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Abstract. Let oy be the Penney distribution associated to an element
f € g*, where g is a nilpotent Lie algebra. We prove that the analytical character
of a¢ coincides with the biquantization character of the zero degree cohomology
of the Cattaneo-Felder A, algebra in the linear case.
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1. Introduction.

1.1. Harmonic analysis on Lie groups is closely related to deformation quantiza-
tion after the fundamental work of Kontsevich in [Kon03]. Among other things he
proved an 1-1 correspondence between gauge equivalence classes of x— products
and gauge equivalence classes of Poisson structures {-,-} on RF. Fixing such a
structure, he also provided an explicit formula for the corresponding product .
In particular, considering the linear Poisson manifold g*, where g is a Lie alge-
bra, he showed that there is an algebra isomorphism (5(g), *x) ~ (U(g), -), where
S(g),U(g) are the symmetric and universal enveloping algebra respectively, of g.
Furthermore, he reinterpreted Duflo’s isomorphism, a major result in representa-
tion theory of Lie algebras, as a consequence of his Formality Theorem writing
(S(9)%, k) ~ Z(g), where Z(g) is the center of U(g) and G is the Lie group
of g. The connection with harmonic analysis on Lie groups, comes from [KVT78§]
where U(g) is considered as the distributions supported at the identity e € G
and S(g) as the distributions supported at 0 € g*. It is thus natural to address
analytical problems on the group G using Kontsevich’s deformation quantization
techniques on the linear Poisson manifold g*.

1.2. The goal of this paper is to compare a character constructed in the setting
of harmonic analysis on Lie groups to a character from deformation quantization
theory of linear Poisson manifolds. We prove that these characters, the character
of the Penney vectors and the biquantization character, coincide on a certain al-
gebra. By this we mean that we also prove isomorphisms of algebras appearing on

ISSN 0949-5932 / $2.50 (©) Heldermann Verlag



78 BATAKIDIS

the two sides. We briefly describe these characters below, the details are given in
sections 2 and 3.

To define the analytic character, let G be a real nilpotent, connected and simply
connected Lie group with Lie algebra g and g* be the dual of g. Let h C g
be a Lie subalgebra with associated subgroup H, and A € bh* a character of
h. Set bt := {l € g* | I(h) = 0} and let b be a polarization of f € by :=
—)\ + bt, that is a subalgebra of g which is an isotropic subspace of maximal
dimension for the Kostant form f([-,:]). Let B be the associated group of b
and Uc(g) be the complexification of U(g). Throughout the text, U(£)m, will
denote the ideal of U(£) generated by elements of the form {X + p(X)} for
X € m a subalgebra of a Lie algebra £ and p a character of m. We denote by
(U(L)/U(L)m,)™ the adm— invariants of the quotient space. Let now s be the
unitary character of B associated to f and denote as C°(G, B, xs) the compactly
supported, y;— invariant functions on G/B i.e functions ¢ : G — C satistying
P(gb) = (xs (b)) é(g), Vb € B,Vg € G. Set then HF to be the space of C>*—
functions of L*(G, B, x;), the separable completion of C>°(G, B, xs) with respect
to the appropriate L? norm. There is a natural action of g on H$, which can be
extended to an action of U(g), denoted by dr7°. With these data, one defines an
antilinear form ay € H;™ on H®, setting (ay, ¢) = [y ynp @(W)Xa(M)dr/map(h).
This vector is called the Penney vector and it is H -semi-invariant. Because of this,
the algebra (Uc(g)/Uc(g)h_if)" acts on a; and under suitable conditions, there
is a character \; : (Uc(g)/Uc(g)hif)” — C such that de_OO(Z)(af) = A(A)ay.
To define this character, as well as to state most of the results in this paper one
requires the following Lagrangian condition:

3O C by, a non-empty Zariski-open set, such that (1)

Vi€ O, dim(h-1) = %dim(g )

where the dot stands for the adg— action on g*. Pointwisely, we will say that
an [ € g* satisfies the Lagrangian condition (with respect to b) if dim(h 1) =
% dim(g-1). Alternatively and depending on the context, we will call § Lagrangian
with respect to [ if it is simultaneously isotropic and coisotropic with respect to
the Kostant form I([-,-]), that is, if it satisfies I([h,b]) = 0 and I([h’, b']) = 0, for
' ={X eg| (([X,Y]) =0, VY € b}.

1.3. For the biquantization character one considers the deformation quantization
theory of the linear Poisson manifold X = g*, taking into account the existence
of the coisotropic manifold C' = bhy. This case was studied in [CTO08] following
[Kon03],[CF04][CF07]. The main object of study is the degree 0 cohomology of a
flat A,,— algebra, equipped with a x— product constructed following Kontsevich’s
techniques, the Cattaneo-Felder product xcp. Fixing q a complementary space
of h in g, the elements of this quantized algebra, called the reduction algebra

and denoted by H&)(hf,dggj q), are the solutions F' € S(q)[e] of the equation
20
d,(]i)q(F ) = 0, where dr(;i)q is a differential described entirely with Kontsevich
A0 A
graphs in section 2.3. The biquantization character is a real character vyor :
H(Oe)(hi, dgi) q) — R[e] constructed in [CTO08] (see also [Torll]).
PNl
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1.4. Set T((g) = Rle] ® T'(g) to be the deformed tensor algebra of g, Z. be its
ideal generated by elements of the form {X®Y -Y ® X —¢[X,Y], X,Y € g}, and
set Uwey(9) = T(o(9)/Zc. If S(g) is the symmetric algebra of g, define similarly,
S(9) =To(9)/(X®Y -Y ®X,X,Y € g). One of the main results of [Bat09],
[Bat13] is that for every Lie algebra g, the reduction algebra is isomorphic to
(U(E)(g)/U(E)(g)b,\er)h, where p € h* is defined by p(H) = —wpr'Tr(adH), H € b,
and wpr € R is a certain Kontsevich coefficient. In the original version of this
theorem, the character p is missing due to the fact that short loops were missing
at the time from the original construction in [CF07] and [CT08], while now this
is fixed by [CRT11]. In this paper however, we compare the two characters in the
case where g is nilpotent, so this isomorphism will be used here in the form

HYy (03, 4y ) = (Ui (0) /U (a)hn) " (2)

1.5. To state and prove the results in this paper, we review Kontsevich’s techniques
in deformation quantization of a Poisson manifold X in Section 2.1. Section 2.2
contains the extension of these techniques in the presence of a coisotropic subman-
ifold, and considers simultaneously the case X = g*. The main objects of study,
the reduction algebras and the biquantization diagrams, are defined in Section 2.3.
The calculation of the biquantization character in our framework is done in Theo-
rem 2.7. It constructs a character for the associative algebra (U (g)/Uw)(9)hy)"
and explains how the Lagrangian condition (1) permits us to construct many char-
acters for this algebra. Section 3.1 is devoted in fixing the notation and framework
for our analytic arguments. It defines the Penney vector a; in the complex case,
and recalls the analytic character \; : (Uc(g)/Uc(g)ba)? — C of this algebra.
A problem appearing already is that the analytic character is complex, while the
biquantization theory works over R. We thus need to construct a real analytic
character corresponding to A;. This is done in Section 3.2 and Theorem 3.3. This
new character is using a real distribution «(f) and is defined only on a subalgebra
A of (U(g)/U(g)h»)". This subalgebra is defined using a suitable deformation of
(U(g)/U(g)h,)" and it is isomorphic to the specialization H&zl)(hf,déf;)). In
Section 4.1 we prove three Lemmata, 4.1, 4.2 and 4.3, that significally reduce the
proof of the main result of this paper, Theorem 4.4 in Section 4.2. It states that
the real analytic character of Theorem 3.3 coincides on H &:1)(6*7 dé;:;)) with the

biquantization character 47" : H Y dgi:;)) — R of Theorem 2.7.
2

2. Deformation Quantization.

2.1. General case. In [Kon03] Kontsevich solved the deformation quantization
problem of Poisson manifolds, proving his Formality Theorem for the L.,— alge-
bras Tpor, (R¥) of polyvector fields and Dy, (R*¥) of polydifferential operators of
bounded order on R¥. The result states that choosing a Poisson structure {,-}
on R¥ the map U : Tpor, (R¥) — Dy, (R¥) defined by its Taylor coefficients

Z/ln = Z Z wFBp (3)

m>0 \I'eQ, m
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is an L,,— morphism and a quasi-isomorphism. Properties of this map prove
that there is a bijection between the gauge equivalence classes of *— products on
C*(R*) and the gauge equivalence classes of Poisson structures on R*. Kontsevich
also provided an explicit formula of the *— product, denoted by *g , associated
to a Poisson structure. Letting € be a deformation parameter, the operator
s o C(RF)[[e]] x C®(R¥)[[e]] — C°°(R*)[[¢]] defined for f,g € C>*(R*) by
the formula

Fecg=fo+ D¢ (o0 S wrbelfo) ] @
n=1

) 1—‘€Qn,2

is an associative product. This formula was later globalised for a Poisson manifold
X in [CFT02]. We explain its ingredients directly to our case, that is X = g*, and
{,-} =[-,], the Lie bracket. The set Q,, > denotes the admissible graphs I defined
as follows: Let V(I') be the set of vertices of I'. It is the disjoint union of two
ordered sets Vi(T") and V4(T'), isomorphic to {1,...,n} and {1,2} respectively.
The elements of Vi(I') are called type I vertices, and the elements of V,(I") are
called type II vertices. The set E(I") of edges of T' is finite and its elements are
oriented. The set S(r) of edges leaving from r € Vi(I') is ordered and has two

elements, S(r) = {e}, e}, while no loops or double edges are allowed and no edge

YT

leaves from a type II vertex. The set E(I') is ordered in a compatible way with
the orders in V4(I') and S(r).

If {x1,..., 24} is a basis of g, we associate a differential operator Br to a graph
I' € Q.2 in the following way: Let L : E(I') — [1,k] := {1,...,k} be a label
function of the edges of the graph. To a type I vertex r € [1,n] associate the
bracket [zr(c1), Z1(2)] and to each type II vertex, associate respectively a function
F,G € C*(g*) ~ S(g). To the p'"— edge of S(r), associate the partial derivative
Or(ery With respect to the basis variable xry. This derivative acts on the function
associated to w € Vi(I') U V5(T") where the edge ef arrives. Let (p,m) € E(I)
represent an oriented edge from p to m. Then the bidifferential operator associated
to I' is

Br(F,G) = Z H H L) | [Trery, ozl | < (5)

L:E(T)—[1,k] | reVi(T) \d€E(), é=(-r)

x II o | (F)x II o @

SeB(), §=(-1) SEE(), §=(-2)

The last ingredient for (4) is the coefficient wr. Let H = {z € C | Im(z) > 0} be
the upper-half plane and let H* = {z € C | Jm(z) > 0}. Embed an admissible
graph I' in ‘H by putting the type II vertices on the real axis and letting the type
I vertices move in H*. Let C, 5 be the configuration manifold of n type I and two
type II vertices, invariant under horizontal translations and dilations. Set then
Crs i =A{(21,- -, 2, 21, 23) € C,3 | 21 < 25}. Consider now the manifold Cy and
the so called angle map,
¢: Cog — R/27Z, (21,22) — Arg((z1, +i00), (21, 22)),
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where (z1, +ioco) stands for the geodesic passing by z; and +ioco, and (z1, 22)
stands for the geodesic passing by z; and z. For e = (z,2;) € E(I), let
Pe : C’\nj — 6270, (215 -+, 2n, 21, 25) + (2, 2;) be the natural projection. One
then defines the form d¢. := pi(d¢) € Ql(éng) and Qr to be the form Qr :=
/\eeE(F) d¢.. Then the Kontsevich coefficient is wp := (%_1)2” fé+§ Qp.

2.2. Biquantization. In [CF04] and [CF07], the authors expanded Kontsevich’s
Formality Theorem for the case of one coisotropic submanifold C' of a Poisson
manifold X. We adjust their results in our setting in the sense of [CT08|. Let
(X,{-,-}) be a Poisson manifold and C' C X a submanifold. Then C' is called
coisotropic if the ideal I(C') C C*°(X) of functions vanishing on C' is a Poisson
subalgebra of C*°(X). It is clear that the annihilator b+ of a Lie subalgebra h C g,
and, trivially, g*, are coisotropic submanifolds of X = g*. Let q be a complemen-
tary space of b, that is g = h @ q. Let also {Hy, Hs, ..., H;} be a basis for i and
{Q1,...,Q,} abasis for q. We identify spaces q* ~ g*/b* ~ h*. By §2.1, to each
edge of a graph T is associated a partial derivative with respect to a basis variable.
We need now to distinguish from which part of the basis, the one of h or the one
of g, this variable comes. We thus consider an appropriate partition in two sets
of basis vectors. One then says that there are two colors in the basis, and graphs
labeled by such a basis are called 2-colored. The corresponding set of graphs with
n type I and two type II vertices satisfying the conditions of Section 2.1, will be
denoted by Qg; For simplicity one associates a sign to each color, say (—) for
edges carrying derivatives Oy, , and (+) for derivatives dp,. Graphically, the color
(—) will be represented with a dotted edge and the color (+) will be represented
with a straight edge (see Figure 1). To a 2-colored I' is associated a 2-colored
1-form Qr and a 2-colored coefficient wr setting ¢, : 62,0 — R/27Z to be the
function ¢, (21, 29) 1= Arg(z; — 2z2) + Arg(z; — Z2) and ¢_ : 6270 — R/27Z be
the function ¢_(z1, z5) := Arg(z; — 29) — Arg(z; — Z3) (the bar here stands for the
complex conjugate). The form Qr of a 2-colored graph I' is similarly defined as
QF = AeEE(F)d¢-,e where d¢+,e = p:(d¢+)7 d¢—,e = p:(d¢—)7 when e € E(F) has
color (+)/(—) respectively, and the 2-colored coefficient is wr := W fa:b Qr.
Then the formula (5) of Br in this 2-colored case has to be modified: For ¢ € E(I'),
let ¢ € {+,—} be its color. Let L : E(I') — {1,...,t,t + 1,...t + 1},
where t = dim(h),r = dim(q), satisfying L(e) € {1,...,t} if ¢ = — and
L(e) e {t+1,....t +r} if c. = +, be a 2-colored label function. For F,G €
S(q) = C>=(g*/b*), the formula of 2-colored bidifferential operators Br is the
same as in (5) but using the 2-colored label function L and the family QS% The
corresponding associative x— product is *cpe : S(q)[e] X S(q)[e] — S(q)[¢] given

by the formula Fxcp, G = F-G+ 3% & (5 > req, wrBr(F, G)) and will be
called the Cattaneo-Felder product. 7

2.3. Reduction algebras. If the basis of g is separated in more than two parts,
say k, we denote the set of k— colored graphs in the product as Q,(f% If the
number of colors is irrelevant, we refer to a graph simply as colored. We now
specify some special colored graphs that we will use (see [CTO08] § 1.3, 1.6 and

[Bat09] § 2.3). They are 2-colored graphs, not in Q,(f)Q because they have an edge
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with no end, colored as (—) and only one type II vertex. We'll say that edge with
no end ”points to oo”, and denote it by e,. To the type II vertex one again
associates a function F' € S(q)[¢]. These are the graphs of the first and the third
part of the next definition. Denote this family of graphs as Q7.

Definition 2.1. 1. Bernoulli. The Bernoulli type graphs with ¢ type 1
vertices, ¢ € N,7 > 2, will be denoted by B;. They have 2i edges, 7 of them
pointing to the type II vertex, and have an edge e.,. These conditions imply
the existence of a vertex s € Vi(I") that receives no edge, called the root.

2. Wheels. The wheel type graphs with ¢ type I vertices, ¢+ € N,7 > 2, will
be denoted by W,;. They have 2i edges i of them pointing to the type II
vertex, and do not have an e, .

3. Bernoulli attached to a wheel. Graphs of this type with i type I vertices,
1 € N,7 > 4, will be denoted by BW,. They have ¢ — 1 edges towards the
type II vertex and an e,,. For a W,,— type graph W,, attached to a B;—
type graph By, we will write B,W,, € BiW,,. Obviously BW,, C BW, .

Figure 1:
From left to right: A Bsz-type graph, a BsW,-type graph, and a Ws-type graph.

Let us now give the definition of the reduction algebra without character in-
troduced in [CTO8]. For a graph T'€Qp?, and using the notation H;:=0;, let
Br: S(q)—S(q)®b*, Fr—Br(F') be the operator defined by the formula Br(F) =

Z H H IL(e) [Z‘L(e;),m(eg)] X H Or(e)F ®HZ(600)

L:E(T)—[1,t+r] | =1 \ ecE(T), e=(:,r) ecE(T)
L is 2-colored reVi(T) e=(-1)

(6)
Denote as dgjq : S(q)[e] — S(q)[e] ® b* the operator déi),q =3 eidgﬁ)’q where

(@ _
dyi , = D resusw, wrBr.
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Definition 2.2.  The reduction algebra H(OE )(f)l,déi) q) of polynomials in € is

the vector space of solutions Fio € S(q)[e] of the equation
Ay g(F0) = 0 (7)

equipped with the *cp.— product.

The system (7) can be turned into a homogeneous one, regrouping the left hand
side with respect to the coefficients of degrees deg, of €. In this vector space
case, each operator Br has also a polynomial degree deg, defined for a homo-
geneous F' € S(q) as deg,(Br) = deg,(F) — deg,(Br(F)). The system (7) can
also be written in homogeneous equations without using the degree on €, but us-
ing deg, instead. This results in the same system of homogeneous equations,
the solutions being functions F = Y  F"™) € S(q) with each F*) being
a homogeneous polynomial with deg,(F (k)) = k. The most important reduc-
tion algebras for this paper are the following. Recall from (3.7) in [Bat09] that

S(a)[e] ~ Sie)(8)/S(e)(8) *creba where S(¢)(9)/S)(8) *crehx is the quotient of the
quantized algebra (S((g), *cr.) by the *cp.— ideal generated by the elements

{H + X(H), H € h}. In the text we denote as A[[¢]]/(e — 1) the quotient of the
deformed algebra A[[e]] by the ideal (e — 1)A[[€]].

Definition 2.3. A. Let A be a character of h. Let dgi)q o S(q)e] —
A7 .
S(q)[e] ® b* be the differential operator déi)q = > eidg?q where dgi)q =
o o o
> res.usw, wrBr. Set H(()E)(hf,dé;)’q) the algebra of Py € S(q)le], solutions of
the equation d{(;q(P(E)) = 0, equipped with the *¢p, product.
B. Denote by H(Oezl)(hbd,();:,;)) = (H?e)(bf,dé;)’q)/(e— 1)) the corresponding

specialized algebra. The *— product on H?Ezl)(bf,déi:;)) is denoted as *cp,(e=1)-
2o

The difference between H ?e)(hL, dgi) ;) and I (06 )(hf, déi) q) is that the second con-
’ 2

tains polynomials over the slice hy. In practice, one evaluates the solutions of

dg;)’q(P(E)) = 0 at the quotient Siy(g)/S(¢)(g9) *cre ba. The operators in d&),q are

no longer deg, — homogeneous, so the system dgi) q(P(e)) = 0 cannot be homo-
A

geneized with deg, but only with deg,.

Example 2.4. For the total coisotropic submanifold g*, one trivially has that
its reduction algebra is <H&) (g*,déi)), *CF7€> ~ (S(9),*k) =~ Ug(g) from
[Kon03] and [CTO08]. This is because by (6), the outgoing edge e, of a graph
in the differential déi), has to belong to (g*)*. Thus déi) =0.

Example 2.5.  Suppose there is an invariant complementary space, that is g =
h@p with [h,p] C p. Then HP, (b, dgi) ,) =2 S(p)"[e]. This is because the relation

[h,p] C p allows for no graphs in déi) . with type I vertices more than one. Thus
the reduction equations are dgip(F(e)) =0& déll)’p(F(E)) =0 Fl € S(p)e.
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Biquantization diagrams. An important feature introduced in [CF04], [CF07]
and [CTO08] is the biquantization diagram. We present it again adjusted for
our use. The biquantization diagram is modeled over the (+,+) quadrant of
the hyperbolic plane (see Figure 2 for example). One associates a coisotropic
submanifold C} C X on the vertical semi-axis, another coisotropic submani-
fold C5 C X on the horizontal one and then solves the corresponding reduction
equations, using Deﬁnitions 2.2-2.3 and Figure 1, to compute the reduction al-
gebras H (Cl,d 1) and H 0 (Cg,d(eg) at each axis respectively. There is also

a third reductlon space in thls diagram, denoted as H ! (01 N Cy, deC2)- It is
the one corresponding to the interSection C; N Cj. Thls vector space admits
no x— product and, graphically, we associate it to the corner of the biquanti-
zation diagram. It further has a H{, (de(e)) H, (CQ,d(CEg)— bimodule struc-

ture. For K € H, (Cl,d ) G € HO (€N C’g,deC) the left module struc-
ture *, is defined by Kx, G=G- K + > G ZFEQ(4) wrBr(K,G) while for
: k2

F e H (Cg,d ) G e HO (G N C’Q,dc ney,), the right module structure sp is
defined by G xg F = G - F + > G ZFEQ(4) wrBr(G, F). Note that Q(4) de-

notes is the family of 4-colored graphs, where the four colors correspond to a basis
partition w.r.t whether the basis variable comes from C; N Cy, Cy N CE, Cy N CY,
or CfNC%. This partition also adapts the calculation of the coefficient wr of each
4-colored graph I'. In fact there is a 1-form of four colors at the corner of the
diagram constructed as the 1-forms of two colors Q) at each of the axes of the
diagram, generalizing the 2-color construction of § 2.2.

Let Ty, Tr be the operators T, : H?e)(C’l,dgf) — H{,(C1 N Cg,dgszQ) such
that F s Fsp 1, and T« HY(Co,dfs)) — HY(Cy N Cy,di ) such that
G +— 1xzrG. Consider now the biquantization diagram with C; = g*, Cy = b3 and
let H (Oe)(hf, d(i oL, ) denote the reduction space at the origin of this diagram, it is

isomorphic to S(q)[e]. For Y € g, set ¢(Y') = det, (Sm:d—y?> and g (Y) == q(eY).
Let B: S(g) — U(g) denote the PBW symmetrization, B : S (9) — U(g)
the deformed symmetrization and BME) : S(q)le] — Uwe(9)/Uw(g)ba the
quotient deformed symmetrization w.r.t a fixed complementary q of h. Then by
[Bat09], §3.4.2, (see also [Bat13] Theorem 5.1), if T := Ty |s(q) , the isomorphism
(2) is given by the map

Pa o0y ° Ty Tr: Hy(hy.dy) ) = (Uio(0)/ Ui (0)hs)’ (8)
2.4 Construction of the biquantization character. This Section constructs
the biquantization character that we study. The main result is Theorem 2.7.
Fix g and h C g, a Lie subalgebra. Let f € g* s.t f([h,h]) = 0. Suppose that
there is a polarization b with respect to f. We will call a vector space q C g,
a transversal complementary of h with respect to b, if it satisfies the relations
g =bdq and b = bNhdbNq. It will be denoted as q,. Consider the biquantization
diagram of Cy = by,Cy = by and denote as H H(=f+(+ b)*+ ,dgi)’bL) the
reduction space at the corner of this diagram.
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Proposition 2.6 ( [CT08]).  Suppose that b is Lagrangian w.r.t f € g*, there
1s a polarization b of f and qp is a transversal complementary of . Then Tg is

a character of H{,(by, E)E 0

Proof.  The idea of [CTOS] is to show that
(bfadbi) ( f+(h+b) adhlbi):R[e]' u

Extending the biquantization diagram, one can consider a triquantization dia-
gram. It is modeled over the hyperbolic semi-band, which one constructs adding
a vertical semi-axis to the right side of a biquantization diagram (see Figure 3 for
example). Here we associate coisotropic submanifolds C7, Cy, C3 to the left, mid-
dle and right axis respectively, calculating the corresponding reduction algebras
H &)(Ci,d(cfi)), 1 = 1,2,3. There are also the corresponding bimodule structures
at each corner; these are module structures x7, 3 of H{ (Cy N Cy, ((2002) (the
superscript L stands for the left corner) and *¥, & of HO (02 NCs, dczmc ) at the
right corner respectively. These blmodule structures are computed similarly to §
2.3, but using instead the family ka of 8— colored graphs. One may similarly
to § 2.3, define maps TF, Tk at the left corner, and TF, TE at the right corner.
In a triquantization diagram there is a 1-form of four colors at each corner of the
diagram. In [CTO08] § 6.2.1-2 the authors gave a precise definition of an 8-colored
1-form ©, which in a triquantization diagram interpolates the two 4-colored 1-
forms at the corners of the diagram. They proved that when © is used in a
triquantization diagram of C; = —f + bi,Cy = h1,C3 = —f + by, where by, by
are polarizations of f in normal interSection, the character of Proposition 2.6 is
independent of by, by. Let now

Ce:(+7+7+)—>X:€<gﬂhmb>* ) Ce:(_7+7+>—>X:€(hmb)*/g*a

Ce = (+7 _’+) — X: € (g N b)*/(h N b)*v Ce = (_7 _7+) — X: S b*/(g + bg*v)
9

= (+7+’ _) — X: € (g N h)*/(h N b)*7 Ce = (_7+7 _) — X; € h*/(g + b)*7

= (+7 > _) — X: € g*/(b+b>* ) Ce = (_7 ) _) — X; € g*/(g+h+b)*'

be a coloring of graphs in the triquantization diagram of C} = g*, Cy = bJ% and
C; = bj%. Obviously the colors in the right column of (9) do not appear, but
initially we need to consider ourselves in a triquantization setting.

Theorem 2.7. Fiz g,bh. Let f € g* s.t b is Lagrangian with respect to f and

suppose there is a polarization b of f and a transversal complementary q, of b.
The linear map vor : (U (g)/U(e)(g)bf)h — Rle] given by

Ty o Bt (u)(f) (10)

is a character of (Ui (9)/U (g)hf)h.
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Figure 2:

Operators Ti and T% at the left corner of the triquantization diagram of
Ci=g", Gy = f)]%a C3 = [7]%

Proof. Consider the triquantization diagram of (9). By [CT08], and Propo-
sition 2.6 we calculate at the right corner, the character P+ TH(P) = P «£1
of H ?E)(hj%, dg;),%)- Move now P at the left corner of the diagram. Following our
notation, *% is the right H?e)(hj%,dé;)ﬂb)— module structure of H(Oe)(hj%,d;?,h#%)
and TE(P) = 1%k P is composed of W-type graphs. Exterior graphs acting
nontrivially on 7% (P), necessarily have edges colored by (+,+,—) and (+, —, —)
according to the coloring (9). The 1-form © of 8 colors that is used to calculate
the weight of a graph in this triquantization diagram, is zero unless the graph has
edges only of color (+, —, —) deriving (the bracket at) the corner of the diagram.
This color corresponds to variables in (h+b)L. Thus we have to restrict T%(P) in
this direction and consider the restriction TH(P)|_ ;4 (10)L . Let iy be the family
of possible graphs in Tk, and T, be the family of possible graphs deriving T%.
Let also A = exp(d_aer,,, &) and B = exp(D_acp, , A). The operator A consists
of W-type graphs because all the edges arriving at the corner have the same color.
That is, the graphs in A correspond to differential operators with constant coeffi-
cients. In this special case, we can write A(B(P))|_ry@p+e0)r = AB(P)|_ 1 @040)L)
because A derives in the same direction as the one where we have to restrict A(B),
that is (h + b)*. Let A(B(P)|_f41e)2) = ¢ be the result of the evaluation of
A on B(P)|_jim+e)-- By [CTO8], ¢f is a constant function on —f + (b + b)*
as it coincides with the evaluation T7(P)(f) of the character P +— TE(P) of
H &)(hf, df(n;),qb) at the right corner of the diagram. Since A is an invertible dif-

ferential operator of constant coefficients, the fact that ¢y is a constant function
means that A acts trivially on B(P)|_;, g4e)L. So at the left corner, the map

P A(B(P)|—f+(h+b)l) = B(P)|—f+(h+b)l = T}%(P)|—f+(h+b)L = (1*§P>’—f+(b+h)i-

is a character of H(Oe)(h]%, d!()?,qb>‘ By (8), we write
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1L a— € h
P = (Th)™'Ty o B (u) € H), (b}, d! ;’%) for some u € (Uey(g)/Uio)(8)by)" -
(©)

Since the map P +— Tk (P)|_jy@45)r is a character for H&)(h}%,dh#%), the map

Yor = (Ue(9)/Ue (g)bf)h — Rle] with yeop(u) = Tﬁ o B;ﬁk) (u)(f) is a character
of (U(9)/U(0)by)". n

(+++)

g A f+

ot

Figure 3:
The diagram constructing vyor .

Note that the function (U(g)/Uw(g9)hy)" 3 u — Tﬁ o B‘:’(E)(u) is constant on
—f + (h+b)t. In view of (1) we can construct a family of characters with the
following;:

Proposition 2.8. Let g be a real nilpotent Lie algebra, h C g a subalgebra,
A € b* a character of b, f € g* s.t fly = A, b a polarization of f and qy a
transversal complementary space. Suppose that (1) holds. Then for every such | €

O, there is a character Yo = (Ue(9)/Uge (g)hk)h — Rle], uw Tﬁogqﬁ(g)(u)(l}.

Proof. Since we are in the nilpotent case, there is always a polarization for the
element f. Due to (1), Theorem 2.7 gives us a character for each [ € O. [

3. Lie Theory.

3.1. Our framework. In this Section we recall the necessary facts and definitions
from Lie theory so as to define the analytic character in Theorem 3.3. One may
consult [Tor93a] and [Tor93b] for a more complete treatment of the analytical
background. Let G be a real nilpotent, connected and simply connected Lie group
with Lie algebra g, h C g a Lie subalgebra, and A € h* a character of h. From )\,
one defines a unitary character y, : H — C of the Lie subgroup H associated to
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b, setting ya(expY) = e*¥) for Y € h. Let C>®(G, H,x») be the vector space
of complex smooth functions # on G that satisfy 0(gh) = (xa(h))"10(g), Vh €
H,¥g € G. Let also D(g, b, A) be the algebra of linear differential operators, that
leave the space C*(G, H, x,) invariant and commute with the left translation on
G. Koornwinder in [Koorn81] proved that there is an algebra isomorphism

(U(9)/U(g)br)" = D(g, b, ). (11)

The Corwin-Greenleaf Conjecture in [CG92a] relates the commutativity of this
algebra with finiteness of multiplicities in the spectral decomposition of 7, :=
Ind(G 1 H, x»), the representation induced from H,y,. The Hilbert space of this
representation is Hy := L*(G, H, \), the separable completion of C>(G, H, ),
the compactly supported functions of C*(G, H, x), with respect to the norm
Bl]2 = fG/H |#(9)1*de/m(g). The action of G on ¢ € L*(G, H, \) is through left
translations: 75(9)(¢)(¢") = ¢(g71g’). Set also g¢ := g®C and Uc(g) := U(g)®C.
Recall that a function ¢ € H, is said to be C* if the map G > g — 7T\(9)¢
is smooth with respect to || - ||2. Denote as H3° the dense subspace of C>°—
vectors of Hy and as H,™ the space of antilinear continuous forms on HS°.
The action of g on HS® is denoted by d7° and defined for X € g, g € G,
by dr°(X)(¢)(g9) = L(exp —tX - g)|i—o. It induces an action of Ug(g) on H3®
denoted by the same symbol, d75°, while the action of Uc(g) on H, > is denoted
by dr; . Let b be a polarization of f € by with Lie subgroup B and set
¢ = Ind(G 1 B, x;) with H; = L*(G, B, f). The norm used comes from the

product (¢1(z), ¢a(x)) = [g,5¢1(9)02(9)dayp(g) for é1,¢s € L*(G, B, f) and

dg/p an invariant measure on G/B. Finally let ’H;OO’H be the H— semi-invariant
antilinear forms and dg/unp be a left-invariant measure on H/HNB. The Penney
vector ay € H;* corresponding to f is defined as

(ay, ) = /H B a(t) for 6 € HF (12)

By [Ben84], ay € H]TOO’H. Because of this, the algebra (Uc(g)/Uc(g)h_if)" acts
on ay. Let now [ € hy and g(l) be the stabilizer of . Such an [ is called regular
if dim(g(l)) is minimal among dim(g(¢)), & € hy. The regular elements form a
non-empty Zariski-open set. An [ € hy will be furthermore called generic if it is
regular and satisfies dim(h - 1) = 1 dim(g- ). The set of generic elements is still
a Zariski-open set. The next result constructs a complex character of the Penney
vector. Its proof is in [F98], Theorem 1.

Theorem 3.1 ( [F00]). Let g be a finite dimensional Lie algebra, b C g a
subalgebra and X\ a character of . Suppose that (1) holds. Then for generic
I € by and for A € (Uc(g)/Uc(g)ha)?, dr>*(A)(ey) is a multiple of oy, and
there is defined a character \; : (Uc(g)/Uc(g)bu)" — C such that

d7; > (A)(cr) = M(A)au. (13)

3.2. Construction of a real character. The main result of this Section is
Theorem 3.3 constructing a real character similar to (13). We first define an
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appropriate real distribution on G/B. Let g be a nilpotent Lie algebra, h a
subalgebra and A\ a real character of h. Let f € g* st f|lh = X and b be
a polarization of f with corresponding group B. In this Section all characters
are real, and if there’s no confusion we will use the previous notations for them.
Denote as C°(G, B, x¢) the C>°— functions ¢ with compact support satisfying
the equivariance condition v(gb) = e~ fX)y(g) for g € G, X € b, exp(X) = b.
Define a(f) as

<Oé(f)7¢> = /I{/HQB¢(h)ef(Y)dH/HﬂB(h)7 1/) € C?(G,B,Xf), (14)

for exp(Y) = h € H. Since the space (X + f(X), X € h) acts by zero on «(f),
the algebra (Uc(g)/Uc(g)ba)? acts on a(f). We need now to recall some facts from
[Bat09]. Introduce a new variable T" such that [g,7] = 0 and define gr := g® (T'),
that is dim(gr) = dim(g) + 1. Let also hr := h @ (T), Ur(g) := U(gr) and
U(gr)bl be the ideal of U(gr) generated by b = (H + TA(H), H € b). Setting
Dr(g,h,A) = D(gr,br,\) we get following (11), that (U(gr)/U(gr)hi)"" =
Dr(g, b, A). We denote by D(p—1y(g, b, A) := Dz(g, b, A)/(T"—1) the corresponding
specialization algebra and by Pu—1) ((U(g)/U(g)hx)") the values at ¢ = 1 of
polynomial in ¢ families ¢t — u, € ((U(g)/U(g)hen)"). By Corollaries 4.4 and 3.3

of [Bat09], condition (1) implies that H&:l)(h}\,déi:;)) is commutative and that
A
in general there is an injection i(—) : H(()Ezl)(bf,déezl)) — (U(g)/U(g)b,)". From

€L
PRl

[Bat09], Theorem 3.5 and Corollary 3.2, one furthermore has that the image of
le=1) 18 Pu=1) ((U(g)/U(g)bA)h) and

Hi_yy (b3, d,ﬁj?) ~ Dir_1)(8. b, A) ~ Pu=yy (U(9)/U(9)h»)") (15)

For the proof of Theorem 3.3 we need the following intermediate Lemma. Fix
a complementary space q of h. Let m;, denote the canonical projection ;) :
Uc(g) — Uc(g)/Uc(g)bin. For H € b, let dy : Sc(q) — Sc(q) denote the
linear map defined by Q — S~ (mun([H, 8(Q)])). Finally let U(g) = U, Un(g) be
the PBW filtration and 3, : S(q) — U(g)/U(g)h:n denote the symmetrization
isomorphism of these vector spaces.

Lemma 3.2.  The algebra (Un(g)/Un(g)birn)" depends rationally on t via the
map B,, Vn € N.

Proof. Let {Hy,...,H;} beabasis of h such that \(H;) =1 and {Hy,..., H; 1}
is a basis of h Nker(\). Let {Q,...,Q,} be a basis of q. The kernels of
the maps dy,, are formed by the elements Q¢ = Q7' ---Q% € Sc(q) such
that mx([H, 5(Q*)]) = 0. We have that Vi, [H;,Q% = 3 ;¢;Q°H” and
furthermore, for z € C, one has modUc(g)h., that

[Hi, Q=) Q"+ > dQ(—2)™.

é 7=(0,...,0,7¢),0
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Applying 87! on 7, ([H;, B(Q%)]) one sees that the linear maps dp, correspond
to matrices with polynomial coefficients, so we compute in the field of rational
fractions C(z). Our algebra of invariants corresponds to the common kernel
of dy, which depends in a rational way on z, with z generic. Indeed, let’s
first write dg,(z) meaning the dependance on z. Checking the dimension of
ker(dg, (2)) for generic z, (actually proving that Vi, j, dime(ker(dg,)Nker(dy;)) =
dime(ker(dg, (2)) N ker(du,(2))) and [ker(ds,) N ker(dg,)](z) = ker(dgy,(z)) N
ker(dg,(2))), we conclude that the d, depend rationally on generic values of z. =

The proof of Theorem 3.1 was done by reducing the claim to the case 3 C
b, ker(f) N3 = {0}, where 3 is the center of g. In that case, dim(3) = 1 and
if 3 = (Z), then by [Dix96], § 4.7.7, there are XY € ker(f) N g such that
[X,Y]=Z,and g = (X) ® go where go := {W € g/[W,Y] = 0}. Also, Theorem
3.1 was proved for a unitary character f. The deformation quantization setting
that we use, works over R. It is thus necessary to establish a result similar to
Theorem 3.1 but for a real character. Recall also that for go C g a codimension 1
ideal, the orbit H- f is said to be saturated with respect to gg iff H-f+gs = H-f.

Theorem 3.3.  Let g be a finite dimensional Lie algebra, h C g a subalgebra and
A a character of b. Suppose that generically the H— orbits are Lagrangian in by .
Then for generic f € by and for A € Dir—1)(g,b, ), dr, = (A)(a(f)) is a multiple
of a(f), and there is defined a real character )‘{T=1) . Dir=1)(g,H,\) — R such
that

dry = (A)(a(f)) = Mpyy(A)(al(f))- (16)

Proof. The proof is based on the proof of [F98], Theorem 1. However, we
will need some modifications in the arguments, very important for the rest of the
paper. First, one can suppose that 3 C h. Indeed, let K be the corresponding
group of the Lie subalgebra ¢ := h + 3. It is 3 C b, a polarization of f with
corresponding group B. For ¢ € C°(G, B, xf) we have

(a(f), ) = /H et

:/ ¢(h)XudH/HmB=/ w(k)XudK/KmB
HZ/(HZ)NB K/KNB

where p := f|u+; and Z is the corresponding group of 3. Then for X € ¢,
dr;*(X)a(f) = —p(X)a(f) and thus (Uc(g)/Uc(g)t,)t acts on a(f). Also,
there is a natural projection Jy : (U(g)/U(g)hr)" — (U(g)/U(g)JEM){g inducing
a projection Je : Dr=1)(g, b, A) — Dr=1)(g, & p). ~Thus for A € Dir=1)(g,bh,A)
and A = je(A), one has dr;*(A)(a(f)) = d7;=(A)(a(f)). Since [ is generic
and f € Pﬁ, the induction hypothesis applies to define a real character S‘{T=1) :
D(r=1)(g, €, #) — R which coincides with A{T=1)' So the proof of the Theorem is
reduced to the case 3 C §.

One may further suppose that 3 Nker(f) = {0}. Indeed, let 3 := 3 N ker(f).
Setting g = g/3,b =bh/5,f = fly » the Theorem’s conditions are satisfied by
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g.h, f . Also, ID)(T 1 (g,h,/\) = D(Tzl)(g',h',/\) and a(f) is H — semi-invariant.
The character A/ (T=1) ° Dir—1y(g’,h', ) — R coincides with )‘{T=1) so one fur-
ther reduces the proof to the case 3Nker(f) = {0}. Then we distinguish two cases:

First case: h ¢ go. Let X € hNker(f) such that g = (X) & go. Set also
bo :=bNgg, Ag= )\|gO and gor 1= go ®R(T). Let upr € U(gr). Then ur can be
written as up = >, UT " X* where vT € U(gor). Since X € hNker(f) we have

(U(ar)/U(g)0)"" = (Ulgor) /U (gor)bin)"" € (Ulgor)/Ulgor)bia)™  (17)

Specializing (17) at T' = 1 we get by (15) that for the corresponding algebras of
polynomial families, it is

Dr=1)(g, b, A) = D(r—1)(g0, o, Ao) (18)

Thus for ur € Dr—1)(g, b, A), and for its image through (18) uJ. € Dr—1)(go, ho, Ao)
with ur = uSmod[U(gr)h1], we have )\{T:D(UT) = A{%Zl)(u%), following the cor-
responding computation at Theorem 3.1.

Second case: ) C go. In this case, the condition of Corwin-Greenleaf (see (1) of
equations (2.7) in [FLMMO3]) holds for the character itA and we thus have

(Uc(9)/Uc(@)bin)" = (Uc(go)/Uc(go)birr)" - (19)

By Lemma 3.2, this equation depends rationally on it, for ¢ € R*. So if (19) holds
for it, t € R*, it holds also for ¢ in a Zariski-open subset of R and we write

(Uc(9)/Uc(g)ben)’ = (Uc(go)/Uc(go)her)" - (20)

However, we cannot conclude that a similar equation holds for the algebra
(Uc(g)/Uc(g)h,)". For this, we use polynomial families

t— u; € (Uc(80)/Uc(g0)bia)”
and argue as follows: Since h C go, it is also hr C gor. Recall by [FLMMO03], that
for the generic element f € by the orbits H - f are saturated with respect to g; .
We will prove that (U(gor)/U(gor)br)" = (U(gr)/U(gr)br)"": For H € b one
hasl € b © (H+TANH)) =0 (H)+I(T)MNH) =0 1= f+ul*, fehfm
Thus for | € b7, X € gr, itis X € bhp(l) & VH € by, (X, H]) =0 &
VH € b, f([X,H]) =0< X € f)( ) @ (T). By (2.7)-(2.8) of [FLMMO03] and
since for the given g,h, A\ and f € by, the H - f orbits are saturated with respect
to gg, one gets dim(h(f)) = dim(f)(fo)) — 1. Let now Op := U,uO. The set
O is Zariski - open since O is itself Zariski - open. Thus for [ € Op, it is
dim(hr (1)) = dim(br(l|4,,)) — 1 and so the Hp— orbits are saturated with respect
to gogr C gr. We conclude the proof of the Theorem using Theorem 5.2 and
equivalences (2.7), (2.8) of [FLMMO03], which prove that for the generic f € by,

D(go, b, Ao) = D(g,h,\) < H - f are saturated with respect to gy (21)

Applying Theorem (21), for gr, hr one gets

(Uc(gor)/Uc(gor)br)"™ = (Uc(gr)/Uc(g7)br)". (22)
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Specializing (22) at T'= 1, we get an equality of the corresponding specialization
algebras, namely

D(T:l)(907 b, Xo) = D(T:l)(ga b, A). (23)

The character is calculated according to Theorem 3.1. [ |

4. Main result.

4.1. Three necessary Lemmata. For the proof of the main result of the paper,
Theorem 4.4, we proceed in three steps: First we prove that one can suppose
3 C b by showing that if instead of h we consider € := h+ 3 as the subalgebra, one
computes the same biquantization character. For this step we will need Lemmata
4.1 an 4.2. We then prove that one can also suppose 3 N ker(f) = {0}. For this
step we will need Lemma 4.3. The third step is induction on dim(g) where we
distinguish the cases h C go and h ¢ go.

Lemma 4.1.  Let g be a nilpotent Lie algebra, § C g a subalgebra, A\ a character
of b, and f € by . Let b be a polarization with respect to f and qy a transversal
complementary of §. Let 3q, :=3Nqs, € :=bhD3q, and V be a complementary of
3q, 1 o, that is qy = 34, ® V. Then

P e Hy (0%, 0 ) = Plopae € H (67, ).

Proof.  Let P = > 2*P, where z* € S(3q,)], Po € S(V)[e]. Set P :=
P|_pyer. By definition 2.3, only B— type and BW— type graphs appear in
the differential defining a reduction algebra. To write the reduction equations for
H (())(tf , dt; ), let D,, be the differential operator corresponding to a possible B,,—

type graph. Then D,,(P) =} 2%D,(F,). Examining the possible coloring in such
a B— type graph, the edges deriving P carry variables from V. Furthermore,
no vertex except the root of the B— type graph can belong to 3q,. It is also
g=bdqgy, =t@V. Let D,, P be the respective objects defined on the new
complementary V' of £, by this decomposition. Checking all the possible colors
for the decomposition g = @ q, in a graph I' € B,, we see that

Du(P) = Du(P). (24)

With the same reasoning the Lemma holds for D,, being an operator coming from
a BW,,— type graph. Finally, since dgi) . >, Dy, we have by (24)
A

P e H))(by,d! hl :»Z ") (P)=0=

h>\ %

> dd,)  (P)=0=Pe H(t.d7 )

Thus in terms of reduction algebras, one may suppose that 3 C b. [ |
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Lemma 4.2. Let g,h,\, 3 be as before, V be a vector subspace such that g =
(h+3) @V and q such that g=b ®q. Let f € by and suppose the Lagrangian
condition holds for f. Let finally vir : (Uw)(8)/Ue(9)(6+3)7)"" — Rle], u—
=L —-1 —L -1

Ty 0 By (u) and vor = (Ue(9)/Uw(8)hs)" — Rle], u = T 0 By (u) be the
characters following Theorem 2.7. Then

Ve (@) = Yor (W)|— p4(p4s) - (25)

Proof.  Let P =} 2.Qa € S(q) with z, € S(3¢)[€], Qa € S(V)]e]. Let u =
ﬁqv(s)(P) + U(6)<g)hf’ We have 6q,(e)<P) - Za Zaﬁ(s)(Qa)- Set U = Za Zaﬂ(Qa)

Then from Lemma 4.1, the two characters in (25) are well defined and equal. =

Lemma 4.3. Let g,h, A\, 3 be as before and suppose 3 C bh. Let q be such that
g=0bdq, and set 3 :=3Nker(N). Let ¢ :=g/3, b :=b/3 and let q' be such
that ¢ =8 @ q'. Then

H{y (03, dy ) = HO (03, di) ).

Proof. Since 3’ C b and ¢’ is such that ¢ = b’ & q', we have (¢')* ~ q*.
Recall that q* ~ ht. Furthermore (§')* := {X € g/VY € b, X\([X,Y]) = 0}
and since again 3 C 3 and h = b’ + 3, it is (h')* = h. Thus there are vector
space isomorphisms q* < (g')* < (')t = bt = q*. Check the differentials

© ©
dy) and dfp),

graphs in the differential dh . ,. By [CTO08], a change of complementary space for

Since b’ = b/, the graphs in d o are the same with the

by gives isomorphic reduction algebras so H (f)/\, b l /) ~ H?e)(hi,dg;)’q) and
H(Oe)(hmdg;) H&)((h ))ndg; N ) u

4.2. The main result. We will use the previous Lemmata to prove the following.

Theorem 4.4. Let g be a finite dimensional mlpotent Lie algebra, h C g a
subalgebra, \ a character of . Let P € H ([’J)\, hi x ) and u € Dr=1)(g, b, \)

such that u = i=1)(P). Then for generic f € by, there is a pair (bs,qy) of a
polarization by of f and a transversal to by complementary space q5 such that

T; 0 By, o(Plemt(— ) = My (). (26)

Proof. First step: The condition 3 C h. Suppose that the center 3 Z b
and let agam t = [) + 3. Consider the characters of the sye(:lalized algebras

’Yg;l) CH{ (bx hi 1)) — R and gy (=D H,_ (EJ%, ey ) — R for which
it is véTl)( ) = 702,5 1)( ) by Lemmata 4.1 and 4.2. Let p:= f|¢ be character of

t. There is an algebra morphism 6 : (U (gT)/U(gT)bE\F)hT — (U (gT)/U(gT)EE)ET

and by specialization at T'= 1 we get an algebra morphism

S¢r=1) : Dr=1)(g,b,\) — Dir—1y(g, & 1) < (U(9)/U(g)t,)" .
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Let now v € Dp_1)(g,h,A), @ be its image in Dp_1)(g, & p) and :\{Tzl)
Dr=1)(g, €, ) — R be the character of Theorem 3.3. By Theorems 3.1 and
3.3, it is S\{T:D(ﬂ) = )‘{T:n(“)- So the constructions and computations from the
analytic and biquantization side match. Thus if Theorem 4.4 is true for g, the
subalgebra € = h 4 3, and a polarization b, then one can take

b :=bN(H+3,) DNV =(bNh+3,) SNV =bNHDbN (3, + V),

and prove the same fact for the subalgebra h and the polarization b’ simply by
taking for complementary the space q = 34, +V of h. We can thus suppose 3 C b
without loss of generality.

Second step: The condition jNker(\) = {0}. By Lemma 4.3, we can suppose
that 3/ = 3 Nker(f) = {0} with no loss of generality for the computation of
the biquantization character. For the analytic character this is also true from
Theorems 3.1 and 3.3. Thus we can now proceed to the last step in the proof of
Theorem 4.4 supposing that 3 C b and 3 Nker(f) = {0}.

The conditions 3 C h and 3 Nker(A) = {0} imply that dim(3) = 1. Let 3 = RZ.
By [Dix96] § 4.7.7, and in non-trivial cases like dim(g) = dim(3) = 1, there are
X,Y € gnker(f) such that [X,Y] =2, f(Z) =1. Set go :={W € g/[W,Y] = 0}.
Again from [Dix96] § 4.7.7, go is a codimension 1 ideal of g. Then g = go + (X)
and we proceed by induction. For dim(g) = 1 the Theorem is true since h = g =
RZ and so (U(g)/U(g)h»)? = R. Furthermore, the operators in Theorem (2.7)
constructing the character from the biquantization side reduce to the identity, and
the character is defined through the evaluation Z — f(Z), which can be seen in
the proof of (2.7). This is also trivially true from the analytic side, through the
defined action of U(g) on ay in Section 3.1. Suppose then that the Theorem is
true for all nilpotent Lie algebras g with dim(g) =n — 1. In particular, for go we
suppose that the induction hypothesis holds for go, h, Ao = A|g,. For the final step
of the induction, we distinguish two cases:

Case h C go. Suppose that h C gg and let V' be such that go = h @ V. Take
q:=V @& (X) as a complementary of h. By (15) and (23), it is

H(€ 1) (b)\a hﬁ 1)) ]D)(T 1) (907h )‘0) D(T:l)(g, b7>\) = HE 1)(b)\7 hi 1)) (27)

where the far left algebra is considered as a subalgebra of S(gg) and the far right
algebra as a subalgebra of S(g). Applying the induction hypothesis to go, b, V',
we thus proved that all algebras are the same in this case of our induction. We
prove now that the analytic and biquantization characters also coincide: Since
b C go, a(f) can be considered as a distribution on Gy/B. Relation (27) implies

that HO (f))%,déi Yy € S(V) as sets. Since h C go, b C go, all the operators

and polynomials involved in the computation of yor : H ? (b d(i) ) — RJe] are

over go. So if fy(ceTl (h/\o, (e= 1)) — R is the character for data go, b, Ao,

we have ’y(cef )I(P) = 'y(CT (P) for P € HE 1)(b/\, hL )) To conclude, apply the
induction hypothesis for gg, b, Ag.

Case b ¢ go. Set again by := go N bh. Suppose that hy ¢ h and that the claim
holds for go, ho, Ag. Since h & go, it is g = h D q, go = ho & q and there is
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aY € b such that Y ¢ gg and g = q P ho ® (Y). Since [go, 0] C go, it is
(e)

B3
those that the variable Y is associated to the edge e.. By definition 2.3, one
then has H&)(hf,dg;),q) c HY (UOL/\o’ngL)AO,q)’ and specializing at ¢ = 1 we have

[Y.q] C go, and dr(]i) ; contains all the possible graphs in d and additionally
A

(€)

H (0621)([))f, dé?;)) CH (06 1y B> dgf;ol)q) We prove now the equality of characters

for this induction step. Let ur € Dir=1)(g,h,A), and u). € Dr—1)(go, ho, Ao) be
its image, i.e ur = uymod[U(g7)h1] as in the first case of the proof of 3.3. Then

)\{Tzl)(uT) = A{%Zl)(u?p). For the biquantization character, since q C go and

b C go, the calculations for vor : H(Oe)(h}\,dg? q) — R]e] take place in gg. So
A
if v - H?ﬁ)([j&/\o, dgi) qo) — Rle], is the character computed for gg, ho, Ao, and
0Xg?

G0 = go/ho, let 7(06;1)" : H?E:U( é,\o,d;f;:qo) — R be the character defined on

the specialization. Then for P € H?e:n(bfadé;:’:)) C H(Oe:1)( a9 ) it s

0Xo? h(J)_/\anO

e=1)" e=1
'V(CT)(P):V(CT )(P)' ]
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