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Abstract. Hom-Lie superalgebras, which can be considered as deformations
of Lie superalgebras, are Z2 -graded generalization of Hom-Lie algebras, In this
paper, we prove that there only exists the trivial Hom-Lie superalgebra structure
on a finite-dimensional simple Lie superalgebra.
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1. Introduction

Hom-Lie algebras have been studied by many mathematicians before they were
introduced formally by Hartwig, Larsson and Silverstrov [10] . We refer to [2, 9,
13, 4, 5, 6] for those pioneering works. Part of the reason why they study Hom-Lie
algebras is to deal with the q -deformations of the Witt and the Virasoro algebras.

Closely related to discrete and deformed vector fields and differential cal-
culus, Hom-Lie algebras have recently been paid much attention in the works
[3, 11, 14, 16, 17, 18, 19, 21]. In particular, Jin and Li [11] proved that such an
algebra structure on a finite-dimensional simple Lie algebra is equivalent to the
trivial one. They also classified all of the nontrivial Hom-Lie algebra structures on
finite-dimensional semi-simple Lie algebras.

Recently, Hom-Lie algebras were generalized to Hom-Lie superalgebras by
Ammar and Makhlouf [1] and to Hom-Lie color algebras by Yuan [20].

Definition 1.1. A Hom-Lie superalgebra (g, [−,−], σ) consists of a Z2 -graded
vector space g , a bilinear map [−,−] : g×g→ g and an even linear map σ : g→ g
satisfying

σ[x, y] = [σ(x), σ(y)] (multiplicativity), (1.1)

[x, y] = −(−1)|x||y|[y, x] (graded skew-symmetry) (1.2)
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and

(−1)|x||z|[σ(x), [y, z]] + (−1)|y||x|[σ(y), [z, x]] + (−1)|z||y|[σ(z), [x, y]] = 0 (1.3)

(graded Hom-Jacobi identity, or graded σ -twisted Jacobi identity),

where x , y and z are homogeneous elements in g .

Definition 1.2. Let g be an Lie superalgebra, [−,−] be its Lie bracket, and
σ be a linear transformation on g . Then (g, σ) is called a Hom-Lie superalgebra
structure on the Lie superalgebra g if (g, [−,−], σ) is a Hom-Lie superalgebra.

It is obvious that the Hom-Lie superalgebra (g, [−,−], id) is just the Lie
superalgebra g . We call (g, id) the trivial Hom-Lie superalgebra structure on g .
Thanks to the multiplicativity (1.1), one sees that σ has to be a homomorphism of
g if (g, σ) is a Hom-Lie superalgebra structure on the Lie superalgebra g . For any
simple Lie superalgebra g , a homomorphism σ : g→ g is either an automorphism
or the zero map. The graded Hom-Jacobi identity (1.3) will become “0 = 0” if
σ = 0. In this case, the Hom-Lie superalgebra (g, σ) is too simple to say anything.
Therefore, we always assume that σ is an automorphism of g in the sequel.

See [11] for the definition of Hom-Lie algebra structures on a Lie algebra.
We point out that they made a slight change for the definition of Hom-Lie algebras
so that both (g, id) and (g, 0) are the Lie algebra g itself in their case.

Inspired by the work [11], it is natural to ask whether there exist nontrivial
Hom-Lie superalgebra structures on finite-dimensional simple Lie superalgebras.
The answer is no. The following theorem is the main result of this paper.

Main Theorem: The Hom-Lie superalgebra structures on a finite-dimensional
simple Lie superalgebra g are trivial. That is, if (g, σ) is a Hom-Lie superalgebra
then σ = id.

It is well known that there are two families of complex finite-dimensional
simple Lie superalgebras. One consists of classical Lie superalgebras and the other
one consists of Cartan type Lie superalgebras. For a classical Lie superalgebra
of the form g = g0̄ ⊕ g1̄ , we first restrict the Hom-Lie superalgebra structure
(g, σ) to the even part g0̄ so that we can use the result in [11] to obtain that
σ|g0̄

= id. Then we combine the description of the automorphisms of classical Lie
superalgebras (cf. [15, 8]) to check that σ = id case by case. For a Cartan type
Lie superalgebra of the form g =

⊕n−1
j=−1 gi , we first show that the isomorphism

must be identity on the subspace g−1

⊕
g0 via the transitivity of W (n), S(n) or

H(n). Then the conclusion is obtained by the nontriviality and the irreducibility
of g−1 as a g0 -module.

The paper is organized as follows. In Section 2, we recall the definition of
Hom-Lie superalgebras and list some endomorphisms of gl(m|n), which are used
to describe the automorphism groups of classical simple Lie superalgebras. We
also list some properties of Cartan type Lie superalgebras, which will be used in
Section 4. Section 3 is devoted to the proof of the main theorem in the classical
Lie superalgebras cases, while Section 4 is devoted to the proof in the Cartan type
Lie superalgebras cases.
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Throughout this paper, the base field is assumed to be the complex number
field C . The symbol Z2 = {0̄, 1̄} stands for the group of two elements. When |x|
appears in an expression, we always implicitly assume that x is a Z2 -homogeneous
element and automatically extend the relevant formulae by linearity (whenever
applicable). For any superalgebra in this paper, the homomorphisms always mean
even homomorphisms.

2. Preliminaries

In this section, we first list some endomorphisms of gl(m|n), which are used to
describe the automorphism groups of classical simple Lie superalgebras in Section
3. We also list some properties of Cartan type Lie superalgebras, which will be
used to prove the Cartan type cases of the main theorem in Section 4.

2.1. Some endomorphisms of gl(m|n). There are some endomorphisms of
the general linear Lie superalgebra

gl(m|n) :=

{(
A B
C D

)
|A ∈Mm, B ∈Mm,n, C ∈Mn,m, D ∈Mn

}
, (2.1)

where Mp,q is the set of all p× q matrices and Mp := Mp,p .

For any (X, Y ) ∈ SLm × SLn , define Ad(X, Y ) ∈ End gl(m|n) by

Ad(X, Y ) :

(
A B
C D

)
7→
(
XAX−1 XBY −1

Y CX−1 Y DY −1

)
. (2.2)

It implies a group homomorphism Ad : SLm × SLn → Autgl(m|n). That is,

Ad(X1, Y1)Ad(X2, Y2) = Ad(X1X2, Y1Y2) (2.3)

for any (X1, Y1), (X2, Y2) ∈ SLm × SLn .

For any λ ∈ C× := C \ {0} , there is an endomorphism defined by

(λ) :

(
A B
C D

)
7→
(

A λB
λ−1C D

)
. (2.4)

It is clear that
(λ1)(λ2) = (λ1λ2) for any λ1, λ2 ∈ C× . (2.5)

The supertransposition τ is the endomorphism of gl(m|n) given by

τ :

(
A B
C D

)
7→
(
−At Ct

−Bt −Dt

)
. (2.6)

It satisfies that
τ 2 = (−1) and τ 4 = 1. (2.7)

Furthermore, when m = n , there is another endomorphism π of gl(n|n)
given by

π :

(
A B
C D

)
7→
(
D C
B A

)
, (2.8)
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which satisfies that
π2 = 1. (2.9)

At last, for any

(
a b
c d

)
∈ SL2 , we define the endomorphism of gl(2|2)

as follows

ρ

(
a b
c d

)
:

(
A B
C D

)
7→
(

A aB + bΨ(C)
cΨ(B) + dC D

)
, (2.10)

where Ψ(F ) =

(
0 1
−1 0

)
F t

(
0 1
−1 0

)
.

One can check that ρ : SL2 → Autgl(2|2) is a group homomorphism. That
is,

ρ(AB) = ρ(A)ρ(B) for any A,B ∈ SL2 . (2.11)

Moreover, one can see easily that for any (X, Y ) ∈ SLm×SLn and λ ∈ C×

Ad(X, Y )(λ) = (λ)Ad(X, Y ), (2.12)

Ad(X, Y )τ = τAd((X t)−1, (Y t)−1) (2.13)

and
(λ)τ = τ(λ−1). (2.14)

In the case of m = n , we have

Ad(X, Y )π = πAd(Y,X), (2.15)

(λ)π = π(λ−1) (2.16)

and
τπ = πτ(−1) = πτ 3. (2.17)

Finally, if m = n = 2, then for any

(
a b
c d

)
∈ SL2 , we have

Ad(X, Y )ρ

(
a b
c d

)
= ρ

(
a b
c d

)
Ad(X, Y ) (2.18)

and

ρ

(
a b
c d

)
π = πρ

(
d c
b a

)
. (2.19)

2.2. Some properties for Cartan type Lie superalgebras.

Let Λ(n) be the exterior algebra in n indeterminates ξ1, ξ2, . . . , ξn . There
are four simple Lie superalgebras consisting of its derivations:

W (n) := {
n∑
j=1

fj
∂

∂ξj
|fj ∈ Λ(n)} (n ≥ 3), (2.20)

S(n) := {
n∑
j=1

fj
∂

∂ξj
|fj ∈ Λ(n),

n∑
j=1

∂fj
∂ξj

= 0} (n ≥ 3), (2.21)



Cao and Luo 1119

S̃(n) := {(1− ξ1ξ2 · · · ξn)
n∑
j=1

fj
∂

∂ξj
|fj ∈ Λ(n),

n∑
j=1

∂fj
∂ξj

= 0} (2.22)

(n ≥ 4 is an even number),

and

H(n) := {
n∑
j=1

∂fj
∂ξj

∂

∂ξj
|fj ∈ Λ(n)} (n ≥ 4). (2.23)

There is a natural Z-gradation W (n) =
⊕n−1

j=−1W (n)j by setting degξi = 1

and deg ∂
∂ξi

= −1 for any i = 1, 2, . . . , n , which is called the principal gradation.

It induces the Z2 -gradation on W (n):

W (n)s̄ :=
⊕

j≡s(mod 2)

W (n)j for s ∈ {0, 1}. (2.24)

The Z2 -gradation of S(n), S̃(n) and H(n) is inherited from W (n). Fur-
thermore, the algebras S(n) and H(n) are Z-graded subalgebras of W (n). The

subalgebra S̃(n) is no longer Z-graded, but it has the following vector spaces
direct sum decomposition in W (n):

S̃(n) =
n−2⊕
j=−1

S̃(n)j, (2.25)

where S̃(n)−1 = span{(1 − ξ1ξ2 · · · ξn) ∂
∂ξi
| i = 1, . . . , n} and S̃(n)j = S(n)j for

j > −1.

The 0-degree components of these superalgebras are Lie algebras. Precisely,
one has that W (n)0

∼= gl(n), S(n)0 = S̃(n)0
∼= sl(n) and H(n)0

∼= so(n).
The subspaces with other degrees are all irreducible modules of the 0-degree
component. In particular, the (−1)-degree subspace is a nontrivial module.

The following proposition, which is called the transitivity of W (n), S(n)
and H(n), will be used in Section 4.

Proposition 2.1. (cf.[7]) Let g = W (n), S(n) or H(n). For any g ∈ g, if
[g, g−1] = 0 then g ∈ g−1 .

3. Proof of the Main Theorem for Classical Lie Superalgebras

In this section, we first prove that σ|g0̄
= id for any Hom-Lie superalgebra structure

(g, σ) on a classical Lie superalgebra g . Then thanks to the classification for
classical simple Lie superalgebras due to Kac [12], we are able to prove the main
theorem case by case.

3.1. Hom-Lie algebra structure on g0̄ . The following lemma is clear by the
definition 1.1.

Lemma 3.1. If (g, σ) is a Hom-Lie superalgebra structure on the Lie superal-
gebra g, then (g0̄, σ|g0̄

) is a Hom-Lie algebra structure on the Lie algebra g0̄ .
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The following theorem is obtained directly by the main results in [11].
We will use it to study the Hom-Lie superalgebra structures on a classical Lie
superalgebra.

Theorem 3.2. (Jin-Li[11]) Let g be a finite-dimensional semisimple Lie algebra
and σ an automorphism of g, then (g, σ) is a Hom-Lie algebra if and only if
σ = id.

Proof. If g is a finite-dimensional Lie algebra with non-isomorphic simple
summands, then σ = id by Corollary 3.1 in [11].

If g has the isomorphic simple summands, then Theorem 3.1 in [11] implies
that for any non-trivial Hom-Lie algebra (g, σ) on g , the homomorphism σ cannot
be an automorphism because a projection homomorphism appears as its factor.

Corollary 3.3. For any classical simple Lie superalgebra g, if (g, σ) is a Hom-
Lie superalgebra, then σ|g0̄

= id.

Proof. For any classical simple Lie superalgebra g , its even part g0̄ is a
semisimple Lie algebra. Thus the statement follows from Lemma 3.1 and Theorem
3.2.

3.2. Hom-Lie superalgebra structures on sl(m|n), (m,n ≥ 1,m 6= n).

The special linear Lie superalgebra sl(m|n) consists of those matrices(
A B
C D

)
∈ gl(m|n) such that trA− trD = 0.

It was proved in [15, 8] that Autsl(m|n) is generated by Ad(SLm× SLn),
(C×) and τ .

If (sl(m|n), σ) is a Hom-Lie superalgebra, then σ|sl(m|n)0̄
= id by Corollary

3.3, where sl(m|n)0̄ consists of those matrices

(
A 0
0 D

)
∈ sl(m|n). So it should

be that σ = (λ) for some λ ∈ C× via (2.2)-(2.7) and (2.12)-(2.14).

We always use ei,j ∈ gl(m|n) to denote the matrix whose (i, j)-th entry is
1 and other entries are 0 in the following text. Setting x = e1,m+1 , y = e1,2 and
z = e2,1 in (1.3), we have that λ[x, [y, z]] = [x, [y, z]] . Thus it must be that λ = 1
and hence σ = (1) = id.

3.3. Hom-Lie superalgebra structure on psl(n|n), (n > 2).

Recall that

psl(n|n) := sl(n|n)/{λI2n|λ ∈ C}. (3.1)

The automorphism group Autpsl(n|n) is generated by Ad(SLn × SLn), (C×),
τ and π (cf. [15, 8]).

If (psl(n|n), σ) is a Hom-Lie superalgebra, then σ = (λ) for some λ ∈ C×
via Corollary 3.3, and, (2.2)-(2.9) and (2.12)-(2.17). Thus by the same arguments
as in the case of sl(m|n), we have σ = (1) = id.
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3.4. Hom-Lie superalgebra structure on psl(2|2).

It was proved in [15, 8] that Autpsl(2|2) is generated by Ad(SL2 × SL2),
ρ(SL2) and π .

If (psl(2|2), σ) is a Hom-Lie superalgebra, then σ = ρ

(
a b
c d

)
for some(

a b
c d

)
∈ SL2 by Corollary 3.3, and, (2.2),(2.3),(2.8)-(2.11),(2.15),(2.18) and

(2.19).

Now let x = e2,3 , y = e1,2 and z = e2,1 , then we have σ(x) = ae2,3 − ce4,1 ,
σ(y) = y and σ(z) = z , which leads to [σ(x), [y, z]] = [x, [y, z]] . This implies that
a = 1 and c = 0. Similarly, we can set x = e3,2 , y = e3,4 and z = e4,3 to show
that d = 1 and b = 0 by [σ(x), [y, z]] = [x, [y, z]] again.

3.5. Hom-Lie superalgebra structure on P (n− 1).

The simple Lie superalgebra P (n − 1) is a subsuperalgebra of sl(n|n),
consisting of the matrices of the following form.

P (n− 1) =

{(
A B
C −At

)
|A ∈ sln, B = Bt, C = −Ct

}
(3.2)

There is a group homomorphism

Ad : SLn → AutP (n− 1), X 7→ Ad(X, (X t)−1). (3.3)

Automorphism group AutP (n− 1) is generated by Ad(SLn) and (C×).

A plausible automorphism σ with (P (n− 1), σ) being a Hom-Lie superal-
gebra, should be that σ = (λ) for some λ ∈ C× by Corollary 3.3, and, (2.2)-(2.5)
and (2.12).

Let x = e1,1 − e2,2 − en+1,n+1 + en+2,n+2 , y = e1,2 and z = e1,n+2 + e2,n+1 .
Then σ(x) = x , σ(y) = y and σ(z) = λz . One has λ[[x, y], z] = [x, y], z] by
σ -twisted Jacobi identity. Hence λ[e1,2, e1,n+2 + e2,n+1] = [e1,2, e1,n+2 + e2,n+1] . It
follows that λ = 1, i.e. σ = id.

3.6. Hom-Lie superalgebra structure on Q(n− 1).

First the subsuperalgebra of sl(n|n) called Q̃(n− 1) is given by

Q̃(n− 1) := {
(
A B
B A

)
|trB = 0}. (3.4)

The simple Lie superalgebra Q(n− 1) is the quotient

Q(n− 1) := Q̃(n− 1)/{λI2n|λ ∈ C}. (3.5)

This simple Lie superalgebra is not invariant under the supertransposition
τ , but it is invariant under the q -supertransposition

σq :

(
A B
B A

)
7→
(

At ζBt

ζBt At

)
, (3.6)

where ζ is a fixed primitive 4-th root of unity.
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There is a group homomorphism

Ad : SLn → AutQ(n− 1), X 7→ Ad(X,X). (3.7)

Automorphism group AutQ(n− 1) is generated by Ad(SLn) and σq . One
can check easily that

σ2
q = (−1) and σ4

q = 1, (3.8)

and
σqAd(X) = Ad((X t)−1)σq. (3.9)

Thus if (Q(n − 1), σ) is a Hom-Lie superalgebra, then the plausible au-
tomorphism σ must be the identity or σ2

q by Corollary 3.3, (2.2),(2.3),(3.8)
and (3.9). One can show that σ = id by setting x = e1,2 + en+1,n+2 , y =
e1,1 − e2,2 + en+1,n+1 − en+2,n+2 and z = e2,n+1 + en+2,1 in the σ -twisted Jacobi
identity (1.3).

3.7. Hom-Lie superalgebra structure on osp(m|2n).

Recall that the orthosymplectic Lie superalgebra osp(m|2n) is the subsu-
peralgebra of sl(m|2n) defined by

osp(m|2n) :=

{(
A B

JnB
t D

)
|A ∈ som, B ∈Mm,2n, D ∈ sp2n

}
(3.10)

where Jn =

(
0 In
−In 0

)
.

When m is even, we take γm ∈ Om such that det γm = −1 and γ2
m = Im .

The automorphism group Autosp(m|2n) is generated by Ad(SOm×Sp2n)
if m is odd, or by Ad(SOm × Sp2n) and Ad(γm, I2n) if m is even.

Obviously, σ = id if (osp(m|2n), σ) is a Hom-Lie superalgebra by Corollary
3.3.

3.8. Hom-Lie superalgebra structure on G(3).

For Lie superalgebra G(3), its even part G(3)0̄ ' G2⊕sl2 and its automor-
phism group AutG(3) is generated by Ad(G2 × SL2). Hence σ = id if (G(3), σ)
is a Hom-Lie superalgebra by Corollary 3.3.

3.9. Hom-Lie superalgebra structure on F (4).

For Lie superalgebra F (4), its even part F (4)0̄ ' so7 ⊕ sl2 and its auto-
morphism group AutF (4) is generated by Ad(Spin7 × SL2). Hence σ = id if
(F (4), σ) is a Hom-Lie superalgebra by Corollary 3.3.

3.10. Hom-Lie superalgebra structure on D(2, 1, α).

For Lie superalgebra g = D(2, 1, α), its even part is g0̄ ' sl2 ⊕ sl2 ⊕ sl2 ,
and its odd part is g1̄ ' V2 ⊗ V2 ⊗ V2 , where V2 is the natural module of sl2 .

Given σ ∈ S3 and λ ∈ C× , we define θ(σ, λ) ∈ GL(D(2, 1, α)) by

θ(σ, λ)((x1, x2, x3), (u1 ⊗ u2 ⊗ u3)) = ((xσ(1), xσ(2), xσ(3)), λ(uσ(1) ⊗ uσ(2) ⊗ uσ(3))).
(3.11)

Thus, in the case α /∈ {1,−1
2
,−2} and α3 6= 1, AutD(2, 1, α) is generated by

Ad(SL2 × SL2 × SL2). In the case α ∈ {1,−1
2
,−2} , AutD(2, 1, α) is generated
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by Ad(SL2 × SL2 × SL2) and θ((1, 2), 1). And in the case α3 = 1 and α 6= 1,
AutD(2, 1, α) is generated by Ad(SL2 × SL2 × SL2) and θ((1, 2, 3), λ), where
λ2 = 1

α
. These together show that the Hom-Lie superalgebra struct on D(2, 1, α)

is trivial.

4. Proof of the Main Theorem for Cartan Type Lie Superalgebras

In this section, we will show the main theorem in the case of Cartan type Lie
superalgebras, i.e., σ = id for any Hom-Lie super algebra structure (g, σ) on a
Cartan type Lie superalgebra. There are two key points in the proof. One is
the transitity of W (n), S(n) and H(n). The other one is that the (−1)-degree
subspaces are nontrivial irreducible modules of the 0-degree components for these
superalgebras.

4.1. Hom-Lie superalgebra structure on W (n).

Let x = ∂
∂ξi

, y = ∂
∂ξj

and z = ξj
∂
∂ξl

. Then one has [x, y] = [x, z] = 0 if

i 6= j , and [y, z] = ∂
∂ξl

. The σ -twisted Jacobi identity implies that

[σ(
∂

∂ξi
),
∂

∂ξl
] = 0 for any l . (4.1)

Since W (n) is transitive by Proposition 2.1, we have σ(W (n)−1) = W (n)−1 . Set
x = ∂

∂ξi
, y = ξs

∂
∂ξt

and z = ξp
∂
∂ξq

, where s 6= i and p 6= i . Then [x, y] = [x, z] = 0

and [y, z] = δt,pξs
∂
∂ξq
− δs,qξp

∂
∂ξt

, which leads to [σ(x), [y, z]] = 0. We write

σ( ∂
∂ξi

) =
∑n

k=1 aki
∂
∂ξk

. It follows that aki = 0 for k 6= i , i.e. σ( ∂
∂ξi

) = ai
∂
∂ξi

for i = 1, . . . , n .

Now let x = ξi
∂
∂ξj

, y = ∂
∂ξk

and z = ξk
∂
∂ξl

, where k 6= j , l 6= i and k 6= i .

Then one gets [x, y] = [x, z] = 0. It implies that

[σ(ξi
∂

∂ξj
),
∂

∂ξl
] = 0 for any l 6= i. (4.2)

For l = i , one has

[σ(ξi
∂

∂ξj
),

∂

∂ξi
] = [σ(

∂

∂ξk
),−ξk

∂

∂ξj
] = −ak

∂

∂ξj
= ak[ξi

∂

∂ξj
,
∂

∂ξi
]. (4.3)

Thus

σ(ξi
∂

∂ξj
) = akξi

∂

∂ξj
, (4.4)

which also implies that a1 = a2 = · · · = an . It follows that σ|W (n)0 = id. Then
one has ak = 1 for k = 1, 2, . . . , n in (4.4). Hence

σ|W (n)−1
⊕
W (n)0 = id. (4.5)

Set y ∈ W (n)−1 and z ∈ W (n)0 . By the σ -twisted Jacobi identity we have
that

[σ(x)− x, [y, z]] = 0 for any x ∈ W (n)l , (4.6)
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where l = 1, 2, . . . , n− 1. Thus σ(x)− x ∈ W (n)−1 by the transitivity of W (n).
Finally, setting y ∈ W (n)0 and z ∈ W (n)0 , we get that σ(x) = x , i.e. σ = id.

4.2. Hom-Lie superalgebra structure on S(n).

Since S(n)−1 = W (n)−1 , S(n)0 ⊂ W (n)0 and S(n)0
∼= sl(n), we obtain

that

σ|S(n)−1
⊕
S(n)0 = id. (4.7)

Note that S(n) is also transitive. Now the same argumentation as in the last
paragraph of above subsection implies that σ = id.

4.3. Hom-Lie superalgebra structure on S̃(n).

In this subsection, we always assume that n(≥ 4) is an even integer. Denote

A = 1 − ξ1 · · · ξn , and Ai = ξ1 · · · ξi−1ξi+1 · · · ξn . Note that S̃(n) =
⊕n−2

l=−1 S̃(n)l

where S̃(n)−1 = span{A ∂
∂ξi
|i = 1, . . . , n} and S̃(n)l = S(n)l for l ≥ 0.

Let x = A ∂
∂ξi

, y = A ∂
∂ξj

and z = ξp
∂
∂ξq

, where i 6= j and p 6= q . Then

[x, y] = (−1)iAi
∂
∂ξj

+ (−1)jAj
∂
∂ξi

, [x, z] = δp,iA
∂
∂ξq

and [y, z] = δp,jA
∂
∂ξq

. Thus one

has

[σ(A
∂

∂ξi
), δp,jA

∂

∂ξq
] = [(−1)iAi

∂

∂ξj
+ (−1)jAj

∂

∂ξi
, σ(ξp

∂

∂ξq
)]− [σ(A

∂

∂ξj
), δp,iA

∂

∂ξq
],

(4.8)
by the σ -twisted Jacobi identity. Now let p = j . We write σ(A ∂

∂ξi
) = αi + βi

where αi ∈ S̃(n)−1 and βi ∈
⊕

l≥1 S̃(n)l . Then the equation (4.8) becomes

[αi + βi, A
∂

∂ξq
] = [(−1)iAi

∂

∂ξj
+ (−1)jAj

∂

∂ξi
, σ(ξj

∂

∂ξq
)]. (4.9)

One observes that [αi, A
∂
∂ξq

] ∈ W (n)n−2 and [(−1)iAi
∂
∂ξj

+ (−1)jAj
∂
∂ξi
, σ(ξj

∂
∂ξq

)] ∈
W (n)n−2 . Thus [βi, A

∂
∂ξq

] lies also in W (n)n−2 . But βi ∈
⊕n−2

l=1 S̃(n)l . In these

subspaces, the action of operator A ∂
∂ξq

is just as the same as ∂
∂ξq

, which implies

that [βi,
∂
∂ξq

] = 0 for q 6= j . These show that βi = 0, and hence

σ(S̃(n)−1) = S̃(n)−1. (4.10)

Now let x = A ∂
∂ξi

, y = ξs
∂
∂ξt

and z = ξp
∂
∂ξq

, where s 6= i and p 6= i . Then

[x, y] = [x, z] = 0 and [y, z] = δp,tξs
∂
∂ξq
− δq,sξp ∂

∂ξt
. It follows that

[σ(A
∂

∂ξi
)− A ∂

∂ξi
, δp,tξs

∂

∂ξq
− δq,sξp

∂

∂ξt
] = 0. (4.11)

It shows that

σ(A
∂

∂ξi
) = aiA

∂

∂ξi
for i = 1, . . . , n. (4.12)

Set x = ξi
∂
∂ξj

, y = A ∂
∂ξk

and z = ξk
∂
∂ξl

, where k 6= j and k 6= i . If

l 6= i , we have [x, y] = [x, z] = 0 and [y, z] = A ∂
∂ξl

. Hence [σ(ξi
∂
∂ξj

), A ∂
∂ξl

] = 0 via
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the σ -twisted Jacobi identity. For l = i , we have [x, y] = 0, [y, z] = A ∂
∂ξi

and

[x, z] = −ξk ∂
∂ξj

. This implies that

[σ(ξi
∂

∂ξj
), A

∂

∂ξi
] = [σ(A

∂

∂ξk
),−ξk

∂

∂ξj
] = −akA

∂

∂ξj
= ak[ξi

∂

∂ξj
, A

∂

∂ξi
]. (4.13)

Thus

[σ(ξi
∂

∂ξj
)− akξi

∂

∂ξj
, A

∂

∂ξl
] = 0 for any l = 1, . . . , n. (4.14)

Hence σ(ξi
∂
∂ξj

) = akξi
∂
∂ξj

. Since S̃(n)0
∼= sl(n), we have that

σ|S̃(n)−1
⊕
S̃(n)0

= id. (4.15)

Now let x ∈ S̃(n)l for l > 0. Then

[σ(x), [y, z]] = [x, [y, z]] for y ∈ S̃(n)−1 and z ∈ S̃(n)0 . (4.16)

Thus σ(x) − x ∈ S̃(n)−1 . Since S̃(n)−1 is a nontrivial irreducible module of

S̃(n)0
∼= sl(n), one shows that σ(x) = x via setting y ∈ S̃(n)0 and z ∈ S̃(n)0 . In

a word, σ = id on the superalgebras S̃(n).

4.4. Hom-Lie superalgebra structure on H(n).

First, we note that H(n)−1 = W (n)−1 and H(n)0
∼= so(n).

Let x = ∂
∂ξi

, y = ∂
∂ξj

and z = ξj
∂
∂ξl
− ξl ∂∂ξj , where i 6= j , i 6= l and j 6= l .

Then [x, y] = [x, z] = 0 and [y, z] = ∂
∂ξl

. We obtain that

[σ(
∂

∂ξi
),
∂

∂ξl
] = [

∂

∂ξi
,
∂

∂ξl
] = 0 (4.17)

for l 6= i .

Now set l = i , i.e. x = ∂
∂ξi

, y = ∂
∂ξj

and z = ξj
∂
∂ξi
− ξi ∂

∂ξj
. We have that

[σ(
∂

∂ξi
), [

∂

∂ξj
, ξj

∂

∂ξi
− ξi

∂

∂ξj
]] = −[σ(

∂

∂ξj
), [

∂

∂ξi
, ξj

∂

∂ξi
− ξi

∂

∂ξj
]], (4.18)

i.e.

[σ(
∂

∂ξi
),

∂

∂ξi
] = [σ(

∂

∂ξj
),

∂

∂ξj
]. (4.19)

We write σ( ∂
∂ξi

) = αi + βi where αi ∈ H(n)−1 and βi ∈
⊕
l≥1

H(n)l . Moreover, βi

can be written as βi =
n∑
k=1

∂gi
∂ξk

∂
∂ξk

for i = 1, . . . , n . Thus

[
n∑
k=1

∂gi
∂ξk

∂

∂ξk
,
∂

∂ξi
] = [

n∑
k=1

∂gj
∂ξk

∂

∂ξk
,
∂

∂ξj
]. (4.20)

This gives that

[
∂gi
∂ξj

∂

∂ξj
,
∂

∂ξi
] = [

∂gj
∂ξj

∂

∂ξj
,
∂

∂ξj
] = 0. (4.21)
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Thus

[βi,
∂

∂ξi
] = 0. (4.22)

It implies that σ(H(n)−1) = H(n)−1 . Moreover, let x = ∂
∂ξi

, y = ξs
∂
∂ξt
− ξt

∂
∂ξs

and z = ξp
∂
∂ξq
− ξq

∂
∂ξp

with s, t, p, q 6= i . Then [σ(x), [y, z]] = 0. Writing

σ( ∂
∂ξi

) =
n∑
k=1

aik
∂
∂ξk

, we have

[
n∑
k=1

aik
∂

∂ξk
, δt,p(ξs

∂

∂ξq
− ξq

∂

∂ξs
)− δs,q(ξp

∂

∂ξt
− ξt

∂

∂ξp
)

−δt,q(ξs
∂

∂ξp
− ξp

∂

∂ξs
) + δs,p(ξq

∂

∂ξt
− ξt

∂

∂ξq
)] = 0 (4.23)

for s, t, p, q 6= i . It shows that

σ(
∂

∂ξi
) = ai

∂

∂ξi
for i = 1, . . . , n. (4.24)

Let x = ξi
∂
∂ξj
− ξj ∂

∂ξi
, y = ∂

∂ξs
and z = ξs

∂
∂ξt
− ξt ∂

∂ξs
. Then

[σ(ξi
∂

∂ξj
− ξj

∂

∂ξi
),

∂

∂ξt
] = 0 for t 6= i and t 6= j . (4.25)

Let x = ξi
∂
∂ξj
− ξj ∂

∂ξi
, y = ∂

∂ξs
and z = ξs

∂
∂ξi
− ξi ∂

∂ξs
with s 6= i . Then

[σ(ξi
∂

∂ξj
− ξj

∂

∂ξi
),

∂

∂ξi
] = [σ(

∂

∂ξs
),−(ξs

∂

∂ξj
− ξj

∂

∂ξs
)]

= as[ξs
∂

∂ξj
− ξj

∂

∂ξs
,
∂

∂ξs
]

= −as
∂

∂ξj

= [as(ξi
∂

∂ξj
− ξj

∂

∂ξi
),

∂

∂ξi
] (4.26)

for s 6= i . We also show that

[σ(ξi
∂

∂ξj
− ξj

∂

∂ξi
),

∂

∂ξi
] = [as(ξi

∂

∂ξj
− ξj

∂

∂ξi
),

∂

∂ξj
] for s 6= j . (4.27)

Hence

[σ(ξi
∂

∂ξj
− ξj

∂

∂ξi
)− as(ξi

∂

∂ξj
− ξj

∂

∂ξi
),

∂

∂ξk
] = 0 for any k = 1, . . . , n. (4.28)

These tell us that σ(H(n)0) = H(n)0 . Thus σ|H(n)0 = id. Since σ(ξi
∂
∂ξj
− ξj ∂

∂ξi
) =

as(ξi
∂
∂ξj
− ξj ∂

∂ξi
), we have as = 1. Hence

σ|H(n)−1
⊕
H(n)0 = id. (4.29)

For x ∈ H(n)l , where l > 0, we have

[σ(x)− x, [y, z]] = 0 (4.30)

whenever y ∈ H(n)−1 and z ∈ H(n)0 . This shows that σ(x) − x ∈ H(n)−1 , and
hence σ(x)− x = 0 by setting y, z ∈ H(n)0 . That is, σ = id.
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