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Abstract. Let F' be an arbitrary field and let f : V x V — F be a non-
degenerate symmetric or alternating bilinear form defined on a finite dimensional
vector space over F'. Let L(f) be the subalgebra of gl(V') formed by all skew-
adjoint endomorphisms with respect to f. We find a composition series for the
L(f)-module gl(V) and furnish multiple identifications for its composition fac-
tors.
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1. Introduction

Let F' be any field. No assumptions are made on F' or its characteristic, which
will be denoted by ¢. Let V be an [F'-vector space of finite dimension m > 2, and
let f:V xV — F be a non-degenerate symmetric or alternating bilinear form.
Consider the subalgebra L(f) of gl(V') defined by

L(f) ={z € gl(V)]| fzv,w) = —f(v,zw) for all v,w € V}.

Thus L(f) is the symplectic Lie algebra if f is alternating, or an orthogonal Lie
algebra if f is symmetric and non-alternating (the last condition is only required
if £ =2). Note that, in general, the isomorphism type of an orthogonal Lie algebra
depends on the equivalence type of the underlying form, and we will only speak
of the orthogonal Lie algebra when F' = F?, i.e., when every element of F is a
square. We further let s = Z(gl(V')), which consists of all scalar operators.

In this paper we find a composition series for the L(f)-module gl(V') and
furnish multiple identifications for its composition factors. All possible cases are
considered, without exception. Numerous cases arise, as all of ¢, F, f and m play
a role in the determination of the structure of gl(V'). Our main results are as
follows.
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Theorem 1.1.  Suppose that { = 2, that m = 2n, and that f is non-degenerate
and alternating. Then

(1) If 4 | m then the L(f)-module gl(V') has m+6 composition factors. A
composition series can be obtained by inserting m — 1 arbitrary subspaces between
L(f) and L(f)M = [L(f), L(f)] in the series

0csc L(HP cL(HY cL(f)cUcs(V)cgl(V),
where U = L(f) @ (z), x € sl(V), [z, L(f)] € L(f), and

. < I, O )
0 0)°

All composition factors are trivial, except for L(f)? /s = sl(V)/U, which is of
dimension (Z‘) — 2. Moreover, L(f)® /s is a simple Lie algebra if and only if
m > 4.

(2) If m # 2 and 41 m then the L(f)-module gl(V') has m+4 composition
factors. A composition series can be obtained by inserting m—1 arbitrary subspaces
between L(f) and L(f)YV) in the series

0C L(f)® cL(HY c L(f) cs(V) Cgl(V).

All composition factors are trivial, except for L(f)® = sl(V)/L(f). Moreover,
L(f)® s a simple Lie algebra of dimension (7)) — 1.
(3) L(f) is isomorphic to the symmetric square S*(V) as L(f)-modules,
and, relative to suitable basis of V', consists of all matrices
A B :
coA ) A,B,C € gl(n), where B,C are symmetric. (1)
(4) L(f)Y is isomorphic to the exterior square A*(V') as L(f)-modules,
and consists of all matrices (1) such that B,C are alternating.
(5) L(f)® is isomorphic to the kernel of the contraction L(f)-epimorphism
A(V) = F, given by v Aw — f(v,w), and consists of all matrices (1) such that
B,C are alternating and tr(A) =0.
(6) L(f)/L(f)? is isomorphic, as Lie algebra, to h(n), the Heisenberg
algebra of dimension 2n + 1.

The case m = 4 of Theorem 1.1 is exceptional in various ways. Firstly, while
L(f)® /s is an irreducible L(f)-module, it is not simple as a Lie algebra. A similar
phenomenon occurs to L(f)) if m = 4, £ = 2 but f is non-degenerate, symmetric
and non-alternating, as discussed below. Secondly, L(f )(2) is also isomorphic, as
Lie algebra, to h(2), so L(f) is an extension of h(2) by h(2). Thirdly, the kernel
of the representation of L(f) on L(f)® /s is L(f)®. This gives a 4-dimensional
faithful irreducible representation of h(2). This phenomenon is impossible in
characteristic not 2. Full details of the case m = 4, as well as its connections
to the problem of finding the smallest dimension of a faithful module for a given
Lie algebra (see [Bu] and [CR]) can be found in §12, which also treats the much
easier case m = 2.
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We remark that Bourbaki [B], Chapter I, §6, Exercise 25(b), studied the
ideal structure of L(f) when ¢ = 2 and f is non-degenerate and alternating,
but made mistakes involving s, L(f)® and L(f)® (see Note 7.9 for details).
Theorem 1.1 corrects Bourbaki’s information and expands it to include the struc-
ture of gl(V) as L(f)-module, as well as providing further identifications for all
composition factors.

In the case of orthogonal Lie algebras in characteristic 2, which was not
considered in [B], we have the following result.

Theorem 1.2.  Suppose that £ = 2, that m > 2, and that f is non-degenerate,
symmetric and non-alternating. Then
(1) The L(f)-module gl(V') has m+2 composition factors. A composition
series can be obtained by inserting m — 1 arbitrary subspaces between L(f) and
L(f)M) in the series
0c L(fH)M c L(f) C gi(V).

Moreover, if m = 3 or m > 5 then L(f)V) is a simple Lie algebra of dimen-
sion (’;) )

(2) L(f) is isomorphic to the symmetric square S*(V) as L(f)-modules.
Moreover, there is a basis of V relative to which f has Gram matric D =
diag(dy,...,dn) and, relative to this basis, L(f) consists of all A € gl(m) such
that d;A;; = d;Aj;.

(3) L(f)Y is isomorphic to the exterior square A*(V) as L(f)-modules.
Moreover, relative to the above basis, L(f)V) consists of all A € gl(m) such that
Aii =0 and dlAz] == deji-

(4) al(V)/L(f) = L(f)V as L(f)-modules. In particular, gl(V) has
trivial composition factors, and 2 composition factors isomorphic to L(f)W
A2(V), which is itself the trivial module if and only if m = 2.

R 3

We remark that if we let m = 4 in Theorem 1.2 then the irreducible
L(f)-module L(f)™ need not be a simple Lie algebra. The structure of the
6-dimensional Lie algebra L(f)") depends on whether the discriminant of f is a
square in F' or not. This is entirely analogous to what happens to L(f) itself when
¢ # 2 and f is non-degenerate and symmetric, as indicated in [B], Chapter I, §6,
Exercise 26(b). For a uniform treatment of both cases via current Lie algebras see
[CS].

Our results in characteristic not 2 are better described by means of

M(f)={yegl(V)| f(yv,w) = f(v,yw) for all v,w € V'}.

Note that M (f) is an L(f)-module, regardless of the nature of f and ¢. However,
if ¢ =2 then M(f)= L(f), so M(f) plays no additional role in this case.

Theorem 1.3.  Suppose that { # 2, that m = 2n, and that f is non-degenerate
and skew-symmetric. Then

(1) M(f) is the orthogonal complement to L(f) with respect to the bilinear
form ¢ : gl(V)xgl(V) — F, given by p(z,y) = tr(xy). Moreover, M(f) consists,
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relative to suitable basis of V', of all matrices

( é 5, ) , A, B,C € gl(n), where B,C are skew-symmetric. (2)
Furthermore, M(f) is isomorphic to A*(V) as L(f)-module.

(2) M(f)Nsl(V) consists of all matrices (2) such that tr(A) = 0 and is
isomorphic to the kernel of the contraction L(f)-epimorphism A*(V) — F given
by v Aw — f(uv,w).

(3) If m > 2 and €{m then M(f)Nsl(V) is an irreducible L(f)-module
of dimension (7;) —1.

(4) If m > 2 and £ | m then M(f)Nsl(V')/s is an irreducible L(f)-module
of dimension (Tg) —-2.

(5) L(f) is a simple Lie algebra, isomorphic to both gl(V)/M(f) and S*(V)
as L(f)-modules.

(6) The following are composition series of the L(f)-module gl(V'):

0CsC M(f)ynsl(V)c M(f) cgl(V), if m> 2 and {|m,

0C M(f)nsl(V)c M(f) cgl(V), if m>2 and £{m,
0C M(f)Cgl(V), if m=2.
In any case, M(f)/M(f)Nsl(V) is the trivial L(f)-module.

Theorem 1.4.  Suppose that ¢ # 2, that m > 2, and that f is non-degenerate
and symmetric. Then

(1) M(f) is the orthogonal complement to L(f) with respect to the bilinear
form @ gl(V) x gl(V) = F, given by p(z,y) = tr(xy). Moreover, there is a basis
of V' relative to which f has Gram matrizc D = diag(dy, . ..,d,) and, relative to
this basis, M(f) consists of all A € gl(m) such that d;A;; = djAj;. Furthermore,
M(f) is isomorphic to S*(V) as L(f)-module.

(2) M(f)Nsl(V) consists, relative to the above basis, of all matrices A €
gl(m) such that d;A;; = d;jAj; and tr(A) =0, and is isomorphic to the kernel of
the contraction L(f)-epimorphism S*(V) — F gien by vw — f(v,w).

(3) If m >4 and €1 m then M(f)Nsl(V) is an irreducible L(f)-module
of dimension (mgl) —1.

(4) If m >4 and £ | m then M(f)Nsl(V')/s is an irreducible L(f)-module
of dimension (m;l) —2.

(5) If m =3 or m > 5 then L(f) is a simple Lie algebra, isomorphic to
both gl(V)/M(f) and A*(V') as L(f)-modules.

(6) The following are composition series of the L(f)-module gl(V'):

0CscC M(f)ns(V)c M(f) cgl(V), if m >4 and £|m,

0C M(f)nsl(V)c M(f) Ccgl(V), ifm>4 and {{m.
In any case, M(f)/M(f)Nsl(V) is the trivial L(f)-module.
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As remarked earlier, if we take m = 4 in Theorem 1.4, the structure of Lie
algebra L(f) depends on the nature of the discriminant of f. On the other hand,
if we take m = 2 or m = 3 in Theorem 1.4, the structure of the L(f)-module
M (f) depends not just on ¢ but also on F' itself. See §9 for details.

Much is known about the classical Lie algebras and their representations,
so a great deal of the results stated above is already known. Indeed, note that f
induces an isomorphism V = V* of L(f)-modules, so gl(V) ZV* @V =2V V,
where V @ V/S?(V) =2 A%(V), with V@V = S*(V) @ A*(V) if £ # 2. Let
Q:V®V — F be the contraction L(f)-epimorphism given by v ® w — f(v,w).

Suppose F' = C. If f is skew-symmetric and m > 4 then V ® V' has the
following decomposition into irreducible L( f)-submodules:

VeV=5V)o (keQnA*(V)) o U,

where S?(f) = L(f) and U is trivial. If f is symmetric, with m =3 or m > 5,
then V ® V' decomposes as follows into irreducible L(f)-submodules:

VoV =ANV)® keQnsS2(V) e W,

where A?(f) = L(f) and W is trivial. We refer the reader to [FH] for these
details, as well as for further information, in terms of Weyl modules, on higher
tensor powers of V.

It follows from Theorems 1.1-1.4 that the above statements remain valid
for any field of characteristic 0, but cease to be true if £|2m, the more substantial
failure occurring when ¢ = 2. In prime characteristic, the ideal structure of L(f)
is described in detail in [B], Chapter I, §6, Exercises 25 and 26, although ¢ # 2 is
required in the orthogonal case. Given the aforementioned errors found in [B] and
that full information on the L(f)-submodule structure of gl(V'), that includes all
possible cases of ¢, F f and m, does not seem to be available in the literature, we
decided to provide a self-contained account of it, including complete proofs, and
requiring no prior knowledge of Lie algebras.

We begin in §2, which includes all one needs to know about Lie algebras to
read this paper. This material can be covered during the first week of a course on
the subject.

We now refer to [H|, §1, Exercise 10, where we are required to justify the
complex isomorphisms sp(4) = so(5) and sl(4) = so(6). How is one supposed
to prove this after a single week of lecturing? Comparing multiplication tables
is one option, although very tiring and time consuming, as these Lie algebras
have dimensions 10 and 15, respectively. The use of Dynkin diagrams must be
postponed until much later, so one is essentially led to use representations in some
way or another. In the case of sl(4) = s0(6) there is the standard argument
involving the action of s[(4) on A*(W), where W is the natural module of s[(4).
From sl(4) = so0(6) one then obtains sp(4) = so(5) by restriction to sp(4).
This requires prior knowledge of exterior powers, which might not be available
to everyone at the beginning (or the end) of a course on Lie algebras, especially
to undergraduate students.

In §3 we furnish an extremely elementary and direct proof of sp(4) = so0(5)
whenever ¢ # 2 and F = F? (these conditions are clearly necessary) as part of
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a general and canonical imbedding sp(2n) < s0(2n* — n — 1) whenever ¢ { 2n
and I = F?. The material from §3 is really a special case of our study of the
L(f)-module M(f) in the symplectic case, but we present it first to make the
isomorphism sp(4) = so(5) available immediately after the first rudiments on
Lie algebras. If we had to single out a key ingredient behind the isomorphism
sp(4) = so(5) it would be the non-degenerate gl(V')-invariant symmetric bilinear
form ¢ : gl(V) x gl(V) — F used in Theorems 1.3 and 1.4.

In §5 we give an elementary proof of sl(4) = so0(6) valid when ¢ # 2 and
F = F? (these conditions are, again, necessary). It uses the same idea of the
isomorphism sp(4) = so(5), the presence of a non-degenerate invariant symmetric
bilinear form, although in this case a minimal amount of calculations are needed in
order to avoid the use of exterior powers. As with classical method, the simplicity
of sl(4) is required. For completeness, an account of the ideal structure of gl(m)
is given in §4. This can be found in [B], Chapter I, §6, Exercise 24.

In §6 we describe basic properties of M(f) for an arbitrary bilinear form
f, with emphasis on the case when f is non-degenerate, symmetric or alternating,
while §7 justifies the various identifications made in Theorems 1.1-1.4 concerning
L(f)-modules.

The last five sections are devoted to demonstrate the irreducibility aspects
of Theorems 1.1-1.4, depending on whether ¢ = 2 or not and the nature of f.

2. Preliminaries

The notation introduced in this section will be maintained throughout the entire
paper.

Let F' be an arbitrary field of characteristic £. Thus ¢ is zero or a prime.
All vector spaces are assumed to be finite dimensional over F unless otherwise
mentioned. We fix a vector space V' of dimension m > 1.

2.1. Lie algebras. A Lie algebra is a vector space L together with a bilinear
map [, |: L x L — L, called bracket or commutator, satisfying:

(L1) [x,2] =0 for all = € L;

(L2) [z, ]y, 2]] + [y, [z, z]] + [, [x,y]] = 0 for all x,y,z€ L.

Any associative algebra A gives rise to a Lie algebra whose underlying
vector space is A itself, with commutator

[ili'y] =Y —yx, .73,3/614.

The Lie algebras corresponding to M,,(F) and End(V) will be denoted by gl(m)
and gl(V'), respectively, and called general linear Lie algebras.

The canonical matrices e;;, 1 < i,j < m, form a basis of M,,(F) and
multiply as follows: e;jen = d;xe;. Thus, we have the following multiplication
table in gl(m):

[€ij, €ri] = Ojpeia — Sier;. (3)

Given Lie algebras L; and Ls, a Lie homomorphism (resp. isomorphism)
is a linear homomorphism (resp. isomorphism) 7' : L; — Ly satisfying

T([l’,y]) = [T(I)7T<y>]7 z,y € Ll‘
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For instance, if B is a basis of V' then the map Mp : gl(V') — gl(m), which sends
every x € gl(V) to its matrix Mpg(x) relative to B, is a Lie isomorphism.

Given a Lie algebra L, an ideal (resp. subalgebra) is a subspace K of L
satisfying [z,y] € K for all x € L and y € K (resp. all z,y € K). We say that
L is simple if dim(L) > 1 and the only ideals of L are 0 and L.

For instance, L") = [L, L], the span of all [z,y] with z,y € L, is an ideal
of L, as well as L® = [LM) LM] etc.

The special linear Lie algebra s[(V'), consisting of all traceless endomor-
phisms of V', is an ideal of gl(V'), corresponding to sl(m), the ideal of gl(m) of
all traceless m X m matrices, under the isomorphism Mj.

We will denote by s the ideal of gl(V') (resp. gl(m)) of all scalar endomor-
phisms (resp. matrices). Note that s C s[(V') if and only if ¢|m.

2.2. Representations and modules. Let L be a Lie algebra. A representation
of L on a vector space W is a Lie homomorphism R : L — gl(WW), in which case
we refer to W as an L-module and write z - w or simply zw to mean R(x)w.
Note that the map L x W — W is bilinear and satisfies

[z, y|w = zyw — yzw, x,y € Lywe W. (4)
Conversely, any bilinear map map L x W — W satisfying (4) gives rise to a
representation R : L — gl(W) defined by R(z)w = zw.

Let W be an L-module. We say that W is faithful if its associated
representation is injective. An L-submodule of W is a subspace U of W such
that xu € U for all x € L and v € U. We refer to W as irreducible if W is
non-zero and its only submodules are 0 and W . For instance, the adjoint module
of a Lie algebra L is W = L, where x - w = [z, w]. This is irreducible if and only
if L is a simple Lie algebra or dim(L) = 1.

Note that the dual space W* becomes an L-module via

(x-a)(w)=a(-z-w), ze€L, acW weW.

Using annihilators we easily see that W is irreducible if and only if so is W*.
Let R: L — gl(W) and R* : L — gl(W*) be the representations associated

to W and W*. Let C be a basis of W and C* is its dual basis. Then the matrix

representations associated to W and W* with respect to C and C* are related by:

Me«(R*(z)) = —=Mc(R(x))', x €L,

where A’ denotes the transpose a matrix A.
A homomorphism (resp. isomorphism) of L-modules is a linear homomor-
phism (resp. isomorphism) 7" : W; — W, satisfying

T(zw) = 2T (w), =z € L,weW,.

2.3. Classical Lie algebras. We fix throughout a bilinear form f: V xV — F
and set

L(f) ={x € gl(V)| f(zv,w) = — f(v,zw) for all v,w € V},

M(f) = {y € gi(V) | f(yo, w) = F(v,yw) for all v, € V}.
Note that L(f) = M(f) if ¢ = 2.
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Lemma 2.1.  L(f) is a subalgebra of gl(V') and M(f) is an L(f)-submodule
of gl(V).
Proof. Let x € L(f), y € M(f). We wish to see that [zy] € M(f). If
v,w € V then
f(lzylv, w) = flzyv, w) = f(yrv, w)

= —fyv, zw) — f(av, yw)

= —f(v,yaw) + f(v, 2yw)

= [(v, [zylw).
The proof that L(f) is a subalgebra of gl(V') is entirely analogous. [

It will be useful to have a matrix version of L(f) and M(f) available.
Given A € gl(m), we set

L(A) = {X € gl(m) | X'A = —AX} and M(A) = {Y € gl(m) | Y'A = AY}. (5)

Let B = {vy,...,u,} be a basis of V' and suppose that A € gl(m) is the
Gram matrix of f relative to B, that is,

Aij = f(vi,vy), 1<4,5 <m.

Then Mp sends L(f) onto L(A) and M(f) onto M(A).
Two matrices A, B € gl(m) are said to be congruent if there is S € GL,,,(F')
such that
S'AS = B,

in which case the map L(A) — L(B) given by X — S™'XS is a Lie isomorphism.
Suppose f is non-degenerate and alternating. In this case (see [K], Theorem
19) m = 2n and there is a basis B of V relative to which f has Gram matrix

0 I,

(), 0

We write sp(2n) = L(J) and refer to L(f) as the symplectic Lie algebra. An easy
computation based on (5) and (6) reveals that

L(J)= {( é _{34, ) | A, B,C € gl(n), where B,C are symmetrie}

and

M(J) = {( é f, ) |A, B,C € gl(n), where B,C are skew—symmetric} )

In particular,

dim L(J) = (mg—l), and if £ # 2 then dim M (J) = (7727/)

Suppose next that f is non-degenerate and symmetric. If f is alternating
then necessarily ¢ = 2 and L(f) is the symplectic Lie algebra considered above.
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If f is non-alternating then by [K], Theorems 18 and 20, there is a basis B of
V' relative to which f has diagonal Gram matrix D = diag(dy,...,d), d; # 0.
Another calculation based on (5) shows that

L(D)={Aegl(m)|dA; +d;jA; =0for all 1 <i, j<m},

and

M(D)={A e gl(m)|d;A;; —djA; =0 for all 1 <i,j <m}.

In particular, if f is non-degenerate, symmetric and non-alternating, then

dim L(f) = (Z‘) it 042, dimL(f) = <m2+1> ite—2,

and

dim M(f) = (m;l)‘

Moreover, if F' = F? (i.e., every element of F is a square) then f admits I,
as Gram matrix, in which case we refer to L(f) as the orthogonal Lie algebra
and write so(m) = L(I,,). Clearly, so(m) consists of all skew-symmetric matrices
of gl(m) and M (I,,) of all symmetric matrices of gl(m).

A matrix A € gl(m) is said to be alternating if

Ajj=—-A;and A4; =0, 1<, j<m.

By above, any two invertible alternating matrices are congruent. Provided F' =
F? ., so are any two invertible symmetric non-alternating matrices.

Suppose that W is a d-dimensional module for a Lie algebra L, where
d > 1. A bilinear form ¢ : W x W — F is said to be L-invariant if the
representation R : L — gl(W) associated to W satisfies R : L — L(¢), that
is, if

o(x-u,v)+od(u,x-v)=0, z€Ll uveWl
In this case, if the L-module W is faithful and ¢ is non-degenerate we obtain an
imbedding R : g — sp(d) (resp. R : g — so(d)) provided ¢ is alternating (resp.
symmetric and non-alternating, and F = F?).

Let T : W — W* be a linear map. By definition, 7" is an L-homomorphism
if and only if the associated bilinear form ¢ : V' x V — F'| given by ¢(u,v) =
T(u)(v), is L-invariant, in which case T is an isomorphism if and only if ¢ is
non-degenerate.

For instance, if f is non-degenerate then V' = V* as L(f)-modules via the
map v — f(v,—), since f is L(f)-invariant.

2.4. A trace form. We fix throughout the bilinear form ¢ : gl(V) x gl(V') — F
given by
ple,y) = tr(zy), ,y e gl(V). (7)

It is well-known and easy to see that ¢ is symmetric and non-degenerate.

Lemma 2.2.  The bilinear form ¢ is gl(V)-invariant.
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Proof.  Let z,y,z € gl(V). Then

o(z-x,y)+ oz, z-y) = tr([zz]y) + tr(z[zy]) = tr(zey — z2y) + tr(zzy — xyz) = 0.

By abuse of notation we will also denote by ¢ the gl(m)-invariant non-
degenerate symmetric bilinear form gl(m) x gl(m) — F defined by ¢(A, B) =
tr(AB). We have

Moreover, if £1m then
gl(m) = sl(m) L s.

We let Alt(m) and Sym(m) stand for the spaces of all alternating and
symmetric m X m matrices, respectively. Consider the linear map V¥ : gl(m) —
Alt(m) given by A+— A — A’. Since ker(¥) = Sym(m), the rank-nullity formula
implies that im(V) = Alt(m), i.e., ¥ is surjective.

Observe next that if A, B € gl(m) then

tr(AB) — tr(A'B) = tr(AB) — tr(B'A) = tr(AB) — tr((AB)) = 0. (8)

Suppose C € Alt(m) and B € Sym(m). Since V¥ is surjective, we have C' = A— A’
for some A € gl(m), so by (8)

0(C,A) =tr(CB) =tr((A— A")B) = tr(AB — A'B') = 0. 9)
Combining (9) with the non-degeneracy of ¢, dimension considerations show that
Alt(m)* = Sym(m), Sym(m)" = Alt(m).
Moreover, if ¢ # 2 then

gl(m) = Alt(m) L Sym(m).

2.5. Weights. Suppose H and W are vector spaces and that H acts on W,
i.e., there is a bilinear map H x W — W, say (h,w) +— hw. Then every a € H*
gives rise to the subspace, say W,, of W defined by

W, ={w e W|hw = «a(h)w for all h € H}.

We say that « is weight for the action of H on W if W, # 0. Note that if
T : W — W' is an isomorphism of L-modules for a Lie algebra L and H is a
subalgebra of L then T'(W,) = W/ for every o € H*. In particular, the weights
for the actions of H on W and W’ are identical.

Note 2.3.  As an illustration, consider the irreducible s[(V')-module V' and the
diagonal subalgebra H of sl(V). The weights of H acting on V are &1,...,&,,
where ¢; : H — F is the ith coordinate function, given by &;(h) = hy;. The
weights of H acting on V* are —ey,...,—¢,,. Thus, if m > 2 and ¢ # 2 then
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V2 V* If m =2 then H has the same weights £;, —¢; acting on V and V*
and, in fact, V=2 V*. If m > 2 but £ = 2 then H has the same weights on V' and
V*. However, in this case V 22 V* otherwise V ® V = gl(V'), which contradicts
the s[(V')-submodule structures of V ® V' and gl(V).

An alternative way to decide when V' = V* is to look at the automorphism
A —A’ of sl(m). It is given by conjugation by a fixed S € GL,,(F") if and only
if m<2.

The above phenomenon when ¢ = 2 is impossible for /' = C: an irreducible
module for a complex semisimple Lie algebra is characterized by the weights of a
Cartan subalgebra.

3. Viewing gl(2n) as a module for sp(2n)

We assume throughout this section that ¢ # 2 and m = 2n, and set W = gl(2n).
Recalling the matrix J € gl(2n) defined in (6), we also set L = L(J) = sp(2n).
Note that W is an L-module via z-w = [z, w]. Recall, as well, the non-degenerate
L-invariant symmetric bilinear form ¢ : W x W — F'| defined in (7), and the L-
submodule M = M(J), defined in (5).

Theorem 3.1.  Suppose that €t 2n. Then the L-module W has the following
orthogonal decomposition into L-submodules:

W =L 1 (Mnsl(2n)) Ls, (10)

where M = L+ has the matriz description given in §2.

Moreover, M Nsl(2n) is an L-module of dimension 2n* —n — 1, which is
faithful if n > 2. In particular, if F = F? and n > 2 then M Nsl(2n) induces
an imbedding sp(2n) < s0(2n* —n — 1), which is an isomorphism sp(4) — s0(5)
when n = 2.

Proof. We claim that M = L*. Indeed, let x € M and y € L. As indicated
in §2, there exist a, b, c,d, e € gl(n) such that

T = ( CCL S/ ) VS < }i _ed, ) , with b, ¢ skew-symmetric and e, f symmetric.
(11)

It follows from (8) and (9) that
o(z,y) = tr(zy) = tr(ad + bf + ce — d'd’) = 0.

This proves M C L*. The matrix descriptions of L and M show that W = L&M .
On the other hand, the non-degeneracy of ¢ implies dim L + dim L+ = dim W.
Since M C L* and they have the same dimension, it follows that M = L+. We
have shown

W=L1M. (12)

The matrix description of M makes it clear that

dim M Nsl(2n) = 2n* —n — 1,
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and the condition £t 2n implies
M = (M nsl(2n)) L s. (13)

Substituting (13) into (12) yields (10).

Since sl(2n) and s are ideals of gl(2n), it follows from Lemma 2.1 that
all components of (10) are L-submodules of W. Since ¢ is symmetric and non-
degenerate on W, so its restriction to each component of (10). As explained in
§2, this yields an imbedding sp(2n) < s0(2n? —n — 1), provided F = F? and
M N sl(2n) is a faithful L-module. This imbedding becomes an isomorphism
sp(4) — so(5) when n = 2, as these Lie algebras are both 10-dimensional.

It only remains to show that M Nsl(2n) is a faithful L-module whenever
n > 2. For this purpose, let y € L be as in (11) and suppose that [z,y] = 0 for
all x € M Nsl(2n) as in (11). Setting b = 0 = ¢, it follows that [d,a] = 0 for all a
in gl(n), whence d is scalar. Letting a = 0 = ¢, we see that 2db =0 and bf =0
for all skew-symmetric b € gl(n), so d = 0 = f. Finally, taking a =0 = b, we
get ce = 0 for all skew-symmetric ¢ € gl(n), whence e = 0. This completes the
proof. [ |

Note 3.2.  The irreducibility of the components of (10) is discussed in §10.

Here we sketch an indirect argument of the irreducibility and faithfulness
of M Nsl(2n) when n > 2 and F =C.

Let H be the diagonal subalgebra of L. For 1 < i <n consider the linear
functional ¢; : H — F given by &;(h) = h;;. We easily verify that the weights for
the action of H on M Nsl(2n) are the sums of 2 distinct members taken from
{€1,...,6n,—€1,...,—€n}. These are the same weights for the action of H on
V(Ag), where Ay is the second fundamental module for L. But

dim(M Nsl(2n)) = 2n® —n — 1 = dim(V(\,)),

so M Nsl(2n) = V(Ay) is irreducible.
Since L is a simple Lie algebra and M Nsl(2n) is an irreducible L-module
of dimension > 1, it follows that M N sl(2n) is faithful.

4. Viewing gl(m) as a module for sl(m)

We assume throughout this section that m > 2.

Theorem 4.1.  Suppose (m,l) # (2,2). Then the only composition series of
gl(m) as a module for gl(m) or sl(m) are:

0 Cs Csl(m) Cglim), if €| m,

0 C sl(m) C gl(m), if £+ m.

In particular, sl(m)/s N sl(m) is always simple. More explicitly,

o if {tm, then sl(m) simple;
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e if (| m, then the only proper non-trivial ideal of sl(m) is s.

Proof. Let I be a subspace of gl(m) invariant under gl(m) or sl(m) and
properly containing sl(m) Ns. It suffices to show that I contains sl(m).

If e;; € I for some i # j then (3) yields that all ey, with k # [, as well as
all traceless diagonal matrices, are in I, so sl(m) C I. If some non-scalar diagonal
matrix h isin I, then h; # h; for some @ # j, so [h,e;;] = (h;—hj)e;; € I, and the
first case applies. Suppose = € I and x;; # 0 for some ¢ # j. Then either ¢ # 2,
so [eji, [eji, x]] = —2x;;e;:, and the first case applies, or m > 2 and there exists
ke{l,....n}—{i,j}, so [ew,[ejk, [€ji, z]]] = zijej;, and the first case apples. =

Note 4.2. It is stated in [B], Chapter I, §6, Exercise 24(a), that bracketing any
non-scalar element of gl(m) with at most four suitable chosen elements produces
a non-zero scalar multiple of one of the e;;. The proof of Theorem 4.1 shows that
three elements already suffice.

5. Viewing gl(2n) as a module for sl(n) @ sl(n) and sl(n)

If Ly, Ly are Lie algebras then the vector space L; @ L, becomes a Lie algebra via
[T1 + X2, 11 + Y] = [x1, 1] + [T2,y0] for x1,y1 € Ly and z9,ys € Lo.

Let W = gl(r +n) be the adjoint module for gl(r + n). By means of the
imbedding gl(r) @ gl(n) — gl(r +n), given by a+ b+ a® b, we may view W as
a module for gl(r) @ gl(n). We have

(65)- (o a)l (0™ w
{(32 ( )}:(btgta8>' (15)

Thus Z = M,«,(F) is a gl(r) & gl(n)-module under the action

and

(a+0b)-s=as—sb, aecgl(r),begln),seZ
and A = M,,,(F) is a gl(r) & gl(n)-module under the action
(a+0b)-t=>bt—ta, acglr),begln),secA
Theorem 5.1.  The map ¢ : A — Z*, given by
o(s) = tr(ts), te A seZ,

is an isomorphism of gl(r) @ gl(n)-modules.

Proof. This is a linear isomorphism. Moreover, if a + b € gl(r) @ gl(n) then

Platb)t(8) = Pre—ta(s) = tr(bts — tas),
((a4+0)-¢)(s) = pe(—(a+D) - s) = ¢pi(—as + sb) = tr(—tas + tsb). ]
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We assume r = n for the remainder of this section. By means of the
imbedding gl(n) < gl(n) ® gl(n) — gl(2n), given by a — a & —ad’, we may view
W as a module for gl(n). We have

() EO-GEe)
G o)) (at)

Thus Z = gl(n) becomes a gl(n)-module under the action
a-s=as+sd, acgln),sec”z

and A = gl(n) becomes a gl(n)-module under the action
a-t=—dt—ta, aécgln),teA.

This is nothing but the automorphism a — —a’ followed the previous action on
Z.

Clearly the spaces of symmetric and alternating matrices are gl(n)-submodules
of Z (resp. A), denoted by S and T' (resp. B and C'). Moreover, if ¢ # 2 we
have Z=S& T (resp. A=B&C).

Proposition 5.2.  Suppose that ¢ # 2. Then the map ¢ : A — Z* defined
in Theorem 5.1 is an isomorphism of gl(n)-modules sending B onto S* and C
onto T .

Proof. It follows from Theorem 5.1 that ¢ is an isomorphism of gl(n)-modules.
Let b € B and suppose that ¢,(s) = 0 for all s € .S. By (9) we also have ¢,(t) =0
for all t € T'. Since Z = S @ T, it follows that b = 0. Dimension considerations
imply that ¢ sends B onto S*. Likewise we show that ¢ sends C' onto T™. |

Theorem 5.3.  Suppose { # 2 and n=4. Then the map h:T — C', given by

0 a b c 0 f —-e d

| @ 0 d e Ly et —f 0 ¢ —b
b —d 0 f e —c 0 a ’
—c —e —f 0 —d b —a 0

is an isomorphism of sl(4)-modules. The composite map T — C — T™, given by
S > g, is an isomorphism of sl(4)-modules. The corresponding non-degenerate
s[(4) -invariant bilinear form g : T x T — F, namely g(s,t) = tr(s*t), is symmet-
ric. Consequently, sl(4) = s0(6) provided F = F?.

Proof. Clearly h is a linear isomorphism. We easily verify that A commutes
with the actions of ejs, e93,€34 on T and C'. In light of (3), the same happens to
all e;;, where 1 <i<j<4. Lette€T. Thent=s"for s=¢". If1<i1<j<A4
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then h(e;; - s) = e - h(s), ie., (e;s + sej;)* = —(ej;s* + s*e;;), which means
—(ej;t* +t*ej;) = (ejit + te;;)*, that is, e;; - h(t) = h(ej; - t). Using (3) once more
yields that f commutes with the action of all # € sl(4). The symmetry of g is
easily verified.

We know from Theorem 4.1 that sl(4) is simple and it is clear from (16) that
5[(4) does not act trivially on 7. Thus, as explained in §2, g yields an imbedding
s[(4) < s0(6), which is an isomorphism since they are both of dimension 15. =

Note that if n = 1 then 7" = 0 and if n = 2 then T is the trivial sl(2)-
module. We assume n > 2 for the remainder of this section.

Theorem 5.4.  Suppose { # 2. If n # 2,4 then T is not a self-dual sl(n)-
module.

Proof.  Let H be the space of diagonal matrices a ® —a’ with a € sl(n). Let
g; : H — F the 1th coordinate function, h + h;;, for 1 <i < n. Observe that

e+t ae, =0 a; = = a,. (18)

The eigenvalues of H acting on T can explicitly computed from (16). They are
i +¢;, where 1 <14 < j <n. On the other hand, (17) shows that the eigenvalues
of H acting on C' are —(g, + ¢,), where 1 < p < ¢ < n. Thus the sets of
eigenvectors for the actions of H on T are C' are disjoint if n # 2,4 by (18). It
follows from Proposition 5.2 that T 22 T™. ]

Theorem 5.5.  Both C' and T are irreducible sl(n)-modules.

Proof. Since a — —d' is an automorphism of sl(n), it is clear that C is
irreducible if and only if so is T". We next verify that T is irreducible.

Let a € sl(n) and set b= a'. Suppose t € T'. Then
a-t=at+tad =at— (at) =tb— (tb)".

Thus the sl(n)-module generated by t contains all matrices obtained from ¢ by
arbitrary left and right multiplication by sl(n) followed by “alternation”. By
doing this we can easily pass from any t # 0 to e;3 — e9; and from there to any
€ij — €ij- |

Theorem 5.6.  Suppose { # 2. Then both B and S are irreducible sl(n)-
modules.

Proof. By Proposition 5.2 we have B = S*, so B is irreducible if and only if
so is S. We next verify that S is irreducible.
Let a € sl(n) and set b = a’. Suppose s € S. Then

a-s=as+ (as) = sb+ (sb).

Thus the sl(n)-module generated by s contains all matrices obtained from s by
arbitrary left and right multiplication followed by “symmetrization”. By doing
this we can easily pass from any s # 0 to e;; and from there to any e;; +e¢;;. =
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Note 5.7. Let Bil(V)) be the vector space all bilinear forms g : V x V — F.
Then Bil(V) becomes a gl(V')-module via

(l‘ ) ﬁ)(uvv) = _5(*7;7“67 U) - 5(“7 xv)' (19)

Given f € Bil(V), the subalgebra of all x € gl(V') such that z-8 = 0 is just L(3).

Let Sym(V) and Alt(V) be the subspaces of symmetric and alternating
bilinear forms on V. Clearly Sym(V) and Alt(V) are gl(V)-submodules of
Bil(V'). We have canonical gl(V')-isomorphisms

Bil(V) 2 (VR V) 2V eV

mapping Sym(V) onto the symmetric square S?(V*) and Alt(V') onto the exterior
square A?(V*). Now (17) and (19) make it clear that Bil(V) = A. Thus

B = S2(V*),C = A2(V¥),

and, if ¢ # 2, then
S = S2(V), T = A(V).

Regardless of ¢, if n = 4 we consider the map A?(V) x A?(V) — A*(V) given by
(v1 A v, 3 A vg) = v1 A vg A vz A vy. (20)

Since dim A*(V) = 1, (20) yields a non-degenerate s[(V)-invariant symmetric
bilinear form on A%(V). This form is alternating if £ = 2. Thus, if F = F? we
obtain an isomorphism s[(4) = s0(6) when ¢ # 2 and an imbedding s((4) — sp(6)
if ¢ =2.

6. Basic Properties of M (f)
Recall the definition of the bilinear form ¢ : gl(V') x gl(V') — F given in (7).

Lemma 6.1. If L is a Lie subalgebra of gl(V') and M is an L-submodule of
gl(V') then
M+ = {z € gl(V) | p(M,z) = 0}

is an L-submodule of gl(V).
Proof. Let z€ L, x € M+ and y € M. Then, by Lemma 2.2, we have

QO([ZZ’], y) - _90<$’ [Zy]) = 0.

Corollary 6.2.  The space L(f)* is an L(f)-submodule of gl(V).

Proof. This follows from Lemmas 2.1 and 6.1. ]

For a subspace U of V' we define
LU)={veV]|f(v,U)=0} and R(U) ={v e V| f(Uv) =0}

Note that f is non-degenerate if L(V) = 0 = R(V). We set Rad(f) =
LV)NR(V).
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Lemma 6.3.  (a) If { =2 then L(f)= M(f).

(b) If £ # 2 then L(f) N M(f) is the ideal of L(f) of all endomorphisms
x of V that satisfy xV C Rad(f).

(¢) If € # 2 and Rad(f) =0 then L(f)NM(f)=0.

(d) If £ # 2 and f is non-degenerate then L(f)NM(f)=0.

Proof.  (a) This is obvious.
(b) Let x € L(f) N M(f) and v,w € V. Then
— (w0, 5w) = f(wv,w) = f(v,20) and — f(zv,w) = f(v,20) = [(wv,w)

SO
2f(v,zw) =0 and Qf(:m,w) =

If ¢ # 2 then 2V C L(V)N R(V) = Rad(f). As the intersection of L(f)-
submodules of gl(V'), we see that L(f)N ( ) is an ideal of L(f). Moreover, any
endomorphism z of V' that sends V' to Rad(f) is clearly in L(f) N M(f).

(¢) This follows from (b).

(d) This follows from (c). ]

Lemma 6.4.  If f is non-degenerate and € # 2 then M(f) C L(f)*.

Proof. Let B be a basis of V' and let A be the Gram matrix of f relative to
B. Let z € L(f) and y € M(f) have respective matrices X,Y € gl(m) relative
to B. Then

X'A=-AX, Y'A=AY.

Since f is non-degenerate, A is invertible, whence

X=-A1X'A Y=A1YA (21)
It follows that

XY = (AT X'A)(ATY'A) = -A XY A
Taking traces yields
tr(XY) = —tr(X'Y') = —tr(YV'X') = —tr((XY)') = —tr(XY).
Therefore 2tr(XY) = 0. Since ¢ # 2, we infer tr(XY) = 0. ]
Suppose that f is non-degenerate. Then given, = € gl(V'), there exists a

unique z* € gl(V), the adjoint of z, satisfying

flzv,w) = f(v,2*w), v,weV.

In matrix terms, if B is a basis of V and A, X, X* are the matrices of f,z,z*,
then
X'A=AX",

which has the unique solution
X*=A1X'A.
Observe that x € L(f) & 2* = —x and y € M(f) @ y* =y.
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Lemma 6.5. Suppose f 1is non-degenerate as well as symmetric or skew-
symmetric. Then

=z, xeglV).
Proof. Let v,w € V. Then
flzv,w) = f(v, 2*w) = £f(z*w,v) = £f(w, 27v) = (£1)*f(2™v, w). -

Lemma 6.6.  Suppose f is non-degenerate, symmetric or skew-symmetric, and
(#£2. Then

gl(V) = L(f) & M(f).

Proof. Given z € gl(V) let 2 = (2—2%)/2 and y = (2+2%)/2. Then z = z+y.
Moreover, by Lemma 6.5, x € L(f) and y € M(f). Furthermore, L(f)NM(f) =0
by Lemma 6.3, as required. [ |

Corollary 6.7.  Suppose f is non-degenerate, symmetric or skew-symmetric,
and ¢ # 2. Then

gl(V) = L(f) L M(f).
Proof. Since ¢ is non-degenerate, this follows from Lemmas 6.4 and 6.6. =

Lemma 6.8.  Suppose f is non-degenerate and ¢ # 2. Then L(f) C sl(V).

Proof. By definition s C M(f) and by Lemma 6.4 we have M(f) C L(f)*.
Hence s C L(f)*. Since ¢ is non-degenerate, this yields

L(f) = L(f)™ C s =sl(V).
Alternatively, let x € L(f) and take traces in (21) to get tr(z) = —tr(x). ]

Since sl(V') is an ideal of gl(V') it follows from Lemma 2.1 that M (f)Ns((V)
is an L(f)-submodule of gl(V).

Corollary 6.9.  Suppose f is non-degenerate, symmetric or skew-symmetric,
and {4 2m. Then gl(V') has the following decomposition into perpendicular L(f)-
submodules:

gl(V) = L(f) L (M(f)nsl(V)) Ls.

Proof.  If we had M(f) C sl(V) then ¢ # 2 together with Lemmas 6.6 and
6.8 would imply gl(V') C sl(V'), which is impossible. It follows that M (f) Nsl(V)
is a hyperplane of M(f). Since ¢ t m, then s N M(f) Nsl(V) = 0, with s
and M(f)Nsl(V) perpendicular to each other, so M(f) = (M(f)Nsl(V)) L s.
Replacing this in Corollary 6.7 yields the desired result. |
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7. Multiple identifications

Let U and W be L-modules for a Lie algebra L. Then U ® W becomes an
L-module via
r-(U®v) =2 UVt uRT- .

We may view the symmetric and exterior squares S?(U) and A?(U) as L-submo-
dules of U@ U. If £ = 2 then A?(U) C S*(U), while if £ # 2 then U® U =
A(U) @ S%(U).

Suppose f is non-degenerate. Since f is L(f)-invariant, the map I'; : V' —
V* induced by f, namely

Fl(v) = f(va _)7

is an isomorphism of L(f)-modules. This, in turn, yields the L(f)-isomorphism
IMely : VeV — V*®V. On the other hand, we have the natural gl(V)-
isomorphism 'y : V* ®@ V' — gl(V), given by

M0 @w)(u) =0(w)w, d€V* 5 uwel.

It follows that I' =Ty 0 (I'; ® 1y) is an L(f)-isomorphism V @ V' — gl(V), given
by
v @w)(u) = flv,u)w, wv,weV.
We wonder what are the L(f)-submodules of V@V corresponding to L(f)
and M (f) under I'. If f is symmetric or skew-symmetric, the answer is as follows.

Proposition 7.1.  Suppose that f is non-degenerate.

(a) If £ # 2 and [ is skew-symmetric, then T sends A*(V') onto M(f) and
S%(V) onto L(f).

(b) If £ # 2 and f is symmetric, then T' sends A*(V') onto L(f) and S*(V)
onto M(f).

(c) If £ =2 and f is symmetric then T sends S*(V) onto L(f) = M(f).

Proof.  The dimensions of L(f) and M(f) were computed in 2. On the other
hand, it is well-known that

dim S3(V) = <m2+ 1) and dim A%(V) = <”;>

Furthermore, given wuy,us, v, w € V|, we have
f(T(v @ w)ur, ug) = f(v,ur)f(w,uz),

flur, T(v @ w)ug) = f(uy, w)f(v,us).

Since S?(V) is spanned by all v®@v and v@w+w®v, and A%(V) by all v@w—w®wv,
the above information combines to yield the desired result. ]

Theorem 7.2.  Suppose that { # 2, that m = 2n, and that f is non-degenerate
and skew-symmetric. Then the following L(f)-modules are isomorphic:

(1) M(f) ={y € gl(V) | f(yv,w) = f(v,yw) for all v,w € V}.
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(2) A*(V'), the second exterior power of the natural L(f)-module V.

(3) L(f)*, the orthogonal complement of L(f) relative to the bilinear form
(7).

(4) The space of all

a

( ‘é b ) € gl(2n) (22)

such that a € gl(n) and b,c € gl(n) are skew-symmetric.

Proof. = We know from Proposition 7.1 that M(f) = A*(V), while Corollary
6.7 shows that M(f) = L(f)* relative to ¢. The matrix description of M(f) is
taken from §2. [ |

In a similar manner, we derive the following result.

Theorem 7.3.  Suppose that ¢ # 2, f is non-degenerate and symmetric. Then
the following L(f)-modules are isomorphic:

(1) M(f) ={y € gl(V)| f(yv,w) = f(v,yw) for all v,w € V'}.

(2) S*(V), the second symmetric power of the natural L(f)-module V .

(3) L(f)*, the orthogonal complement of L(f) relative to the bilinear form
(7).

(4) The space of all A € gl(m) satisfying d;A;; — djA; = 0 for all 1 <
i,j <m, where D = diag(dy,...,dn) is the Gram matriz of f relative to a basis
of V.

In particular, if F = F? then M(f) is isomorphic to the L(f)-module of
all symmetric m X m matrices.

Lemma 7.4.  The contraction map QL :V QV — F, given by v @w — f(v,w),
is an L(f)-homomorphism, which is surjective if and only if f # 0.

Proof. This is an easy calculation. [ |
Lemma 7.5.  Suppose that f is non-degenerate. Then 2 can be identified with
the trace map tr : gl(V) — F, in the sense that Q(v @ w) = tr(I'(v ® w)) for all

v,weV.

Proof. Let vq,..., v, be a basis of V and let wy,...,w,, be the dual basis of
V relative to f, i.e., such that f(v;,w;) = d;;. Then I'(v; ® w;)(wy) = dw;, so

tr(I'(v; @ wy)) = di5 = f(vi, wy) = Qv; ® wy),
which implies the result for all v,w € V. |

Corollary 7.6.  Suppose that ¢ # 2 and f is non-degenerate.
(a) If [ is skew-symmetric then A*(V) is not contained in the kernel of
Q, so A2(V) NkerQ is an L(f)-submodule of A*(V) of codimension 1, which
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corresponds to M(f) Nsl(V) under T, and in matriz form to all matrices (22)
with a € sl(n).

(b) If [ is symmetric then S*(V') is not contained in the kernel of €,
therefore S*(V) Nker Q is an L(f)-submodule of S*(V') of codimension 1, which
corresponds to M(f) Nsl(V) under T, and in matriz form to all A € gl(m) as
described in Theorem 7.3 satisfying tr(A) = 0.

(c) If f is symmetric or skew-symmetric then s is contained in M (f)Ns((V)
if and only if {|m.

Lemma 7.7.  The map V@V — A%(V) given by
VW UVRQW—wWwRV

is an epimorphism of gl(V')-modules with kernel S*(V).
Proof. This is clear. [

Theorem 7.8.  Suppose that ¢ = 2 and f is non-degenerate and symmetric.
Then

(1) T maps the L(f)-submodule A2(V') of S>(V') onto L(f)V) = [L(f), L(f)],
an ideal of L(f) of codimension m.

(2) gl(V)/L(f) = L(f)M as L(f)-modules.

(8) Suppose f is alternating. Then m = 2n and there is a basis B of V
relative to which f has Gram matriz J, as defined in (6).

Moreover, L(J) (resp. L(J)Y ) consists of all matrices

(42
such that A, B,C € gl(n) and B,C are symmetric (resp. alternating).
Furthermore, L(J)® consists of all matrices (23) such that B,C are al-
ternating and tr(A) = 0. In particular, L(J)? has codimension 1 in L(J)™V).
(4) Suppose f is alternating and let B and J be as above. Let A : A*(V) —
F be the L(f)-epimorphism given by

VAW =v@w+w®v— f(v,w).

Then L(J)® corresponds to ker A under the L(f)-isomorphism MgoT .
(5) Suppose f is non-alternating. Then there is a basis B of V relative to
which f has Gram matriz

D:diag(dl,...,dm), O#dZGF

Moreover, L(D) (resp. L(D)Y ) consists of all A € gl(m) such that d;A;; = d;Aj;
(resp. d;Aij = d;Aj; and Ay =0). Furthermore, L(f)Y) is perfect provided m #
2. In particular, if D = I,,, which occurs when F = F?, then L(D) (resp.
L(D)Y) ) consists of all symmetric (resp. alternating) matrices in gl(m).

(6) The space s is contained in L(f)Y) if and only if f is alternating, in
which case s is contained in L(f)?® if and only if 4/m.
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Proof. By Proposition 7.1, the L(f)-isomorphism I': V® V' — gl(V) sends
S2(V) onto L(f). Therefore,

D(L(f) - S*(V)) = L(f) - L(f) = L()1V.
One the other hand, we easily verify that
L(f) - S*(V) € A*(V),

which yields
T(A%(V)) 2 L(f)1V. (24)

Since A%(V) has codimension m in S?(V'), in order to show that equality prevails
in (24) it suffices to show that L(f)® has codimension m in L(f).

Suppose first that f is non-alternating. By [K], Theorem 20, there is a
basis B of V relative to which f has Gram matrix D = diag(ds,...,d,,), where
0 # d; € F. We easily see that L(D) consists of all A € gl(m) such that
d;Aij = djAj;, with the following multiplication table:

[6“', djel-j + diejz-] = djez'j + dieji7

[djeij + dieji, dieir + dier;) = di(dreje + djey;).

This proves (5) and completes the verification of (24) when f is non-alternating.

Suppose next that f is alternating. By [K], Theorem 19, m = 2n and there
is a basis B of V relative to which f has Gram matrix J, as defined in (6). As
seen in §2, L(.J) consists of the stated matrices. Moreover, we have

[al(n), gl(n)] = sl(n), (25)
BC 0
:<0 CB), (26)
0
0 (27)

|-
] B ( Ca+CAy 0 > - (28)

( “g j, ) e L(NH)W, Aegl(n).

As seen in §2, the map gl(n) — Alt(n), given by A +— A+ A’ is surjective. This,
together with (27) and (28) applied to the special case B = I, = C', imply that
for all alternating matrices B,C € gl(n), we have

(38)(28) s
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It now follows from (25)-(28) that L(.J)®) consists of all matrices (23) such that
B, C are alternating. This proves the first two statements of (3) and completes
the proof of (1).

Using (27) and (28) with A = e;; and B = ¢;; + e;; = C, where i # j, we
see that for all alternating matrices B, C' € gl(n), we have

(3)(28)esom

Let B,C € gl(n) be alternating. We infer from (9) that
tr(BC) = 0.

It now follows from (25)-(28) that L(.J)® consists of all matrices (23) such that
B, C are alternating and tr(A) = 0, which completes the proof of (3).

Suppose still that f is alternating. Then f induces a linear map A%(V) —
F, namely A. It is clear that A is an L(f)-epimorphism. Let

B=A{v,...,up,w1,...,w,}

be the given basis V', relative to which f has Gram matrix J. Then Mpo I’
satisfies:

. ' 0 6¢j+6ﬂ ) ' 0 0 ' ' €5 0
Ul/\U]l—>(O 0 ),wl/\wjb—><€ij+€ji O),vz/\wjl—>( 0 eﬁ).

This, (1) and (3) show that Mg oI sends ker A onto L(J)®, which is (4).
Now (3) and (5) yield the first part of (6), while (3) gives the second.
Finally, we may apply (1), Proposition 7.1 and Lemma 7.7 to derive (2). [ ]

Note 7.9.  Suppose that £ = 2 and f is non-degenerate and alternating. There
are two mistakes in [B], Chapter I, §6, Exercise 25(b). In their notation, it is
claimed that b = L(f)"), when in fact a = L(f)") and b = L(f)®. This holds
for any even m, while their claim was made for m > 6. It is also claimed that
if m > 6 then b/c is simple, when in fact ¢ = s is only included in b = L(f)®
when 4|m.

8. The L(f)-module L(f)") when f is symmetric and
non-alternating

We assume throughout this section that m > 3 and let L = L(I,,) = so(m).

On the one hand, if ¢ # 2 then L consists of all skew-symmetric matrices
and LY = L. On the other hand, when ¢ = 2, L is the set of all symmetric
matrices and L™ consists of all alternating matrices. In any characteristic, the
derived algebra LM is spanned by the matrices E;; with i < j, where Lj; is
defined as e;; — e;; for any 7,j. The following multiplication rules can be easily
verified.

o [Eij,Ej| = Ey, for i #j and j # k;
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e [E;;,E. ] =0if i,j,r s are all different to each other.

Theorem 8.1. Ifm =3 orm >5 then LW is a simple Lie algebra. If m > 3
and ¢ =2 then LY is an irreducible L-module.

Proof. When m = 3, L) has basis {FE1s, Fs3, E31} with multiplication table
given by [Ey;, E;i] = Ey. for {i,j,k} = {1,2,3}. So LY is 3-dimensional and
perfect, and therefore simple. Assume henceforth that m > 4.

Suppose first that I is an ideal of L™ such that E;; € I for some i # j.
Let r # s be indices such that {i,j} # {r,s}. If {i,j}N{r,s} =0 or j =, then

[ETi7 [EZ]7EJS]] - Ers E ]

So I = LW if T contains a basis element.

Now suppose m > 5 and let I be a nonzero ideal of LW . Let o € I
with z;; # 0 for some ¢ # j. As m > 5, we can pick indices r,s,t such that
I{i, 7,7, s,t} = 5. Since

(adEys 0 adE,s 0 adEj; o ad By ) (x) = i Ey5,

we deduce Ey; € I. Thus [ = LY.

Finally suppose m > 4 and ¢ = 2, and let W be a nonzero L-submodule
of LW, Let x € W with z;; # 0 for some i # j. Let 7,5 be indices such that
{i,7,m, s} =4. As

(adE,s 0 adEj, o ade;)(x) = x;; B,

we have E;; € W. Since W is in particular an ideal of L), we infer W = L), m

9. A composition series of the so(m)-module gl(m) when £ # 2

We suppose throughout this section that ¢ # 2, that m > 2, and that f is
non-degenerate and symmetric. We further assume that L = L(I,,,) = so(m).

Note that L consists of all skew-symmetric matrices and is spanned by the
matrices E;; with ¢ < j, as defined in §8.

Proposition 9.1.  If m =3 or m > 5 then L(f) is a simple Lie algebra.
Proof. This follows from Theorem 8.1, extending scalars if necessary. |

Note 9.2.  Suppose that m = 4. Then L(f) is 6-dimensional. Moreover, L(f)
is a simple Lie algebra if the discriminant of f is not a square in F', and the direct
sum of two 3-dimensional simple ideals otherwise.

This can be found in [B], Chapter I, §6, Exercise 26(b). An alternative

approach via current Lie algebras, independent of whether ¢ # 2 or not, can be
found in [CS].

Note 9.3. If m =2 then L(f) is 1-dimensional.
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Consider next the L-module M = M(I,,) consisting of all symmetric
matrices. This module has basis {A4;; : ¢ < j}, where A;; is defined as e;; + ej;
for all ¢, 5. The matrices E,; act on the A;; according to the following rules.

o [Eij, Aij] = A — Ajy;
o [Eij, Ajj] =24y for i # j;

o [E;j, Ajx] = Ai if {i,j,k} has size 3;

7
o [E;;, A =0if {i,7,r, s} has size 4.

Theorem 9.4.  Suppose m > 4. Let M° = M(I,,) Nsl(m). Then:

(1) If £+ m, then M° is an irreducible L-module.

(2) If £|m, then s is the only non-trivial L-submodule of M, so M°/s is
an trreducible L-submodule.

Proof. Let W # 0 be an L-submodule of M°. Suppose first that W consists
only of diagonal matrices and let 0 £ h € W. If i # j then
[Eij, h] = (hy; — hii) Aij € W,

whence h;; = hjj, i.e., h is scalar. This implies W = s in the case {|m, and is a
contradiction in the case 1 m.

Now suppose A;; € W for some 7 # j. Let r, s be distinct indices such that
{i,j} # {r,s}. If j = r then [Ey, A;;] = Ay, € W, whereas {i,5} N {r,s} =10
implies [E;, [Eri, Aij]] = Ay, € W. In addition [Ey,, As] = Ass — Ay € W
Therefore W = MY if W contains a basis element A;; with i # j.

Finally, suppose that W contains a non-diagonal matrix x. So z;; # 0 for
some i # j. As m > 4, we can find indices 7, s such that {i,j,r, s} has size 4.
Since

(adE;, o adE,s o adE;,. 0 adE;j o adE,s 0 ad By, ) (2) = =214 Ay,
we deduce A;. € W, which implies W = M. n

Corollary 9.5.  Suppose that m > 4. Then

(1) If ¢ does not divide m then M(f)Nsl(V') is an irreducible L(f)-module
of dimension (m2+1) —1.

(2) If ¢ divides m then M(f)Nsl(V)/s is an irreducible L(f)-module of
dimension (") — 2.
Proof. The stated dimensions are clear from the matrix version of M(f).
Irreducibility follows from Theorem 9.4, extending scalars if necessary. ]

Note 9.6.  Suppose that £t m and m > 2. Then Corollaries 7.6 and 9.5 show
that the traceless matrices A € gl(m) described in part (4) of Theorem 7.3 form
an irreducible L(f)-module of dimension (™;') — 1, isomorphic to the kernel of

the contraction map S*(V) — F given by v @ w + w @ v — f(v,w).
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When F = C and m > 4 this gives an elementary matrix description of
V(2)A1), where A; is the first fundamental weight of the orthogonal Lie algebra
so(m), as the space of all traceless m x m symmetric matrices.

Note 9.7.  Suppose that m = 3. If £ # 3 then M?° is an irreducible L-module.
Now suppose ¢ = 3. If —1 is not a square in F, then M°/s is irreducible.
However, if —1 is a square in F, say i2 = —1, the L-submodules of M are X,
Y and s = X NY, where

00 O 0 + —1
X =spanq I3, [0 1 i 1 2 0 O ,
0 ¢ — -1 0 O
0 0 0 0 ¢ 1
Y =spanq I3, | O 1 1 1 0
0 1 100

Note 9.8.  Suppose m = 2. If —1 is not a square in F' then M?° is irreducible
as a module over L. If —1 is a square in F, say 72 = —1, the only L-submodules
of M° are Fx and Fy, where

1 i -1 1
:c—(z. _1) and y_(l. 1).

Combining the results of this section with Corollary 6.7, Proposition 7.1,
Theorem 7.3, and Corollary 7.6, we obtain the following theorem.

Theorem 9.9.  Suppose that ¢ # 2, that m > 2, and that f is non-degenerate
and symmetric. Then

(1) M(f) is the orthogonal complement to L(f) with respect to the bilinear
form ¢ gl(V) xgl(V) = F, given by p(z,y) = tr(xy). Moreover, there is a basis
of V' relative to which f has Gram matriz D = diag(dy,...,d,) and, relative to
this basis, M(f) consists of all A € gl(m) such that d;A;; = d;A;;. Furthermore,
M(f) is isomorphic to S*(V) as L(f)-module.

(2) M(f)Nsl(V) consists, relative to the above basis, of all matrices A €
gl(m) such that d;A;; = d;jA;; and tr(A) = 0, and is isomorphic to the kernel of
the contraction L(f)-epimorphism S*(V) — F given by vw — f(v,w).

(3) If m >4 and €1 m then M(f)Nsl(V) is an irreducible L(f)-module
of dimension (m2+1) —1.

(4) If m >4 and ¢ | m then M(f)Nsl(V')/s is an irreducible L(f)-module
of dimension (m;ﬂ) —2.

(5) If m =3 or m > 5 then L(f) is a simple Lie algebra, isomorphic to
gl(V)/M(f) and A*(V) as L(f)-modules.

(6) The following are composition series of the L(f)-module gl(V'):

0CsC M(f)yns(V)c M(f) Ccgl(V), if m >4 and {|m,
0C M(f)yns(V)yc M(f) cgl(V), ifm>4 and £ m.
In any case, M(f)/M(f)Nsl(V) is the trivial L(f)-module.
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10. A composition series of the sp(2n)-module gl(2n) when £ # 2

We assume throughout this section that ¢ # 2, that m = 2n, and that f is
non-degenerate and skew-symmetric.

Theorem 10.1.  The symplectic Lie algebra L(f) is simple.

Proof. = We show that L = L(J) is simple, where J is defined in (6). We can
assume m > 4 because sp(2) = sl((2). Let I be a nonzero ideal of L and suppose

0+#x €. Write
(£ )
x = -
c —a

with a, b, c € gl(n) and b, ¢ symmetric. Let

(0 I, /(0 0
Y=\o o) *=\1, o)

Let S, B be the subspaces of L defined by

5:{(8 8):s€gl(n),s':s}, B:{(g 8):seg[<n),s'=s}.

Since (adyoadzoadz)(z) = —2(b@—b) and (adzoadyoady)(x) = 2(cd—c),
we can assume that b = ¢ = 0 and a # 0. Moreover, we can assume that a is
not scalar, for otherwise [z,[e1,12 + €2n+1,a]] has the desired form. Then the
action of gl(n) on [ yields u @ (—u') € [ for all u € sl(n). Applying ady we
obtain I NS # 0, hence S C I by Theorem 5.6. Analogously B C I. Since
[y, ent1.1] = €11 ® —eqr, we conclude that [ = L. ]

Theorem 10.2.  Suppose that m > 2.

(1) If €+ m then M(f)Nsl(V) is an irreducible L(f)-module of dimension
(3) - 1.

(2) If € | m then M(f)Nsl(V)/s is an irreducible L(f)-module of dimension

(5) -2

Proof.  Let J likein (6). If D is an L(J)-submodule of M (J)Nsl(m) properly
containing M (J)Nsl(m)Ns, we deduce D = M (J)Nsl(m) arguing like in (10.1). =

Note 10.3.  Suppose that ¢4 m and m > 2. Then Corollary 7.6 and Theorem
10.2 show that the subspace of gl(2n) of all matrices (22) such that b, c € gl(n) are
skew-symmetric and a € sl(n) is an irreducible L( f)-module of dimension () —1,
isomorphic to the kernel of the contraction map A*(V) — F, v Aw + f(v,w).

When F = C this gives an elementary matrix description of V(A;), the
second fundamental module of the symplectic Lie algebra sp(2n).

Note 10.4. If m =2 then M(f) =s is 1-dimensional.

Combining the results of this section with Corollary 6.7, Theorems 7.1 and
7.2, and Corollary 7.6, we obtain the following theorem.
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Theorem 10.5.  Suppose that ¢ # 2, that m = 2n, and that f is non-degenerate
and skew-symmetric. Then

(1) M(f) is the orthogonal complement to L(f) with respect to the bilinear
form ¢ : gl(V)xgl(V) — F, given by p(z,y) = tr(xy). Moreover, M(f) consists,
relative to suitable basis of V', of all matrices

( é f, ) , A, B,C € gl(n), where B,C are skew-symmetric. (29)
Furthermore, M(f) is isomorphic to A*(V) as L(f)-module.

(2) M(f)Nsl(V) consists of all matrices (29) such that tr(A) = 0 and is
isomorphic to the kernel of the contraction L(f)-epimorphism A*(V) — F given
by v Aw — fv,w).

(3) If m > 2 and €41 m then M(f)Nsl(V) is an irreducible L(f)-module
of dimension (’;‘) —1.

(4) If m > 2 and £ | m then M(f)Nsl(V')/s is an irreducible L(f)-module
of dimension (’;‘) —2.

(5) L(f) is a simple Lie algebra, isomorphic to gl(V)/M(f) and S*(V) as
L(f)-modules.

(6) The following are composition series of the L(f)-module gl(V'):

0CsC M(f)yns(V)cC M(f) Cgl(V), if m> 2 and l|m,

0C M(f)ynsl(V)cC M(f) Ccgl(V), if m>2 and £{m,
0C M(f)Cgl(V), ifm=2.
In any case, M(f)/M(f)Nsl(V) is the trivial L(f)-module.

11. A composition series for the so(m)-module gi(m) when £ = 2

We assume throughout this section that ¢ = 2, that m > 2, and that f is non-
degenerate, symmetric and non-alternating.

Theorem 11.1.  Suppose that m =3 or m > 5. Then L(f)") is a simple Lie
algebra, and hence an irreducible L(f)-module, of dimension (”;) )

Proof. This was already proven in §9. |

Proposition 11.2.  Suppose that m = 4 and let D be the discriminant of f
relative to a basis of V. Then

(1) L(f)Y is 6-dimensional perfect Lie algebra.

(2) If D ¢ F? then L(f)Y) is a simple Lie algebra.

(3) If D € F? then L(f)") = S x R, where S is a simple 3-dimensional
subalgebra of L(f)V), and R is abelian, the solvable radical of L(f)*) and an
irreducible L(f)" -module.

(4) L(f)M is an irreducible L(f)-module.
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Proof. (1) Since L(f) is 10-dimensional, Theorem 7.8 ensures that L(f)") is
a 6-dimensional perfect Lie algebra.

(2) This can be found in [B], Chapter I, §6, Exercise 26(b) as well as in
[CS].

(3) This can be found in [CS].

(4) Tt suffices to prove this when F' is algebraically closed. Although the
result follows from Theorem 8.1, we provide here an alternative argument. As seen
in Theorem 7.8, f admits /, as Gram matrix and L = L(I,,) (resp. M = L(I,,,)"))
consists of all symmetric (resp. alternating) matrices. Thus a basis of L is formed
by all e; and all e;; +ej;, 1 <i# j <4, and the latter form a basis of M. Set

fi=enx+ean, fo=-e3+es, f3=es3+es,

hi = €34 + €43, ho = €14 + €41, hy = eq2 + €24,
g1 = fi+hi, o= fa+he, g3 = fs+ hs,

S = (f1, for f3), B= (91,92, 95).

Then M = S x R, where S is a simple Lie algebra, and R is an abelian ideal
of M and an irreducible S-module (isomorphic to the adjoint module of S). It
follows that S is the only non-zero proper M -submodule of M. Since

[611,91] = fi ?é R,

M 1is irreducible as L-module. |

Note 11.3. If m = 2 then L = L(f) is solvable of class 2, but not nilpotent,
with
dimL =3, dim L™ = 1, dim L® = 0.

Combining the results of this section with Proposition 7.1 and Theorem 7.8
we obtain the following theorem.

Theorem 11.4.  Suppose that ¢ = 2, that m > 2, and that f is non-degenerate,
symmetric and non-alternating. Then
(1) The L(f)-module gl(V') has m+2 composition factors. A composition
series can be obtained by inserting m — 1 arbitrary subspaces between L(f) and
L(f)M) in the series
0C L(HM C L(f) € gi(V).

Moreover, if m = 3 or m > 5 then L(f)") is a simple Lie algebra of dimen-
sion (7).

(2) L(f) is isomorphic to the symmetric square S*(V) as L(f)-modules.
Moreover, there is a basis of V relative to which f has Gram matrix D =
diag(dy, . ..,dn) and, relative to this basis, L(f) consists of all A € gl(m) such
that d;A;; = djAj;.

(3) L(f)Y is isomorphic to the exterior square A*(V) as L(f)-modules.
Moreover, relative to the above basis, L(f)V) consists of all A € gl(m) such that
Aii =0 and dzAz] == deji’
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(4) al(V)/L(f) = L(f)V as L(f)-modules. In particular, gl(V) has
trivial composition factors, and 2 composition factors isomorphic to L(f)M
A2(V), which is itself the trivial module if and only if m = 2.

R 3

12. A composition series for the sp(2n)-module gl(2n) when £ = 2

We assume throughout this section that m = 2n and that f is non-degenerate and
alternating. We also assume that ¢ = 2, except in Proposition 12.2 and Note 12.5,
where ¢ is arbitrary.

Theorem 12.1.  Suppose m > 4. If 4|m then L(f)® /s is a simple Lie algebra.
If 4t m then L(f)® is a simple Lie algebra.

Proof.  Let J as defined in (6) and let I be a nonzero ideal of L = L(J)®.
Let T and C be the subspaces of L defined by

0 ¢ . 0 0 |
T = {(O O) : t alternating } , C= {(t 0) . t alternating } .

Suppose first that I consists only of diagonal matrices. If I contains a
non-scalar matrix, the action of sl(n) on I yields u @ u' € I for all u € sl(n),
against the assumption. So we have I = s if 4|/m, and a contradiction if 4 1 m.

Suppose next that I contains a non-diagonal matrix x. Let 4,5,k be
distinct indices between 1 and n. Since

[entik T €eninyr Tlik = Tint;  and  [ernij + €jnik, Tlhi = Tntji,

we can assume that x;; # 0. Since
ad(ejk, + enthnts) © ad(eji + entinyj) © ad(eri + entinir)(T) = Tij(€ji + €ntimts),

it follows e;;+€n+in+; € 1. So the action of sl(n) on I shows that u@u’ € I for all
u € sl(n). Taking A = e3; and B = e12+ €9 in (27) we obtain a nonzero element
of T, hence T" C I by Theorem 5.5. Similarly we see that C' C I. Therefore
I=1L. ]

Proposition 12.2.  Let h(n) be the Heisenberg algebra of dimension 2n + 1,
whose underlying vector space is V @& F', with bracket

[u+B,0+7] = f(u,v).
Let uy, ..., Up,v1,...,0, be a basis of V relative to which f has Gram matriz J,
as defined in (6). Let z=1¢€ h(n). Let F|Xy,...,X,] be the polynomial algebra
over F' in n commuting variables Xy,...,X,,. For g € F[Xy,...,X,] let m, be

the linear endomorphism “multiplication by q” of F[X1,...,X,]. Let 0 £ a € F.
Then F[X1,...,X,] becomes a faithful H(n)-module via

uw—)@/@X,, viHa-mXi,zHa-]F[Xl 7777 Xn]-

Moreover, F[Xy,...,X,] is irreducible if and only if ¢ = 0. Furthermore, if {
is prime then (X¢{,...,X%) is an b(n)-invariant subspace of F[X,...,X,] and
F[X1, ..., X,]/ (Xt ..., X5 is a faithful irreducible h(n)-module of dimension (™.
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Proof. This is clear. [
Lemma 12.3.  L(f)/L(f)® = b(n) as Lie algebras.

Proof.  Let J € gl(4) be defined as in (6) and identify L with M (.J). Consider

the elements a,by,...,b,,c1,...,¢, of L(f) defined as follows in terms of n x n

blocks:
0= €11 0 b — 0 €ii o= 0 O
N 0 €11 e 0 0 e €ii 0 '

The canonical projection of these elements produces a basis L(f)/L(f)®, with
multiplication table:

[bi, ci] = a. (30)
Note the use of the matrix description of L(f)®, given in Theorem 7.8, for the
computation of this table. It follows from (30) that L(f)/L(f)® = b(n). ]

Proposition 12.4.  Suppose m = 4. Then the derived series of L = L(f)
satisfies

dim L = 10, dim LY =6, dim L® =5, dim L® = 1, dim LW = 0.
Here L® =5, L® 2 p(2) 2 L/LP  and U = L®/L® is a j-dimensional abelian

Lie algebra that is irreducible as L-module. More precisely, the action of L on U
leaves invariant a non-degenerate alternating bilinear form g : U x U — F, the
kernel of the associated representation R : L — L(g) is L® | the corresponding
J-dimensional faithful representation S : L/L® — gl(U) is irreducible, and
S(L/L®) = R(L) is a 5-dimensional subalgebra of the symplectic Lie algebra L(g)
for which the natural module U is irreducible. Moreover, if we identify L/L® with
H(2) then U is isomorphic to the module F|Xy, X5]/(X?, X2) of Proposition 12.2,
where o = 1.

Proof. The dimensions of the terms of the derived series as well as the fact
that L® = s follow from Theorem 7.8. Let J € gl(4) be defined as in (6) and
identify L with M(.J). Consider the following basis elements of L), described in
terms of 2 x 2 blocks:

= 0 €12 + e . 0 0
- 0 0 Y= €12 + €21 0 ’
e — €12 0 f . €19 0 o ]2 0
a 0 €21 e 0 €12 T 0 IQ ’

Their multiplication table is

[I,y] =z = [Qf]'

Thus L® is a 5-dimensional Heisenberg algebra and L(?/L®) is a 4-dimensional
abelian Lie algebra.

The bracket [, ]: L x L® — L® is L-invariant by the Jacobi identity
and the fact that L™®) = 0. Since L® = p(5), the radical of the alternating
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form [, ] is L®). This induces a non-degenerate L-invariant alternating form,
say g, on U = L®/L®) . The matrix of g with respect to the basis B =
{e+s5,2+s f+sy+stof Uissimply J. By definition of L® | it follows
that L® is in the kernel of the representation R : L — L(g) C gl(U), which gives
rise to a representation S : L/L® — gl(U). Let a,by, by, c1, ¢y be the elements of
L defined in Lemma 12.3. Then C = {a+L® b +L® by+L? c;+L? cy+ L2}
is a basis of L/L® 22 p(2). The matrices corresponding to these basis vectors via
S in L(g) (identified with M (J)) are given in terms of 2 x 2 blocks as follows:

mo= (5 7, me= (5 1 )mea= (1)

. 0 0 L €12 0
R<cl>—(€12+621 o)’R(CQ)_( ' )

Since these matrices are linearly independent, it follows that the kernel of R is
precisely L®).

Let W be a non-zero subspace of U is invariant under these matrices. We
claim that W = U. Indeed, if W contains any vector from B then, acting through
by, ba, 1, c2, we see that it contains them all. Suppose, if possible, that W contains
no vectors from B. Since R(by) is nilpotent, W must contain a non-zero vector
from the nullspace of R(b;), which is 2-dimensional and spanned by e + s,z + 5.
Thus W must have a vector of the form (e + ) + a(z +s) for some 0 # a € F.
The same reasoning applied to R(bs) shows that W must have a vector of the
form a(z +s) + B(f + ) for some 5 € F, so (e+s)+ B(f +5) € W. Applying
by, it follows that x +s € W, a contradiction. This proves our claim.

Consider the basis of F[X;, Xy]/(X?, X3) associated to Xy, 1, X, X1 X5.
Relative to this basis the matrices that the endomorphisms 0/9X;, 0/0Xy, mx,
and my, induce on F[X, X5]/(X?, X2) are exactly R(by), R(by), R(c1), R(c).
This shows that U arises from the §(2)-module of Proposition 12.2 by taking
a=1. |

Note 12.5. Let d(n) be the smallest dimension of a faithful h(n)-module. It
is well-known that d(n) < n+ 2. In fact, [Bu] proves d(n) =n+ 2 if £ =0. Note
that if £ =2 then h(1) = sl(2), so d(1) = 2 in this case. In all other cases, i.e., if
(¢,n) # (2,1), then d(n) = n+ 2, as shown in [S].

We refer the reader to [Bu] and [CR] for the problem of finding the smallest
dimension of a faithful module for various Lie algebras in characteristic 0.

Note, on the other hand, that h(n) has no faithful irreducible module if
¢=0.

More generally, let L be a Lie algebra such that [L,L] N Z(L) # 0 and
suppose that 7' : L — gl(U) is a faithful irreducible representation. Then
(| dim(U).

Indeed, let z be a non-zero central element of [L, L|NZ (L) and let ¢ € F[X]
be the minimal polynomial of T'(z). Since U is irreducible and z is central, we
see that ¢(X) is irreducible. Let W be a composition factor of the L ® K-module
U ® K, where K is an algebraic closure of F'. Since z is central, Schur’s Lemma
implies that z acts through a scalar operator on W. But z € [L, L], so the trace
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of this operator is 0. Thus, the scalar is 0 or ¢ | dimg(W). The first case is
impossible, for otherwise 0 is a root of ¢, whence ¢ = X, i.e. T(z) = 0, against
the fact that T is faithful. It follows that ¢ divides the dimension over K of all
composition factors of U ® K, whence (| dim(U).

When ¢ is prime then h(n) certainly has faithful irreducible modules. The
smallest dimension for such module is p™. This is actually the only possible
dimension when F' is algebraically closed (but not otherwise). In fact, if F' is
algebraically closed there is only one such module, up to isomorphism and an
automorphism of h(n), namely the one described in Proposition 12.2 with o = 1.
See [S] for details.

Combining Theorem 12.1, Lemma 12.3 and Proposition 12.4 with Proposi-
tion 7.1 and Theorem 7.8 we obtain the following theorem.

Theorem 12.6.  Suppose that ¢ = 2, that m = 2n, and that f is non-degenerate
and alternating. Then

(1) If 4 | m then the L(f)-module gl(V') has m+6 composition factors. A
composition series can be obtained by inserting m — 1 arbitrary subspaces between

L(f) and L(f)Y) in the series
0csc L(P cL(HY cL(f)cUcs(V)cgl(V),
where U = L(f) @ (x), x € sl(V), [z, L(f)] C L(f), and

. < I, 0 )
0 0)°
All composition factors are trivial, except for L(f)®/s/ = sl(V)/U, which has
dimension ('y) — 2. Moreover, L(f)® /s is a simple Lie algebra if and only if
m > 4.
(2) If m # 2 and 4 1 m then the L(f)-module gl(V') has m—+4 composition

factors. A composition series can be obtained by inserting m—1 arbitrary subspaces
between L(f) and L(f)") in the series

0C L(f)P cL(HY c L(f) csl(V) Cgl(V).

All composition factors are trivial, except for L(f)® = sl(V)/L(f).

Moreover, L(f)® is a simple Lie algebra of dimension (”21) —1.

(3) L(f) is isomorphic to the symmetric square S*(V) as L(f)-modules,
and, relative to suitable basis of V', consists of all matrices

( é f, > , A, B,C € gl(n), where B,C are symmetric. (31)

(4) L(f)M) is isomorphic to the exterior square A*(V) as L(f)-modules,
and consists of all matrices (31) such that B,C are alternating.
(5) L(f)® is isomorphic to the kernel of the contraction L(f)-epimorphism

A(V) = F, given by v Aw — f(v,w), and consists of all matrices (31) such that
B,C are alternating and tr(A) = 0.
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(6) L(f)/L(f)® is isomorphic, as Lie algebra, to h(n), the Heisenberg
algebra of dimension 2n + 1.

Note 12.7. If m =2 then L = L(f) is nilpotent of class 2, where
dimL =3, dim L' =1, dim L* = 0.
In particular, gl(V') has 4 trivial composition factors as L(f)-module.
Note that L = L/L® = p(1) and that through this identification the

natural module for L becomes the module F[X;]/(X?) of Proposition 12.2 with
a=1.
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