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Abstract.  We construct a convenient basis for all real semisimple Lie algebras
by means of an adapted Chevalley basis of the complexification. It determines
rational and in fact half-integer structure constants which we express only in
terms of the root system and the involution that defines the real structure.
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1. Introduction

Let g be a complex semisimple Lie algebra with Cartan subalgebra § C g and
Killing form B. Denote the root system by ®(g,h) C h*. Given a root o € (g, h),
let g, C g be its root space and let ¢, € b be the corresponding root vector which
is defined by B(t,,h) = a(h) for all h € h. Set h, = w~>— and for a choice of

Blla,ta)
simple roots A(g,h) = {aq,...,aq} C (g, h), set h; = hy, .

Definition 1.1. A Chevalley basis of (g,h) is a basis
C={xa,hi:acd(gh),l<i<l}ofg
with the following properties.

(i) Zo € 9o and [x4, 7o) = —h, for each a € O(g,h).

(ii) For pairs of roots «, 5 € ®(g,h) such that o+ 8 € ®(g,b), let the constants
cap € C be determined by [z4,25] = capTarp. Then cop=c_n_z.

This definition appears in [8, p. 147]. In 1955 C. Chevalley constructed such
a basis and showed that the structure constants are integers 3, Théoreme 1, p. 24].

Theorem 1.2.  The structure constants of a Chevalley basis C are as follows.
(i) [hi,h;] =0 fori,j=1,...,1.
(i1) [hi,xa] = (@, )z fori=1,...,1 and o € (g, ).
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(111) [To, T o] = —ha and hy is a Z-linear combination of the elements hy, ..., h;.
() cop = E(r+1) where r is the largest integer such that  —roa € ®(g,h).

As is customary we have used the notation (3,a) = 2;}? f”‘)) € Z with

a, € ®(g,h) for the Cartan integers of ®(g,h). The Z-span g(Z) of such a basis
is obviously a Lie algebra over Z so that tensor products with finite fields can
be considered. Certain groups of automorphisms of these algebras turn out to be
simple. With this method Chevalley constructed infinite series of finite simple
groups in a uniform way. For g exceptional he also exhibited some previously
unknown ones [2, p. 1].

But Theorem states way more than the mere existence of a basis with
integer structure constants. Up to sign, it gives the entire multiplication table of
g only in terms of the root system ®(g,h). The main result of this article will
be an analogue of Theorem for any real semisimple Lie algebra g°. To make
this more precise, let g° = €@ p be a Cartan decomposition of g° determined by
a Cartan involution . Let h° C g° be a f-stable Cartan subalgebra such that
H% N p is of maximal dimension. Consider the complexification (g, h) of (g° h°).
The complex conjugation ¢ in g with respect to g° induces an involution of the
root system ®(g,h). We will construct a real basis B of g with (half-)integer
structure constants. More than that, we compute the entire multiplication table of
g% in terms of the root system ®(g,h) and its involution induced by o. For the
full statement see Theorem 4.1

The idea of the construction is as follows. We pick a Chevalley basis C of
(g,b) and for z, € C we consider twice the real and twice the negative imaginary
part, X, = x4 + 0(x,) and Y, =i(z, — o(z,)), as typical candidates of elements
in B. It is clear that o(x,) = daxae for some d, € C where a” denotes the
image of a under the action of o on ®(g,h). But to hope for simple formulas
expanding [X,, Xj] as linear combination of other elements X, we need to adapt
the Chevalley basis C to get some control on the constants d,. A starting point is
the following lemma of D. Morris [12, Lemma 6.4, p.480]. We state it using the
notation we have established so far. Let 7 be the complex conjugation in g with
respect to the compact form u =€ @ ip.

Lemma 1.3.  There is a Chevalley basis C of (g,h) such that for all x, € C

(i) 7(2a) =70,

(11) 0(z4) € {£Too, £iToo}.

In fact Morris proves this for any Cartan subalgebra b C g which is the
complexification of a general #-stable Cartan subalgebra h° C g°. With our special
choice of a so-called mazimally noncompact §-stable Cartan subalgera h°, we can
sharpen this lemma. We will adapt the Chevalley basis C to obtain o(z,) = *x 40
(Proposition and we will actually determine which sign occurs for each root
o € ®(g,h) (Proposition 3.5). By means of a Chevalley basis of (g, ) thus adapted
to o and 7 we will then obtain a version of Theorem [L.2] over the field of real
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numbers (Theorem [4.1)). We remark that a transparent method of consistently
assigning signs to the constants c, g has been proposed by Frenkel-Kac [5].

A notable feature of the basis B is that part of it spans the nilpotent algebra
n in an Iwasawa decomposition g° = € @ a @ n. In fact, a variant of B is the
disjoint union of three sets spanning the Iwasawa decomposition (Theorem [4.3]).
For all Iwasawa n-algebras we obtain integer structure constants whose absolute
values have upper bound six. Invoking the classification of complex semisimple Lie
algebras, we improve this bound to four (Theorem |4.2)).

The outline of sections is as follows. Section [2] fixes notation and recalls the
basic concepts of restricted roots and the Iwasawa decomposition of real semisimple
Lie algebras. Section (3| carries out the adaptation procedure for a Chevalley basis
as we have indicated. In Section [4] we prove the Chevalley-type theorem for real
semisimple Lie algebras and outline the applications to Iwasawa decompositions.
The material in this article is part of the author’s doctoral thesis |10].

2. Restricted roots and the Iwasawa decomposition

Again let g° be a real semisimple Lie algebra with Cartan decomposition g° = ¢®p
determined by a Cartan involution 6. There is a maximal abelian 6-stable
subalgebra h° C g°, unique up to conjugation, such that a = h° N p is maximal
abelian in p |7, pp.259 and 419-420]. The dimension of a is called the real rank of

g°, rankg g° = dimg a. Given a linear functional o on a, let

g = {x € g°: [h, 2] = a(h)z for each h € a} )

If g° is not empty, it is called a restricted root space of (g°;a) and « is called a
restricted oot of (g% a). Let ®(g° a) be the set of restricted roots. The Killing
form BY of g° restricts to a Euclidean inner product on a which carries over to
the dual a*. Within this Euclidean space the set ®(g",a) forms an abstract root
system. Note two differences to the complex case. On the one hand, the root
system ®(g", a) might not be reduced. This means that given o € ®(g°, a), it may
happen that 2a € ®(g",a). On the other hand, restricted root spaces will typically
not be one-dimensional.

Now choose positive roots ®*(g°, a). Then define a nilpotent subalgebra
n=®dgd of g° by the direct sum of all restricted root spaces of positive restricted
roots. We want to call it an Iwasawa n-algebra. The real semisimple Lie algebra g°
is the direct vector space sum of a compact, an abelian and a nilpotent subalgebra,
g° = €@ a®n. The possible choices of positive restricted roots exhaust all possible
choices of Iwasawa n-algebras in the decomposition. Their number is thus given by
the order of the Weyl group of ®(g°, a). Let g = g be the complexification. Then
h = b2 is a Cartan subalgebra of g. It determines the set of roots ®(g,h) C b*.
Let B = B2 be the complexified Killing form. Let hg C b be the real span of the
root vectors t, for a € ®(g,h). It is well-known that the restriction of B turns
hr into a Euclidean space with orthogonal decomposition hr = a @ i(h°NE). In
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what follows, we will need various inclusions as indicated in the diagram

!
)

—_—

br ——

g
il
g.

P

The compatibility [*B = B° is clear. Let X = {a € ®(g,h): i*a # 0} be the set
of roots which do not vanish everywhere on a. The terminology “restricted roots”
is explained by the following two facts [7, pp.263 and 408].

(i) We have ®(g° a) = i*X.

(i) For each B € ®(g° a), we have gg = (‘*@Bga) Ng.
1=
acx
Statement says in particular that each o € X takes only real values on a. In
fact, j*®(g,b) is a root system in b and the restriction map ¢* translates to the
orthogonal projection £* onto a*.

3. Adapted Chevalley bases

Recall that ¢ and 7 denote the complex anti-linear automorphisms of g given
by conjugation with respect to g° = £ ® p and the compact form u = €@ ip,
respectively. Evidently 6 = [*(o7) so that o7 is the unique complex linear
extension of @ from g° to g which we want to denote by @ as well. Since o, T
and 6 are involutive, ¢ and 7 commute. Choose positive roots ®*(g,h) such
that i*®*(g,h) = ®T(g°, a) U {0} and let A(g,h) C ®*(g,h) be the set of simple
roots. For a € ®(g,h) let h, = mta and set h; = h,, for the simple roots
a; € Ag,h) where 1 < i <[ = rankc(g). Let a”,a”,a’ € h* be defined by
a’(h) = ala(h)), a”(h) = a(r(h)) and o’(h) = a(6(h)) where o € b*, h € . If
a € d(g,h) and x, € g,, then

[h,0(24)] = o([o(h), 2a]) = o(a(o(h)za) = alo(h))o(za)

so that 0(z4) € g and similarly for 7 and 6. Thus in this case a”, o™ and o’
are roots. Since hr = a®i(h? N E), we see that a” = —a for each a € (g, h). We
adopt a terminology of A. Knapp |11, p.390] and call a root o € ®(g, ) real if it is
fixed by o, imaginary if it is fixed by 6 and complex in all remaining cases. Note
that a® = —a if and only if « is imaginary. A real root vanishes on h° N €, thus
takes only real values on hy. An imaginary root vanishes on a, thus takes purely
imaginary values on h°. A complex root takes mixed complex values on h°. The
imaginary roots form a root system ®g [7, p.531]. The complex roots ¢ and the
real roots Pr give a decomposition of the set ¥ = ¢ U g which restricts to the
root system i*Y = ®(g° a). Let Ag = A(g, h) NP be the set of simple imaginary
roots and let A; = A(g, h) N X be the set of simple complex or real roots.

Recall Definition [I.1}, Theorem and Lemma [1.3] of the introduction. Our
goal is to prove the following refinement of Lemma [1.3
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Proposition 3.1.  There is a Chevalley basis C={xq, hi: o € (g,b),1 <i <[}
of (g,b) such that

(i) T(To) = Tor = x_4 for each a € (g, h),

(ii) o(xs) = txoo for each a € (g, h) and
0(xy) = +xo0 for each o € Pig U A;.

Remark 3.2. A.Borel |1, Lemma 3.5, p.116] has built on early work by F.
Gantmacher [6] to prove a lemma which at least assures that o(x,) = +z,0 for
all @ € ®(g,h). But Borel’s method only works for a mazimally compact 0-stable
Cartan subalgebra h° of g%, which is one that has intersection with £ of maximal
dimension. We have made the opposite choice of a maximally noncompact 6-stable
Cartan subalgebra h° that has intersection with p of maximal dimension.

We will say that a Chevalley basis C is 7-adapted if it satisfies ({i) and
o -adapted if it satisfies of the proposition. We prepare the proof with the
following lemma.

Lemma 3.3.  There is a unique involutive permutation w: Ay — A1 and there
are unique nonnegative integers ng, with a € Ay and B € Ay such that for each
o€ Al

(i) o = —w(a) = 3 ngaf,

BEAg
(1) NBw(a) = Npa, and

(i1i) w extends to a Dynkin diagram automorphism w: A(g,h) — A(g,b).

Part is due to I.Satake [16, Lemma 1, p.80]. As an alternative to
Satake’s original proof, A. L. Onishchik and E. B. Vinberg suggest a slightly differing
argument as a series of two problems in [14] p.273]. We will present the solutions
because they made us observe the additional symmetry which will be important
in the proof of Proposition Part can be found in the appendix of
(13, Theorem 1, p. 75], which was written by J. Silhan.

Proof. Let C' be an involutive (nxn)-matrix with nonnegative integer entries.
It acts on the first orthant X of R™, the set of all v € R"™ with only nonnegative
coordinates. We claim that C' is a permutation matrix. Since C' is invertible, every
column and every row has at least one nonzero entry. Thus we observe |Cv|; > |v|;
for all v € X. Suppose the i-th column of C has an entry c¢j; > 2 or a second
nonzero entry. Then the standard basis vector ¢; € X is mapped to a vector of
L'-norm at least 2. But that contradicts C' being involutive.
Let a € A;. Then of is a negative root, so we can write

aez_ Z Ny — Z nﬁaﬁ

’Y€A1 BeENg
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with nonnegative integers n.,, and ng,. Consider the transformation matrix of
0 acting on h* with respect to the basis A(g,h). In terms of the decomposition
A(g,h) = Ay UA, it takes the block form

Ny | 0
( ~ga | 1 )
with 1 representing the |Ag|-dimensional unit matrix. The block matrix squares
to a unit matrix. For the upper left block we conclude that (n,,) is a matrix C
as above and thus corresponds to an involutive permutation w: A; — A;. This
proves . For the lower left block we conclude that ng, = sen; TBoTsa = Mpuw(a)
because (ngs,) is the aforementioned permutation matrix, so ns, = 1 if 6 = w(a)
and ng, = 0 otherwise. This proves .

Proof. (of Proposition 3.1]) Pick a Chevalley basis C of the pair (g,h). The
proofs of Lemma u. i) by Borel and Morris make reference to the conjugacy
theorem of maximal compact subgroups in connected Lie groups. We have found
a more hands-on approach that has the virtue of giving a more complete picture
of the proposition: The adaptation of C to 7 is gained by adjusting the norms of
the x,. Thereafter the adaptation of C to ¢ is gained by adjusting the complex
phases of the z,,.

From Definition we obtain _B(fiofta) = [Ta, 2 0] = B(Ta,T_a)ta,
thus B(Za,7_) < 0 because B(ta,t,) > 0. But also B(z,,7x,) < 0. Indeed,
(o + Txo) € € where B is negative definite, so B(xy + Ty, To + Ts) < 0 and
B(xq,7p) = 0 unless a+ 8 = 0. If constants b, € C are defined by 72, = baz_,
for o € ®(g, h), we conclude that the b, are in fact positive real numbers. Moreover,
b_o = b,' because 7 is an involution. We use Definition to deduce
bat+p="buobg from [Tx,, Txs|=7([2a,xs]) whenever o, ,a+ f € ®(g,h). In other
words and under identification of o and %, the map b defined on the root system
J*®(g,b) extends to a homomorphism from the root lattice Q@ = Z( '*A(g b)) to
the multiplicative group of positive real numbers. We replace each z, by ra:a and
easily check that we obtain a Chevalley basis with unchanged structure constants
that establishes ({).

Now assume that C is 7-adapted. It is automatic that o(z5) = 4250 = v_5
for each 5 € ®;r because for each imaginary root 3 the root space gz lies in €® C
[7, Lemma 3.3 (ii), p. 260]. But €& C is the fixed point algebra of 6, so the assertion
follows from (i) and o = 70. We define constants u, € C by 0(x,) = uqxe for
a € ®(g,h). As we have just seen, u, = 1 if « is imaginary. In general, the
T-adaptation effects o(x,) = Ua2ar and U, = u_, because o = 70 = 7. Note

—UaU_ohps = [UaTao, U_aT_n0] = [0(24),0(x_0)] = —0(ha) = —hge,

S0 U_q = u,! and |ug| = 1. From 0%(z4) = 74 We get uge = u,' = u_q (¥). Next
we want to discuss the relation of wu, and ) for o € A;. First assume that for
a given two-element orbit {o,w(«)} the integers ng, of Lemma (3.3 vanish for all
B € Ay. A notable case where this condition is vacuous for all o € Ay, is that of
a quasi-split algebra g° when Ay = (). From ng, = 0 we get w(a)? = —a. Thus
Ug(a) = U_y(a)? = Uq Dy means of (*). Now assume there is Sy € A such that
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Ngya > 0. From Lemma and we get that —w(a)? = a + > pen, Noal 18
the unique decomposition of —w(a)? as a sum of simple roots. It is well-known
that this sum can be ordered as —w(a)? = o + - - - + a; such that all partial sums
Y = a1 + -+ + o are roots. Thus x_,,0 = Hf;llca_iilm ad(xa, ) - - ad(Ta,)(Ta,).
For one iy we have a;, = @ and the remaining «; are imaginary. Hence by (x)

k—1
Ui(a)L—w(a) = O(T_wu(a)r) = l_Tl Carrry Ua ad(Tq0) -+ ad(z49)(T40) =
k}—l Caf+1,7’?

= H1 iy U Tow(a) = TULT —o(a)-

Here we used that c,g = Zcue g by Theorem because # induces an
automorphism of the root system ®(g,b). It follows that u,,) = Fu, and the sign
depends on the structure constants of the Chevalley basis only. We want to achieve
Ugy(a) = FUq. S0 for all two-element orbits {a,w(a)} with u, = —Uy(a), Teplace
Ty(a) and T_,(q) by their negatives. This produces a new 7-adapted Chevalley
basis {z/,h;: a € ®(g,h)} though some structure constants might have changed
sign. Set 6(z7,) = uyz,, for all o € ®(g,h). We claim that uj,,, = u, for all
a € A;. The only critical case is that of an v € Ay with ng,, > 0 for some
By € Ag. But in this case we deduce from Lemma3.3[that neither —a’ nor —w(a)?
is simple, yet only vectors (), T—w(a) corresponding to simple roots w(a) with

Uy(a) = —Uq have been replaced. So still u;(a) = u,, if we had uy@) = ua. If
Uy(a) = —Uq, the Teplacement is given by 2/, = .0 and 2/ ()0 = Tu(a) 85 well as
x!, = x, whereas x(’d(a) = —T,(a)- Thus,

/

'U//ax,ag = 9(‘7;&) = 0((1)&) = UaTpo = uaajlaa and

Ups(e) Tir(y? = O(Tioe) = O(—Tu(@) = —thu(@)Tu(a)p = ~Uu(a)Tiyay-
It follows that w,,) = —Uu(a) = ta = u. Since A(g,h) is a basis of h”, there
exists h € b such that e*®™ = o/ and (—i)a(h) € (—m, 7] for all a € A(g,h).
From wj =1 for each S € Ag we get h € (5., ker(8) and from uj,, = u;, we

get a(h) = w(a)(h) for each a € Ay. Thus by Lemma 3.3 we have for each a € A4
o’ (h) = —a(h).

We remark that since a(6h) = a(—h) holds true for all « € A(g,bh), it follows
a(h)

O(h) = —h, so h € ia. Let 2/ = e 2 zl, for each a € ®(g,h). Then
Definition and hold for the new z”. But so does Proposition
because a(h) is purely imaginary for each a € ®(g, h) and because 7 is complex
antilinear. For o € A; we calculate

_a(h) a(h) , am) )

2 0(x)=€e 2ur,=e2e 2 x

1

= .Tag.

af

From now on we will work with the basis {z”,h;: a« € ®(g,bh)} and drop the

double prime. We have 6(z,) = x,0 for each a € &;g U A;. It remains to show

0(z,) = *x,0 for general a € ®(g,h). First let a € $(g,h)" be positive and
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let « = ay +---+ ap be a decomposition as a sum of simple roots such that for
1 < j <k the partial sums v; = a; + - - + a; are roots. Then we have

k—1

o i= ca_“lrlm‘ ad(xak) e ad(‘quAQ)(xOél)'
Thus
k—1 1 k=1lec 0.0
e(xa> - H Casi v ad(xakg) e ~ad(xa29)(:calo) = H ﬁ Tpo = TTo0.

i= i=1

Finally we compute
0(x_0), £x00] = [0(x_0),0(xa)] = O(ha) = hoo = [T_q0, Toe),

hence 0(z_,) = +x_,0. We conclude 0(z,) = tx,0 and o(z,) = L, for all
a € ®(g,h). m

The constructive method of proof also settles two questions that remain.
Which combinations of signs of the ¢, g can occur for a o- and 7-adapted Chevalley
basis {Za,ho}? And if we set o(x,) = sgn(a)z, for a € ®(g,h), how can
we compute sgn(a) € {£1}7 We put down the answers in the following two
propositions.

Proposition 3.4. A set of Chevalley constants {cop: o+ € ®(g,h)} of g can
be realized by a o - and T-adapted Chevalley basis if and only if for each two-element
orbit {a,w(a)} of roots in Ay with ng,o > 0 for some [y € Ay we have

k—1

(&
[T et — g

- Ca; i
i=1 i+1:7%

where —w(a)? = a; + -+ + oy, with a; € A(g,h) and v, = oy + -+ + a; € O(g, h)
forallt=1,... k.

Proof. If the condition on the structure constants holds, take a Chevalley basis
of (g,h) which realizes them and start the adaptation procedure of the proof of
Proposition . Thanks to the condition, the replacement z, + x/, in the course
of the proof is the identity map. The other two adaptations z, — \/Lbjxa and
z), — x leave the structure constants unaffected. Conversely, if c, g are the
structure constants of a - and 7-adapted Chevalley basis, we compute similarly

as in the proof of Proposition that for each such critical o € A; we have

k-l 6 0

T_w(a) = Q(Zb_w(a)o) = H M[E_w(a). |

o1 G

In particular, for all quasi-split g° as well as for all g° with w = ida, all
structure constants of any Chevalley basis of (g,h) can be realized by a o- and
T-adapted one. To compute sgn(«) first apply o to the equation [x.,z_o] = —hq
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to get sgn(a)sgn(—a)[Tao, T_ge] = —hae, so sgn(a) = sgn(—a) for all « € ®(g, h).
Moreover, we get the recursive formula

Cqo 87

sen(o+ ) = sen(a)sen () 2~

for all o, 5 € ®(g,b) such that a + 5 € $(g,h). This follows from applying o to
the equation [z, xs] = o pTats. Since sgn(a) =1 for a € A(g, h) the following
absolute version of the recursion formula is immediate.

Proposition 3.5.  Let {4, ho} be a 0- and 7-adapted Chevalley basis of (g,bh).
If a € ®(g,h)", let =+ -+ ap with o; € Ag,h) and v, =a1+ -+ ; €
®(g,h) foralli=1,...,k. Then

sgn(a) = kﬁl RUESRE

=1 i1

It is understood that the empty product equals one. Also note that
Cao 37 = C_qo, 3o = Cuo go. For completeness we still need to comment on how
to find a choice of signs for the ¢, g in Theorem as to obtain some set of
Chevalley constants to begin with. This problem has created its own industry.
One algorithm is given in [15, p.54]. A similar method is described in [2, p. 58],
introducing the notion of extra special pairs of roots. A particularly enlightening
approach goes back to I. B. Frenkel and V. G.Kac in [5, p.40]. It starts with the
case of simply-laced root systems, which are those of one root length only, then
tackles the non-simply-laced case. An exposition is given in [9, Chapters 7.8-7.10,
p. 105] and also in [4, p.189]. In this picture the product expression appearing in
Propositions [3.4] and [3.5] can be easily computed.

4. An explicit rational structure

Pick a o- and 7-adapted Chevalley basis C of (g,b). Set X, = z, + o(x,) and
Y, =i(zq —0(z4)) for a € ®(g,h). Let H = hy + hoo and HY =i(hy — oo ). In
other words, X,, H! are twice the real part and Y,, H? are twice the negative
imaginary part of x,, h, in the complex vector space g with real structure o. Let
Zo =Xy +Y,. Let CIDE * be CIDE with one element from each pair {«, a”} removed
and set ®f = &L* U —®L*. Here, as always, the plus sign indicates intersection
with all positive roots. Pick one element from each two-element orbit {«,w(a)} in
A; and subsume them in a set A}. Consider the sets

Br = {Za: a € Dp}, Bp={Xa,Ya:ac€dh}, Be={X, Ya:aed},
H = {H:ae A\ AT}, HO={H: a € AgUA}}

and let B be their union. Note that for @ € & we have Z, = X, if sgn(a) =1
and Z, =Y, if sgn(a) = —1. We agree that c,3 =0 if a+ 3 ¢ ®(g,h) and
o =0 thus X, =Y, =2,=0if o ¢ ®(g,h). Since (f,a) is linear in 3, we may
allow this notation for all root lattice elements § € QQ = Z®(g, b).
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Theorem 4.1.  The set B is a basis of g° and the subsets H' and H° are bases
of a and h° NE. The resulting structure constants lie in %Z and are given as
follows.

(i) Let o, 5 € ®(g,b). Then [H];,Hé] =0 fori,je€{0,1} and

(it) [HY, Xp] = (B+ 8%, a)Xs, [H),Ys]= (B+p7,a)Ys,
[HY), Xp] = (6= B, 0)Ys, [H),Ys]=—(6— 57, a)Xs.

(iii) Let a € ®g. Then
(Zu, Z_) = —sgn(a)2H}
and H} is a Z-linear combination of elements in H!.

(iv) Let o € ®f. Then
[Xa, Yo] = Hg
and H? is a Z-linear combination of elements Hg for B e Ay.

(v) Let a € OF. Then
(Xo, X_o] =—H}, [X,,Y..]=-H, [Ya, Yo =H}
where H. and 2H? are Z-linear combinations in H' and H°, respectively.

(vi) Let o, B € ®(g,b) with B ¢ {—a,—a’}. Then
[Xo Xl = CapXars +sgn()Car s Xar i,
[XOUYB] = Coa,,BYa-i-,B + Sgn(a)caf’,ﬁyoz”+ﬂ>
Yo, Ys] = —capXats +sgn(a)cae sXaois-

In there is no reason to prefer o over . By anticommutativity we
have sgn(a)cae s Xaors = sgn(B)cq po Xatpe and similarly sgn(a)cee gYaoip =
—sgn(/f3)ca, po Yaipe . Of course the basis 28 has integer structure constants.

Proof. By construction the set B consists of linear independent elements and
we have |B| = dim¢ g = dimg g°. So B is a basis. Moreover, §(H?) = (—1)’HJ for
all a € ®(g,h) so that H' C a and H® C h°NE. Since dimg a = |A;| — |A}], these
subsets generate. We verify the list of relations. Part (fil) is clear. Part is an easy
calculation using (87,a%) = (B,a). Let o € Pg. Then Z, = X, if sgn(a) =1
and Z, =Y, if sgn(a) = —1. In the two cases we have [X,, X_,| = [224,22_,] =
—4h, = —2H] and [Y,,Y_,] = —4[za,7_o] = 2H} so we get the first part of ().
We verify that H! is a Z-linear combination within H' for general « € ®(g,h).
Under the Killing form identification of f with h* the elements ¢, € b correspond
to the roots a € h*. The elements h, € h correspond to the forms B(zaofa) ep”
which make up a root system as well, namely the dual root system of ®(g,b) with
simple roots {hg: 5 € A(g,h)}. We thus have

ha= Y kohy+ 3 kshs

YEAL BeAo

with certain integers k., kg which are either all nonnegative or all nonpositive.
Since 7 = —f for g € Ay, we have

Holé :ha+hao - z kv(h7+h70) - Z ]{ZyH,},

YEAL vEAL
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From Lemma |3.3| we see v+ 7 = w(vy) + w(y)? and B(w(y),w(v)) = B(v,7), so

1 _ _ 2t 2t o _2t+o_2tw()+w()o—_ o 1
Hy = hy e = 555+ 5673 = B — Bletetn — o) T e = Hag

and it follows that

Haly = E ((1 - 5%w(7)>kw(“/) + kv)Hi
yEAI\AT

with Kronecker-9. This proves the second part of . Let o € $;g. Then
[(Xo,Ya] = [0 + 70, i(7q — 2_4)] = 2ihq = H..

Since the elements h, for a € &z form the dual root system of ®;r, we see that
Hp, is a Z-linear combination of elements Hj = 2ihg with § € Ag. This proves
(iv). To prove note first that for each a € ®(g,h) the difference a — a” is
not a root. Indeed, if it were, then from the recursion formula on p.[315 we would

get sgn(a — a”) = sgn(a)sgn(—a”) === = —1 contradicting Proposition
because o — a® = a + o € ®. With this remark the three equations are
immediate. It remains to show that H? is a %Z—linear combination within HP.
From the above decomposition of h, as a sum of simple dual roots we get
0 .
H, =i(hg — hao) = >, kWHfY’ + ﬂz kﬁHg.

YEA, [SA)

We still have to take care of HY for v € A;\ A}. From Lemma [3.3{ we conclude

_ s, B(5.5)
hoe = Bzt = ooy + 37 vt

B(8,8)
B(v,y)

H’(y) = 1(hy = hye) = i(hy = hu(y) = D mpyhs) =
BEAo

BEAQ BEA

and the numbers mg, = ng, are integers. We thus get

If w(y) € A}, this realizes HY as a Z-linear combination in H°. If w(y) = v, we

obtain HEY) = —% mmHg and this is the only point where half-integers might

BEA
enter the picture. Part is an easy application of the recursion formula. ]

We construct a slight modification of the basis B. It is going to be the union
of three sets spanning the fixed Iwasawa decomposition g° = £ ® a & n. We start
by discussing the Twasawa n-algebra. The observation o(g,) = gor allows us to
state the decomposition in (i) on p.[310[ more precisely as

g% = @ (ga D ga”) N 90 @ 9o M 90

aedf: i*a=p aedp: i*a=04
for each 8 € ®(g° a). It follows that the set
N ={XoYo,Zg:acd, pecdi} CB

is a basis of n. The structure constants are given in Theorem so they are
still governed by the root system ®(g,b).
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Theorem 4.2.  FEvery lwasawa n-algebra has a basis with integer structure
constants of absolute value at most four.

Proof.  From Theorem we obtain 2|c, 5| as an upper bound of the
absolute value of structure constants. Theorem and the well-known fact
that root strings are of length at most four, tell us that c,3 € £{1,2,3}. The
Chevalley constants ¢, 3 = £3 can only occur when g contains an ideal of type
G>. But G5 has only two real forms, one compact and one split. A compact
form does not contribute to n. For the split form divide all corresponding basis
vectors in A by two. Let a be the short and 8 be the long simple root. Then
we have just arranged that the equation [Zaaip, Za] = £3Z3,45 gives the largest
structure constant corresponding to this ideal. If g° happens to have an ideal
admitting a complex Gs-structure, then g has two Gs-ideals swapped by o. In
that case the corresponding two G root systems are perpendicular. So one of the
two summands in every equation of Theorem vanishes and the ideal in g° does
not yield structure constants larger than three either. ]

Now we consider the maximal compact subalgebra €. For a € ®(g,b) let
Uy=Xo+7Xy=X,+ X_, and similarly V, =Y, +7Y, =Y, —Y_, as well as
Wo=2y+7177Zy =U,+V,. By counting dimensions we verify

K=H U{Us Vo, X3, Y5, W,: v € D", B € P,y € PF )

is a basis of £. Thus X UH! UN is a basis of g° =€ ® a®n. The elements U,,
Vo, W, are by construction Z-linear combinations of elements in B. Conversely,
the only elements in B which do not lie in KUH'UN are X_,,Y_, for a € ®5F
and Z_g for 8 € ®f. But for those we have X_, =U, — X,, Y., = -V, + Y,
and Z_, = sgn(a)(W, — Z,). It follows that the change of basis matrices between
B and K UH! UN both have integer entries and determinant 1. Theorem
thus gives the following conclusion.

Theorem 4.3.  The set KUH' UN is a basis of g° spanning the Iwasawa
decomposition € B a & n. The structure constants lie in %Z.
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