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Abstract. All finite dimensional Nichols algebras of diagonal type of con-
nected finite dimensional Yetter-Drinfeld modules over a finite cyclic group Z,
are found. It is proved that the Nichols algebra of a connected Yetter-Drinfeld
module V over Z, with dimV > 3 is infinite dimensional.
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1. Introduction

This paper concerns the classification of finite dimensional pointed Hopf algebras
with finite cyclic groups. Recently Heckenberger established a one-to-one corre-
spondence between arithmetic root systems and Nichols algebras of diagonal type
having a finite set of (restricted) Poincare-Birkhoff-Witt generators [He04b] and
between twisted equivalence classes of arithmetic root systems and generalized
Dynkin diagrams [He06a]. In this latter work, arithmetic root systems were also
classified in full generality.

The theory of Nichols algebras is dominated by the classification of finite di-
mensional pointed Hopf algebras (see e.g. [AS98, AS00]). Nichols algebras appear
in the construction of quantized Kac-Moody algebras and their Z,-graded (see
[KT91, KS97]) and Zs-graded versions [Ya03]. They are natural quantum groups
and are connected to the bicovariant differential calculus initiated by Woronowicz
[Wo89]. Bicovariant differential calculi on quantum groups have been studied by
Klimyk and Schmiidgen in their book [KS97] (see especially Part IV of this book).

Nichols algebras play a central role in the theory of (pointed) Hopf algebras.
Any braided vector space has a canonical Nichols algebra. The easiest braidings are
those of diagonal type, that is, the vector space V has a basis z1,- - , x, such that
the braiding ¢ € Aut(V ® V') is given by c¢(z; ® x;) = ¢;;x; @ z; for some nonzero
numbers ¢;; , for all 4, j € {1,2,--- ,r}. The braided vector spaces of diagonal type
with finite-dimensional Nichols algebra were essentially classified by Heckenberger.

* Y.-Zh. Zhang was supported by the Australian Research Council.
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In this paper we study diagonal braidings and their Nichols algebras coming from
Yetter—Drinfeld modules over finite cyclic groups. This is a substantial restriction,
and it turns out. We classify finite dimensional Nichols algebras with diagonal
type of connected finite dimensional Yetter—Drinfeld (YD) modules over finite
cyclic group Z,. We first determine which braided vector space V' is a Z,-YD
module by means of equation systems in Z,,. Using the classification of arithmetic
root systems, we find all finite dimensional Nichols algebras with diagonal type of
connected finite dimensional Z,,-YD modules.

This paper is organized as follows. In sections 1 and 2 we find all finite
dimensional Nichols algebras with diagonal type of connected 2-dimensional and
3-dimensional Z,-YD modules, respectively. In section 3 we prove that Nichols
algebra of connected Z,-YD module V with dimV > 3 is infinite dimensional.

Throughout, k is a field of characteristic zero, which contains a primitive
nth root of unity. Let G be a finite abelian group. Let

G := {x | x is a homomorphism from G to k*}
and R, = {w € k | w is a primitive nth root of unit}. If G = (g) is a cyclic
group with order n and V €¥& YD with basis vy, va, -+ ,0,, then there exist
Xi € @,gi € G, such that 0(v;) = ¢; ® v; and h - v; = x;(h)v; for any h € G,
1 <i<r Let x € G such that x(g) € R,. Thus x; = x™ and ¢g; = g™ for
1< <

If V' is a vector space with a basis x1, 29, -+ , 2, and ¢;; € k* for 1 <¢,5 <r
— . .
such that map c : Vel VeV , then (V ¢) is called a braided vector
I’i®$]‘ — Qijxj®mi

space of diagonal type. Denote by (g;;)rx» the braiding matrix of (V, ¢) under the
basis 1, %, -+ ,z,. Then (V,c¢) is also written as (V, (gij)rx,). Let 1,2,--- 7 be
vertexes of a diagram. There is a line between vertexes 7 and j if g;;q;; # 1.
Label vertex ¢ by ¢; and line between ¢ and j by g;;q;;. This diagram is called
generalized Dynkin diagram (written as GDD in short) of matrix (g;;)r«, or V.
V' is said to be connected if the generalized Dynkin diagram is connected. Let
ep :=(1,0,---,0),ep:=(0,1,---,0),--- ,e, := (0,0,---,1) be a basis of Z,. Let
Ey:={e1,es, - ,e.} and xo(ei, €;) == ¢;;. Then V is a Z, graded vector space if
one defines deg x; = ¢;. Let

AT(B(V)) := {deg u | u is a generator of (restricted) PBW basis }

and A(B(V)) := A (B(V)) U —A(B(V)).

2. Rank 2 Nichols algebras of diagonal type

In this section we find all finite dimensional Nichols algebras with diagonal type
of connected 2-dimensional Z,,-YD modules.

Lemma 2.1. (i) (See [ZZC04, Lemma 2.3] or appendiz) Every kG -YD module
15 a braided vector space of diagonal type.

(i) V is a G-YD module of diagonal type and braiding matriz (¢;j)nxn if
and only if there exist x; € G, g; € G such that Xj(9:) = qij for 1 <i,j<n.
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(i) If w € R, then V is a Z,-YD module of diagonal type and braiding
matriz (¢ij)nxn if and only if there exist m;,n; € Z such that q;; = w™™ for
1<4,5<n.

(iv) If £ € R, and q € R, with m | n, then there ezists s € Z such that
q=E&mn with (s,m) = 1.

(v) If ¢ € R,, with m | n, then there evists w € R, such that q¢ = wm .

Proof. (i) It follows from [ZZC04, Pro. 2.4].

(iii) Let G = (g) be a cyclic group with | G |=n and x € G such that
X(g) =w, then G={x"|1<m<n}and G={¢gm |[1<m<n}. IfVisa
G-YD module with diagonal type and braiding matrix (g;;)nxn, then there exist
X; € G and g; € G such that x;(g;) = ¢;; for 1 < ¢,57 < n. Furthermore, there
exist m;,n; such that y; = x™ and ¢; = ¢" for for 1 < 1,7 <n. Conversely, it is
clear.

(iv) There exist 1 <t < n such that & = ¢ with m = (t”—n) Consequently,
(t,n) = 7. There exists s € Z such that t = s. Let (s,m) =d, m = m'd and
s = s'd. Thus t = 55", ord(§') < m/ since n | tm’, which implies that m = m/
and (s,m) = 1.

(v) Set 7:=][{p|p is prime with p |n and p{s }. It is clear m | 7 and

sn

(T+s,n)=1.Set p=7+s and w:=&*. Thus, wm =Em = q. n

Lemma 2.2. Let n=km, (s,m) =1, t,ts,t3 € Z.

(i)

T = tisk  (mod n)
Tl = tosk (mod n) (2.1)
T1Yo + Xoy1 = tzsk  (mod n)

has a solution in Z if and only if

Tih t1  (mod m)

ty  (mod m) (2.2)
ts  (mod m)

S
Z2Y2

s
T1Y2+22Y1
ks

has a solution in Z .

(i) If d is a solution of
ta? —tsr +t, =0 (mod m), (2.3)

then x1 = 1,11 = t1sk, x9 = d,ys = (t3 — dt1)sk is a solution of (2.1) .
(iii) If d is a solution of

tox? —tsz +t, =0 (mod m), (2.4)
then x9 = 1,yy = tosk, x1 = d,y; = (t3 — dta)sk a solution of (2.1).

Proof. It is clear. n
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Lemma 2.3. Let n=km and (s,m) =1, ty,ts,t3 € Z. If (2.1) has a solution,
then

v? —tyx +tita =0 (mod m) (2.5)
has a solution.

Proof. If (2.1) has a solution: 1 = my,y; = N1, T2 = My, Y2 = Ng, then

1

st = t; (mod m)
1
sanz = ty (modm) and
-1 —1
Sum s tem = f3 (mod m)
sflmlng s’lmgnl —
{ —% e = tity (mod m)
S ming S mani —
n 8 = t3 (mod m)

have solutions. Thus there exist u,v € Z, such that

{ 5717,’;1”2 571752”1 = lita +um

—1 —1 Y

s T]ZITLQ 48 717;27” = {3+ ovm
which implies that rational number s_imina g 5 golution of integer coefficient
equation z% — (t3 +vm)x + t1ts + um = 0. Consequently, Sﬂ% € Z. Therefore,
% is a solution of 2% — t3x +t;t, =0  (mod m). [

Lemma 2.4. Let n=km and (s,m) =1, t1,ts,t3 € Z.

(i) If m is odd and (t;,m) = 1, then (2.3) has a solution if and only if
(2.5) has a solution.

(ii) If t; is odd and (t;,m) = 1, then (2.3) has a solution if and only if
(2.5) has a solution.

(iii) If ta is odd and (to,m) = 1, then (2.4) has a solution if and only if
(2.5) has a solution.

(iv) If (t1,m) = 1, then (2.1) has a solution if and only if (2.3) has a
solution.

Proof. (i) (2.3) and (2.5) are equivalent to (2t;x —t3)? = t2 — 41t (mod m)
and (2z — t3)® = 12 — 411ty (mod m), respectively. Consequently, (2.3) has a
solution if and only if (?? has a solution
(ii) Considering Part (i) we only need prove this for even m. If 21 ¢35 and 2 { to,

then both (2.3) and (2.5) have not any solutions. If 2 { ¢35 and 2 | t2, then both
(2.3) and (2.5) have solutions. If 2 | t5, then (tiz —%)? = (£)? —t1t2  (mod 2)
has a solution if and only if (z — %)? = (%)? — t;¢,  (mod 2*') has a solution.
Consequently, (2.3) has a solution if and only if (2.5) has a solution.

(iii) It is similar to (ii).

(iv) If (2.1) has a solution, then (2.5) has a solution by Lemma 2.3, which
implies that (2.3) has a solution by Part (ii). Conversely, it follows from Lemma
2.2. n



WU, ZHANG, AND ZHANG 355

Remark 2.5. Lemma 2.3 and 2.4 hold when s = 1.

Lemma 2.6.  If (V,(ij)rxr) is a YD- module over Z,, and (V',(q;;)rxr) has de-
gree s;i(Eo) with respect to V' ( defined in [He05b, Definition 2]), then (V' (qi;)rxr)
18 also a YD- module over Z,, .

Proof. By Lemma 2.1, there exist m;,n; € N such that ¢; = w™™ for
1 < 73,1 <r, By [He05b, Definition 2],

i Mgy MMy

G = a4t

— wmjnlwminlmij wmjmmilwminimijmﬂ
—  (mgtmime)(ntmin)
’ ot .
Set m; = mj + miym;,n; = n; + myn,;. One has q}l =w"™M for 1 < 5,0 < r.
Therefore, V' is a Z,-YD module. [

Thus, if (V; (gij)rxr) and (V7, (qi;)rxr) are Weyl equivalent, then (V, (ij)rxr)
is a Zp- YD module if and only if (V', (¢;;)rxr) & Z,- YD module.

Theorem 2.7. Let n =km (m > 1) and m = 2*13*p3® ... p% be the prime
decomposition of m, r € N; asz, o4, ,0, >0, when r > 2. If (V,(gij)2x2) is a
braided vector space, then V' is a connected Z,-YD module such that dim*B(V) <
oo if and only if one of the following conditions holds:

TQ(J)- I —qu1qi2g21 = 1 — q12g21g22 = 0, qu2g21 € Ry, a1 =0; ap =0, 1;
(‘p—f’) =1 for 2 <i<r. Here symbol (’p—f’) is defined in Appendiz (A.1).

TQ(Q)L I+qu =1—q12¢21G22 = 0, qu2q21 € Ry, a1 =0; ag > 1.

T2(2)2. I+¢q2=1-q12¢1q11 =0, q12q21 € Ry, a1 =0; ay > 1.

TQ(S)) 1+Q11=1+CJ22=0, Q12QQ1€Rm, 06120,' 041>1.

T3(1)1.  qagn = 41y @22 = G, qu1 € Rip, m>2; a3 =0,1; ap = 0;
pi=1 (mod4), for 2 <i<r.

T3(1)s.  Giago1 = G171 @22 =—1, q11 € Ry, m > 2, a1 #2,3.

T3(2). weR,, s=12; qu = w3, Qo = wWm, qaga1ger = 1, m > 3;
3tm or % #£2 (mod 3).

T3(2)s.  q12g21922 =1, q11 € Ry, q22 € Ry, m = 6;

T3(3). qu € R3, qi2g21 = —qu1, @22 = —1; m =6.

T4(1).  qo= qi2gnqi1 € Ri2, ¢11 = ¢, q22 = —q5, m = 12.

T4(2).  q2go1 € Ria, i1 = @22 = —(q12¢21)*, m = 12.

T5(1).  qiagor € Ria, qi1 = —(q12¢21)%, g2 = —1, m = 12.

T5(2).  qo= qi2gnqi1 € Ri2, 11 = ¢, g2 = —1, m =12.

T6. g € Ris, quaga1 = ¢i1°» qo2 = — ¢y, m = 18.

T7(1). qu € Ria, qi2go1 = 417 o2 = —1; m = 12.

T7(2).  qagor € Ria, i1 = (q12¢21) 72, g2 = —1; m = 12.

T8(1).  quagan = qi1's @2 = @31, q11 € Rin, m >3, a1 =0; ap = 0,1;
(;—?):1f0r2<2’§7’.

TS(Q)- 1 (Q12Q21)4 =—1, g2 = -1, q12g21 = —q11; m = 8.
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T8(2). 2 (qi2gn)* = =1, qoa = =1, q11 = (qu2g21)%; m = 8.
TS(B’). (Q1QQ21)4 =-1, qu = (912921)27 q22 = (%2@21)71 ;
T9. qi2g21 € Ry, q11 = (Q12CI21)_3, Goo = —1; m =18.
T10.  qi2g21 € Roa, i1 = (q12421) "%, @22 = (qa2go1) ™ %; m = 24.
T11(1). qu € Rs, qiagn = ¢i7°, qo2 = —1; m = 10.

T11(2). qu € Rao, 12421 = @115 Go2 = —1; m = 20.

T12. qu € Rso, qi2go1 = 417, Qo2 = —q5,; m = 30.

T13.  qiago1 € Rou, qu1 = (Q12(Z21)6, Qo2 = (CJ12CZ21)_1; m=24.
T1). qu € Rig, qagn = 4115 g2 = —1; m = 18.

T15.  qiaqo1 € Rag, qu1 = —(CI126121)_3; Q22 = (q12q21)_1; m = 30.
T16(1). g € Rio, qi2g1 = CI1_14, Goo = —1; m = 10.

T16(2). qi2g21 € Roo, qi1 = (qu2g21) ™, g2 = —1; m = 20.

T17.  qiaqo1 € Roa, qu1 = —(CJ1QCJ21)4, Qa2 = —1; m = 24.

T18.  qi2g21 € Rso, i1 = —(q12¢21)°, qoo = —1; m = 30.

T20.  qiaqo1 € Rao, qu1 = (Q1QQ21)76, g2 = —1; m = 30.

T21. qu1 € Roy, q12g21 = qff, Qa2 = —1; m =24.

Proof. By [He04a, Th. 4], it is enough to check if there exist Z,-YD satisfying
T2-T22.

T2(1) If
1Y = 2 (modn)
TolYo = 2 (modn) (2.6)
Ty + oy = —2  (mod n)
has a solution, where (s,m) =1, then 2>+ 2z +1=0 (mod m) has a solution,
which implies a; = 0 and (2z + 1)2 = =3  (mod p{’) has a solution for
2 < i < r. Itis clear that (2o + 1)> = —3  (mod 3) has a solution and
(2z +1)2 = —3  (mod 3?) has not any solution. thus ay = 0,1; (=2) = 1

pi
for 2 < i < r. Conversely, (2.1) has a solution by Lemma 2.2 since (2.3) has a

solution when a1 =0; as =0, 1; (‘p—f’) =1for2<i<r.
T2(2); (i) 2| m. If

1Y = 2 (mod n)
ToYs = % (mod n) (2.7)
1Yo + T2y = —°%  (mod n)

(mod m) has a solution,
*") by Lemma A.2 (i) for

has a solution, where (s,m) = 1, then 2 + x +
which implies @y > 1 and (22 +1)> =1 (mod
1< <

(i) 2tm and 2 | n. Since mz? + 2sx +2s =0 (mod 2m) has always a
solution,

N O

1 = 2sk; (mod n)
T2Y2 = mk; (mod n)
T1Yys + oy = —2sk; (mod n)

has a solution by Lemma 2.2 (ii), where (s,m) =1 and n = 2mk;.
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T2 (2)9 It is similar to T2 (2); .
T2 (3) (i) 2 | m. Considering Lemma 2.2(i) one obtains that

1Y = % (modn)
Tolo = 5 (modn)
1Yy +xoyn = 2 (mod n)

has not any solution, where (s,m) = 1, since 2> — x + %2 =0 (modm) has
not any solutions when oy =1 by Lemma A.2(i). It is clear that Za? —z + 2 =
0 (mod 2*) has a solution 2°*=! when a; > 1.

(ii) 24 m and 2 | n. One obtains that

T1Y = mk; (mod n)
Tolo = mk; (mod n)
T1Ys + x2y1 = 2sk;  (mod n)
has a solution, where (s,m) = 1 and n = 2mk;, since mz? — 2sz + m =

0 (mod 2m) has always a solution.
T3 (1); By Lemma 2.2(i) and

T1Y1 = 2 (mod n)
Tl = 22 (mod n)
T1Y2 + T2y = 7,2nsn (mod n)

where (s,m) = 1, one obtains

2> +2r+2=0 (mod m)
and

(x+1)*=-1 (mod m)

which implies a; =0, 1; a9 = 0; (;—1) =1for2<i<r.
T3 (1)2 (i) 2| m. By Lemma 2.2(i) and

1Y = 2 (mod n)

T2Y2 = 4 (modn)

Tys + 22y = 2 (mod n)
where (s,m) = 1, one obtains

x2+2x+%50 (mod m)
and

(x+1)251—% (mod m).
By Lemma A.3(ii),

(z+1)P2=1- % (mod 2?)
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and

has not any solutions.

has a solution when oy > 3.
(ii) 2t m. n = 2mk;. By Lemma 2.2(i) and

1 = 2sk; (mod n)
T2Y2 = mk; (mod n)
T1Yo + w2y = —4sk;  (mod n)

where (s,m) = 1, one obtains
ma® +4sx +2s =0 (mod 2m)

has a solution.
T3 (2); (i) 3| m. By Lemma 2.1, one has

1Y = % (modn)
Tl = % (modn) . (2.8)
T+ Ty = — (mod n)

Let m =3m/. 2 +2+ 2 =0 (modm). 2z +1)> = 1—4m's (mod pj")

has a solution for 2 < ¢ < r. Consequently, 1 —4m’s # 2  (mod 3) since

m's #2 (mod 3). This implies (2 +1)> =1 —4m/s (mod 3) has a solution.
(ii) 34m. n=mk and k = 3ky. If

T = %% (mod n)
Tl = 2 (modn) (2.9)
riys a2y = —2  (mod n)

has a solution, where s; = 1 or 2, (s,m) = then msi2? + 3sx + 3s =

1
0 (mod 3m) has a solution, which implies that (2.9) has a solution by Lemma
2.2.
.3) has a solution d = 3 with m =6, t; =2, ts =3, t3 = —3.
.3) has a solution d = 1 with m =6, t; =2, ts =3, t3 =5.
.3) has a solution d =4 with m =12, t; =4, to =8, t3=29.
.3) has a solutlon d=14 Wlth m =12, t1 8, tz 8, t3 = 1.
3)

.3) has a solution d = 6 with m = 12 t, = 4 ty = 6, ts = 9.
as a solution d = 12 with m =18, t; =1, t, = 12, t3 = 16.
.3) has a solution d =3 with m =12, t; =1, t, =6, t3 = —3.
.3) has a solution d = 3 with m =12, t; = =3, ty =6, t3 = 1.
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T8 (1) By

1Y = 2 (mod n)

Tl = 22 (mod n)

T1Y2 + T2yy = 72:” (mod n)
where (s,m) = 1, one obtains

2> +3r+3=0 (modm). (2.10)

By Lemma A.2, £L‘2+3£L’—|—3 =0 (mod 2) does not have any solutions, which implies
ar =0; 2z +3)? = (mod p*¥) for 2 < ¢ < r, which implies (;—3) =1 for
2<i<r; (2x+3)*=-3 (mod 3) has a solution and (2z+3)> = -3 (mod 3?)

does not have any solutions, which implies ay =0, 1.
T8(2); (2.3) has a solution d =4 with m =8, t; =5, toy =4, t3 = 1.
T8(2)2 (2.3) has a solution d =4 with m =8, t; = =2, ty =4, t3 = 1.

T8(3) (2.3) has a solution d = 1 with m =8, t; =2, to = -1, t3=1.
T9 (2.4) has a solution d = 6 with m =18, t; = —6, to =9, t3 =2,
T10 (2.3) has a solution d = 16 with m =24, t; = —6, ty = =8, t3 = 1.
T11(1) (2.4) has a solution d = 8 with m =10, t; =2, t, =5, t3 = —6.
T11 (2) (2.3) has a solution d =7 with m = 20, t; =1, t, = 10, t3 = —3.
T12 (2.3) has a solution d = 10 with m = 30, t; = 1, ¢y = 20, t3 = —3.
T13 (2.3) has a solution d =5 with m =24, t; =6, t, = —1, t3 = 1.
T14 (2.3) has a solution d =9 with m =18, t; =1, t,, =09, t3 = —4.

2.3) has a solution d = 11 with m =30, t; =12, t, = —1, t3=1.

T16 (1) (2.3) has a solution d =5 with m =10, t; =1, to =5, t3 = —4.
T16 (2) (2.3) has a solution d = 10 with m = 20, t; = —4, t, = 10, t3 = 1.
T17 (2.3) has a solution d =4 with m =24, t; = 16, t, = 12, t3 = 1.
T18 (2.3) has a solution d =5 with m = 30, t; = 20, ty = 15, t3 = 1.
T19 (2.5) becomes 22 + 3z +7 =0 (mod 14), which does not have any
solution by Lemma A.2(i).
T20 (2.3) has a solution d = 15 with m = 30, t; = —6, t, = 15, t3 = 1.
T21 (2.3) has a solution d =7 with m =24, t; =1, t, =12, t3 = —5.
T22 (2.5) becomes z* + 5z +7 =0 (mod 14), which does not have any
solutions by Lemma A.2(i). ]

(
(
(
(
T15 (
(
(
(2
(2

Proposition 2.8.  If (V,(gij)2x2) is a braided vector space and g;; is a root of
unit for i,j = 1,2, then dim*B(V) < oo if and only if A(B(V)) is finite.

Proof. It is clear that A(B(V)) is finite if dimB(V) < oo by [He06b].
Conversely, if A(®B(V)) is finite, then the generalized Dynkin diagram of V is
in [He05¢, Table 1]. It follows dimB(V) < oo from [He04a, Th. 4]. ]

3. Rank 3 Nichols algebras of diagonal type

In this section we present all finite dimensional Nichols algebras with diagonal type
of connected 3-dimensional Z,,-YD modules.
Let |u| denote length of word w.
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Lemma 3.1. (i) If |u|=|v |, then u < v if and only if vw < vw.

(i) If w = vw is the Shirshow decomposition of Lyndon word u and [u] is
hard, then both [v] and [w] are hard too.

Proof. (i) It is clear.

(ii) If [w] is not hard, then there exist words w; > w and k; € k such that
w = >" kw; by [Kh99, Cor. 3.2.4]. Consequently, u = vw = > " kvw; and
[u] is not a hard word by [Kh99, Cor. 3.2.4]. This is a contradiction. If [v] is
not hard, then there exist words v; > v and k; € k such that v = Zzl kiv; by
[Kh99, Cor. 3.2.4]. Consequently, u = vw = >_1" | k;v;w and v;w > vw by Part
(1), which implies that [u] is not a hard word by [Kh99, Cor. 3.2.4]. ]

Let x, and g, denote x;, * X, * -+ % X4, and ¢;, ¢, - - - Gi, , respectively,
for any homogeneous element v € B(V) with deg(u) = gi,gi, - ¢, Where

(Xir * Xio *  Xi,)(9) = Xir (9)Xi2(9) - -~ Xi, (9) - Define
[u, v] = vu — p,uv (3.1)

and [u,v]. = [v,u], where p,, = xu(gu). By [2204], (B(V),] ].) is a braided

m-Lie algebra and we have the braided Jacobi identity as follows:
([, 0], w] = [u, [v, w]] + py[[u, w], 0] + (Puw = Pro)v - [u, w]. (3.2)

Recall duality ®B(V*) of Nichols algebra B(V') in [He05, Section 1.3] and
[HeO6b]. Let yy,2,y3 be a dual basis of x1,z9, 23. 8(y;) = g; ' @i, gi-y; = qlglyj
and A(y;) = g; ' ®@yi+1y;®1. There exists a bilinear map <, > from (B (V*)#kG) x
B(V) to B(V) such that < y;,uv >=< y,u > v+ g 'u < y;,v > and
< i, < Yj,u >>=< y;y;,u > for any uw,v € B(V) and i = 1,2,3. Furthermore,
for any u € ®72,B(V)(;), one has that u = 0 if and only if < y;,u >= 0 for
1 =1,2,3. We often use this to show many relations.

Let 1,2,3 denote x1,x2,x3 in short, respectively.

Lemma 3. Let g1 = —1, qo3q30 = 1. Then

2.
) <Y, ] >= OVk#J
[1 2]—q32 Hl 2] 3], <yl,[[1,3],2] >=0, fori=2,3.
2,3] =0 and 32 = ¢3223.
[1,[1,2]) = [1,[1,3]] = 0.
(i) < w1, ([1,3],2] >= (g12 — qg21)(q13 — 431)23.
(111) U, [[17 2]7 [17 3“ >= _q1_21(h_31(1 - %2({21@[31(]13)[27 [1’ 3]]
= ¢35 (1 — q12¢21G31013) (432231 — q13' 312 + ¢13' 431432123 — ¢31432213).
(iV) <Y1, [[[17 2]7 [17 3]]7 2] >= _QI21QI:’>1(1 - Q1ZQQ1QS1Q13) (QI212[2[17 3“
—G51922G23[2(1, 3]]2) .
(v) Furthermore, if (g2 + 1)(qa2qi2g21 — 1) = (q33 + 1)(g33q13g31 — 1) = 0,
then

1) [[1,2],2] = [[1,3],3] = 0.
2) 111, 2], {11, 3], 2] = ([, 2], [1, 3], 2.

(V1> Furthermore, Zf q22 = 433 = _1; then < Y1, [[17 3]7 [[17 3]7 2]] >
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= { (g0 — @)(@13 — gs1)g31 + 411" @13 0o (13 — g31)

1113931933921 (@3 — 931)¢31 12313 + {—q17 413 413 421923 (q15 — 431)

—q11¢13931033921923 (415 — 431) 21031 — Q31933921023 (013 — G=1) (a5 — g31) }3123.

(vil) Furthermore, if qeo = qz3 = —1, then < y1,[[[1,2],[1, 3]], [1, 3]] >

= Q150 (1 — Q12421431013 — q12G21931013G33 + Q12021051 G533) [ 1, 3]22

+Q12Q32,QQE,1Q31(1 — §31913 — §31G13¢33 + Q12Q21Q§1Q%3Q33)2[17 3]2

+ 32015 (=1 + gs113G33 + (1242143105 — Q12921051 G35433)[1, 3]2[1, 3] .

(viii) Furthermore, if qeo = q33 = —1, then < y1,[[1,2],[[1,2],[1, 3]]] >

={(g13 — @21) — (1 — q12421031013) @21422 } 12 015 1, 3][1, 2]2

+Q1_31Q32(1 — 12921931913 — ¢12921922931413 T Q%2Q§1QZQQB1Q13)2[17 3][1, 2]

+13 32031 { (41 — ¢21) — (1 — G12021431G13)G21¢22 }[1, 2][1, 3]2
+Q1_31QQ1QQ2(]§2(]12Q31(1_QI2QQ1QB1QI3_Ch2Q21Q22Q31Q13+Q%QQS1Q22Q31QI3) [17 2]2[1, 3] .

According to [HeO5¢, Table 2], the first node, second node and third node
of every generalized Dynkin diagram denote qss, q11, 22, respectively. Let By be
the set of all hard super-letters in ®B(V) (i.e. the generators of PBW basis. Hard
super-letters were defined in [Kh99, Def. 6]) .

_ 11—
Theorem 3.3. (i) If .lq R lq o 1, q € Ryym > 2,
then By = {[z1], [za], [x3], [x1, T2], [x1, 23], [[21, 23], 22|} and dim B(V) = 24m?.

@ rr L T T CeRs,
then IBgV = {[1}1], [x2]7 [563], [.%1,%2], [x17$3]7 Hxlvxii]?x?]? Hxth]? [x171:3“7

[[21, za], [[T1, @3], @], [[21, @3], [[21, 23], 22]], [[[21, 2], [[21, 23], 22]], [21, 23] ]}
and dimB(V) = 273%.

q q_l —17"_17’ . /

(iil) If , € R, "€ Ry qFr,rq £ Lmom' > 1,
then IB%V - {[ml]vz[xgj7 [1‘3], [xth]? [xl’xfi]u Hl‘l,ZL’g],ZEQ], [[1‘171’2], [Il, I3]]} and
dim B (V) = 2tm’m

(m,m’)

Proof. Assume that [u] is a hard super-letter or zero and w = vw is the
Shirshow decomposition of u when [u] # 0. Applying Lemma 3.2 we can show
[u] € By step by step for the length | u | of u. [

Lemma 3.4. Let n=Fkm and (s,m)=1. t,to,t3 € Z. If 4y =1 (mod n),
then the following conditions are equivalent.

(i)

(211 = tysk  (mod n)
Lol = tysk (modn)

< 313 = t3sk (modn) (3.3)
T1Y2 + 22y = tysk (mod n) '
T1ys +x3y1 = tssk (mod n)

| T3y2 + 22ys = tesk  (mod n)

has a solution
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tl ($2)2 — t4$2 + tg
ti(ws)? — tsxs + t3
T

hn

Yo

Ys

T1Y1

T2Y2

T3Ys3

T1Y2 + T2

T1Y3 + T3

[ T3Y2 + Tays

has a solution.

(i)

\

t1(22)? — tyze + to
ty(x3)? — tsas + t3
T
Y1
Y2

Y3
2t1$2$3 — t4$3 - t5.732

has a solution.

Lemma 3.5.

Let n = km and (s,

.
T1Y1

T2Y2
T3Ys3

has a solution if and only if

;

t1(m2)? — tyw + to
tl ($3)2 — t5l’3 + tg
xy

hn

Y2

Y3

T1Y2 + T2

T1Y3 + T3l

[ T3Y2 + Tays3

has a solution.

T1Y2 + T2l
T1Y3 + T3
[ T3Y2 + T2ys3

3

LT 1 1 1
~
—
VA
o

) =1

tisk  (mod n)

tosk  (mod n)

tssk  (mod n)

tysk  (mod n)

tssk  (mod n)

tesk  (mod n)
0 (mod m)
0 (mod m)
1 (mod m)
t (mod m)
(ty — xoty) (mod m)
(t5 — w3ty) (mod m)
ty (mod m)
ts (mod m)
te (mod m)

(3.5)

(3.6)

(3.7)
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Lemma 3.6. Let f denote the lowest common multiple of m and m' with
(s,m)=1=(s,m') and m,m’' > 1. Then

(211 = § (modn)
Tolo = 22 (modn)
T3Y3 = 2% (mod n)
mSn 3'8
T1ys +xopn = —2 (mod n) (3.8)
Tys+ax3yr = —22  (mod n)
[ T3y + 22y = 0 (modn)
has a solution if and only if o; = o, when a;a #0 for 1 <i<t, and
—s=m"s" (modm') (3.9)
when m = m"m’' and (m',m") =1;
—s'=m"s (mod m) (3.10)
when m' =m"m and (m,m"”) = 1. Here
mo= 2013%2p3 ... p® ! = 2013%p3% ... pM be the prime decomposition,

respectively.

Theorem 3.7.  If (V,(qij)sx3) is a braided vector space, then V is a connected
Zyn-YD module such that dimB(V) < oo if and only if one of the following
conditions holds:

(i) The generalized Dynkin diagram of V is Weyl equivalent to

_ _ -1 _
lg —lg =1 cRp. m>2

(ii) The generalized Dynkin diagram of V' is Weyl equivalent to
-1 -lC -1 g

o ———©

(iii) The generalized Dynkin diagram of V' is Weyl equivalent to

“1 1.1
q. 4 . 1r .r; a; = o when o, #0 for 1 <i<t; —s=m"s" (modm’)
when m =m"m' and (m",m') =1; —s=m"s" (mod m) when m’ = m"m and
(m,m") = 1; Here ¢ € Ry,7 € Rpy,w € Ry, m > 1,m/ > 1,9 # r,q # r\;

ns ns’
(s,m) =1; (¢,m) =1;, ¢ =wm, r=wn; m=2M3%2p...pf" m =

2"’130"2]9;3 e p?é be the prime decomposition, respectively.

Proof. The necessity. By [He05c¢c, Th. 12], we only need to consider the
generalized Dynkin diagrams in [He05c, Table 2]. The Dynkin diagrams above are
in Row 8, 9, 15 of [He05¢, Table 2]. So we need to exclude the Dynkin diagrams
in all other Rows of [He05¢, Table 2]. This follows from the application of Lemma
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2.1 and Lemma 3.4. For instance, Row 1 of [He05¢, Table 2|. By Lemma 2.1,

(2 = sk (mod n)
ToYo = sk (mod n)
313 = sk (mod n)
r1Ys + w21 = —sk (mod n)
r1ys +x3y; = —sk  (mod n)

[ Z3y2 +72y3 = 0 (mod n)

has a solution. Thus by Lemma 3.4

(1 =1 (mod n)
Y1 = ks (mod n)
Y2 = (—1—x9)ks  (modn)
Y3 = (—1—x3)ks  (mod n)
(m2)? +z2+1 = 0 (mod m)
(x3) +23+1 = 0 (mod m)

| 2z0w3+ 22+ 23 = 0 (mod m)

has a solution, which implies that 2t m and
(229 + 1)? = -3  (modm)
(223 + 1)2 = -3  (modm)
(2xe +1)(2z3+1) = 1 (mod m)

has a solution. One gets 9 = 1  (mod m), which is a contradiction. So the
diagram in Row 1 of [He05¢, Table 2] is excluded. By similar procedure, we can
exclude the generalized Dynkin diagrams in all other Rows except those in Rows
8, 9, 15 of [He05¢, Table 2] .

The sufficiency. 1t follows from Lemma 3.3 that dimB(V) < co when the
generalized Dynkin diagrams are in Row 8, 9, 15 of [He05¢, Table 2]. By [He05c,
Th. 12], we need to decide if Row 8, Row 9 and Row 15 in [He05c, Table 2| are
kG- YD modules.

(i) Row 8 [HeO5c, Table 2]. There exists a DDG

-1 _ -1
q.q—.l—q‘q , ¢ € Ry, in Row 8 [He05¢, Table 2]. It follows from Lemma

3.6 when one sets s = —¢5'.

(ii) Row 15 [He05¢, Table 2]. There exists a DDG
1ere e - |
, £ € R3, in Row 15 [He05¢, Table 2].

o ————©

(1 = 2sk (mod 6k)
Toyo = 3sk (mod 6k)
T3Y3 = 3sk (mod 6k)

\ T1Yo + Xoy1 = 2sk  (mod 6k)
r3y; + x1ys = —2sk  (mod 6k)
| T2ys +23y2 = 0 (mod 6k)

has a solution: xy = 1,y = 3ks, x1 =4,y = 2sk, v3 = 5,y3 = 3ks.
(iii) Row 9 [He05c, Table 2]. It follows from Lemma 3.6. ]



WU, ZHANG, AND ZHANG 365

4. Nichols algebras of diagonal type with rank > 3

In this section we prove that finite dimensional Nichols algebra over Z, is a
quantum linear space and Nichols algebra of connected Z,-YD module V' with
dim V > 3 is infinite dimensional.

Theorem 4.1. If V is a connected kZ, -Yetter-Drinfeld module with diagonal
type and rank > 3, then dimB(V) = oo and A(B(V)) is infinite.

Proof. It is enough to show this is the case for dimV = 4.

Except Row 18, Row 20, Row 21, Row 22, all GDDs in [He06a, Table B|
contain GDDs in [He05¢, Table 2]. By Theorem 3.7, these four cases are not GDDs
of any kG-YD modules.

(i) Row 18. n=mk, m =6, (s,m) = 1. By Lemma 2.1,

(2 = —2sk (mod n)
Talo = —2sk (mod n)
T3Ys3 = 2sk (mod n)
T1Ys + x2y1 = 2sk  (mod n)
r1ys +x3y; = 0 (mod n)

| 23y2 +22ys = 2sk  (mod n)

has a solution. Let s; = 2s. Obviously, (s1,3) = 1. Thus

(211 = —sk (mod 3k)
Tols = —s1k  (mod 3k)
T3Y3 = 51k (mod 3k)
T1Ye + 22y = s1k (mod 3k)
r1ys +x3y; = 0 (mod 3k)

[ T3Y2 + 2Z2ys = s1k (mod 3k)

has a solution. Thus by Lemma 3.4

(23 =1 (mod 3k)
Y3 = sik (mod 3k)
U = —115k (mod 3k)
Y2 = (1—z9)51k  (mod 3k)
(1) —1 = 0 (mod 3)
(1)  —23—1 = 0 (mod 3)

| 22+ = 1 (mod 3)

has a solution, which implies that
(229 — 1)2 = 5  (mod 3)
(11)? = 1 (mod 3)
r1(—2zo+1) = 1  (mod 3)

One gets 5 =1 (mod 3), which is a contradiction.
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(ii) Row 20. n =mk, m =6, (s,m) = 1. Consider the last GDD in Row
21. By Lemma 2.1,

(1 = 2sk (mod n)
Toyo = 2sk (mod n)
313 = —2sk (mod n)
T1yo + 2y1 = —2sk  (mod n)
riys+ax3y; = 0 (mod n)

| T3y2 +22ys = 2sk  (mod n)

has a solution. Let s; = 2s. Obviously, (s1,3) = 1. Thus

( T1Y1 = 81]{3 (mod 3]{7)
Tolo = 51k (mod 3k)
313 = —s1k (mod 3k)
T1ys + w2y = —s1k (mod 3k)
riys+x3y; = 0 (mod 3k)

[ Z3y2 + 2235 = s1k (mod 3k)

has a solution. Thus by Lemma 3.4

(1, =1 (mod 3k)
i = sk (mod 3k)
Yo = (—1—m9)51k  (mod 3k)
U3 = (—x3)s1k (mod 3k)
(z2)*+a24+41 = 0 (mod 3)
(r3)? — 1 =0 (mod 3)

| 2mo73 + 23 = —1 (mod 3)

has a solution, which implies that
2z, +1)2 = -3  (mod 3)
(23)? = 1 (mod 3)
x3(2z9+1) = —1 (mod 3).

One gets —3 =1 (mod 3), which is a contradiction.
(iii) Row 21. n=mk, m =6, (s,m) = 1. Consider the last GDD in Row
21. By Lemma 2.1,

(1 = 2sk (mod n)
ToYo = 2sk (mod n)
T3Y3 = 2sk (mod n)
T1Ys + 21 = —2sk  (mod n)
rys+ax3y; = 0 (mod n)

| 23y2 +22ys = —2sk  (mod n)

has a solution. Let s; = 2s. Obviously, (s1,3) = 1. Thus

( T1Y1 = 81]{5 (mod 3k’)
Tols = sk (mod 3k)
T3Y3 = 51k (mod 3k)
T1Ys + 2y1 = —s1k (mod 3k)
r1ys +x3y; = 0 (mod 3k)

| Z3y2 + 223 = —s1k (mod 3k)
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has a solution. Thus by Lemma 3.4

(7, =1 (mod 3k)
U1 = sk (mod 3k)
Yo = (—1—x9)51k  (mod 3k)
Y3 = (—x3)s1k (mod 3k)
(29) +a23+1 = 0 (mod 3)
(r3) +1 =0 (mod 3)

(| 27073 + 73 = 1 (mod 3)

has a solution, which implies that
(2, +1)2 = -3 (mod 3)
(x3)*+1 = 0 (mod 3) .
r3(2z9+1) = 1 (mod 3)

One gets 0 =1 (mod 3), which is a contradiction.
(iv) Row 22. n=mk, m =4, (s,m) = 1. By Lemma 2.1,

T3Ys3 = sk (mod n)
Tals = 3sk (mod n)
Tays + x3ys = sk (mod n)
has a solution. By Lemma 2.3 (i),
?—r+3=0 (mod 4)
has a solution, which contradicts to Lemma A.2(i). n

Corollary 4.2. (i) If V is a connected finite dimensional YD module over Z,
with dAim*B(V') < oo, then dimV < 4.

(ii) If V is a finite dimensional YD module over Z, with dim*B(V) < oo,
then dimension of every connected component of V' is lesser than 4.

Proof. (i) It follows from Theorem 4.1.
(ii) It follows from Part (i) and [AS00, Lemma 4.2]. [

Corollary 4.3. If V is a finite dimensional YD module over Z,, with braided
matriz (g;;) and ord(q;) # 1, then the following conditions are equivalent:

(i) dim*B(V) < 0.

(ii) A(B(V)) is finite.

(iii) (A(B(V)), x0, Eo) is an arithmetic root system.

The concept of quantum linear spaces was introduced in [AS98, P673]. In
this case, ¢;;q;; = 1 for i # j.

Corollary 4.4.  Fvery finite dimensional Nichols algebra over Zs is a quantum
linear space.
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Corollary 4.5.  Assume that (V,(qij)ax2) is a braided vector space.

(I) If p is a prime number, then V' is a connected Z,-YD module such that
dim*B(V) < oo if and only if one of the following conditions holds:

TQ(J) 1 —q11g12¢21 = 1 — q12g21922 = 0, q12g21 € R,; p=3 or p >3 and
() =1.

T2(2)1 1+ qu1=1—q2ga1g22 =0, qu2g21 € Rp; p > 2.

TQ(Q)Q I+g2=1—q12¢21q11 = 0, qr2q21 € R, p > 2.

TQ(:?) 1+Q11 =1 + Qo2 = 0, J12921 € Rp, p > 2.

T3(1)1 qiagar = @15 G2 =%, qu € Ry; p>3 and p=1  (mod 4).

T3(1)2 qi2ga1 = Gy » Ge2 = —1, qui € Ry,;p>2.

T8(1) qi2g21 = 41y » Go2 =G5y, qu1 € Ry, p >3 and () =1.

(IT) Let p be a prime number, n = p® and m = p® with 0 < a < 3 and
B >1. Then V is a connected Z,-YD module such that dim*B(V) < oo if and
only if one of the following conditions holds:

T2(1) 1 — quiqa2gar = 1 — q12G21G22 = 0, q12g21 € Rpy; p=3,a=1; p> 3
and (_73) =1.

T2(2)1 1+ quu =1~ q12g21G22 = 0, quaga1 € Ry p=2,a>1; p> 2.

T2(2)s 1+ g2 =1~ q12g21g11 =0, qu2g1 € Rpy; p=2,a>1; p> 2.

T2(3) 1+ g1 =14+q2=0, q2g21 € Rpp; p=2,a>1; p > 2.

T3(1)1 qi2g21 = 41y G2 = ¢}y, qu € Ry, m > 2; p > 3 and p =
1 (mod 4).

T3(1)2 qi2gn =Gy @2 =—1, qu € Ry, m>2;p=2, a>3; p> 2.

T3(2), w e Ry, s =1,2; qu = WP, g = wm, quagage =1, m > 3;
p=3 and o > 1.

T8(1) qi2qo1 = qfls, Qo2 = qifl, g1 € Ry, m>3;p>3 and (%3) =1.

Tg(»?)l (Q12Q21)4 =—1, g2 =—1, qi2go1 = —qu1; m=8; a=3.

T8(2), (CI12Q21)4 =—1, g=-1, qu = (Q12(I21)_2; m=38, a=3.

T8(3) (Q12Q21)4 =—-1,qu = (%2@21)2; 422 = (Q12Q21)_1; m=38, a=3.

Proof. It follows from Theorem 2.7. m

Corollary 4.6.  Assume that (V,(qij)sxs) is a braided vector space.
(I) If p is a prime number, then V is a connected Z,-YD module such that
dim*B(V) < oo if and only if one of the following conditions holds:
(i) The generalized Dynkin diagram of V is Weyl equivalent to
—1 q —1 q_l —1

o ———o—©

,qGRp§P>2.

(ii) The generalized Dynkin diagram of V' is Weyl equivalent to

q.q—l.—l—rl.r; —s =5 (modp). Here qr,w € Ry, q # r,q # r™ %
(s5,p)=1; (s,p)=1; ¢g=w*, r =w*.
(IT) Let p be a prime number, n = p® and m = p® with 0 < a < B and
f > 1. Then V is a connected Z,-YD module such that dim*B(V) < oo if and
only if one of the following conditions holds:
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(i) The generalized Dynkin diagram of V' is Weyl equivalent to

—1q —1q_1—1

, QER,,m>2; p=2and aa>1 or p> 2.

(ii) The generalized Dynkin diagram of V' is Weyl equivalent to

-1 _ —1
q.q—ol—r.r;_SES/ (mOdm);m,:m>1;p:2anda>10Tp>2'

Here ¢ € Ryp,7 € Rpy,w € Ry, q#1r,q# 17 (s,m) =1; (s,m')=1; ¢=wm,

ns

r=wm .

Proof. It follows from Theorem 3.7. n

A. Appendix

In this section, we recall some results on solutions of equation systems in Z,, [Hu67]
and braided vector spaces.

A.1. Equation systems in Z, .
If prime p { @ and 22 = @ (mod p) has a solution, then a is called a
quadratic residue of module p. Set

a { 1 when a is a quadratic residue of module p

(];) 1 =1 whenaisa quadratic non-residue of module p

(A.1)
This is called Legendre sign.

Lemma A.1. Let f(z) = aa™+ -+ a1z +ag € Z[z| and f'(z) :== na,a™ ' +
(n—1Da,_ 12" 2+ - +a.

(i) If f(x) =0 (modp) and f'(xr) =0 (mod p) has not any common
solution with prime number p, then f(x) =0 (mod p*) has a solution if and only
if f(x)=0 (modp) has a solution.

(ii) ax +b=0 (mod m) has a solution if and only if (a,m) | b.

Lemma A.2. Let
f(z)=ax?> +br+c=0 (mod p"), (A.2)

with prime p, p1(a,b,c) and k € N.

(i) If 2ta, 210D, then 2| ¢ if and only if (A.2) has a solution when p = 2.

(i) If 2 ¥ a and 2 | b, then (A.2) is equivalent to (az + 2)* = % -
ac  (mod 2%) when p = 2.

(iii) If p> 2, p|a, ptd, then (A.2) always has a solution.

(iv) If p > 2, p t a, then (A.2) is equivalent to (2ax + b)* = b* —
4ac  (mod p*). Furthermore (A.2) has a solution if and only if (2ax + b)?
b> —4ac  (mod p) has a solution.

Lemma A.3. Let
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where prime pta, k € N.
(i) If p > 2, then the number of solution of (A.3)is 1+ (7).
(ii) If p =2, then
(1) (A.3) has a solution when k = 1.
(2) (A.83) has two solutions when k=2 and a =1 (mod 4).
(3) (A.83) has not any solutions when k=2 and a %1 (mod 4).
(4) (A.3) has four solutions when k> 2 and a =1 (mod 8).
(5) (A.83) has not any solutions when k > 2 and a 1 (mod 8).

Lemma A.4. Let m = mymsy---m,, where my,ma,--- ,m, are pairwise rela-
tives prime. then f(x) =0 (mod m) has a solution if and only if every equation
below has a solution :

flz)y = 0 (mod my)
flz) = 0 (mod my) .
flz) = 0 (mod m,.)

A.2. Braided vector space.
If 0 €8, and ¢o3)0(j) = qz’»j for any 1 < 1,7 < r, then the two matrixes

qir qi2 - qir i G2 o G

PP ! ! PP /
qz% Q22. Qr | ana | &0 92 ?27’ are called to be permutation
qr1 4r2 - Qrr qylnl QL2 U qg"r

similarity. In this case, GDDs of the two matrixes are called to be isomorphic.

If (¢i;) and (gj;) are permutation similarity, then the two braided vector
spaces (V,(gi;)) and (V,(qj;)) are the same since .1, Zy(2), ", To(r) is also a
basis of V' with C(z5(:) @ Zo(j)) = Go(o()To() @ To(i) = GijTa(i) @ T

Recall [ZZC04]. (G, d,%X,J) is called an element system with charac-
ters (simply, ESC) if G is a group, J is a set, 7 = {g:Yics € Z(G)’ and
X = {)(i}ie] € G/ with ¢; € Z(G) and y; € G. ESC(G,¢,¥X,J) and
ESC(¢, g’,;’}, J') are said to be isomorphic if there exist a group isomorphism
¢ : G — G'" and a bijective map o : J — J' such that ¢(g;) = oy 20d X0 = X
for any ¢ € J.

Let (G, ¢, xi;1 € J) bean ESC. Let V' be a k-vector space with dim(V') =
|J|. Let {x; | i € J} be a basis of V over k. Define a left kG-action and a left
kG-coaction on V' by

gz =xi(9)zi, 0 () =gi®@z;, 1€ J, geC.

Then it is easy to see that V is a pointed YD kG-module and kzx; is a one
dimensional YD kG-submodule of V' for any i € J. Denote by V (G, g;, x4;7 € J)
the pointed YD kG-module V. Obviously, C(x; ® x;) = x;(¢:)r; ® z; for any
i,j € J, is the braiding. (See [ZZC04, Lemma 2.3 and Lemma 2.4]) Every kG-YD
module is isomorphic to V(G, g;, x;;4 € J), which is a braided vector space with
diagonal type and braided matrix (g;;) = (x;(¢g:)) when J ={1,2,--- ,r}.
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Lemma A.5. If There is a Hopf algebra isomorphism ¢ : kG — kG’ such
-1

that V(G,gi,xi; 1@ € J) = i VI(G'g,x; i € J) as YD kEG-modules with

J=J ={1,2,---,r} and G = G, then (qij)rxr and (q;;)rxr are permutation

similarity, where qi; = x;(g:) and q;; = X;(g;) for 1,2, ,r.

Proof. By [ZZC04, Th. 4], ESC(G, ¢;, xi;i € J) = ESC(G', ¢., x};i € J') with
J=J ={1,2,--- r}. Consequently, there exists a bijective map o : J — J' such
=49

that ¢(g:) = g5y and x5 (9;) = Xi(g;) for any .5 € J. That is, @ ) ;) = @i
for any 1,5 € J. [ |

Corollary A.6. Assume q11 = —1 and (qaa + 1)(goaqi2gor — 1) = 0. If V s
connected with rank 2, then the generators of PBW basis By = {x1, za, [x1, 22]}.

Proof. It follows By Lemma 3.2. |

Remark A.7. In this paper, the first node, second node and third node of every
generalized Dynkin diagram denote ¢33, q11, @22, respectively. For example,
1 1,1
4 9 Lr=ir , Q€ Ry, m € RyyyqF£r;mom’ > 1
denotes g1y = —1, G20 = 7,433 = ¢, quaga1 = 7", u3gs1 = q .

Acknowledgement. We would like to thank Prof. N. Andruskiewitsch for
pointing out an error in the previous version, which has led to the current sub-
stantially modified version.
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