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Abstract. We investigate the heat equation corresponding to the Bessel
operators on a symmetric cone Ω = G/K . These operators form a one-parameter
family of elliptic self-adjoint second order differential operators and occur in the
Lie algebra action of certain unitary highest weight representations. The heat
kernel is explicitly given in terms of a multivariable I -Bessel function on Ω. Its
corresponding heat kernel transform defines a continuous linear operator between
Lp -spaces. The unitary image of the L2 -space under the heat kernel transform
is characterized as a weighted Bergman space on the complexification GC/KC
of Ω, the weight being expressed explicitly in terms of a multivariable K -Bessel
function on Ω. Even in the special case of the symmetric cone Ω = R+ these
results seem to be new.
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Introduction

Heat equations are important parabolic partial differential equations and have been
studied in various different settings. Classically one considers the heat equation
corresponding to the Laplace–Beltrami operator ∆ on a Riemannian manifold X :

∆xu(t, x) = ∂tu(t, x), on (0,∞)×X. (1)

The properties of ∆ crucial for the heat equation are:

• ∆ is an elliptic second-order differential operator on X ,

• It extends to a self-adjoint operator on L2(X) with spectrum contained in
(−∞, 0].

The corresponding heat kernel transform et∆ is well-defined by the functional
calculus and gives a smoothing operator on L2(X) for t > 0 constructing solutions
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to the heat equation (1) with given initial values. A classical problem in harmonic
analysis is to determine the image of L2(X) under the heat kernel transform.
For X = Rn Bargmann and Segal noticed that every function in the image
of et∆ has an analytic extension to the complexification XC = Cn . In fact,
et∆ is a unitary isomorphism from L2(Rn) onto the weighted Bergman space
of holomorphic functions on Cn which are square-integrable with respect to the
measure e

1
2t
| Im z|2 dz .

These observations have a natural generalization to Riemannian symmetric
spaces X . For the case of compact Riemannian symmetric spaces this was first
established by Stenzel [15] (see also Hall [8] for the group case). If X = U/K
with U a compact Lie group and K a symmetric subgroup then the heat kernel
transform et∆ extends to a unitary operator between L2(U/K) and a weighted
Bergman space on the complexification XC = UC/KC . An alternative proof for
the unitarity of the transform was given by Hilgert–Zhang [10] using the so-called
restriction principle which was introduced by Ólafsson–Ørsted [13]. For semisim-
ple Riemannian symmetric spaces of non-compact type Krötz–Ólafsson–Stanton
[11] characterized the unitary image of the heat kernel transform. Let X = G/K
with G a non-compact semisimple Lie group and K a maximal compact sub-
group. The main difference to the compact case is that functions in the image of
the heat kernel transform do in general not extend to the whole complexification
XC = GC/KC , but only to a G-invariant subdomain in XC , the complex crown
(also referred to as the Akhiezer–Gindikin domain). Further, it is shown in [11]
that for G a complex group the unitary image of L2(X) under the heat kernel
transform cannot be a weighted Bergman space on the complex crown.

Here we restrict our attention to symmetric cones Ω = G/K , a certain
class of non-compact Riemannian symmetric spaces with G is a connected re-
ductive Lie group with one-dimensional center and K ⊆ G a maximal compact
subgroup. Classical examples are Ω = R+ , the Lorentz cone Ω = {x ∈ Rn : x1 >√
x2

2 + · · ·+ x2
n > 0} or the cone of positive definite Hermitian n×n matrices over

R , C or H . Explicit expressions for the classical heat kernel in these examples are
given in [4, 14]. In this paper, however, we consider not the Laplacian on Ω, but
a certain family of differential operators Bλ which arise from unitary representa-
tion theory (see Section 1 for the precise definition). In fact, for λ > c(Ω) (the
constant c(Ω) > 0 depending only on the cone Ω, see (2)) the so-called Bessel
operators Bλ occur in the Lie algebra action of certain unitary representations,
namely L2 -models for the analytic continuation of the holomorphic discrete series
corresponding to the automorphism group of the associated tube domain V + iΩ.
For this we realize Ω as an open convex cone in an ambient Euclidean vector space
V with inner product (−|−). As in the classical setting the operators Bλ satisfy
the following properties:

• Each Bλ is an elliptic second-order differential operator on Ω,

• For λ > c(Ω) the operator Bλ extends to a self-adjoint operator on L2(Ω, dµλ)
with spectrum given by (−∞, 0].
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Here dµλ is a certain G-equivariant measure on Ω (see Section 1). We remark
that in contrast to the G-invariant Laplacian on Ω the operators Bλ are merely
K -invariant. Let Hλ(t) := etBλ be the corresponding heat kernel transform on
L2(Ω, dµλ). The operators Hλ(t) are smoothing, K -equivariant and satisfy the
semigroup property Hλ(s) ◦Hλ(t) = Hλ(s+ t).

To describe the heat kernel we make use of the I -Bessel function on the
symmetric cone Ω introduced in [12]. It can be constructed using the canonical
structure of a Jordan algebra on V (see Section 1 for details). The I -Bessel
function of parameter λ > c(Ω) on Ω is an analytic function Iλ(x, y) on Ω × Ω
solving the differential equation

(Bλ)xIλ(x, y) = tr(y)Iλ(x, y), x, y ∈ Ω,

where tr(y) = (y|e) > 0, y ∈ Ω, denotes the trace form, e ∈ Ω being the fixed
point of K . (In fact e is the unit element of the Jordan algebra V and tr(y) the
Jordan trace.) Put

hλ(t, x, y) := (2t)−rλe−
1
t
(tr(x)+tr(y))Iλ

(x
t
,
y

t

)
, t > 0, x, y ∈ Ω,

where r = rk Ω is the rank of the symmetric space G/K .

Theorem A (see Theorems 2.7 & 2.9). For λ > c(Ω) the heat kernel transform
Hλ(t) on L2(Ω, dµλ) is the integral operator given by

Hλ(t)f(x) =

∫
Ω

hλ(t, x, y)f(y) dµλ(y), x ∈ Ω.

For any 1 ≤ p ≤ ∞ the integral converges absolutely for f ∈ Lp(Ω, dµλ) and
defines a continuous linear operator on Lp(Ω, dµλ).

This explicit description of the heat kernel allows to describe the image
of L2(Ω, dµλ) under the heat kernel transform as a weighted Bergman space on
the natural complexification Ξ := GC/KC of Ω. The symmetric space Ξ can be
realized as an open dense cone in the complexification VC of V which contains
Ω ⊆ V as a totally real submanifold. Since Ξ is dense in VC every entire function
on VC is uniquely determined by its values on Ξ and we let O(Ξ) be the space of
holomorphic functions on Ξ which extend to VC . From the measures dµλ on Ω
one constructs certain GC -equivariant measures dνλ on Ξ (see (3)). To describe
the weight for the Bergman space we make use of the K -Bessel function Kλ(x)
of parameter λ on the symmetric cone Ω. This function was first introduced by
Clerc [2] and studied further in [12]. We construct a density ωλ(z) on Ξ in terms
of the K -Bessel function which solves the differential equation

Bλωλ(z) =
1

4
tr(z)ωλ(z), z ∈ Ξ,

where tr(z) denotes the C-linear extension of the trace to VC . We then define a
weighted Bergman space Fλ,t(Ξ) on Ξ by

Fλ,t(Ξ) :=

{
F ∈ O(Ξ) :

∫
Ξ

|F (z)|2e
1
t

Re tr(z)ωλ

(z
t

)
dνλ(z) <∞

}
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and endow it with the obvious L2 -inner product (suitably normalized, see (13)
for details). Then for λ > c(Ω) the space Fλ,t(Ξ) turns into a Hilbert space of
holomorphic functions with continuous point evaluations. Its reproducing kernel
is the analytic continuation of the heat kernel hλ(2t, z, w) of parameter 2t with
z, w ∈ Ξ, holomorphic in z and antiholomorphic in w (see Theorem 2.11).

Theorem B (see Proposition 2.10 and Theorem 2.11). Let λ > c(Ω), then for
every f ∈ L2(Ω, dµλ) the function Hλ(t)f on Ω extends uniquely to a holomorphic

function H̃λ(t)f ∈ Fλ,t(Ξ). The operator H̃λ(t) : L2(Ω, dµλ) → Fλ,t(Ξ) is a
unitary isomorphism.

Our proof uses the intertwining operator between two different realiza-
tions of certain unitary highest weight representations (see [9, 12]). However,

there is an alternative proof for the unitarity of the heat kernel transform H̃λ(t)
using the restriction principle. For this one considers the unbounded operator
Rλ,t : D(Fλ,t(Ξ)) → L2(Ω, dµλ) given by restriction from Ξ to Ω. The heat ker-

nel transform H̃λ,t can then be identified with the unitary part Uλ,t in the polar
decomposition R∗λ,t = Uλ,t◦|Rλ,t| of the adjoint operator (see Section 2 for details).

We briefly illustrate our results for the cone Ω = R+ with equivariant
measures dµλ(x) = xλ−1 dx , λ > c(Ω) = 0 (see Section 3 for details). In this case
the Bessel operator Bλ is given by

Bλ = x
d2

dx2
+ λ

d

dx
,

and the heat kernel hλ(t, x, y) and the density ωλ(z) take the form

hλ(t, x, y) = (2t)−λe−
x+y
t Ĩλ−1

(
2

√
xy

t

)
, t > 0, x, y ∈ R+,

ωλ(z) = 2K̃λ−1(|z|), z ∈ C×,

where Ĩα(z) =
(
z
2

)−α
Iα(z) and K̃α(z) =

(
z
2

)−α
Kα(z) denote the renormalized

classical I - and K -Bessel functions. Moreover, the corresponding measures on
the complexification Ξ = C× are given by dνλ(z) = 2|z|2λ−1 dz . Specializing the
parameter to λ = 1

2
and using the squaring map π : R \ {0} → Ω, y 7→ y2 we

recover the classical heat equation on R and our results translate to the corre-
sponding results in the classical case for even functions on R resp. C . For other
parameters λ 6= 1

2
, however, our results seem to be new.

Finally we remark that all our results carry over to the boundary orbits of
Ω. For each such G-orbit O ⊆ ∂Ω there is a unique value 0 ≤ λ ≤ c(Ω) such that
Bλ restricts to a differential operator on O which is self-adjoint on L2(O, dµ) for
the unique (up to scalar multiples) G-equivariant measure dµ on O . For this
particular λ analogous results as described above hold, involving the Bessel func-
tions Iλ(x, y) and Kλ(x) on O of parameter λ and the GC -orbit GC · O ⊆ ∂Ξ as
complexification of O (see [12]).
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Notation. N = {1, 2, 3, . . .} , N0 = N ∪ {0} , R+ = {x ∈ R : x > 0} .

1. Symmetric cones

In this first section we collect all necessary information on symmetric cones and
their natural complexifications. We further define Bessel operators and Bessel
functions on symmetric cones and their complexifications. In preparation for the
proofs of our main results we introduce the Segal–Bargmann transform and the
unitary inversion operator which are motivated by representation theory. For
details we refer the reader to [5] and [12].

1.1. Symmetric cones and Jordan algebras.

Let V be a Euclidean vectorspace of dimension n with inner product (−|−).
An open cone Ω ⊆ V is called symmetric if the following two conditions hold:

1. Ω is self-dual, i.e. Ω = Ω∗ := {x ∈ V : (x|y) > 0∀ y ∈ Ω \ {0}} ,

2. Ω is homogeneous, i.e. the automorphism group
G(Ω) := {g ∈ GL(V ) : gΩ = Ω} of Ω

acts transitively on Ω.

Let Ω ⊆ V be a symmetric cone and let G := G(Ω)0 be the identity
component of its automorphism group. Then G already acts transitively on Ω.
Put K := G ∩ O(V ). Then there exists a point e ∈ Ω such that K = Ge = {g ∈
G : ge = e} and hence Ω ∼= G/K is a Riemannian symmetric space. Note that
G/K is not semisimple since G contains R+ acting by dilations, but Ω ∼= R+×X ,
where X is a semisimple Riemannian symmetric space. We decompose the Lie
algebra g of G into

g = k⊕ p,

where

k = {X ∈ g : X +X∗ = 0}, p = {X ∈ g : X = X∗},

X∗ denoting the adjoint of X ∈ End(V ) with respect to the inner product (−|−)
on V . The mapping

p→ V, X 7→ Xe

is a bijection and we denote by L : V → p its inverse which is symmetric with
respect to the inner product (−|−). If we endow V with the product

V × V → V, (x, y) 7→ x · y := L(x)y,

then V becomes a Euclidean Jordan algebra with unit element e . The symmetric
cone Ω is the interior of the cone {x2 : x ∈ V } of squares in V and every x ∈ Ω

is the square of a unique element x
1
2 ∈ Ω. The group G is the identity component

of the structure group Str(V ) of V which is defined by

Str(V ) = {g ∈ GL(V ) : P (gx) = gP (x)g∗ ∀x ∈ V },
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where

P (x) := 2L(x)2 − L(x2), x ∈ V,

denotes the quadratic representation of V . Further, the compact group K is the
identity component of the automorphism group Aut(V ) of V given by

Aut(V ) = {g ∈ GL(V ) : g(x · y) = gx · gy ∀x, y ∈ V }.

We normalize the inner product (−|−) on V such that (e|e) is equal to the
rank r = rk(G/K) of the symmetric space G/K . The linear form tr(x) := (x|e)
on V is called the Jordan trace of V . It is invariant under K and strictly positive
on Ω. On the cone Ω it is equivalent to the norm function |x| :=

√
(x|x):

|x| ≤ tr(x) ≤
√
r|x|, x ∈ Ω.

We further introduce the Jordan determinant ∆(x) which is the unique homoge-
neous polynomial on V of degree r with real coefficients such that

∆(x)
2n
r = Det(P (x)), x ∈ V.

Then the character χ(g) := Det(g)
r
n ∈ R+ , g ∈ G , satisfies

∆(gx) = χ(g)∆(x), g ∈ G, x ∈ V.

For λ ∈ R let

χλ(g) := χ(g)λ, g ∈ G.

Then every positive character of G is equal to one of the χλ , λ ∈ R .

Example 1.1. 1. For k ∈ N and F ∈ {R,C,H} the space V = Herm(k,F)
of Hermitian k × k matrices with entries in F forms a Jordan algebra with
multiplication

x · y :=
1

2
(xy + yx), x, y ∈ V,

and unit element e = 1 the identity matrix. We have G = R+ PSL(k,F)
and K = PSU(k,F) acting by

g · x = gxg∗, g ∈ G.

The corresponding symmetric cone Ω is the set of all positive definite ma-
trices in V . The same construction works for F = O with k ≤ 3. In all
cases the Jordan trace and the Jordan determinant equal the usual trace and
determinant of matrices.
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2. For k ∈ N0 let V = R1,k = R × Rk denote the Jordan algebra with
multiplication

(x1, x
′) · (y1, y

′) := (x1y1 + 〈x′, y′〉, x1y
′ + y1x

′),

(x1, x
′), (y1, y

′) ∈ R× Rk,

and unit element e = (1, 0, . . . , 0), where 〈−,−〉 is the usual inner product
on Rk . The corresponding groups are given by G = R+ SO0(1, k) and
K = diag(1, SO(k)) ∼= SO(k). The associated symmetric cone is the Lorentz
cone

Ω = {x ∈ R1,k : x1 >
√
x2

2 + · · ·+ x2
k+1}.

Jordan trace and Jordan determinant are given by

tr(x) = 2x1, ∆(x) = x2
1 − (x2

2 + · · ·+ x2
k+1).

These examples actually cover all simple Euclidean Jordan algebras or
equivalently all irreducible symmetric cones. A list together with the corresponding
groups and structure constants is given in Table 1.

V g k n r d

R R 0 1 1 0
Sym(k,R) (k ≥ 2) (k,R)⊕ R so(k) 1

2
k(k + 1) k 1

Herm(k,C) (k ≥ 2) (k,C)⊕ R su(k) k2 k 2
Herm(k,H) (k ≥ 2) su∗(2k)⊕ R sp(k) k(2k − 1) k 4

R1,k (k ≥ 2) so(1, k)⊕ R so(k) k + 1 2 k − 1
Herm(3,O) e6(−26) ⊕ R f4 27 3 8

Table 1: Simple Euclidean Jordan algebras, corresponding Lie algebras and struc-
ture constants

1.2. Equivariant measures.

Let V be a simple real Jordan algebra V with corresponding symmetric
cone Ω ⊆ V . For every λ ∈ R there is a unique (up to scalar multiples) χλ -
equivariant measure dµλ on Ω. Let d ∈ N0 be determined by the identity

n

r
= 1 + (r − 1)

d

2
.

Then the measure dµλ is locally finite on Ω ⊆ V if and only if λ > c(Ω), where

c(Ω) :=
n

r
− 1 = (r − 1)

d

2
. (2)

We will assume this in the following. For λ > c(Ω) we normalize dµλ by∫
Ω

f(x) dµλ(x) =
2rλ

ΓΩ(λ)

∫
Ω

f(x)∆(x)λ−
n
r dx, f ∈ C∞c (Ω),
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where

ΓΩ(λ) = (2π)
n−r

2

r∏
j=1

Γ

(
λ− (j − 1)

d

2

)
denotes the Gamma function of the symmetric cone Ω. This normalization is
chosen such that the function ψ0(x) = e− tr(x) has norm 1 in L2(Ω, dµλ).

Denote by P(Ω) the space of restrictions of polynomials on V to Ω. Then
for every λ > c(Ω) the space P(Ω)e− tr(x) is dense in L2(Ω, dµλ) (see [5, Lemma
XIII.3.3]).

1.3. Complexifications.

The complexification VC of V is a complex Jordan algebra. We extend the
Jordan trace tr(−) to a C-linear functional on VC . We further extend the trace
form (−|−) to a C-bilinear form on VC .

The identity component of the structure group Str(VC) of VC is in a natural
way a complexification of the group G and will be denoted by GC . The orbit

Ξ := GC · e ⊆ VC

is an open dense subset of VC and can be identified with the symmetric space
GC/KC , where KC denotes the analytic subgroup of GC with Lie algebra kC . We
have Ω ⊆ Ξ as a totally real submanifold. We also denote by U the analytic
subgroup of GC with Lie algebra k + ip . Then U ⊆ GC is the maximal compact
subgroup of GC corresponding to the Cartan involution g 7→ g−∗ = (g∗)−1 , where
g∗ = g# and g# denotes the transpose with respect to the C-bilinear trace form
(−|−).

Every element z ∈ Ξ can be written as z = ux with u ∈ U and x ∈ Ω.
The formula ∫

Ξ

f(z) dνλ(z) :=

∫
Ω

∫
U

f(ux
1
2 ) du dµλ(x) (3)

defines a one-parameter family of equivariant measures dνλ on Ξ, λ > c(Ω). This
constructs all locally finite GC -equivariant measures on Ξ.

1.4. Bessel operators on Jordan algebras.

Let ∂
∂x

denote the gradient with respect to the inner product (−|−) of V .
If (eα)α is an orthonormal basis of V and x ∈ V is written as x =

∑
α xαeα then

∂f

∂x
=
∑
α

∂f

∂xα
eα.

For λ ∈ C we define a vector-valued second order differential operator Bλ on V
by

Bλ := P

(
∂

∂x

)
x+ λ

∂

∂x
.
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Bλ is called the Bessel operator of parameter λ . In coordinates it be written as

Bλf =
∑
α,β

∂2f

∂xα∂xβ
P (eα, eβ)x+ λ

∑
α

∂f

∂xα
eα,

where we used the polarized quadratic representation

P (x, y) =
1

2
(P (x+ y)− P (x)− P (y)), x, y ∈ V.

Of particular importance in this article is the component of Bλ of the unit element
e :

Bλ := (e|Bλ).

Writing z ∈ VC as z =
∑

α zαeα with zα = xα + iyα we extend Bλ to a
vector-valued holomorphic differential operator on VC by

Bλf =
∑
α,β

∂2f

∂zα∂zβ
P (eα, eβ)z + λ

∑
α

∂f

∂zα
eα,

where we use the Wirtinger derivatives

∂

∂zα
=

1

2

(
∂

∂xα
− i ∂

∂yα

)
.

This also extends the scalar-valued holomorphic differential operator Bλ = (e|Bλ).

Denote by ` the left-regular representation of G or GC on functions on Ω
or Ξ, i.e.

`(g)f(x) = f(g−1x), g ∈ G or GC, x ∈ Ω or Ξ. (4)

Then the Bessel operator Bλ satisfies the following equivariance property:

`(g)Bλ`(g−1) = g#Bλ, g ∈ G or GC, (5)

where g# is the transpose of g with respect to the C-bilinear form (−|−).

1.5. Bessel functions on Jordan algebras.

We briefly recall the construction of Bessel functions on Jordan algebras.
For details we refer the reader to [12, Section 3].

Spherical polynomials

Fix a Jordan frame c1, . . . , cr in V . Denote by Vk the eigenspace of L(c1 +· · ·+ck)
to the eigenvalue 1. Then Vk is a Euclidean Jordan subalgebra of V and the
orthogonal projection onto Vk is given by P (c1 + · · · + ck). Denote by ∆Vk the
Jordan determinant of Vk and define the principal minors

∆k(x) := ∆Vk(P (c1 + · · ·+ ck)x), x ∈ V.
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For m ∈ Nr
0 we say m ≥ 0 if m1 ≥ . . . ≥ mr ≥ 0 and in this case we define the

generalized power function ∆m on V by

∆m(x) := ∆1(x)m1−m2 · · ·∆r−1(x)mr−1−mr∆r(x)mr , x ∈ V.

Then ∆m is a polynomial on V of order |m| = m1 + · · ·+mr . Let dm denote the
dimension of the vectorspace spanned by the polynomials x 7→ ∆m(gx), g ∈ G .

The correponding spherical polynomials are defined by

Φm(x) :=

∫
K

∆m(kx) dk, x ∈ V.

By [5, Corollary XI.3.4] there exists a unique polynomial Φm(z, w) on VC × VC ,
holomorphic in z and antiholomorphic in w , such that

Φm(gz, w) = Φm(z, g∗w), z, w ∈ VC, g ∈ GC,

Φm(x, x) = Φm(x2), x ∈ V.

I - and J -Bessel function

We define the I - and J -Bessel function of parameter λ > c(Ω) by

Iλ(z, w) :=
∑
m≥0

dm

(n
r
)m(λ)m

Φm(z, w),

Jλ(z, w) :=
∑
m≥0

(−1)|m|
dm

(n
r
)m(λ)m

Φm(z, w),

where

(α)m :=
r∏
j=1

(
λ− (j − 1)

d

2

)
mj

denotes the generalized Pochhammer symbol, expressed in terms of the classical
Pochhammer symbols (α)m = α(α + 1) · · · (α + m − 1). For λ > c(Ω) we have
(λ)m 6= 0 and hence all summands are non-singular. Convergence of the series for
z, w ∈ VC is proved in [12, Lemma 3.1]. The functions Iλ(z, w) and Jλ(z, w) are
holomorphic in z and antiholomorphic in w .

Example 1.2. For V = R the one-dimensional Jordan algebra we have for
z, w ∈ C = VC

Iλ(z, w) = Ĩλ−1(2
√
zw), Jλ(z, w) = J̃λ−1(2

√
zw),

where Ĩα(z) = ( z
2
)−αIα(z) and J̃α(z) = ( z

2
)−αJα(z) denote the renormalized I -

and J -Bessel functions on C . Note that Ĩα(z) and J̃α(z) are even entire functions

and hence Ĩα(2
√
z) and J̃α(2

√
z) are entire functions on C .

The following properties of the I - and J -Bessel functions can be found in
[12, Section 3]:
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Proposition 1.3. The I - and J -Bessel functions have the following properties:

1. They are GC -invariant and antisymmetric in the sense that for z, w ∈ VC
and g ∈ GC we have

Iλ(gz, w) = Iλ(z, g∗w), Jλ(gz, w) = Jλ(z, g∗w),

Iλ(z, w) = Iλ(w, z), Jλ(z, w) = Jλ(w, z).

2. For both u(z, w) = Iλ(z, w) and u(z, w) = Jλ(z, w) there exists a constant
C > 0 such that following estimate holds:

|u(z, w)| ≤ C(1 + |z| · |w|)
r(2n−1)

4 e2r
√
|z|·|w|, z, w ∈ VC.

3. They solve the following differential equations

(Bλ)zIλ(z, w) = wIλ(z, w), (Bλ)zJλ(z, w) = −wJλ(z, w).

Remark 1.4. Note that both Iλ(z, w) and J (z, w) are because of Proposi-
tion 1.3 (1) uniquely determined by the functions Iλ(x) := Iλ(x, e) and Jλ(x) :=
Jλ(x, e). The J -Bessel function Jλ(x) has been studied before [3, 6]. Since
both Iλ(x) and Jλ(x) are K -invariant and Ω = K

∑r
i=1 R+ci these functions are

uniquely determined by their values on
∑r

i=1 R+ci . Now K contains all permuta-
tions of {c1, . . . , cr} and hence one can view Iλ(x) and Jλ(x) as symmetric func-
tions of r variables a1, . . . , ar ∈ R+ by (a1, . . . , ar) 7→

∑r
i=1 aici ∈ Ω. Therefore we

can consider the I - and J -Bessel function on Ω as a multivariable generalization
of the classical one-variable I - and J -Bessel function.

K -Bessel function

We define the K -Bessel function of parameter λ > c(Ω) by the convergent integral

Kλ(x) :=

∫
Ω

e− tr(u−1)−(x|u)∆(u)λ−
2n
r du, x ∈ Ω.

The function Kλ(x) is strictly positive on Ω and satisfies the differential equation

BλKλ(x) = eKλ(x), x ∈ Ω.

Example 1.5. For V = R the function Kλ(x) is given by the renormalized

classical K -Bessel function K̃α(z) :=
(
z
2

)−α
Kα(z) (see [7, formula 3.471 (9)]):

Kλ(x) = 2K̃λ−1(2
√
x), x > 0.

Since Kλ(x) is also K -invariant one can by Remark 1.4 interpret it as a
multivariable generalization of the classical one-variable K -Bessel function.

Using the decomposition Ξ = UΩ we define a U -invariant function ωλ on
Ξ by

ωλ(ux) := Kλ
((x

2

)2
)
, z ∈ U, x ∈ Ω.
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Correspondingly the function ωλ(z) satisfies the differential equation

Bλωλ(z) =
z

4
ωλ(z), z ∈ Ξ.

1.6. Segal–Bargmann transform and unitary inversion operator.

The group Aut(TΩ) of holomorphic automorphisms of the tube domain
TΩ := V + iΩ ⊆ VC is a Hermitian Lie group. Its scalar type holomorphic discrete
series can be analytically continued to a family of highest weight representations

of its universal covering group Ãut(TΩ). These are parameterized by the so-
called Wallach set whose continuous part belongs to highest weight representations
realized on L2(Ω, dµλ) for λ > c(Ω). The longest Weyl group element essentially
acts in this realization as the unitary inversion operator Uλ on L2(Ω, dµλ) which
is the unitary involutive isomorphism given by (see [12, Theorem 6.3])

Uλf(x) = 2−rλ
∫

Ω

Jλ(x, y)f(y) dµ(y). (6)

In [9, 12] there was established another realization of the same represen-
tations on a weighted Bergman space on Ξ. Since Ξ is open dense in VC every
holomorphic function on VC is already uniquely determined by its values on Ξ.
We let O(Ξ) be the space of restrictions of holomorphic functions on VC to Ξ.
For F,G ∈ O(Ξ) put

〈F,G〉λ :=
1

23rλΓΩ(n
r
)

∫
Ξ

F (z)G(z)ωλ(z) dνλ(z)

whenever the integral converges. Let Fλ(Ξ) be the space of F ∈ O(Ξ) such that
〈F, F 〉λ <∞ and endow it with the inner product 〈−,−〉λ .

Theorem 1.6 ([12, Theorems 4.15, 5.4 & 5.7]). Fλ(Ξ) is a reproducing kernel
Hilbert space with the following properties:

(a) The reproducing kernel of Fλ(Ξ) is given by Kλ(z, w) = Iλ
(
z
2
, w

2

)
,

(b) The space P(VC) of holomorphic polynomials on VC is dense in Fλ(Ξ).

(c) The Segal–Bargmann transform Bλ : L2(Ω, dµλ)→ Fλ(Ξ) given by

Bλf(z) := e−
1
2

tr(z)

∫
Ω

Iλ(z, x)e− tr(x)f(x) dµλ(x).

is a unitary isomorphism.

There exists a unitary representation of Ãut(TΩ) on the Hilbert space Fλ(Ξ)
which is isomorphic to the unitary highest weight representation on L2(Ω, dµλ). In
fact, the two models L2(Ω, dµλ) and Fλ(Ξ) are related by the Segal–Bargmann
transform in the sense that it intertwines the group actions. We only use the
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intertwining property for the longest Weyl group element which acts on Fλ(Ξ)
essentially as

(−1)∗F (z) := F (−z), F ∈ Fλ(Ξ).

This corresponds to the following intertwining relation (see [12, Proposition 6.6]):

Bλ ◦ Uλ = (−1)∗ ◦ Bλ. (7)

Using this intertwining relation we derive two integral formulas for the I -Bessel
function:

Lemma 1.7. 1. For z ∈ VC we have

2−rλ
∫

Ω

e− tr(ξ)Iλ(z, ξ) dµλ(ξ) = etr(z).

2. For x ∈ Ω and z ∈ VC we have the reproducing identity

2−rλ
∫

Ω

e− tr(ξ)Iλ(z, ξ)Iλ(−x, ξ) dµλ(ξ) = etr(z)−tr(x)Iλ(−z, x).

Proof. 1. Since Iλ(0, z) = 1 this immediately follows from (2) by putting
x = 0.

2. For any ϕ ∈ C∞c (Ω) and z ∈ VC we have

BλUλϕ(z) = e−
1
2

tr(z)

∫
Ω

Iλ(z, x)e− tr(x)Uλϕ(x) dµλ(x)

= 2−rλe−
1
2

tr(z)

∫
Ω

∫
Ω

Iλ(z, x)Jλ(x, y)e− tr(x)ϕ(y) dµλ(y) dµλ(x)

= 2−rλe−
1
2

tr(z)

∫
Ω

∫
Ω

e− tr(x)Iλ(z, x)Iλ(−x, y) dµλ(x)ϕ(y) dµλ(y).

On the other hand, using the intertwining relation (7) we obtain

BλUOϕ(z) = Bλϕ(−z)

= e
1
2

tr(z)

∫
Ω

Iλ(−z, y)e− tr(y)ϕ(y) dµλ(y).

Therefore, the integral kernels have to coincide, which gives

2−rλe−
1
2

tr(z)

∫
Ω

e− tr(x)Iλ(z, x)Iλ(−x, y) dµλ(x) = e
1
2

tr(z)Iλ(−z, y)e− tr(y).

This is the claimed formula.
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2. The heat kernel transform

In this section we investigate the heat equation on Ω corresponding to the second
order differential operator Bλ , find the heat kernel and characterize the image
of the heat kernel transform. We also recover the heat kernel transform via the
restriction principle.

2.1. An elliptic differential operator.

Consider the second order differential operator Bλ on Ω defined in Sec-
tion 1.

Proposition 2.1. 1. Bλ is a K -invariant elliptic second order operator
on Ω.

2. For λ > c(Ω) the operator Bλ extends to a self-adjoint operator on L2(Ω, dµλ).

Proof. 1. K -invariance of Bλ is clear by (5) since K fixes the identity
element e of V . To show ellipticity we identify for x ∈ Ω the cotangent space
T ∗xΩ with V . Then the principal symbol of Bλ at x ∈ Ω in direction ξ ∈ T ∗xΩ is
given by

(P (ξ)x|e) = (x|P (ξ)e) = (x|ξ2) = (L(x)ξ|ξ).

By [5, Proposition III.2.2] the operator L(x) is positive definite since x ∈ Ω and
hence the claim follows.

2. By [1, Theorem 3.4] the operator iBλ appears in the Lie algebra
action of a unitary representation on the Hilbert space L2(Ω, dµλ). Therefore,
iBλ extends to a skew-adjoint operator on L2(Ω, dµλ) which shows the claim.

The spectral decomposition of the operator Bλ can also be written down
explicitly in terms of the J -Bessel functions Jλ(x, y) defined in Section 1. Recall
from Proposition 1.3 that Jλ(−, y) is an eigenfunction of Bλ to the eigenvalue
− tr(y).

Proposition 2.2. 1. The spectrum of Bλ on L2(Ω, dµλ) is purely continu-
ous and given by (−∞, 0].

2. The spectral decomposition of Bλ is given by

f(x) = 2−rλ
∫

Ω

Jλ(x, y)Uλf(y) dµλ(y),

where Uλ is the unitary isomorphism on L2(Ω, dµλ) defined in (6). In
particular Uλ intertwines the differential operator Bλ with the multiplication
operator − tr(x).

Proof. Clearly (1) follows from (2). The statements of (2) can be found in [12,
Section 6].
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Remark 2.3. The Laplace operator ∆ of the Riemannian symmetric space
Ω ∼= G/K is related to the operator Bλ in the following way

∆ = (x|Bλ)−
(
λ− n

r

)
E ,

Bλ = (e|Bλ),

where E =
(
x
∣∣ ∂
∂x

)
is the Euler operator. Therefore, both ∆ and Bλ are polynomial

second-order differential operators on Ω with the important difference that Bλ is
of Euler degree −1 whereas ∆ is of Euler degree 0.

2.2. The heat kernel.

We consider the following initial value problem for the heat equation on
(0,∞)× Ω corresponding to the operator Bλ :

((Bλ)x − ∂t)u(t, x) = 0 on (0,∞)× Ω, (8)

u(0, x) = f(x) on Ω (9)

for some function f on Ω. This initial value problem can be solved using the heat
kernel. For this recall the I -Bessel function Iλ(x, y) defined in Section 1. We
define the heat kernel by

hλ(t, x, y) = (2t)−rλe−
1
t
(tr(x)+tr(y))Iλ

(x
t
,
y

t

)
, t > 0, x, y ∈ Ω.

Note that hλ(t, x, y) > 0 for t > 0 and x, y ∈ Ω.

Proposition 2.4. 1. For each λ > c(Ω) there exists a constant C > 0 such
that

hλ(t, x, y) ≤ Ct−rλ
(

1 +
|x| · |y|
t2

) r(2n−1)
4

e−
1
t
(tr(x)+tr(y)−2r

√
|x|·|y|)

for all t > 0, x, y ∈ Ω.

2. The heat kernel satisfies the following invariance property for t > 0, x, y ∈ Ω
and k ∈ K :

hλ(t, kx, y) = hλ(t, x, k
−1y).

3. The heat kernel is symmetric in x and y :

hλ(t, x, y) = hλ(t, y, x).

4. For t > 0 and x, y ∈ Ω we have

hλ(t, x, y) = 2−2rλ

∫
Ω

e−t·tr(ξ)Iλ(−x, ξ)Iλ(−y, ξ) dµλ(ξ). (10)
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Proof. 1. This follows immediately from Proposition 1.3 (2).

2. Since for k ∈ K we have k∗ = k−1 this is Proposition 1.3 (3).

3. Since the I -Bessel function is symmetric by Proposition 1.3 (1) this is clear.

4. This is immediate with Lemma 1.7.

Proposition 2.5. The heat kernel hλ(t, x, y) has the following properties for
s, t > 0 and x, y ∈ Ω

1. (Normalization) ∫
Ω

hλ(t, x, y) dµλ(y) = 1,

2. (Semigroup) ∫
Ω

hλ(s, x, z)hλ(t, y, z) dµλ(z) = hλ(s+ t, x, y),

3. (Differential equation) For every y ∈ Ω the function hλ(t, x, y) solves the
heat equation (8) on (0,∞)× Ω.

Proof. We have∫
Ω

hλ(t, x, y) dµλ(y) = (2t)−rλe−
1
t

tr(x)

∫
Ω

Iλ
(x
t
,
y

t

)
e−

1
t

tr(y) dµλ(y)

and substituting z = y
t

we obtain

= 2−rλe−
1
t

tr(x)

∫
Ω

Iλ
(x
t
, z
)
e− tr(z) dµλ(z) = 1

by Lemma 1.7 (1).

2. We substitute (10) for the first factor in the integrand. This yields∫
Ω

hλ(s, x, z)hλ(t, y, z) dµλ(z)

= (8t)−rλ
∫

Ω

∫
Ω

e−s tr(ξ)Iλ(−x, ξ)Iλ(−z, ξ)e−
1
t
(tr(y)+tr(z))Iλ

(y
t
,
z

t

)
dµλ(ξ) dµλ(z)

and substituting z = tη gives

= 8−rλ
∫

Ω

(∫
Ω

e− tr(η)Iλ(−η, tξ)Iλ
(y
t
, η
)

dµλ(η)

)
e−

1
t

tr(y)e−s tr(ξ)Iλ(−x, ξ) dµλ(ξ).

Now Lemma 1.7 (2) gives

= 2−2rλ

∫
Ω

e−(s+t) tr(ξ)Iλ(−x, ξ)Iλ(−y, ξ) dµλ(ξ)

= hλ(s+ t, x, y)

by (10) again.

3. This follows from (10) by differentiating under the integral and using Propo-
sition 1.3 (3).
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We also need some observations on the holomorphic extension of the heat
kernel.

Proposition 2.6. The heat kernel hλ(t, x, y) admits a unique extension to a
function hλ(t, z, w) on R+×VC×VC which is holomorphic in z and antiholomor-
phic in w . It further has the following properties for t > 0 and z, w ∈ VC :

1. For each λ > c(Ω) there exists a constant C > 0 such that

hλ(t, z, w) ≤ Ct−rλ
(

1 +
|z| · |w|
t2

) r(2n−1)
4

e−
1
t
(Re tr(z)+Re tr(w)−2r

√
|z|·|w|)

for all t > 0, x, y ∈ Ω,

2. hλ(t, z, w) = hλ(t, w, z),

3. hλ(t, kz, w) = hλ(t, z, k
−1w), k ∈ K .

Proof. Define

hλ(t, z, w) = (2t)−rλe−
1
t
(tr(z)+tr(w))Iλ

(z
t
,
w

t

)
, t > 0, z, w ∈ VC,

then everything follows from the results in Section 1.

2.3. The heat semigroup.

For t > 0 we define the heat kernel transform Hλ(t) on f ∈ C∞c (Ω) by

Hλ(t)f(x) :=

∫
Ω

hλ(t, x, y)f(y) dµλ(y), x ∈ Ω. (11)

Theorem 2.7. For t > 0 and 1 ≤ p ≤ ∞ the integral in (11) converges
absolutely for every f ∈ Lp(Ω, dµλ) and defines a continuous linear operator on
Lp(Ω, dµλ) of operator norm ≤ 1 with the following properties:

1. Hλ(t) is smoothing, i.e. Hλ(t)f ∈ C∞(Ω) for f ∈ Lp(Ω, dµλ),

2. Hλ(s) ◦Hλ(t) = Hλ(s+ t), s, t > 0,

3. Hλ(t) is K -equivariant, i.e. Hλ(t) ◦ `(k) = `(k) ◦Hλ(t) with `(k) as in (4),

4. Hλ(t) is symmetric on L2(Ω, dµλ).

Proof. In view of Proposition 2.5 (1) the proof of Lp -continuity is standard
and we give it for the sake of completeness. First note that for fixed t > 0 and
x ∈ Ω the function hλ(t, x, y) is by Proposition 2.4 (1) contained in Lq(Ω, dµλ) for
any 1 ≤ q ≤ ∞ with Lq -norm depending continuously on x . Hence the integral in
(11) converges absolutely for every f ∈ Lp(Ω, dµλ) and defines a smooth function
Hλ(t)f on Ω. Assume that 1 < p <∞ . To show that Hλ(t)f ∈ Lp(Ω, dµλ) first
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observe that by Hölder’s inequality with 1 < q < ∞ the dual exponent to p , i.e.
1
p

+ 1
q

= 1, we find∫
Ω

|hλ(t, x, y)f(y)| dµλ(y)

=

∫
Ω

hλ(t, x, y)
1
q · hλ(t, x, y)

1
p |f(y)| dµλ(y)

≤
(∫

Ω

hλ(t, x, y) dµλ(y)

) 1
q
(∫

Ω

hλ(t, x, y)|f(y)|p dµλ(y)

) 1
p

=

(∫
Ω

hλ(t, x, y)|f(y)|p dµλ(y)

) 1
p

.

where we have used Proposition 2.5 (1). Then we find, using Fubini’s theorem

‖Hλ(t)f‖pLp(Ω, dµλ) =

∫
Ω

∣∣∣∣∫
Ω

hλ(t, x, y)f(y) dµλ(y)

∣∣∣∣p dµλ(x)

≤
∫

Ω

∫
Ω

hλ(t, x, y)|f(y)|p dµλ(y) dµλ(x)

=

∫
Ω

|f(y)|p dµλ(y) = ‖f‖pLp(Ω,dµλ),

where we have again used Proposition 2.5 (1). This shows that Hλ(t) extends to a
continuous linear operator on Lp(Ω, dµλ) of norm ≤ 1 for 1 < p <∞ . For p = 1
and p =∞ the proof is similar. We now prove the other properties:

1. This was already established above.

2. This is clear in view of Proposition 2.5 (2).

3. This follows from Proposition 2.4 (2) and the K -invariance of the measure
dµλ .

4. This is immediate with Proposition 2.4 (3).

Proposition 2.8. Let f ∈ L2(Ω, dµλ) be of the form f(x) = p(x)e− tr(x) for
some polynomial p ∈ P(Ω). Define a function u(x, t) on Ω× [0,∞) by

u(x, t) :=

{
Hλ(t)f(x) for t > 0,

f(x) for t = 0.

Then u ∈ C∞(Ω× (0,∞))∩C(Ω× [0,∞)) and it solves the heat equation (8) with
initial value (9).

Proof. Recall from Proposition 2.2 the unitary involutive operator Uλ on
L2(Ω, dµλ). From [12, Proposition 6.2 & Theorem 6.3] it follows that Uλf is again
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of the form q(x)e− tr(x) for a polynomial q ∈ P(Ω). Using Proposition 2.4 (4) we
find

u(x, t) =

∫
Ω

hλ(t, x, y)f(y) dµλ(y)

= 2−2rλ

∫
Ω

∫
Ω

e−t tr(z)Jλ(x, z)Jλ(y, z)f(y) dµλ(z) dµλ(y)

= 2−rλ
∫

Ω

e−t tr(z)Jλ(x, z)Uλf(z) dµλ(z).

Since Uλf(x) = q(x)e− tr(x) it follows from the estimate in Proposition 2.4 (1) that
this expression defines a function in C∞(Ω × (0,∞)) ∩ C(Ω × [0,∞)). For t = 0
it gives U2

λf(x) = f(x) since Uλ is involutive. Differentiating under the integral
with Proposition 1.3 (3) finally shows the differential equation.

Theorem 2.9. For t > 0 we have etBλ = Hλ(t).

Proof. By Proposition 2.2 the spectral decomposition of Bλ is for f ∈
P(Ω)e− tr(x) given by the convergent integral

Bλf(x) = 2−2rλ

∫
Ω

∫
Ω

(Bλ)xJλ(x, y)Jλ(y, z)f(z) dµλ(z) dµλ(y)

= −2−2rλ

∫
Ω

∫
Ω

tr(y)Jλ(x, y)Jλ(y, z)f(z) dµλ(z) dµλ(y).

Hence etBλ is the integral operator

etBλf(x) = 2−2rλ

∫
Ω

∫
Ω

e−t tr(y)Jλ(x, y)Jλ(y, z)f(z) dµλ(z) dµλ(y)

=

∫
Ω

hλ(t, x, z)f(z) dµλ(z) = Hλ(t)f(x),

where we have used Proposition 2.4 (4). Since P(Ω)e− tr(x) is dense in L2(Ω, dµλ)
the claim follows.

2.4. The unitary image of the heat kernel transform.

To characterize the image of the heat kernel transform Hλ(t) we first prove
that every function in the image extends to a holomorphic function on Ξ. Recall
that O(Ξ) denotes the space of holomorphic functions on Ξ which extend to
Ξ = VC and endow it with the topology of compact convergence.

Proposition 2.10. Let t > 0. Then for every f ∈ L2(Ω, dµλ) the integral

H̃λ(t)f(z) :=

∫
Ω

hλ(t, z, x)f(x) dµλ(x), z ∈ VC,

converges uniformly on bounded subsets of VC and defines a function H̃λ(t)f ∈
O(Ξ). The map H̃λ(t) : L2(Ω, dµλ)→ O(Ξ) defines a continuous linear operator.
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Proof. By Proposition 2.6 (1) the heat kernel hλ(t, z, x) is for fixed t > 0
and z ∈ VC contained in L2(Ω, dµλ) with L2 -norm depending continuously on z .
Since hλ(t, z, x) is analytic in z the claim follows.

We now determine the image of the heat kernel transform. Let

Fλ,t(Ξ) :=

{
F ∈ O(Ξ) :

∫
Ξ

|F (z)|2e
1
t

tr(x)ωλ

(z
t

)
dνλ(z) <∞

}
, (12)

where z = x+ iy with x, y ∈ V , and endow it with the inner product

〈F,G〉λ,t :=
(2t)−rλ

ΓΩ(n
r
)

∫
Ξ

F (z)G(z)e
1
t

tr(x)ωλ

(z
t

)
dνλ(z). (13)

Theorem 2.11. 1. The space Fλ,t(Ξ) is a Hilbert space with reproducing
kernel

Kλ,t(z, w) = hλ(2t, z, w) =
1

(4t)rλ
e−

1
2t

(tr(z)+tr(w))Iλ
( z

2t
,
w

2t

)
.

2. The space

{p(z)e−
1
2t

tr(z) : p a holomorphic polynomial on VC}

is contained in Fλ,t(Ξ) and forms a dense subspace.

3. The heat kernel transform is a unitary isomorphism

H̃λ(t) : L2(Ω, dµλ)→ Fλ,t(Ξ).

Proof. Recall the Hilbert space Fλ(Ξ) and the Segal–Bargmann transform Bλ

from Section 1. We define a unitary isomorphism Φt : Fλ(Ξ)→ Fλ,t(Ξ) by

ΦtF (z) := (4t)−
1
2
rλe−

1
2t

tr(z)F ( z
t
).

Then statements (1) and (2) follow immediately from Theorem 1.6 (a) and (b).
To see that statement (3) follows from Theorem 1.6 (c) we note that

τtf(x) := t
rλ
2 f(tx)

defines a unitary isomorphism on L2(Ω, dµλ) and then it is easy to see that

H̃λ(t) = Φt ◦ Bλ ◦ τt.

This shows (3) and the proof is complete.

Remark 2.12. For V = R it is shown in [9, Theorem 2.26] that the square
integrability condition on a holomorphic function F on Ξ in (12) implies that F
extends to Ξ = VC . It is not clear whether this holds in general.
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2.5. The restriction principle.

The heat kernel transform H̃λ(t) can also be obtained via the restriction
principle. This gives an alternative proof of its unitarity.

Lemma 2.13. The restriction operator

Rλ,t : D(Rλ,t)→ L2(Ω, dµλ), F 7→ F |Ω,

with domain

D(Rλ,t) = {F ∈ Fλ,t(Ξ) : F |Ω ∈ L2(Ω, dµλ)}

is a closed unbounded operator. It is densely defined, injective and has dense range.

Proof. To show that Rλ,t is closed let (Fn)n ⊆ D(Rλ,t) be a sequence with
Fn → F in Fλ,t(Ξ) as n → ∞ and Rλ,tFn → f in L2(Ω, dµλ). Since point
evaluations in Fλ,t(Ξ) are continuous it follows that in particular Fn(x) → F (x)
for every x ∈ Ω. Hence f = F |Ω ∈ L2(Ω, dµλ).
The domain D(Rλ,t) certainly contains the space

{p(z)e−
1
2t

tr(z) : p a holomorphic polynomial on VC}

which is by Theorem 2.11 (2) dense in Fλ,t(Ξ). Its image under Rλ,t is equal

to P(Ω)e−
1
2t

tr(x) which is dense in L2(Ω, dµλ). Hence Rλ,t is densely defined
and has dense range. Finally injectivity of Rλ,t is clear since Fλ,t(Ξ) consists of
holomorphic functions and Ω ⊆ Ξ is totally real.

We consider the adjoint R∗λ,t : D(R∗λ,t)→ Fλ,t(Ξ).

Proposition 2.14. The operator R∗λ,t is given by

R∗λ,tf(z) =

∫
Ω

hλ(2t, z, x)f(x) dµλ(x) = H̃λ(2t)f(z).

In particular, Rλ,tR∗λ,t is bounded on L2(Ω, dµλ) and agrees with the heat kernel
transform Hλ(2t).

Note that H̃λ(2t) : L2(Ω, dµλ)→ Fλ,2t(Ξ) is an isomorphism and we have

D(R∗λ,t) = {f ∈ L2(Ω, dµλ) : H̃λ(2t)f ∈ Fλ,t(Ξ)}.

Proof. We have R∗λ,tf(x) = 〈R∗λ,tf |Kλ,t(−, z)〉 = 〈f |Rλ,tKλ,t(−, z)〉
=
∫

Ω
f(x)Kλ,t(x, z) dµλ(x) =

∫
Ω
hλ(2t, z, x)f(x) dµλ(x).

Now consider the polar decomposition of the operator R∗λ,t :

R∗λ,t = Uλ,t ◦ |Rλ,t|

with a unitary operator Uλ,t : L2(Ω, dµλ) → Fλ,t(Ξ) and |Rλ,t| =
√
Rλ,tR∗λ,t .

Since Rλ,tR∗λ,t = Hλ(2t) and (Hλ(t))t>0 forms a semigroup the square root is
given by |Rλ,t| = Hλ(t).
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Theorem 2.15.
Uλ,t = H̃λ(t).

Proof. We have

(Uλ,t ◦ |Rλ,t|) f(z) = R∗λ,tf(z) = H̃λ(2t)f(z)

=
(
H̃λ(t) ◦Hλ(t)

)
f(z) =

(
H̃λ(t) ◦ |Rλ,t|

)
f(z)

and hence Uλ,t = H̃λ(t).

3. Example: The positive real line

We illustrate our results at the example Ω = R+ . Here V = R is the one-
dimensional Jordan algebra with complexification VC = C and the complexification
Ξ of Ω is given by Ξ = C× = C \ {0} . The Bessel operator Bλ is given by

Bλ = x
d2

dx2
+ λ

d

dx
,

and L2(Ω, dµλ) = L2(R+, x
λ−1 dx), λ > c(Ω) = 0. The heat kernel takes the form

hλ(t, z, w) = (2t)−λe−
z+w
t Ĩλ−1

(
2

√
zw

t

)
, t > 0, z, w ∈ C.

Hence the heat kernel transform is given by

H̃λ(t)f(z) = (2t)−λe−
z
t

∫ ∞
0

Ĩλ−1

(
2

√
zx

t

)
e−

x
t f(x)xλ−1 dx.

The density ωλ(z) has the form

ωλ(z) = 2K̃λ−1(|z|), z ∈ C×,

and hence the space Fλ,t(Ξ) = Fλ,t(C×) is given by all entire functions F on C
such that

‖F‖2 = 4(2t)−λ
∫

C
|F (z)|2e

x
t K̃λ−1

(
|z|
t

)
|z|2λ−1 dz <∞.

Consider the squaring map π : R \ {0} → R+, y 7→ y2 which is a two-fold
cover of R+ and induces a unitary (up to a scalar) isomorphism

π∗ : L2(R+, x
λ−1 dx)→ L2

even(R, y2λ−1 dy), π∗F (y) = F (y2).

The differential operator on L2
even(R, y2λ−1 dy) corresponding to the Bessel opera-

tor is given by

π∗Bλ(π
∗)−1 =

1

4

(
d2

dy2
+

2λ− 1

y

d

dy

)
.
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For λ = 1
2

this is the usual Laplacian on R and since

Ĩ− 1
2
(z) =

1√
π

cosh z, K̃− 1
2
(z) =

√
π

2
e−z,

the associated heat kernel h 1
2
(t, x, y) and the density ω 1

2
(z) transform into

h 1
2
(t, π(x), π(y)) =

1√
2πt

e−
x2+y2

t cosh

(
2xy

t

)
, t > 0, x, y ∈ R \ {0},

ω 1
2
(π(z)) =

√
πe−|z|

2

, z ∈ C \ {0}.

Note that since ez = cosh(z) + sinh(z) the heat kernel h 1
2
(t, π(x), π(y)) is (up to

scaling) the even part of the classical heat kernel

1√
2πt

e−
(x−y)2

t ,

substituted t with 4t . We therefore recover the corresponding results for the
classical heat kernel transform on even functions on R as a special case of our
theory.
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[1] Aristidou, M., M. Davidson, and G. Ólafsson, Differential recursion relations
for Laguerre functions on symmetric cones, Bull. Sci. Math. 130 (2006), 246–
263.

[2] Clerc, J.-L., Fonctions K de Bessel pour les algèbres de Jordan, in: Harmonic
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