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Abstract.  Hom-Lie superalgebras, which can be considered as deformations
of Lie superalgebras, are Z-graded generalization of Hom-Lie algebras, In this
paper, we prove that there only exists the trivial Hom-Lie superalgebra structure
on a finite-dimensional simple Lie superalgebra.
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1. Introduction

Hom-Lie algebras have been studied by many mathematicians before they were
introduced formally by Hartwig, Larsson and Silverstrov [10] . We refer to [2, 9,
13, 4, 5, 6] for those pioneering works. Part of the reason why they study Hom-Lie
algebras is to deal with the g-deformations of the Witt and the Virasoro algebras.

Closely related to discrete and deformed vector fields and differential cal-
culus, Hom-Lie algebras have recently been paid much attention in the works
(3, 11, 14, 16, 17, 18, 19, 21]. In particular, Jin and Li [11] proved that such an
algebra structure on a finite-dimensional simple Lie algebra is equivalent to the
trivial one. They also classified all of the nontrivial Hom-Lie algebra structures on
finite-dimensional semi-simple Lie algebras.

Recently, Hom-Lie algebras were generalized to Hom-Lie superalgebras by
Ammar and Makhlouf [1] and to Hom-Lie color algebras by Yuan [20].

Definition 1.1. A Hom-Lie superalgebra (g,[—, —|,0) consists of a Zy-graded

vector space g, a bilinear map [—, —] : gx g — g and an even linear map 0 : g — ¢
satisfying

olz,y] =[o(z),0(y)] (multiplicativity), (1.1)

[z,y] = —(=1)#W [y 2] (graded skew-symmetry) (1.2)
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Funds for the Central Universities.
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and

(=10 (2), [y, 2] + (=)o (y), [z, 2]] + (- )W [o(2), [z, 9] =0 (1.3)

(graded Hom-Jacobi identity, or graded o-twisted Jacobi identity),

where x, y and z are homogeneous elements in g.

Definition 1.2. Let g be an Lie superalgebra, [—, —] be its Lie bracket, and
o be a linear transformation on g. Then (g,0) is called a Hom-Lie superalgebra
structure on the Lie superalgebra g if (g,[—, —],0) is a Hom-Lie superalgebra.

It is obvious that the Hom-Lie superalgebra (g, [—, —],id) is just the Lie
superalgebra g. We call (g,id) the trivial Hom-Lie superalgebra structure on g.
Thanks to the multiplicativity (1.1), one sees that ¢ has to be a homomorphism of
g if (g,0) is a Hom-Lie superalgebra structure on the Lie superalgebra g. For any
simple Lie superalgebra g, a homomorphism o : g — g is either an automorphism
or the zero map. The graded Hom-Jacobi identity (1.3) will become “0 = 07 if
o = 0. In this case, the Hom-Lie superalgebra (g, o) is too simple to say anything.
Therefore, we always assume that o is an automorphism of g in the sequel.

See [11] for the definition of Hom-Lie algebra structures on a Lie algebra.
We point out that they made a slight change for the definition of Hom-Lie algebras
so that both (g,id) and (g,0) are the Lie algebra g itself in their case.

Inspired by the work [11], it is natural to ask whether there exist nontrivial
Hom-Lie superalgebra structures on finite-dimensional simple Lie superalgebras.
The answer is no. The following theorem is the main result of this paper.

Main Theorem: The Hom-Lie superalgebra structures on a finite-dimensional
simple Lie superalgebra g are trivial. That is, if (g,0) is a Hom-Lie superalgebra
then o =id.

It is well known that there are two families of complex finite-dimensional
simple Lie superalgebras. One consists of classical Lie superalgebras and the other
one consists of Cartan type Lie superalgebras. For a classical Lie superalgebra
of the form g = gg & g7, we first restrict the Hom-Lie superalgebra structure
(g,0) to the even part gz so that we can use the result in [11] to obtain that
0lg; = 1id. Then we combine the description of the automorphisms of classical Lie
superalgebras (cf. [15, 8]) to check that o = id case by case. For a Cartan type
Lie superalgebra of the form g = @?’;il gi, we first show that the isomorphism
must be identity on the subspace g_1 € go via the transitivity of W(n), S(n) or
H(n). Then the conclusion is obtained by the nontriviality and the irreducibility
of g_1 as a gg-module.

The paper is organized as follows. In Section 2, we recall the definition of
Hom-Lie superalgebras and list some endomorphisms of gl(m|n), which are used
to describe the automorphism groups of classical simple Lie superalgebras. We
also list some properties of Cartan type Lie superalgebras, which will be used in
Section 4. Section 3 is devoted to the proof of the main theorem in the classical
Lie superalgebras cases, while Section 4 is devoted to the proof in the Cartan type
Lie superalgebras cases.
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Throughout this paper, the base field is assumed to be the complex number
field C. The symbol Z, = {0,1} stands for the group of two elements. When |z|
appears in an expression, we always implicitly assume that z is a Zs-homogeneous
element and automatically extend the relevant formulae by linearity (whenever
applicable). For any superalgebra in this paper, the homomorphisms always mean
even homomorphisms.

2. Preliminaries

In this section, we first list some endomorphisms of gl(m|n), which are used to
describe the automorphism groups of classical simple Lie superalgebras in Section
3. We also list some properties of Cartan type Lie superalgebras, which will be
used to prove the Cartan type cases of the main theorem in Section 4.

2.1. Some endomorphisms of gl(m|n).  There are some endomorphisms of
the general linear Lie superalgebra

gl(m|n) := {( é g ) |A € M;,,B € My, C € M,,,,D € Mn} , (2.1)

where M, , is the set of all p x ¢ matrices and M, := M,,.
For any (X,Y) € SL,,, X SL,,, define Ad(X,Y’) € End gl(m|n) by

(2.2)

Ad(X,Y) ( A B ) o ( XAX™! XBYy ! >

C D YCX~!' YDY !
It implies a group homomorphism Ad : SL,, x SL, — Autgl(m|n). That is,
Ad(Xy1,Y1)Ad(Xy,Ys) = Ad(X1 X2, Y1Y5) (2.3)

for any (le}/l)7 (X27Y'2) € SLm X SLn
For any A € C* := C\ {0}, there is an endomorphism defined by

A B A AB
o (A8 (8, oy
It is clear that
J(A)I(A2) = 3(MAg)  for any Ay, Ap € C*. (2.5)
The supertransposition T is the endomorphism of gl(m|n) given by
A B —At
T:(CD>0—><_Bt —Dt>' (2.6)
It satisfies that
7 =9(-1) and 7'=1. (2.7)

Furthermore, when m = n, there is another endomorphism 7 of gl(n|n)

given by
A B D C
(A 8)e (2 9), o9
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which satisfies that

=1 (2.9)
At last, for any < ZL Z ) € SLy, we define the endomorphism of gl(2|2)
as follows
a b\ (A B A aB+ bV (C)
p(cd)'(C D)H(cxp(B)erC D > (2.10)

(0 1 f 0 1
where U (F) = ( 1 O)F (_1 0).
One can check that p : SLy — Autgl(2|2) is a group homomorphism. That
is,
p(AB) = p(A)p(B) for any A, B € SL,. (2.11)
Moreover, one can see easily that for any (X,Y) € SL,, x SL,, and A\ € C*

Ad(X,Y)5(A) = (MAL(X,Y), (2.12)
Ad(X,Y)r = 7Ad(XH) 1, (YH ™ (2.13)
and
I T =T19(A7H). (2.14)
In the case of m = n, we have
Ad(X,Y)r = 7Ad(Y, X), (2.15)
g\ =my(A7) (2.16)
and
= 71)(—=1) = 77" (2.17)
Finally, if m = n = 2, then for any ( (Z Z € SLy, we have
AdX YY) (P o) o (@ 0 Y aax,y 2.18
XYl . 4 )=r . 4 )AXY) (2.18)

and

P(ZZ)W:WP<Z§). (2.19)

2.2. Some properties for Cartan type Lie superalgebras.
Let A(n) be the exterior algebra in n indeterminates &;,&s,...,&,. There
are four simple Lie superalgebras consisting of its derivations:

= {Z fing 2, |fg cA(n)} (n=3), (2.20)

S = (Y fja%m AW, YL -0p (=3, (221
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Sm) = {(1- s ij Sl Z -0 e

(n >4 is an even number),

and
- {Z oL EAm) (2 4) 223
? 0€; 08
There is a natural Z-gradation W (n) = @;.:11 W(n); by setting deg¢; =1
and dega%_ = —1 for any ¢ = 1,2,...,n, which is called the principal gradation.
It induces the Z,-gradation on W (n):
W(n)s := @ Wi(n); for se{0,1}. (2.24)

j=s(mod 2)

The Zy-gradation of S(n), S(n) and H(n) is inherited from W (n). Fur-
thermore, the algebras S(n) and H(n) are Z-graded subalgebras of W(n). The
subalgebra S (n) is no longer Z-graded, but it has the following vector spaces
direct sum decomposition in W (n):

Sn) = & S(n);. (2.25)

j=-1

where S(n)_; = span{(1 — §1§Q-~§H)%| i=1,...,n} and g(n)J = S(n); for
j>—1.

The 0-degree components of these superalgebras are Lie algebras. Precisely,
one has that W(n)y = gl(n), S(n)y = S(n)y = sl(n) and H(n)y = so(n).
The subspaces with other degrees are all irreducible modules of the 0-degree
component. In particular, the (—1)-degree subspace is a nontrivial module.

The following proposition, which is called the transitivity of W(n), S(n)
and H(n), will be used in Section 4.

Proposition 2.1. (cf.[7]) Let g = W(n), S(n) or H(n). For any g € g, if
[gag—l] =0 then geg_1.

3. Proof of the Main Theorem for Classical Lie Superalgebras

In this section, we first prove that o|y, = id for any Hom-Lie superalgebra structure
(g,0) on a classical Lie superalgebra g. Then thanks to the classification for
classical simple Lie superalgebras due to Kac [12], we are able to prove the main
theorem case by case.

3.1. Hom-Lie algebra structure on g;. The following lemma is clear by the
definition 1.1.

Lemma 3.1.  If (g,0) is a Hom-Lie superalgebra structure on the Lie superal-
gebra g, then (gs,0ly,) is a Hom-Lie algebra structure on the Lie algebra gg.
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The following theorem is obtained directly by the main results in [11].
We will use it to study the Hom-Lie superalgebra structures on a classical Lie
superalgebra.

Theorem 3.2. (Jin-Li[11]) Let g be a finite-dimensional semisimple Lie algebra
and o an automorphism of g, then (g,0) is a Hom-Lie algebra if and only if
o=id.

Proof. If g is a finite-dimensional Lie algebra with non-isomorphic simple
summands, then ¢ = id by Corollary 3.1 in [11].

If g has the isomorphic simple summands, then Theorem 3.1 in [11] implies
that for any non-trivial Hom-Lie algebra (g, ) on g, the homomorphism ¢ cannot
be an automorphism because a projection homomorphism appears as its factor. m

Corollary 3.3.  For any classical simple Lie superalgebra g, if (g,0) is a Hom-
Lie superalgebra, then olq, = id.

Proof. For any classical simple Lie superalgebra g, its even part gg is a
semisimple Lie algebra. Thus the statement follows from Lemma 3.1 and Theorem
3.2. |

3.2. Hom-Lie superalgebra structures on sl(m|n), (m,n > 1,m # n).
The special linear Lie superalgebra sl(m|n) consists of those matrices

A B
( c D ) € gl(m|n) such that trA —trD = 0.

It was proved in [15, 8] that Autsl(m|n) is generated by Ad(SL,, x SL,),
J(C*) and 7.

If (sl(m|n), o) is a Hom-Lie superalgebra, then o|sm ), = id by Corollary
13 10) € sl(m|n). So it should
be that o = j(\) for some A € C* via (2.2)-(2.7) and (2.12)-(2.14).

We always use e;; € gl(m|n) to denote the matrix whose (7, j)-th entry is
1 and other entries are 0 in the following text. Setting = e 41, ¥y = €12 and
z = e in (1.3), we have that Az, [y, z]] = [z, [y, 2]]. Thus it must be that A =1
and hence o = j(1) = id.

3.3, where sl(m|n)g consists of those matrices

3.3. Hom-Lie superalgebra structure on psl(n|n), (n > 2).
Recall that

psl(n|n) := sl(n|n)/{\l,|\ € C}. (3.1)

The automorphism group Autpsl(n|n) is generated by Ad(SL, x SL,), 3(C*),
7 and 7 (cf. [15, §]).

If (psl(n|n),o) is a Hom-Lie superalgebra, then o = j(\) for some A € C*
via Corollary 3.3, and, (2.2)-(2.9) and (2.12)-(2.17). Thus by the same arguments
as in the case of sl(m|n), we have o = 5(1) =id.
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3.4. Hom-Lie superalgebra structure on psl(2[2).
It was proved in [15, 8] that Autpsl(2|2) is generated by Ad(SLy x SLs),
p(SLs) and 7.

If (psl(2|2),0) is a Hom-Lie superalgebra, then o = p( ch Z > for some
( j Z ) € SL, by Corollary 3.3, and, (2.2),(2.3),(2.8)-(2.11),(2.15),(2.18) and

(2.19).

Now let © =ey3, y = €12 and z = ey, then we have o(z) = aey3 — ceqy,
o(y) =y and o(z) = z, which leads to [o(z), [y, z]] = [z, [y, z]]. This implies that
a =1 and ¢ = 0. Similarly, we can set o = e32, y = €34 and z = ey 3 to show
that d =1 and b =0 by [o(x), [y, z]] = [z, [y, 2]] again.

3.5. Hom-Lie superalgebra structure on P(n —1).
The simple Lie superalgebra P(n — 1) is a subsuperalgebra of sl(n|n),
consisting of the matrices of the following form.

P(n—l):{(g o ) \Aes[n,B:Bt,C:—Ct} (3.2)

There is a group homomorphism
Ad: SL, — AutP(n — 1), X — Ad(X, (XH™). (3.3)

Automorphism group AutP(n — 1) is generated by Ad(SL,,) and j(C*).

A plausible automorphism o with (P(n — 1),0) being a Hom-Lie superal-
gebra, should be that ¢ = j(\) for some A € C* by Corollary 3.3, and, (2.2)-(2.5)
and (2.12).

Let x =e11 — €22 — €nqingl T €ny2nt2, Y =€12 and 2 = €119 + €2041-
Then o(x) = z, o(y) = y and o(z) = Az. One has A[z,vy], 2] = [z,y], 2] by
o-twisted Jacobi identity. Hence Ale12, €112 + €2.n41] = [€1.2, €1n12 + €2ns1]. Tt
follows that A =1, i.e. o0 =id.

3.6. Hom-Lie superalgebra structure on Q(n —1).
First the subsuperalgebra of sl(n|n) called Q(n — 1) is given by

~ A B
Qn—1):= {( B A ) |trB = 0}. (3.4)
The simple Lie superalgebra Q(n — 1) is the quotient

Q(n—1):=Q(n—1)/{ |\ € C}. (3.5)

This simple Lie superalgebra is not invariant under the supertransposition
7, but it is invariant under the g-supertransposition

Uq:(éi)H(C%t Cﬁ)7 (3.6)

where ( is a fixed primitive 4-th root of unity.
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There is a group homomorphism
Ad: SL, —» AutQ(n — 1), X — Ad(X, X). (3.7)

Automorphism group Aut@)(n — 1) is generated by Ad(SL,) and o,. One
can check easily that
oy =j(—1) and o, =1, (3.8)

q

and
o, Ad(X) = Ad((X) Hoay,. (3.9)

Thus if (Q(n — 1),0) is a Hom-Lie superalgebra, then the plausible au-
tomorphism ¢ must be the identity or 03 by Corollary 3.3, (2.2),(2.3),(3.8)
and (3.9). One can show that ¢ = id by setting © = e12 + €pp1ni2, Yy =
€11 — €22 + €ntint1 — €ntont2 and 2 = ez,41 + €491 in the o-twisted Jacobi

identity (1.3).

3.7. Hom-Lie superalgebra structure on osp(m|2n).
Recall that the orthosymplectic Lie superalgebra osp(m|2n) is the subsu-
peralgebra of sl(m|2n) defined by

osp(m|2n) = {( Jth g > |A € s0,,, B € My, 0,,D € 5p2n} (3.10)

0o I,
where J,, = ( I 0 )

When m is even, we take 7,, € O,, such that detv,, = —1 and 72, = I,,,.

The automorphism group Autosp(m|2n) is generated by Ad(SO,, X Spay,)
if m is odd, or by Ad(SO,, x Spa,) and Ad(vpm, I2,) if m is even.

Obviously, o = id if (osp(m|2n), o) is a Hom-Lie superalgebra by Corollary
3.3.

3.8. Hom-Lie superalgebra structure on G(3).

For Lie superalgebra G(3), its even part G(3) ~ G2 @ sly and its automor-
phism group AutG(3) is generated by Ad(Gy x SLy). Hence o =id if (G(3),0)
is a Hom-Lie superalgebra by Corollary 3.3.

3.9. Hom-Lie superalgebra structure on F'(4).

For Lie superalgebra F'(4), its even part F'(4); ~ so; @ sly and its auto-
morphism group AutF'(4) is generated by Ad(Spin, x SLs). Hence o = id if
(F(4),0) is a Hom-Lie superalgebra by Corollary 3.3.

3.10. Hom-Lie superalgebra structure on D(2,1, ).
For Lie superalgebra g = D(2,1,q), its even part is gg ~ sly @ sly @ sly,
and its odd part is g7 ~ Vo ® Vo ® V5, where V5 is the natural module of sl .
Given 0 € &3 and A € C*, we define 6(o, \) € GL(D(2,1,a)) by

0(0, \) (21, 22, 23), (U1 @ U @ uz)) = ((To(1), To(2), Ta(3)), MUo(1) @ Us(2) @ Ug(3))).

(3.11)
Thus, in the case o ¢ {1,—%,—2} and o® # 1, AutD(2,1,a) is generated by
Ad(SLy x SLy x SLy). In the case a € {1,—3,—2}, AutD(2,1,a) is generated
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by Ad(SLy x SLy X SLs) and 6((1,2),1). And in the case o® =1 and a # 1,
AutD(2,1,«) is generated by Ad(SLs x SLy x SLy) and 6((1,2,3), ), where
A2 = é These together show that the Hom-Lie superalgebra struct on D(2,1, a)
is trivial.

4. Proof of the Main Theorem for Cartan Type Lie Superalgebras

In this section, we will show the main theorem in the case of Cartan type Lie
superalgebras, i.e., 0 = id for any Hom-Lie super algebra structure (g,o0) on a
Cartan type Lie superalgebra. There are two key points in the proof. One is
the transitity of W(n), S(n) and H(n). The other one is that the (—1)-degree
subspaces are nontrivial irreducible modules of the 0-degree components for these
superalgebras.

4.1. Hom-Lie superalgebra structure on W(n).
Let z = 8%1-’ y = a%j and z = 53‘3%- Then one has [z,y] = [z,2] = 0 if
i#j,and [y,z] = a%. The o-twisted Jacobi identity implies that

a., 0
o =0 forany . 4.1
(5 5] y (@)
Since W (n) is transitive by Proposition 2.1, we have o(W(n)_1) = W(n)_y. Set
xza%,yzfsa% andz:gpa%z,wheres#iandp#z Then [x,y]:[:c,z]zo
and [y,z] = é},pésa%l — §s,q§pa%, which leads to [o(x),[y,2]] = 0. We write

0(6%) = >, ak,-%. It follows that ax; = 0 for k # i, ie. 0(8%) = aiafgi
fore=1,...,n.

Nowlet x—&ag , y—— and z-{kdg,where k#j,l#1iand k #1.
Then one gets [x,y] = [z, 2] = 0. It implies that

0

(6i5) 5

) —| =0 forany [ #i. (4.2)

3]

For [ =1, one has

0 0 0 0o 0

i — = —ap— i 4.3

o6, ) = o —6ig) = ~ovgg ~ izl (49)
Thus 5

i & 4.4

olgg) = nbige (14)

which also implies that a; = ay = -+ = a,. It follows that o[y ), = id. Then
one has ar, =1 for k=1,2,...,n in (4.4). Hence

Tl wmy_1 @wn) = id. (4.5)

Set y € W(n)_; and z € W(n)y. By the o-twisted Jacobi identity we have
that
lo(z) —z,]y,2]] =0 for any z € W(n),, (4.6)
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where [ =1,2,...,n— 1. Thus o(z) —2x € W(n)_; by the transitivity of W (n).
Finally, setting y € W(n)y and z € W(n)q, we get that o(z) =z, i.e. o0 =1id.

4.2. Hom-Lie superalgebra structure on S(n).
Since S(n)—1 = W(n)_1, S(n)o C W(n)y and S(n)y = sl(n), we obtain
that
Tl s(m)_1 @ St)o = id. (4.7)

Note that S(n) is also transitive. Now the same argumentation as in the last
paragraph of above subsection implies that ¢ = id.

4.3. Hom-Lie superalgebra structure on S(n).

In this subsection, we always assume that n(> 4) is an even integer. Denote
A=1-& &, and A = & & 1&g &. Note that S(n) = @)% S(n),
where S(n)_, span{A -|i=1,...,n} and S(n), = S(n), for 1 > 0.

Let ZL":Aa A8 andZ:Spa%q,wherei#jandp%q. Then
[z,y] = (—1)’141»(95 (—1)7 4,2 3z [T, 2] = 51971"46%1 and [y, z] = 5p7jAa%,' Thus one
has
0 0 .0 .0 0 0 0

,Op i A— —1)'Ai—+ (1) Aj=—,0(==)] — lo(A==), 0p A=—],

(4.8)

by the o-twisted Jacobi identity. Now let p = 7. We write U(A(95 ) = a; + 0
where a; € S(n)_;, and §; € D1 S(n);. Then the equation (4.8) becomes

lo(Ao=

0 0 .0 0

o+ i, A—] = Ai— 4+ (=1V A —, 0(&=))]. 4.9
| 5] = (V' A + (-1 Ay 0(6 ) (19)
One observes that [O‘ivAa%q] € W(n)n_2 and [(—1)" Ala? +(— )]A] 8(2 (gja%,)] €
W(n)p—o. Thus [ﬁi,Aa%q] lies also in W(n),—2. But 8; € @, 2 S(n),. In these
subspaces, the action of operator A% is just as the same as %7 which implies

that [5;, 8%1] =0 for ¢ # j. These show that 3; = 0, and hence
o(S(n)_1) = S(n)_,. (4.10)

Now let = = Aa%, y = fsa% and z = @,a%q, where s # ¢ and p # i. Then
[2,y] = [2,2] = 0 and [y, 2] = 8,52 — 5%8%%. It follows that

0 (9
[0-<Aa€z) af ) ptgs agq 5‘1755?8_&] - O (411)
It shows that
(Ai) = -Ai for 1=1 (4.12)
o 9, = q 7, r i=1,...,n. .

Setx:&%, y:A% andz:ﬁka%,where k # 7 and k # i. If

[ # i, we have [x,y] = [x,2] =0 and [y, z] = Aa%' Hence [a(&%),Aa%] =0 via
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the o-twisted Jacobi identity. For [ = i, we have [z,y] = 0, [y, 2] = Aa% and
[z,2] = —fka%_. This implies that

0 0 0 0 0
ol ge b A = A), 6] = A =l f AT (113)
Thus p 5
[0 (fzaéj) a’“&a_gj’Aa_gl] =0 forany l=1,...,n. (4.14)

Hence a(&%) = akﬁia—é. Since S(n)y = sl(n), we have that
Now let 2 € S(n), for I > 0. Then

[0(2), [y, 2] = [#,[y, 2] for y € S(n)_, and z € S(n)o. (4.16)

Thus o(z) —z € S(n)_y. Since S(n)_; is a nontrivial irreducible module of
S(n)o = sl(n), one shows that o(x) = x via setting y € S(n)y and z € S(n)o. In
a word, o = id on the superalgebras S(n).

4.4. Hom-Lie superalgebra structure on H(n).

First, we note that H(n)_; = W(n)_; and H(n)y = so(n).

Letx:a%, y:% andz:fja%—fla%j,wherei#j, 1# 1 and j # 1.
Then [z,y] = [z,2] =0 and [y, z] = a%‘ We obtain that

o, 0 o 0

[U(@—&)a 8_&] = [8_&’ 6_&] =0 (4.17)
for [ # 1.
Now set [ =1, ie. ¥ = 5 y—— and z—ﬁja%—@a%j. We have that
0 0 0 0
{ (857,) [afj ) 5] 651 52 66]“ [ (ag] ) [852 ) 6] aé@ SZ aé—] H (418)
o2, 2= (2,0 (1.19)
& 0&; 0&;77 0¢; '
We write 0(8%_) = «a; + f; where o; € H(n)_; and f; € @ H(n);. Moreover, [;
>1
can be written as f; = Z ggl e, fori=1,....n. Thus
k=
00 0 0 N0y 0 0
Z 96, 96, 96 ~ 12 9, 55, 5, (4:20)
This gives that . o0 0 o
Ji g;
il == —1=0. 4.21
9¢,96, 08, ~ o, 96, o) 420
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Thus

3 . 4.29
] =0 (422
It implies that o(H(n)_1) = H(n)_1. Moreover, let x = ai y = gsa% - é}a%s
[y, 2]

and z = @% — 5,1(% with s,¢,p,q # i. Then [o(x),[y,2]] = 0. Writing
J(%) = i aikﬁ, we have
) el k
= 0 0
[; azkag ) tp(gs 5 fqa_gs> - 53,!1(5;)65 &c%“p)
—)] = 4.2
6t€1(€8 agp gpags) + SP<€(1 agt é-t afq)] 0 ( 3)
for s,t,p,q # i. It shows that
0 0 .
O'(a—&> —a,;a—& fori=1,...,n. (4.24)
Let mzfia& 5]85 y——s and Z—fsag §ta%s. Then
0
[o (&85] @agz) a&] 0 fort#iandt##j. (4.25)

Let $=§i£—§jg, Y= % and Z:§5£—fi£ with s # . Then
0 0

[ (&’853 5]6&) afz] = [ (afs) <§sa§j éjags)]
o 0
- olégg ~Gag g,
B 0
= asa—é_J
0
= [as(&f)f fj ¢, ) ¢, ] (426)
for s #i. We also show that
0 0 .
olege ~63g) 35~ lelige —6g) ) forsAi. (2
Hence
0
lo (fzafj @agl) (&85] & 5’&) 8£k] =0 forany k=1,...,n. (4.28)

These tell us that o(H(n)o) = H(n)o. Thus o|g@m), = id. Since a(fl-a%_ —fja%) =

as(éi% - gj%)a we have as = 1. Hence

UlH(n 1D H(n) =id. (4.29)
For x € H(n);, where [ > 0, we have
[o(2) — [y, 4] = 0 (4:30)

whenever y € H(n)_; and z € H(n)p. This shows that o(z) —x € H(n)_;, and
hence o(x) —x = 0 by setting y,z € H(n)y. That is, 0 = id.
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