 3(b,, © a,).

We shall now construct a family of nilrepresentations of b,, ® a, that
contains a faithful nilrepresentation of minimal dimension.

For a,b € N, define the linear maps

Ty ... Im
- T kK{ Xy, L X = Man(k), (00 X)) = 0
Y1
- Tb:k{}qa---7ym}_>Mm,b(k)u Th (ZﬁlyzY@) = 0
Ym
- Tap: k{Z, Al, . ,An} — Ma,b(k)
Z, ifi=5=1;
a;_1, ifie=1,7>2;
Tup (22 4+ a,A).. =L
o 2 )i @j_1t(i-1yps  if 2 <7 < min {a, [2=EE] 4+ 1}

0, otherwise .
For instance, if n = 10,a = 5,b = 3 we have

10 Z a1 a2
as aq as

T4.3 2/ + E aiAz- = | @ a7 as | |
’ ag aig O

0 0 O

Now, we define the representation (7ra7b,km+“+b) of b,, ® a,, in terms of
the canonical basis of k™. Let X = > 7" X,V = > Y, and A =
Z?:l a;A;. Then 7, is given by the following block matrix

o —— :
0| 70(X) | Tap(2Z2 +A) N
Tap (X +Y +2Z2+A)=| 0] 0 n(¥) i
0 0 0 }o

Example 2.2. Let m = 2,n = 4 and X = 2?:1 x; X; + Z?:l Y + 272 +
2?11 a; Ay

00z 2 2 a1 a2
00 0 O agzaqa O
000 0y 00
a) a=2,b=3 then m3(X)= {000 0w o 0 |;
000 0O O O O
000 0 O O O
000 0O O O O
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0x1 22 z a1 a2

00 0wy 0O

= = = 00 0y 0O

b) a=1,b=3 then m 3(X) O
00 0 00O

00 0 00O

By straightforward calculation we have
- (Wa?b, km+“+b) is a nilrepresentation of h,, @ a,,.
-If a=b=1 then 71,1 |hm: 70 -

- By Proposition , (a0, K™Y s faithful if and only if 7, is injective. Then
(Wa’b, km+a+b) is faithful if and only if ab > n + 1.

Since

min{a+b:ab>n+1} = [2\/n+1-‘

for every n € N, we obtain the following result.
Proposition 2.3. Let m,n € N then

tnit(hm @ a,,) <m + [2\/71——1—1-‘ .

Analogously, we introduce a family of representation of b, & a, that con-
tains a faithful representation of minimal dimension.

Let X = Y7 oXi+ >0 Y, +2Z+ > aA € b, ®a, and let
(Tap, k™) be the representation of b, @ a, that is given by

m m n—1
Tab (X) = Tap <Z X+ Y uYit 22+ aiAi> + anl
=1 =1 =1

where [ is an identity matrix of size m + a + b.
It is easy to see that (7, k™m+att) ig a representation of h,, ® a, and T is
faithful if ab > n. Then we obtain the following proposition.

Proposition 2.4. Let m,n € N then

M(hm D an) <m+ [2\/5-‘ .

3. The lower bound

In this section we prove the lower bound of (b, ® a,) and i (H., O a,).

We will need the following facts:

Let g be a Lie subalgebra of b, ® a, such that Z ¢ g, from an argument
similar to |8, Lemma 3] it follows that

dimg < m+dimgn3(h, ® a,). (5)

We will also need the following theorem.
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Theorem 3.1.  [8, Theorem 4.2] Let V be a finite-dimensional vector space and
let N be a non-zero abelian subspace of End(V') consisting of nilpotent operators.
Then there exists a linearly independent set B = {vq,...,vs} CV and a decompo-
sition N =N, @ --- N, with N; # 0 for all i, such that the maps F; : N —V
defined by F;(N) = N(v;) satisfy

(1) Fi|n; is injective for all i =1,...,s.
(2) N; CkerF; forall 1 <i<j<s;
(3) NV CImF, |y, foralll1<i<j<s.

Furthermore, given a finite subset {Ni,...,N,} of non-zero operators in N, the
vector vy can be chosen so that Ni(vy) #0 forall k=1,... k.

We are now ready to prove the first main result of this section.
Theorem 3.2. Let m,n € N then

tnit (B @ @) > m + [2\/71—4-1-‘ )

Proof. Let (m,V) be a faithful nilrepresentation of bh,, ® a, and let 3 =

k{Z}®a,. We apply Theorem [3.1]to the subspace N’ = 7(3). We obtain a linearly

independent set B = {vy,...,v,} C V and a decomposition N = N; & --- & N,

with N; # 0 for all i, such that the maps F; : N' — V defined by F;(N) = N(v;)

satisfy (1), (2) and (3) of Theorem[3.1] We additionally require that 7(Z)(v1) # 0.
Let ¢ be a linear map such that

6 b @ an— V. 6(X) = 7(X)or.
Note that ¢ |;= F} o m. We claim that
(i) dimIm ¢+ dimker F; > m+n+ 1.
(ii) Im¢pNkB =0, and thus dimV > s + dim Im ¢.
(iii) n+1 < sdimIm Fy, and thus (2\/'@——1-1} < s+ dimlIm F;.

Proof of (i). 1t is clear that ker ¢ is a subalgebra of b, @ a,, such that Z ¢ ker ¢.
Since m(ker ¢ N 3) = ker Fy, it follows from (j5)) that

dim ker ¢ < m + dim ker F}.

Since dimker ¢ + dimIm ¢ = 2m + 1 + n, we obtain (7).

Proof of (i1). Let v € Im¢p NkB then v = Y7 | a;v; and since v € Im ¢ there is
X € b,, ® a, such that m(X)(v;) =v. Hence

s

7(X)(v1) = Z a;v;. (6)

=1
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We must prove that a; = 0 for all i. Assume that a; # 0 for some i and let
ip = max{i : a; # 0}. Since 7(X) is nilpotent endomorphism on V', its only
eigenvalue is zero and thus ig > 1. Let N € Ny, N # 0 and let us apply N to
both sides of equation (). We obtain zero on the left hand side, since N € 7(3),
iop > 1. But from (1) and (2) of the Theorem 3.1} we obtain on the right hand
side a;,N(v;,) # 0, which is a contradiction.

Proof of (iii). Part (1) and (3) combined imply that dim N, > dimN,, if z < y.
In particular dimAN; > N for all j =1,...,s and thus

n+1=dmN = Zdim/\/} < sdim N} = sdim Im F;.
j=1
Since min{a +b: a,b € Nand ab > n+ 1} = [2y/n+ 1] for all n € N, we obtain
(i) .
From (i) and (¢7) it follows that
dimV +dimker Fi > m+n+1+s,

and combining it with (i7i) we obtain
dimV +dimker /|, +dimImFy >m+n+1+ {2\/71—“—‘ )
Finally, since dimker F; + dimIm F} = n + 1 we obtain
dimV = m+ [2vn+1|

and this completes the proof. [ |

First we recall a theorem due to Zassenhaus (see [12], page 41]) to prove the
lower bound for u(h,, ® a,).

Theorem 3.3.  [8, Theorem 2.1] Let g be finite dimensional nilpotent Lie alge-
bra and let (7, V') be a finite-dimensional representation of g. If k is algebraically
closed then

V=Vo- eV,

such that w(X) |y, is a scalar X\; plus a nilpotent operator N;(X) on V; for all
X egandi=1,...,s. Moreover, (N;,V;) is a nilrepresentation of g for all
1=1,...,s.

We end the paper with the second main result of this section.

Theorem 3.4. Let m,n € N then

(b @ ay) > m + [2\/5—‘ .
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Proof. Let (m, V') a faithful representation of b, ® a,,, by Zassenhaus theorem
we have

V=Vo- eV,

such that 7(X) |v,= \i(X)I + N;(X) for all X € g.

Since (m, V') is a faithful representation there is v € V' such that 7(Z)(v) #
0. It follows that there exist io = 1,...,s, such that 7(Z)(v;,) # 0.

Since Z € 3(hn @ a,) N [hy @ a,, b, B a,], we have )\ (Z) = 0 and
therefore N;,(Z)(v,) # 0. By Proposition [2.1] we have (N, |s,., Vi,) is a faithful
nilrepresentation of bh,,. Therefore, if ¢ = ker /V;,, it follows that ¢Nbh,, = 0 and
thus ¢ is an abelian Lie subalgebra of §,,®a, . Let b be a complementary subspace
of b, ¢ in b,, B a,, thus b, Ba, =b,, b P c. It is clear that h,, ® b is a Lie
subalgebra of b, ® a,. By construction of b, we have (Nj, |g,,e0, Vi,) is a faithful
nilrepresentation of b,, @ b. We conclude, by Theorem that

dim Vi, > m + [2V/dimb + 1]

Let ¢g = ker \;; N ¢ then dime¢y = dime—1 and (7 |¢,, Dizi, Vi) is a faithful
representation of ¢y. By Theorem , we have

dim ®yz, Vi > {2 dim co — 1]
Since dim V' = dim V;; + dim @®,,,V;, it follows that
dimV > m + {2\/dimb n 1} n {2 dim g — 1}

> m+ {2\/dimb F dimco + 1]
>m+ [2y/n]

and this completes the proof. [ |
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