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Abstract.  We give a Lie-algebraic formulation for the interacting geometries
of orthogonal families of coordinate surfaces in 3-dimensional Euclidean- and
Lorentz-orthogonal coordinate systems. A study of the Gauss-Lamé equations
and their variational equations in this setting leads to formulas for constructing
more general 3-dimensional coordinate transformations. To motivate the general
constructions, we begin with special cases of orthogonal coordinate systems in
3-dimensional Lorentz space, built from orthogonal systems in the plane.
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1. Introduction

In real dimensions two and three, there are two essentially different inner prod-
ucts: the positive-definite Euclidean inner product and the indefinite Lorentz in-
ner product. For each of these inner products, a triply orthogonal coordinate
transformation yields three families of coordinate surfaces such that the pairwise
intersections of their tangent spaces are mutually orthogonal at every point of the
system. We use these frames to give a Lie-algebraic formulation for the interplay
among the three orthogonal families of coordinate surfaces in both the Euclidean
and the Lorentzian metrics. The framework is motivated by a study of Fokas
and Gelfand on immersions of (not necessarily orthogonally parameterized) sur-
faces into Lie groups and Lie algebras [4] (see also [1, 2, 5]). We give solutions to
the variational equations of the Gauss-Lamé systems in the Lie algebras so(3) and
so(2,1), and a corresponding formula for constructing (not necessarily orthogonal)
3-dimensional coordinate systems in the Lie algebra; these generalize formulas for
surfaces in [4] to families of coordinate surfaces arising from 3-dimensional co-
ordinate transformations. We begin the paper with special cases of orthogonal
coordinate systems in 3-dimensional Lorentz space, constructed from Euclidean-
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and Lorentz-orthogonal systems in the plane, which we use to motivate the general
Lie-algebraic framework.

In R™, with Euclidean inner product ( ) = Y7  da’ ® da’, a change of
coordinates r : Q C R™ — Q' C R", where

is m-orthogonal if the columns of the Jacobian matrix Dr satisfy

" Oxk Ok
p out oul or i 7]

<7’ui, Tuj> =

In the Lorentz case, a change of coordinates v : Q C R*~ 1t — (/ C R* 1! from

Q with coordinates (u',...,u") and Lorentz inner product
( )= Z?;ll du’ @ du® — du™ @ du",
to Q' with coordinates (z',...,2") and Lorentz inner product

()=(r do' @ dat) — da" @ da”,
is m-orthogonal if

o L 9ak Ok ox™ 0x"
(rus rus) = ( out Oul ) - out Oul

k=1

=0 for i# 7,

(Tyi, Tyi) >0 for i < n, and (ryn,ry») <O0.

For a triply orthogonal Euclidean system r(u',u? u®) = (2!, 2%, 2%), the
metric dI* = Z?Zl(dmi)Q takes the form di? = (ry1, 7)) (dut)? + (rye, ry2) (du®)? +
(rys,mys)(du?)? in the orthogonal coordinates u’. A classic problem in differential
geometry asks for what functions Hy(u’) the diagonal metric

3

i’ = Hp(du*)?

k=1

arises from an orthogonal coordinate transformation r(u',u? u®) = (z!, 22, 23),

so that H? = (rus, 7). The Gauss-Lamé equations, which are the integrability
conditions for the existence of such a coordinate system, and their analog in the
Lorentz setting, are at the core of the Lie-algebraic description of the geometry
of the triply orthogonal families of surfaces in Section 4. This classic problem in
differential geometry has been a major thrust in the work of differential geometers,
particularly in the late 19th and early 20th centuries [3], and it has deep connec-
tions to the theory of integrable partial differential equations. Zakharov applied
the dressing method of integrable systems to this problem [14, 15, 16]. See also [10]
for a review of this method and an extension due to Krichever [8]. The aim of this
paper is not to reproduce these methods for the Lorentz case, but rather to pro-
vide a Lie-algebraic framework for triply orthogonal coordinate transformations in
Lorentz and Euclidean space, and to use this framework to construct more general
3-dimensional coordinate tranformations via the Gauss-Lamé equations. We use
explicit constructions of Lorentz-orthogonal coordinate systems to motivate and
illustrate the results. Our main theorems, in Section 5, generalize the framework
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of Fokas, et. al. for surfaces in Lie groups and Lie algebras to families of surfaces
arising from 3-dimensional curvilinear (and not necessarily orthogonal) coordinate
systems in R?! and in R3.

After giving special cases of Lorentz-orthogonal systems in Section 2, Sec-
tion 3 gives the Lie-algebraic formulation that we use in Section 4 to study the
geometry of the orthogonal families of coordinate surfaces via the Gauss-Lamé
equations, in both the Euclidean and Lorentzian metrics. We follow this, in Sec-
tion 5, with a treatment of the variational equations to the Gauss-Lamé systems,
and more general formulas for constructing 3-dimensional coordinate transforma-
tions.

2. Triply orthogonal systems in R® and R?! — special cases

2.1. Constructions from orthogonal systems in the plane.

The six constructions that follow generate triply orthogonal systems in R3
and R?!, starting with orthogonal systems in R? or RY'. We will use them in
motivating and illustrating the general results in Sections 3, 4, and 5. In the
Lorentz case, let a : Q — Q' which we write as a(s,t) = (f(s,t),9(s,t)), be a
change of coordinates from a domain Q C R*! with Lorentz metric ds? — dt?, onto
a region ' C R with Lorentz metric df? — dg?. « is Lorentz orthogonal if the
vector fields o = (fs, gs) and ay = (f;, g¢) satisfy

fsft — gsgt = 07 (1)
f2—¢2>0, and f7—g} <O0. (2)

S
Of special interest are Lorentz-orthogonal transformations « for which a~! is also
Lorentz orthogonal. We study the geometry of such mappings extensively in [13].
This situation occurs when f and ¢ satisfy the wave equation: f, = f;; and
Jss = Gu; in particular, it occurs when f; = ¢, and f; = g,. The constructions
that follow may be specialized to this situation.

For triply orthogonal coordinate transformations in R?® or in R*!, we use
coordinates (u,v,w) on the domain, with metric du®+ dv?+ dw? in the Euclidean
case and du® + dv* — dw? in the Lorentz case. On the image, the metric is
dx?® + dy? +dz? in the Euclidean case and dx? + dy? — dz? in the Lorentz case. For
completeness, we first record the standard Euclidean constructions of translation
and rotation.

Construction 1 (Translation of R?). Let a : Q@ C R? - Q' C R? be a
Euclidean-orthogonal system, where «(s,t) = (f(s,t),g(s,t)). Then the mapping

r(u,v,w) = (u, f(v, w), g(v,w))
defines a triply orthogonal Euclidean system r : R x Q@ — R x .
Construction 2 (Rotation of R?).  Let a(s,t) = (f(s,t), g(s,t)) be a Euclidean-

orthogonal system, restricted to the region € of the (s,t)-plane where f(s,t) > 0.
Then the mapping

r(u,v,w) = (f(v,w)sinu, f(v,w)cosu, g(v,w)),
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with (u,v,w) € (0,27) x Q, defines a triply orthogonal Euclidean system on its
image in R3.

Constructions 3 and 4 create triply orthogonal Lorentz systems in R*! by
translation and rotation of Lorentz-orthogonal systems in R!.

Construction 3 (Translation of RM).  Tet a: Q C RM — Q' C RY be a
Lorentz-orthogonal system, where a(s,t) = (f(s,t),g(s,t)). Then the translation

T(U,U,’w) = (ua f(v,w),g(v, w)) = (l‘, Y, Z)

defines a triply orthogonal Lorentz system 7 : R x Q C R>! =+ R x O/ C R>!,
This mapping takes the coordinate lines of the Lorentzian (v,w)-plane into the
Lorentz-orthogonal system (f(v,w),g(v,w)) in the (y, z)-plane.

Construction 4 (Rotation of RM).  Let a(s,t) = (f(s,t),g(s,t)) be a Lorentz-
orthogonal system, restricted to the region € of the (s,¢)-plane where f(s,t) > 0.
Then the mapping

r(u,v,w) = (f(v,w)sinu, f(v,w)cosu, g(v,w)) = (x,y, 2)

with (u,v,w) € (0,27) x {2 defines a triply orthogonal Lorentz system on its image
in R?!. This mapping takes the coordinate lines of the Lorentzian (v,w)-plane
into the Lorentz-orthogonal system (f(v,w), g(v,w)) in the (y, z) plane.

Constructions 5 and 6 apply “hyperbolic rotations” to create triply orthog-
onal systems in R*! from orthogonal systems in R? and RM!.

Construction 5 (Hyperbolic rotation of R?).  Let a(s,t) = (f(s,t),g(s,t)) be
a Euclidean-orthogonal system. Then the mapping

r(u, v, w) = (f(u,v) coshw, g(u,v), f(u,v)sinhw) = (z,y, 2)

defines a triply orthogonal Lorentz system. Its image lies in the region |z| > |z
of R*»!. This mapping sends the coordinate lines of the Euclidean (u,v)-plane
into the Euclidean-orthogonal system (f(u,v),g(u,v)) in the (z,y)-plane. The
surfaces with w constant are planes that contain the y-axis.

Construction 6 (Hyperbolic rotation of RM).  Let a(s,t) = (f(s,t),9(s,t))
be a Lorentz-orthogonal system. Then the mapping

r(u,v,w) = (f(w,v)sinhu, g(w,v), f(w,v) coshu) = (x,y, 2)

defines a triply orthogonal Lorentz system. Its image lies in the region |z| < |z| of
R*!. This mapping sends the coordinate lines of the Lorentzian (v,w)-plane into
the Lorentz-orthogonal system (g(w,v), f(w,v)) in the (y, z)-plane. The surfaces
with u constant are planes that contain the y-axis.
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2.2. Illustrations of triply orthogonal Lorentz systems.

Figure 1: (a) Constant s and ¢ coordinate lines of the systems of hyperbolas and
lines in Ex. 1. (b) Hyperboloids of one sheet, cones, and planes outside the null
cone in R?!, from Const. 4 in Part (a) of Ex. 2. (c) Hyperboloids of one sheet,
elliptical cones, and planes in the region |z| > |z| of R*! | from Const. 5 in Ex. 3.
(d) Hyperboloids of two sheets, elliptical cones, and planes (only one sheet of each
hyperboloid is shown), from Const. 6 in Ex. 5.

Example 1 (Complementary systems of hyperbolas and lines). A convenient
example in the plane is the Lorentz-orthogonal analog of Euclidean-orthogonal po-
lar coordinates. This consists in a pair of Lorentz-orthogonal systems of hyperbolas
and lines in R%!, one outside the null cone and the other inside.

(a) a(s,t) = (f(s,t),g(s,t)) = (scosht,ssinht) maps the complement of
the t-axis onto the outside of the null cone in RY!, where |f| > |g].

(b) B(s,t) = (f(s,t),g(s,t)) = (tsinhs,tcoshs) maps the complement of
the s-axis onto the inside of the null cone in R where |f| < |g|. (We note that
for both of these transformations, the inverse is not Lorentz-orthogonal.) The two
systems are depicted in Figure 1(a).

Example 2 (Hyperboloids, cones, and planes).  Rotate the systems of hyper-
bolas and lines in Example 1, using Construction 4, to create triply orthogonal
Lorentz systems in R?!, one outside the null cone, and the other inside.
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(a) Apply Construction 4 to a(s,t) = (f(s,t),9(s,t)) = (scosht, ssinht).
This yields the triply orthogonal Lorentz system

(z,y,2) = r(u,v,w) = (vcoshw sin u, v cosh w cos u, v sinh w),

where (u,v,w) € (0,27) x (RM \ w — axis). Since 2? + y? — 22 = v? > 0, the
coordinate surfaces of 7 lie outside of the null cone in R*!. The surfaces are
hyperboloids of one sheet (v constant), cones (w constant), and wedges of planes
outside the null cone (u constant); these surfaces are illustrated in Figure 1(b).

(b) Apply Construction 4 to 8(s,t) = (f(s,t),g(s,t)) = (tsinhs,tcoshs).
This yields the triply orthogonal Lorentz system

r(u, v, w) = (wsinh v sin u, w sinh v cos u, w cosh v),

where (u,v,w) € (0,27) x (RM \ v — axis). Since z? 4+ y* — 2% = v? < 0,
the coordinate surfaces of r lie inside the null cone in R*»!'. The surfaces are
hyperboloids of two sheets (w constant), cones (v constant), and wedges of planes
inside the null cone (u constant).

Example 3 (Hyperbolically rotated polar coordinates).  Apply Construction 5
to the Euclidean polar system «a(s,t) = (scost,ssint). This yields the triply
orthogonal Lorentz system

(z,y,2) = r(u,v,w) = (ucosvcoshw, usinv, ucosvsinhw),

whose coordinate surfaces lie in the region |x| > |z| of R*!. These surfaces are
hyperboloids of one sheet (u constant), elliptical cones (v constant), and planes
containing the y-axis (w constant). They are shown in Figure 1(c).

Example 4 (Hyperbolically rotated ellipses and hyperbolas).  Appying Con-
struction 5 to the Euclidean system «(s,t) = (coshssint,sinh scost) of ellipses
and hyperbolas yields the triply orthogonal Lorentz system

r(u, v, w) = (cosh usin v cosh w, sinh u cos v, cosh u sin v sinh w),

whose image lies in the region |z| > |z| of R*»'. Tts coordinate surfaces are
hyperboloids of one sheet with elliptical cross-sections (u constant), hyperboloids
of two sheets with elliptical cross-sections (v constant), and planes containing the
y-axis (w constant).

Example 5 (Hyperbolically rotated hyperbolas and lines). ~ Apply Construction
6 to the Lorentz orthogonal system (scosht, ssinht) from Part (a) of Example 1.
This yields the triply orthogonal Lorentz system

r(u, v, w) = (w cosh v sinh u, w sinh v, w cosh v cosh u),

whose coordinate surfaces lie in the region |z| < |z| of R*'. The surfaces,
illustrated in Figure 1(d) on a restricted domain, are elliptical cones (v constant),
hyperboloids of two sheets (w constant), and planes (u constant).
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3. Lie-algebraic formulation

3.1. Orthonormal frames.
A coordinate transformation

r(u, v, w) = (z(u,v,w), y(u, v, w), z(u, v, w))

defines a triply orthogonal system in R*! (respectively R?®) if and only if the
rows of the transposed Jacobian matrix (Dr)? of r are orthogonal in the Lorentz
(respectively Euclidean) inner product. In this case, the rows of (Dr)T are an
orthogonal basis of R*»! (respectively R?) at every point of the triply orthogonal
system.

To obtain a positively-oriented orthonormal frame at each point of the
orthogonal system, one may scale the rows of (Dr)? by a diagonal matrix A =
A(u,v,w) on the left so that in the Euclidean setting,

A(Dr)" = ® € SO(3),
and in the Lorentzian setting,
A(Dr)" = ® € SO(2,1).

In both cases, each entry of A is unique up to sign.
For @ € SO(3), the matrices

R=%,o7! S=¢,07' and T =,0! (3)
belong to the Lie algebra
so(3) ={aly+bLy + cLs : a,b,c € R},

which we write in terms of the following orthonormal basis of so(3):

00 0 00 -1 0 -1 0
Li=l 00 =1, ZLo=(00 0 |, Is=[1 0 o0 (4)
01 O 10 0 0 0 O
For & € SO(2,1), R, S, and T in (3) belong to the Lie algebra
so(2,1) = {aL} + bLy + cLy : a,b,c € R},
written in terms of the following orthonormal basis of so(2,1):
000 0 01 0 -1 0
=|loo1]|, b=looo|, =1 0 o (5)
010 1 00 0 0 0

This follows from the standard fact that if ®(u,v): Q C R? — G is a map into a
Lie group G with Lie algebra g, then ®,® ! (u,v) € g for all (u,v).
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3.2. Specialization to the six constructions.

In Examples 6 through 11, we give the matrices ®, and R, S,T in (3), for
the triply orthogonal Euclidean and Lorentz systems in Constructions 1 through
6. The dependence of the triple R,S,T in these examples yields an interesting
property of the coordinate transformations in Theorem 5.2 of Section 5, which
we note in closing. To avoid confusion when different variables are used in place
of s and t in the planar systems a(s,t) = (f(s,t),g(s,t)), we henceforth use
subscripts 1 and 2 in place of s and ¢ to denote partial derivatives with respect to
the first and second variables, respectively. Thus, we write a; = (f1, g1) instead
of as = (fs,9s) and as = (fo, g2) instead of ay = (f;, g¢)-

The four functions listed below appear in Examples 6 through 11; we give
them special notation to simplify the examples. In the functions hg; and hgs,
(f,g) is a Euclidean-orthogonal system in R?. Each of these functions has two
expressions in terms of partial derivatives of f and g:

(f192 - f291)(f1911 - g1f11) _ (flgz - f2g1)(f2912 - 92f12)

B = — — _
. (ff + g2)32(f5 + g3)'/? (ff + gD)2(f5 + g3)3/2

(f192 - f291)(f1912 - 91f12) (f192 - f291)(f2922 - g2f22)'

hpy = — —
" (fE + 902 (f3 + 93)'? (ff +90) 2 (S5 + 93)*

To verify that the two expressions are the same in each case, we use the orthog-
onality condition fifs + g192 = 0 and the equations obtained by taking the first
and second partial derivatives of this condition.

In the functions hp; and hro, (f,g) is a Lorentz-orthogonal system in
RY1. Each of these functions has two expressions, which are the same by the
orthogonality condition (1), and the differences of squares that appear in the
denominators are positive because of (2).

(flgz - f291)(f1911 - 91f11) (f192 - fzgl)(f2912 - 92f12)

hri = —
T ) - B (ff = g)'?(g5 — f3)*?

hro — (f192 = f291)(f1g12 — g1 f12) _ (f192 — f291)(fog22 — g2f22)
L2 = =

(ff = g0)*?(g5 — f3)'/? (ff = g))'?(g3 — f3)*°

If we begin with a Lorentz-orthogonal system ( f, g) with Lorentz-orthogonal
inverse, as constructed in [13], where f; = g2 and fo = g1, then hy; and hro spe-

cialize to
hp, = fifiz = fafun and  fyy = Jifa2 — faf12
fi= 15 -1

Example 6 (Translation of R?).  Consider the triply orthogonal Euclidean
system

r(u,v,w) = (U, f(v,w),g(v, w)),
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obtained from a 2-dimensional Euclidean system (f,g) as in Construction 1. For
this system, ® € SO(3) and R,S,T € so(3) are as follows. All functions are
evaluated at (v, w), and S,T are multiples of L; in (4).

1 0 0
0 g1
o= \/f12+gf \/f12+9% , R:(O), S = hEth T = hEZLl-

f2 92
VI3+93 3443

_The lower right 2 x 2 blocks of S and T" are the matrices S = oot
and T = ®;®7' in so(2), where ® € SO(2) is the normalized 2 x 2 transposed
Jacobian of «f(s,1).

Example 7 (Rotation of R?).  Consider the triply orthogonal Euclidean system
r(u,v,w) = (f(v,w)sinu, f(v,w)cosu, g(v,w)),

obtained by rotating a 2-dimensional Euclidean system (f,g) as in Construction
2. For this system, ® € SO(3) and R,S,T € so(3) are as follows. All functions
are evaluated at (v,w), and R, S,T are in terms of the basis {L;} of so(3) in (4).

COS U —sinu 0
L_siny —L— cosu —L—
q): vV f1 +971 V fl +91 V fl +97 )
f2 : f2 92
sinu cosu —F2—
13+3 fi+as fatos
R: L L _|_ L L37 S:hElLla T:hEQLl-

NG e Y T

Example 8 (Translation of RY).  Consider the triply orthogonal Lorentz sys-
tem

r(u, v, w) = (u, f(v,w), g(v,w)),
obtained by translating a 2-dimensional Lorentz system (f,g) as in Construction
3. The Lorentz-orthogonal frame ®, and the matrices R,S,T € so(2,1) are as

follows, where all functions are evaluated at (v,w) and S,T are multiples of the
basis element L} of so(2,1) in (5).

1 0 0

0 fi g1
o = Vi Vi-# | €S0(2,1), R=(0), S=hpL,, T=hylL,
fo g2
VB3 B2

) _The lower right 2 x 2 blocks of S and T are the matrices S=&,0! and
T = &9 ! in so(1,1), where ® € SO(1,1) is the normalized 2 X 2 transposed
Jacobian of «(s,1).
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Example 9 (Rotation of R"!).  Consider the triply orthogonal Lorentz system
(v, w) = (f(v,w) sinw, f(v,w) cosu, g(v, ),

obtained by rotating a 2-dimensional Lorentz system (f,g) as in Construction 4.
For this system, ® € SO(2,1) and R € so(2,1) are as follows:

Ccos U —sinu 0
fl 3 fl g1
sinu cos U
Q= | /-4t ViI-gt Vit-gt |, R:% L’ﬁ—% L.
\/gz_fz \/fl_gl

f2 ; f2
sinu cosu
Vs 13 Vo513 95— 13
S and T are the same as in Example (8), the L. are as in (5), and all partial
derivatives of f and ¢ are evaluated at (v,w).

Example 10 (Hyperbolic rotation of R?).  Consider the triply orthogonal Lorentz
system

r(u,v,w) = (f (u, v) coshw, g(u, v), f(u,v) sinhw),
obtained from a 2-dimensional Euclidean system (f,¢g) as in Construction 5. For
this system,

f1 g1 f :
cosh w sinh w
f2+g? VI+a e}
b = —f2 coshw g2 f2_ginhw
2402 NG NI ’
sinh w 0 coshw

f2 / fl /
R=hgplL,, S=hgl, T=—ee L/ + ——— L.
’ ’ N e R T

All partial derivatives of f and g are evaluated at (u,v).

Example 11 (Hyperbolic rotation of R“!).  Consider the triply orthogonal
Lorentz system

r(u,v,w) = (f(w,v)sinhu, g(w,v), f(w,v) coshu),

obtained from a 2-dimensional Lorentz system (f,g) as in Construction 6. For

this system,

coshu 0 sinh u
f2 : g2 f2
sinh u coshu
o = 212 VB2 \B-13 ;
fi : g1 f1
sinh u coshu
fi—g3 VIi-3 g

R - Lg, S - hLQL/l, T - hLlLll.

_h
ViE-¢ 7 ViE-R

All partial derivatives of f and g are evaluated at (w,v).
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4. Geometry of the triply orthogonal families of surfaces

4.1. Euclidean case.

For a triply orthogonal coordinate transformation r(ul, u?, u3) = (21, 2%, 13)
in Euclidean R?® with inner product ( , ) = dr' @ dz' + d2? @ dz? + da® @ dz?, the
metric tensor di* = (dv')? + (dz?)? + (dz®)* has the form dI* = (r,1,7,1)(du')® +
(ryz, r2)(du?)?* 4+ (rys, ) (du®)? in the coordinates u'. A classic problem in
differential geometry asks for what functions Hy(u') the diagonal metric

3

di’ = Hp(du")” (6)

k=1
arises from an orthogonal coordinate transformation r(u',u? u®) = (2!, 22, 23),
so that H? = (ry,r,). The integrability condition for the existence of such

a coordinate transformation is that the Riemann curvature tensor be identically
zero. In terms of the quantities

1 o0H;
== F], 7
(the so-called rotation coefficients [15]), the zero curvature condition R = 0
yields the Gauss-Lamé equations
% = Q2331 % = Q13Ws2 % = Q12Q23
—85%31 = 3202 —8(%312 = @Q31Q12 —85%3 = Q21Q13

83%233 83%52 + Q21031 =0 83%3 + 3u1l + Q12032 = 0 aa%zQ—F 9214 ()13Q23=0.
(8)

If the @;; are known, the Lamé coefficients H; may be found as solutions of
the system (7). One may then find r by solving the following system of equations,
where the F;-k are the Christoffel symbols of the metric, expressed in terms of the

H; [6, 16]:

0%’ Ox' ox’ %’ L 0T
o~ Tager T g Fugw = 2o Viger

Two different solutions H, and Hj with the same Qi; are said to be Combescure
equivalent ([15]). In particular, Hy and —Hj are Combescure equivalent, where
the ambiguity in sign comes from the two choices in square root in normalizing the
rows of (Dr)T to obtain the orthogonal matrix of frames, A(Dr)T = ® € SO(3).

Regarding each of the three coordinates u/ in turn as a constant parameter
u? = ¢ in the transformation (x!, 22 23) = r(u',u? u3), we obtain three families
of surfaces, triply orthogonal to each other. Two surfaces from different families,
defined by u' = ¢ and w’ = ¢/ with i # j, intersect along a (coordinate) line of
principal curvature [7].
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The fundamental forms I; and I1I; of the surfaces cut out by fixed values
of u' have the following form, where k;; is the (principal) curvature of the ith
surface in the w’-direction:

Il = p%(duQ)Z + q%(dlbs)Q III = p%k’lg(d'LLQ)Q + q%k13(du3)2
[2 = p%(du3)2 -+ qg(dll,l)Q I[Q = p%k:gg(dug)g -+ q%kzl(dul)Q (9)
Iy = p3(du')? + g3(du®)? 1Ty = pikai(du')? + g3k (du®)?.

The coefficients of the first fundamental form are the corresponding coefficients
H? in (6). We take the signs of p; and ¢; so that

p3=q=—H,, pi=qg=—Hy, pr=q =—Hs. (10)
Setting
Ay = pikia Ay = pokas As = p3ks;
By = qikis By = qkar  Bs = q3kso,

the second fundamental forms appear as

1Ty = pyAy(du?)? 4 1 By (du®)?
I, = pzAz(dU3)2 + Q2B2(dul)2
I[g = pgAg(dU1)2 + Q3Bg(du2)2.

In terms of r and the H;, the coefficients of the second fundamental forms are

plAl = HL1<7“u2u277’u1> @B = H <ru3u3 Tyl >
p2A2 - HL2<Tu3u37Tu2> CI2B2 - s <ru Tyl Tu2> (]_1)
p3A3 = HL3<Tu1u17Tu3> Q3B3 = HL3<Tu2u27 ru3>-

The coefficients of the quadratic forms I and II satisfy the Gauss-Codazzi
compatibility equations, which are identical to the Gauss-Lamé equations (8). In
terms of new variables «; and (; defined as

10 10

061:Q23=q—13—f£ ﬁlZQszzp—la—gé
10 10

Qg = Q31 = % 352 B2 = Q13 = P2 83%
) 9

az = Q2 = q13 353 Pz =Qu = 1,13 33317

the Gauss-Codazzi equations read as follows, where the three equations in the ith
column are expressed only in terms of the geometry of the ith family of surfaces,
as indicated by the subscript 7:

% — alBl =0 % — OéQBQ =0 %323 OZ3B3 =0
981 — B1A; =0 98 — By Ay =0 95, /33143 =0
B9y L ABi =0 2B+2%24 A4B=0 98+2%%+ A3B;=0.
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These equations are the compatibility conditions

Tw— S +1[T,5]=0, Rs—Tn+[R,T]| =0, Sys — Rp2+[S,R]| =0

for the system of equations

where

O = RO, =S, &p=T3,

and R, S, T € so(3).
Differentiating the orthogonality conditions (r,:,r,) = 0 for i # j and

(ryi, i) = H? yields the identities

<7“uz'uk, Tuj> =

OH,;
" oud

<Tuiuk7ruj> = 0, i,j, k distinct.

L7"u1

H,

e | €S0(3)

1

H_3 Tu3

—<7“ujuk,’l"ui>, 7 7&‘]

= <ruiuja rui> = _<ruiuia Tuj>7 { 7é]

From these identities, together with (7) and (11), we find that

Q12 =3 = By
Q21 :53 = A

Q23 = a1 = B3
Q32 = P1 = Ay

Q31 = = By
Q13 = B2 = As,

409

(12)

(13)

so that R, S, and T" may be expressed in terms of the );; or in terms of the
geometry of a single family of surfaces, where the subscript ¢ indicates the family
with u’ constant:

R:

0 —Qi2 —Q13
Q12 0 0
Qs 0 0

0 Qu 0
—Q21 0 —Qo3
0 @23 O

0 0 Qxn
0 0 @3
—Q31 —Q32 0

0 —Q3 —Ag
(0% 0 0
A; 0 O

0 A O
—Al 0 —
0 aq 0

0 0 (0]
0 0 A
— 0Oy _A2 0

In terms of the basis (4) of so(3),

R
S
T

Q237
= —Q3li — Q3L

+ Q3L
+  0Ls

0 —By —f
By 0 0
Bz 0 0
0 B3 0
—B3 0 —DBs
0 Bs 0O

0 0 B

0 0 B
—By = 0

+ Q2Ls3
Q21L3
0Ls

(14)
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Construction 7 (Euclidean systems from Euler angle coordinates on SO(3)).
Using the geometric framework laid out above, we may construct triply orthogo-
nal Euclidean coordinate transformations r by the following five-step procedure
developed by Bonnet and studied more extensively by Darboux [3]:

1. Choose an immersion ®(u',u? u3) :  C R* — SO(3). We may write
this in terms of Euler angle coordinates as ® =

cos¢pcosf) —cosypsinf +sinysingpcosf  sinysinb 4 cosp sin ¢ cos
cos¢sinf  cosicosf +sinysingsing  —sintcosf + cosysingsinf |,
— sin ¢ sin v cos ¢ cos Y cos ¢

where 6,4, and ¢ are functions of the wu’.
2. Form the matrices R = &, 97, S =3, !, and T = $,sP!.

3. Ensure that R, S, and T have the form of Equations (14), in which each
is a linear combination of only two of the L;, by imposing the following conditions

on &:
Y1 cos g cos — p,18infh =0,

g2 coS ¢ sin @ + ¢,2 cosd = 0, (15)
Yyssing — O3 = 0.
4. Solve Equations (7) for Hy, Hy, and Hj.

5. Take @ satisfying Step 3, and express it as in (13). Use this expression
and the H; from Step 4 to solve for r.

Bonnet derived a single third-order equation equivalent to the system (15),
and Darboux [3] introduced a change of variables leading to the compatibility
equation

Walu2ud = Wyl Wy23 COL W — Wy2w,1,3 tan w,
for (15). This third-order equation also arises as a specialization of a (241)-

dimensional sine-Gordon equation discovered by Konopelchenko and Rogers [9].

Example 12 (Application of Construction 7 — Fresnel functions).  Denote the
coordinates on R? as (u,v,w). To satisfy Step 3 of Construction 7, take

o= ¢(u,w), ¥ =1(v), and 6 =0.
The equations for the H; are then

G =0 G = 0wt G2 = ($ysing)H,
O — —¢,Hs % =0 f’Hz = (¢, cos ¢) H

Solving for H; and Hj with ¢(u,w) = L(u? + w?) gives
Hi(u,w) = cos(uw) and Hz(u,w) = sin(uw).
We then find H; in terms of the Fresnel function FresnelS(z) = [ sin(5¢%)dt, as

—w

Jr

- ) + FresnelS( “

Hy(u,v,w) = w”? [FresnelS(u:/LE )]
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Solving for r in Step 5 of Construction 7 yields the following triply orthogonal
system in terms of FresnelS and FresnelC(z) = [ cos(3t?)dt :

—w

) + FresnelC( 7

r(u, v, w) = \g_ <FresnelC( ),

_l’_
N

smw[FresnelS( ﬁ )+FresnelS( :)], Ccos ¢[FresnelS(T)+FresnelS( ;U)])

4.2. Lorentz case.
We now consider triply orthogonal families of surfaces in Lorentz space R*!
with inner product ( , ) = da! ® dz' + dz* ® d2* — dz® @ dz3. For a Lorentz-

orthogonal coordinate transformation (z!, 2% 23) = r(u', u?, u3), we have

(rur, 1) >0, (ry2,ry2) >0, and (rys,r.s) <O0.

In the coordinates u’, the metric di* = (dz')? + (dz?)? — (dz*)? has the form

di? = (ry,ra)(dut)? + (ree, 702) (du?)? + (rys, mus) (du’)? (16)
=  H?(du')? + H3(du*)? — H2(du?)?,
where the H,; are chosen such that
HY = (ry1,m1), H3 = (ry,re), and H: = —(rys,7,3). (17)
As in the Euclidean case, we define the quantities
e (18)

Differentiating the orthogonality conditions and the expressions for the H? yields
the identities

<ruiuk:, ruj> - — <Tujuk7 rui>7 Z 7£ ]
OH, of,
HZ% - <Tuiuj77nui>7 Z - ]-7 2; 3 au-73 = <Tu3uj7 Tu3> (19)

(Tyiuk,Tui) = 0, 1,7,k distinct.

The fundamental forms I; and II; of the surfaces determined by fixed values
of u® have the diagonal form

Ii = < Tyi, T >(du ) < ukvru’“>(duk)27

1 , 1
[[’L = E<rujujyrui>(du])2 + E<Tukuk, Tui>(duk)2,

where j, k # i. As in the Euclidean case, we write

p3=q=—Hy, pr=q3=—Hy, p2=q =—H;,
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and ) .
= Q3 = q_a% B1= Q3 = I,—a%
Opa dqo
= Q31 = qi% Bo = Q13 = piﬁ
= Q12 = qlgi B3 = Qo1 = Lgi-
Defining the variables A;, B; through the relations
plAl = HL1<ru2u2>Tu1>> pQAQ = _HL2<Tu3u3a ru2>a p3A3
Q1Bl = _HL1<7’u3u37 Tu1>7 Q2B2 <Tu Tyly Tu2> (J3B3

the fundamental forms I, and II; read
I = pi(du?)® — g7 (du’)?
I = =p3(du’)* + g5 (du')®  TI, =
13 = pg(du1)2 + qg(du2)2 [Ig =

I, = plAl(du2)2 —q

The triply orthogonal Lorentz frame of r is

E?“m

®=| zree | €50(2,1).

H_3 Tu3

L
Hj
€
Hs

1Bl (du3)2

—p2As(du®)? + g2 Bo(du')?
psAs(dut)? + g3 Bs(du?)?.

<Tu1u1 y T'y3 >7

<Tu2u2 Tu3 >

(20)

(21)

Using the identities (19), we obtain R = &, ®7!, § = &0 and T = &30 !

as
0 —Q12 Q13 0 —a3 Az 0 =By B3,
R= Q12 0 0 = Q3 0 0 = BQ 0 0
Qi 0 0 A3 0 0 By 0 0
O Q21 0 O Al O O /83 0
S = Q21 0 Qs = A1 0 o = —p3 0 Bs
0 Q23 0 0 a1 0 0 B3 0
0 0 —le 0 0 —Ql9 0 0 —Bl
T= 0 0 —Q3 | = 0 0 —A | = 0 0 —p
—Q31—Q32 0 —ay—Ay 0 —Bi =31 0
In terms of the orthonormal basis (5) of so(2,1), these are
R = 0L} + QusLy, + Q2L
S = Quly + 0L QL
T - —Q32L,1 leL/Q + OLg
The compatibility conditions
T, — Sy + [T, S] =0, Rps—T, + [R, T] =0, Sg— R, + [S, R} =0

for the system of equations

D= RD, =S, &p=T3,

(22)

(23)
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are for this case,

P 9 P

8 — —(Qy3Q3 82 — —(Q13Q3 28— Q12Qos

P o P

2 = Q32Qn 98— —(Q31Q1 28— Q51 Qrs

aa?f’ + a(%? + Q21031 =0 %%? + % + Q12Q32 =0 B£§2+83%11 +Q13GQ23=0.

(24)

Construction 8 (Lorentz systems from angle coordinates on SO(2,1)).  This
construction of Lorentz orthogonal systems is parallel to Construction 7.

1. Choose an immersion ®(u',u? u?) : Q@ C R* — SO(2,1), where ® is a
product of matrices, in any chosen order, from the following three subgroups of

SO(2,1):

cosf sinf 0 cosh¢ 0 sinh¢
Py=| —sinf cosf® 0 | €SO(2), Py,= 0o 1 0 € SO(1,1),
0 0 1 sinh¢ 0 cosho
Lo 7
Po=| -7 =% 5 |eBQ),

—y -2 142
and 6, ¢, and v are functions of the u’.
2. Form the matrices R = &, 971, S =3, ! and T = $,sP!.
3. Impose conditions on the functions 6, ¢, and v so that R, .S, and T have

the form of Equations (22), where each is a linear combination of only two of the
L}. If we choose in Step 1 the immersion ®(u',u?, u*) = P,PpP,, then these read

Yt cosh @ sin + (v + 0),1 sinh ¢ = 0,
Y3 sinh @ sin @ + (y + 0) 3 cosh ¢ = 0, (25)
Guz — Yy2 cos = 0.

4. Choose ¢ to satisfy the conditions of Step 3.

5. Solve Equations (18) for Hy, Hy, and Hj.

6. Take ® as in Step 3, and express it as in (21). Use this expression, and
the H; from Step 5, to solve for r.

Construction 9 (Schief’s construction of Lorentz orthogonal frames).  Take
® € SO(3) for which R and S have the form in (14). Schief, in [12, p. 1679], gives
an explicit formula for creating from & a Lorentz orthogonal frame ®" € SO(2,1)
whose R and S have the form in (22). Schief then gives one additional condition
on the coefficients of ® that guarantees that 7' = @, P~ also has the form in
(22). One may then use this @' in completing Steps 4 and 5 of Construction 8.

5. Variational Equations to the Gauss-Lamé System

Motivated by the framework of Fokas and Gelfand [4, 5] for surfaces in Lie groups
and Lie algebras, we now consider variational equations to the Gauss-Lamé equa-
tions in so(3) and so(2,1) as expressed in (12) and (23). Replacing R by R+€A,
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S by S+ eB and T by T + eC in equations (12) and (23), and retaining only
the O(e') term, yields a system of equations for A, B,C', namely the variational
equations

B,—C,+[B,T]+[S,C]=0

A, —C,+[AT]I+[R,C]=0

A, —B,+[A,S]+[R,B] =0,

where we write (u',u? v*) = (u,v,w). Symmetries of (12) and (23) lead to
solutions of the variational equations; Theorem 5.2 in this section gives formulas
for A, B,C, and a coordinate transformation F' that generalize the formulas in
[4], for surfaces, to families of surfaces arising from three-dimensional coordinate
systems. As discussed in [1, 4, 5], the significance of this in the context of integrable
PDEs that arise from Gauss-Codazzi equations for surfaces is that any of the
infinitely many symmetries of the integrable PDE gives rise to a surface through
a corresponding solution to the variational equation.

We begin by extending the results of the previous section in the following
theorem:

Theorem 5.1.  Let r(u,v,w) = (r1(u,v,w), ro(u,v,w), r3(u, v, w)) be a coordi-
nate transformation, either of an open subset Q of Euclidean space, v : Q C R® —
R3, or of an open subset Q of Lorentz space, v : Q C R*! — R>'. Define the
coordinate map

F(u,v,w) = ri(u,v,w) My + ro(u, v, w) My + r3(u, v, w)Ms : Q — g,

where in the Fuclidean case, g = so(3), and M; = L; as in (4), and in the Lorentz
case, g = so(2,1), and M; = L} as in (5).

We may then form the matriz ® = A(Dr)T € G, where (Dr)" is the
transpose of the Jacobian of r, A is a diagonal matrix, and G is SO(3) in the
FEuclidean case and SO(2,1) in the Lorentz case.

Define R = &, S =®,® ! and T = ®,d L. Then,
Sw—T,+1[5,7T/=0, R, — T, +[R,T] =0, R,— S, +[R,S]=0.

Define A= ®F, &', B=®F,®&"! and C = ®F,® 1. Then,

Bw—Cy+ [B,T] +[5,C] =0,
Aw—Cu+[A,T]+[R,C]:O
A, — B, +[A, S|+ [R, B] = 0.

The metric of the coordinate system defined by v in R® or R%', or by F in g, is
(A, AYdu® + (A, B)dudv + (B, B)dv® + (A, C)dudw + (B, C)dvdw + (C, C)dw*

where the bracket in g 1is the Killing form

(M, N) = %tr(MN).
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If the coordinate system s triply orthogonal, then
(A,B) =(A,C)=(B,C) =0
so that the metric has the form
(A, AYdu? + (B, B)dv® + (C, C)dw?. n

The proof of Theorem 5.1 is by direct computation. The first and second funda-
mental forms of the surfaces cut out by fixed u, v, w may be expressed in terms
of the matrices A, B,C, R, S,T in Theorem 5.1. In the case of a triply orthogonal
system, the fundamental forms given by (9) in the Euclidean case and by (20) in
the Lorentz case are

I,=(B, B)dv® + (C,C)dw*  II,=(B, +[B,S], {i1)dv* + (C, + [C, T], 7} ) dw?

[A]
[,=(C, C)dw® + (A, A)ydu®  I1,=(Cy, +[C, T}, {5 )dw® + (A, + [A, R], 75 )du?
L,=(A, Aydu® + (B, B)dv*  II,=(A, +[A, R],{§)du’ + (B, + B, S, 3§ ) dv?,

where the choice of sign in II; is determined by the sign of H;, where H? =
(A,4) = |A]?, Hf = (B, B) = |B]*, and Hf = —(C,C) = |C]*.

Example 13 (Rotation of RM').  For the system of Example (9), in terms of
the basis (5) of s0(2,1),
= f(fig2 — g1f2)(2 cos?(u) — 1)L 2f g sin(u) cos(u) I, 2f g1 sin(u) cos(u) ;
— 1— - )
VIt—9ive - 13 V93— 13 VIit—4t
:2f1(f192—91f2) sin(u) COS(U)L1+2f192 cos’(u)—g1 fo— 192 L2_2f191 sin® (u) Ly
VI -3VE - B 9 — 3 V-3¢
O 2 fo(f192—91 f2) sin(u) COS(U)L 2292 SiﬂQ(U)L +2f291 cos®(u)—g1 fo— f192
= 1— 2
VIt =g e— 3 VI3 — g3 VR -

where f, g, and their partial derivatives are evaluated at (v, w).

B

L37

A generalized converse of Theorem 5.1 generalizes the work of Fokas and
Gelfand in [4] to obtain a formula for three-dimensional, but not necessarily
orthogonal, coordinate systems:

Theorem 5.2.  Let G be a Lie group with Lie algebra g. Let R,S, and T be
g-valued differentiable functions of (u,v,w) € Q& C R3. Suppose that R, S, and T
satisfy the PDFEs

Sw—T,+1[5,7T)=0, R, — T, +[R,T] =0, R, —S,+[R,S] =0. (26)
Then, there exists a G -valued differentiable function ®(u,v,w) such that

®, = R®, &, = SP, d,, = Td. (27)
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Let A, B, and C be g-valued differentiable functions of (u,v,w) € Q, defined as
follows, where a; € R and M € g are constants and X\ is a parameter:

A=a R, + R, + asR, + ay(uR, + R) + asvR, + agwR, + [M, R] + a7 R,
B = 1Sy + @S, + a3Sy + auuS, + as(vS, + S) + agwS,, + [M, S] + a7 S,
C =T, + aT, + 3Ty + cuuT, + asvT, + ag(wly + T) + [M,T] + a7T).
(28)
Then A, B, and C satisfy the integrability conditions

Bw_Cv‘{'[B,T]‘{’[S,C} :0
A, — B, +[A, 8] +[R,B] =0,

so that there exists a g-valued immersion F(u,v,w) :Q — g such that
F,=®"'4¢, F,=9o'Bd, F,=3"'Co. (30)
F' has the form, up to an additive constant matriz,
F =3y R+ apS + asT + aguR + asvS + agwT + M + a;®, & 1®.  (31)
The mapping F induces the following metric on its image in g:

(A, A)du®+(A, B)dudv+(B, BYdv*+ (A, C)dudw+(B, C)dvdw+(C, C)dw?. (32)

Proof: Equations (26) are the compatibilty equations for solving for & in (27).
Similarly, equations (29) are the compatibility equations for solving for F' in (30).
The formula (31) and the fact that the formulae in (28) satisfy (29) are verified by
direct computation.

Remark 1. As noted above, the equations (29) are variational equations to the
system (26), so that symmetries of (26) give solutions of (29). Similarly to the case
of surfaces in [4], the terms [M, -] in the solutions (28) come from the invariance
of (26) under the conjugation R + eMRe™M S s eMGe=M T s eMTe~M
for a constant matrix M. The solutions corresponding to ay, as, a3, a; come from
invariance of (26) under translations of w,v,w, and A respectively. Invariance of
(26) under the pairs of dilations u — cju and R — c1R, v — cov and S — ¢35,
and w +— csw and T+ c3T', give rise to the solutions corresponding to ay, as, ag.

Remark 2. The expressions (28) are not the complete general solution to the
variational equations (29). For example, comparing the expressions for A, B,C'
given in Example (13) to the corresponding matrices R,S,T given in Example
(9), we see that the former do not have the form given by equation (28) for any
values of the parameters. Solutions to (29) that do not have the form (28) give
rise to coordinate transformations F' that are solutions to (30) but do not have
the form (31).

Remark 3. Even if one starts with a solution R,S,T to the equations (26)
that comes from an orthogonal coordinate system by the scheme of Theorem 5.1,
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the coordinate system corresponding to the immersion F' given in (31) is not,
in general, orthogonal in Euclidean or Lorentz space. To see this, one may take
R,S, and T from any of the examples of Section 3, insert them into the formula
for F' in (31), and check that the resulting F' is not in general orthogonal for
arbitrary values of the constants. More generally, suppose that one starts with
a solution to equations (26) and produces an immersion F' via the formula (31).
The matrices ®, R, S, and T as determined by Theorem 5.1 for this immersion
are not in general the same as the original ®, R, S, and T used to construct F
via Theorem 5.2. That is, the formula (31) does not in general give a coordinate
system with the same ®, R, S, and T that were used to construct it.

In fact, suppose that we start with any solution R,S,T to equations (26)
and the corresponding solution ® to equations (27). Then, given any immersion
F :Q — g, the matrices A = ®F, !, B=®F,d0 !, C = ®F,d ! are solutions
to the variational equations (29) for this R, S,T. In other words, given a solution
to the Gauss-Lamé equations (26), any immersion F : () — g satisfies equations
(30) for some solution A, B, C' of the variational equations (29).

Similar remarks apply to formulas analogous to those in Theorem 5.2 but
restricted to surfaces, as given in [4] (rather than to families of surfaces aris-
ing from 3-dimensional coordinate transformations, as we consider here). The
usefulness of the formulas in the case of surfaces is therefore not to produce 3-
dimensional coordinate systems with a given scaled Jacobian ®, but rather in the
ability to produce infinitely many surfaces related to symmetries of an integrable
system. Theorems 5.1 and 5.2 allow for a similar approach for integrable PDEs
arising as the Gauss-Lamé equations for classes of coordinate systems, such as the
(2+1)-dimensional sine-Gordon system [12]. These theorems may be extended to
immersions in arbitrary Lie groups and Lie algebras, corresponding to coordinate
systems in higher-dimensional inner product spaces. The approach given by these
theorems has a direct connection to Cartan’s method of moving frames, as de-
scribed for surface immersions in the appendix of [4] and [1]. We will explore these
avenues in a later publication.

We close with a note on how the results of Theorem 5.2 may be applied,
making use of the following observation: In each of the coordinate systems in
Examples 6 through 11 in Section 3, at least two of the rotation coefficients @);;
vanish, so that two of the matrices R,S, and T are multiples of the same basis
element L; or L. of the corresponding Lie algebra. For example, the matrix triple
of Example (9) has the form

R = Qu3Ly+ Qi2Ly, S =QsL), T=—-QsLi.

Since (L, L};) = 0 for i # j, the formulas (28) for A, B, and C in this example
yield (A,B) = 0 = (A,C) if a7 = 0 and M = 0, or if a; = 0 for all j
and M = myLl, + msL} for constants ms, ms. For such choices of the «; and
M, formula (31), with either v or w equal to a fixed constant, yields a surface
orthogonally parametrized in the coordinates (u,w) or (u,v), respectively.
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