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Abstract. In this paper we give a new integral expression of I and J-Bessel
functions on simple Euclidean Jordan algebras, integrating on a bounded sym-
metric domain. jFrom this we easily get the upper estimate of Bessel functions.
As an application we give an upper estimate of the integral kernel function of the
holomorphic 1-dimensional semi-group acting on the space of square integrable
functions on symmetric cones.
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1. Introduction and main results

In this paper we find in Theorem 3.1 a new integral expression of I and J-Bessel
functions Zy(z), Jx(x) on a Jordan algebra V. J-Bessel functions are first intro-
duced by Faraut and Travaglini [10] for special cases, associating to self-adjoint
representations of Jordan algebras (see also (4.13)), and generalized by Dib [5] (for
V = Sym(r,R) case see also [12] and [18]). It is well-known that Z,(z), J\(x) are
the holomorphic functions on V¢ for \ in open dense subset of C. On the other
hand, for countable singular A they are still well-defined on certain subvarieties.
These are defined by the series expansion (see Section 3), and satisfy the following
differential equation

B\I\ — eI, =0, ByJ\+eJy=0

where By : C*(V) — C(V) ® VC is the VC-valued 2nd order differential operator
defined in [8, Section XV.2], and e is the unit element on V' (see [5, Proposition 1.7]
or [8, Theorem XV.2.6]). Also Z, and J, have the following integral expression

_ FQ<)\) trw (wlz -
Ih(z) = Qin)" /eﬂve WA (w) A dw, (1.1)
) = FQ()‘> etrwef(w’l\x) w -2 w
H) (2im)" /e+z‘v Alw)™d (12
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(see [5, Définition 1.2] or [8, Theorem XV.2.2]. For notations tr, (-]-), A and
Fo(A) see Section 2 and (2.5)). There are some attempts to generalize these
Bessel functions to operator-valued ones (see e.g. [6] and references therein), but
it is still not very well-understood. In this paper we only treat scalar-valued ones.

Now we briefly state our theorem. Let V be a simple Euclidean Jordan
algebra (i.e., V is one of the Sym(r,R), Herm(r,C), Herm(r,H), R"™! or
Herm(3,0)). We assume dimV = n, rank V' = r. We prove

Theorem 1.1. For A € C, x € Xankx (see (2.3) and (2.8)), take k € Zxg
such that Re A + k > 27” — 1. Then, we have the integral expressions

T (2%) = C)\—Hc/ 1Fi(=k, N\ _5’3’w)GQ(leew)h(w,w)”k_zT"dw’
D

I (1:2) = c>\+k/ 1Fi (=K, A —ix,w)ezi(zmew)h(w,w))‘MJTndw.
D

where ¢y is a constant and 1Fy(—k, \;x,w) is a polynomial of degree rk with
respect to both x and w.

Here A are the L = Str(V‘C)O—orbitS. A, are also characterized as the
supports of some distributions on VC (see [3] and (2.4)). D C VC is the bounded
symmetric domain and h(w,w) is the generic norm on VC (see Section 2). For
the explicit forms of ¢y and ;Fi(—k, A\;z,w) see Theorem 3.1. Especially if
Re)\>27"—1 we can take £ =0 and

2\ _ i FQ(/\) / 2(z| Rew) /\727"
I, (%) = o = 2] (=1 De h(w,w) dw

r

and J, is similar.
Now D is naturally identified with

G/K = Bihol(D)/Stab(0) = Co(V)o/Autrs(V)o.

For \ > 27” — 1, the universal covering group G acts unitarily on
O(D) N L2(D, h(w, w)*™ 7 dw)

by left translation. This defines the holomorphic discrete series representation of
G. This is analytically continued with respect to A € C, and become unitary
when A\ € W, the (Berezin—)Wallach set (see (2.9) and [20], [4]). The trivial
representation corresponds to A = 0.

JFrom now we set V' =R. Let I,(x) be the classical I-Bessel function (see

(2, (4.12.2)]), and we set I)(z) = (g)f’\ I\(z). Then I, and Z, on R are related
as

Therefore the above theorem is rewritten as

~ A+ k

i — Fi(— 1: — z Rew 1 — 2\ At+k—1
@) = T D /|w|<11 =k At L —pw)e (1 ) du,



NAKAHAMA 423

where 1 Fi(—k, A+ 1;z) is the classical hypergeometric polynomial. This formula
seems to be new even for V' = R case. On the other hand, the formula (1.1) is

rewritten as
~ 1 22
Iy(z) = — / e w ™ dw.
2imA 1

These two integral formulas are mutually independent, and cannot easily deduce
one from another.

Again let V' be a general Jordan algebra. Since D is bounded, we can prove
from this formula the following corollary.

Corollary 1.2.  For A€ C, z € Xankn, if ReA+k > 27”—1 for some k € Z>g,
then there exists a positive constant Cyy > 0 such that

[ Za(2?)] < O (L4 Jali) e, | Ta(@?)] < Co (14 J2ffF) et
where |x|y is the norm defined in Definition 2.1.

In [17, Lemma 3.1] an upper estimate of J,(z) is given by another method,
but our estimate is sharper. For detail see Remark 3.3. When V = R, this
corollary implies that if Re A > —k for some k € Z>,

1

|INA(SU)| = m

22
i1 (Z)‘ < C’f\’k (1 + \x|k) elReal

On the other hand, we have the asymptotic expansion

7 %7/\ x — (=)"(A\,m et (A1 )i = (\,m
W)NL(G > e vl Z((Qx)m))

2 m=0 m=0

where (A, m) are some numbers (see [2, (4.12.7)]), and this implies that
]I}(a:)\ <y (1 + ,x‘max{_x_%,o}) oI Rez|

Therefore our result is not the sharpest when Re A < 0, but it still seems to be
sufficiently sharp.

This paper is organized as follows: In Section 2, we recall some notations
and facts about Euclidean Jordan algebras. In Section 3 we prove our main
theorem, the integral formula and upper estimates. In Section 4, as an application
of the inequality (Corollary 1.2), we give an upper estimate of the integral kernel
function of the 1-dimensional semigroup on the functions on the symmetric cones.

2. Preliminaries

2.1. Simple Euclidean Jordan algebras. Let VV be a simple Euclidean Jordan
algebra of dimension n, rank 7. We denote the unit element by e. Also let V©



424 NAKAHAMA

be its complexification. For z,y, z € VC, we write
L(z)y = xy,
z0y = L(zy) + [L(z), L(y)],
P(z,z):= L(x)L(z) + L(z)L(z) — L(xz),
P(z) := P(z,r) = 2L(x)* — L(2?),
B(z,y) := Iye — 220y + P(z)P(y)

where y +— ¢ is the complex conjugation with respect to the real form V. Also,
we write

{z,y,2} := (209)z = P(z, 2)§ = (a7)z + 2(§z) — (z2)}.
Then V© becomes a positive Hermitian Jordan triple system with this triple
product.
We denote the Jordan trace and the Jordan determinant of the complex
Jordan algebra V€ by tr(z) and A(x) respectively. Also let h(z,y) be the generic

norm of the Jordan triple system V©. These can be expressed by L(z), P(z),
and B(z,y) (see [8, Proposition 111.4.2], [9, Part V, Proposition VI1.3.6]):

Tr L(x) = ;tr(:v),
Det P(z) = Alz) 7,
Det B(z,y) = h(:z:,y)27n

where Tr and Det stand for the usual trace and determinant of complex linear
operators on V¢. Using the Jordan trace we define the inner product on V¢:

(z|y) = tr(xy), z,y € VE.

Then this is positive definite since V' is Euclidean. Also we define the symmetric
cone ) and the bounded symmetric domain D by

Q:={z?:2 €V, Alx) # 0},
D := (connected component of {w € V : h(w,w) > 0} which contains 0).
Then € is self-dual, i.e.,
Q={zeV:(z|ly) >0 for any y € Q},

and D is biholomorphically equivalent to V + 1/—1Q C VC.

Let K and K be the identity components of automorphism groups of the
Jordan algebra V' and the Jordan triple system V. Similarly let L and L® be
the identity components of structure groups of V and V. Also let G be the
identity component of conformal group of V:

Ky = Autja,(V)o=1{k € GL(V) : k(zy) = kx - ky, Y,y € V}o,
K := Autyrs(VE)o = {k € GL(VE) : k{x,y, 2} = {kx, ky, kz}, Va,y, 2 € VE},,
L:=Str(V)o={l€ GL(V) : l{z,y, 2} = {lz,'1"y, 12}, Vo,y,2 € V},
LC = Str(VS)y = {1 € GL(VE) : Ya,y, 2} = {lz, (I") 'y, 12}, Va,y,2 € VE}o,
G := Co(V)y = Bihol(D)y ~ Bihol(V + v/—1Q),
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where ‘I and [* stand for the transpose with respect to the bilinear form tr(zy)
and the sesquilinear form tr(zy) = (x|y). Then Q and D are naturally identified
with L/K; and G/K respectively. For the classification of these groups see [13,
Table 1] or [17, Table 1].

2.2. Spectral decomposition and some norms on V. ;From now on we
fix a Jordan frame {ci,...,c.} CV, i.e.,

cjck = 0kCj, ch =e,
j=1
and if djl; djg eV Satisfy Cj = Qj1 + de, djk:djl = 5k‘ldjk‘7 then djl =0or djg = 0.

Then for any = € V© there exist the unique numbers ¢, > ---t, > 0 and the
element k € K such that z =k} 7, t;c; ([8, Proposition X.3.2]). Using this, we
define the p-norm on V.

Definition 2.1. For 1 <p <oo and for z =k _ tjc; € VC, we define

1
T 3
(zw) (1<p<oo)
|z, == j=1

t; = 00).
janax [ti] - (p=o0)

For example, we have (z|z) = |z|3. Also if x € Q then all eigenvalues (in
the sense of Jordan algebras. For V' = Sym(r,R) or Herm(r,C) this coincides
with the usual one) are positive and |z|; = trz holds. In addition, we can define
D by D={w € V®: |w|, < 1}. This norm satisfies the following properties.

Proposition 2.2 ([19, Theorem V.4, V.5] for V' = Herm(r,C) case). Let
1<p,qg<oo and % + % = 1. Then the following statements hold.

(]) For x,y € V(C: |(5(7|y)| < |x|p|y|q'

(2) For x € V€, |z|, = max [(]y) .
veVoNo} [yl

(3) x> |x|, is a norm on VC.

To prove this, we quote the following lemma (see [9, Part V, Proposition
VI.2.1]):

Lemma 2.3. For z,y € V©, if 0y = yOz, then there exists an element
k € K such that both x and y belong to R-span{kcy, ..., kc.}.

Proof.  [Proof of Proposition 2.2] (1) We note that |(z|y)| < r]?a%\(k:dy)\ =

S
?%@(Re(l{:x!y) since €?Iyc € K for any § € R. We take ky € K such that
S
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Re(kzly) (k € K) attains its maximum at k = ko € K. We put kox =: zy. Then
for any D € ¢ = Lie(K),

d
7 Re(e'Pxy|y) = Re(Dxgly) = 0.
t=0

In the case when D = «w[v — vOa with u,v € VC,

0 =Re((uv)xo|y) — Re((vDu)xo|y) = Re((xoOv)uly) — Re((zoDu)v|y)
= Re(u|(vOxy)y) — Re(v|(ubzy)y) = Re(u|(yOzp)v) — Re(v|(yOzg)u)
= Re((zoOy)u|v) — Re(v|(yOzp)u) = Re((xo0y — yOxg)ulv).

Since u,v € VC are arbitrary and (-|-) is non-degenerate, xo[Jy = y[a,. Therefore
by Lemma 2.3 there exists k € K such that xg,y € R-span{kcy,..., ke, }. Let

r=K3_ tici, y=k>_ sjc;. Then

<
(alo)| < s Re(ely) = Reaoly) — (;gztcj

k:Zs]cj>
1
T r p r q
:Ztﬂ‘sﬂ'S(ZW”) (qu) = |2[plyly-
i=1 i=1 i=1

(2) (>) Clear from (1).
<)Forx =k> "  tic; € VE (ty > ---t, > 0), we find a y € VC which attains
J=1"7"J
the equality. We set

kY t?ilcj (1<p<o0),
yi=
ke (p = o0).

Then,

Q=
|
N
(]
=%
I,
<R
N—
d
|
B
SR
—
AN
s
A
J

‘y’q =

1)g
(=5 t)
1

and

(aly) = | 201 15 = Il = rwlp\xrp L= Jallyl, (1< p < o0),

(3) Positivity and homogeneity are clear. For triangle inequality, by (2), for
x,y €V,

oy = maxt (@ + y12)] < max | (e]2)| + masx [(v12)] = [el, + ol
z|q=

|zlq=1 |zlq=1

and this completes the proof. [ |
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We set
l l
/’t}::{kztjCjikEK, tj>0}:LC'ZejCV(C (l:O7"'7T)' (23)
j=1 J=1

Then A} = X, U X; U...UZX, holds. A&, are also characterized as the supports of
the distributions which are the analytic continuation of \A(m)\2(’\_%)d9€:

supp (\A(m)|2(A_¢)d:c‘A_ld> =X, [1=0,1,....,r—1 (2.4)
-2

(see [3, Proposition 5.5]).

2.3. Peirce decomposition and generalized power function. As before we
fix a Jordan frame {ci,...,¢,} C V. Then V is decomposed as

i +0
V= @ Vi where ij:{xEV:L(q)x: ]l; klm}.

1<j<k<r

Moreover V;; = Re; holds, and all Vj;’s (j # k) have the same dimension (see [8,
Theorem IV.2.1, Corollary IV.2.6]). We write dimVj;, = d. Then dimV =n =
r+ ir(r — 1)d holds.

Let V(‘f) = D1<jcra Vi (I=1,...,r) and Py be the orthogonal projec-
tion on V(‘lc) . We denote by det()(z) the Jordan determinant on the Jordan algebra
V(%. We set Ay(z) := detgy(Pyy(z)) for © € VE. For s = (sq,...,s,) € C", the
generalized power function on VC is defined by

Ag(x) = AP () AP (x) - - A () A ().
Then, the Gindikin Gamma function and Pochhammer symbol are defined as
follows: for s € C" and m € (Zx)",
n r
To(s) ::/etr(”)As(x)A(x)dx, () = L2+ M)
Q La(s)

This integral converges for Res; > (j — 1)4, and both functions are extended
meromorphically on C" (see [8, Theorem VII.1.1] or [11, Theorem 2.1]). Moreover,
we have

S

(2.5)

T

(S)m = H <5j —(j - 1)§>m where (s),, =s(s+1)---(s+m—1).

j=1
For s = (s1,...,s,) € C", we set s* = (s,,...,s1). Then we can prove easily
n
(S)min = (8)m(s +m)y, (—=8")m = (_1)‘m| (S —m"+ ;)m* (2.6)

where |m| =m; + - -+ m,. Here we identify A € C and (\,...,\) € C".

2.4. Polynomials on V&. Weset Z' :={m = (my,...,m,) € (Zsp)" : my >
my > ---m, > 0}, and denote the space of holomorphic polynomials on V¢ by
P(VE). For m € Z,, we define Pp(VE) := C-span{Ay ol : 1 € L }. Then
clearly P (VC) becomes a LE-module. Moreover, we have
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Theorem 2.4 (Hua—Kostant—Schmid, see [8, Theorem XI.2.4]).

B PuVE).

mezZl |
These Pm (V) s are mutually inequivalent, and irreducible as L®-modules.

Since A; vanishes on X;_;, all polynomials in Pp,(VC) vanish on A;_; if
and only if m; # 0.

We write dy, := dim Py (VC), and @, = [k, Am(kz)dk. Then the
K -fixed subspace in P (VC) is spanned by @m (see 8, Proposmon X1.3.1]).

2.5. Inner products on P(VC). TFor f,g € P(VC), we denote the Fischer
inner product by (f,g)r

1

7Tn ycC

(F.9)r Fwigtale“Waw = 1 (5) glw)

w=0

(For the second equality see [8, Proposition XI.1.1]). Then the reproducing kernel

of P(V‘C)F (Hilbert completion of P(VC)) is given by e"). We denote by
K™(z,w) = K™(2) the reproducing kernel of P, (VC) with respect to (-,-)p.

Then clearly,
(zhw) — Z K™(z,w)

meZT

Also, by [8, Proposition X1.3.3, Propsition XI.4.1.(ii)], we have

K™(gz,w) = K™(z, g"w) for any g € Str(V°),
- | don

K(2) = m‘bm(z) = mq’m(z)

T

and
K™(z,7) = K™(2%,¢)

for x € V, and therefore for any = € V® by analytic continuation.
Also, for A > 27” — 1, we denote the weighted Bergman inner product on D

by <'v '>)\:
(frgx: /\__ /f ))‘_27ndw.

Then, these two inner products are related as follows:

Theorem 2.5 (Faraut-Kordnyi, see [8, Theorem XIIL.2.7]). If f,g € P(V®)
are decomposed as f = ZmeZTH Jm, 9= Zmezjr+ Im (fms 9m € Pm(VE) ), then

Foan= 3 (%<fm,gm>p. (2.7)

mezy Jmn
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Although the left hand side is only defined for A > 27" — 1, the right hand
side extends meromorphically for A € C. Therefore we can redefine (-, ), with
this formula for any A\ € C by restricting the domain. For A € C we set

rank A :=max {l € {0,1,...,7} : (\)m # 0 for any m € Z',, N {my4, = 0}}

:{z if A€ (184 Zwo) \UZy (j4+Z<o) (1=0,1,...,r—1),

PN UL (8 + Zao) -

For example, if d = 2, i.e., V = Herm(r,C), then

0 (A€ Z),
rank A =<¢1 (A= 1=1,...,7r—1),
T ()\%T—lﬁ—Zgo)

Then (-, ), defines a sesquilinear form on € P (VC). This form

mEZl+, Mrank )\+1:O
(-,-)a is positive definite if and only if

AEW = {O,g,...,(r—l)g}u((r—l)g,oo). (2.9)

This set W is called the (Berezin—)Wallach set (see [20] or [4]).

2.6. Invariant differential operators. For A € C and k € Z>(, we recall the
differential operators D) from [8, Section XIV.2]:

D®(\) = A(z)" A <%)kA(m)z\—’;+k

where A (a%) is the differential operator characterized by A (%) e@v) = A(y)e@)
Then these operators commute with the LC-action

(i.e., DF(N)(fol)=(D®\)f)ol for f € P(VC) and I € LE).
Moreover:

Proposition 2.6.  We have
D(k) ()\>e($|y) = ZmEZi_'_, |m‘§rk<_1)|m|(_k‘)m()\ + m)k*me(x7 y)e(z‘y)7
and if (AN)m #0 for any me 7', /m| <rk,

D(k)()\)e(wly) = (N Fr(—k, X —x,y)e(x‘y)

where

(=)™ () o

1Fr(=k, )\ —z,y) = Z O (x,y). (2.10)

mezZy ,, Im|<rk

Proof. We follow the proof of [8, Proposition XIV.1.5]. For z € Q and
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9r) To(-A+2—k
n ].
=A(z)r /e'ey)Ae— A AR
e vl (e — )" Aly) > "dy
— (l,)%—)\ 1 . Z dm(_nk)m / e(x|e—y)q)m<y)A(y)—)\—kdy
To <_)‘ - k) mezr , [m|<rk (7)m Q

A B e el

meZ, ., |m|<rk r

dm(_k)m (_)\ + % B k)mq)k (x)e
() o

T

(zle)

- ¥

mezZ’, , |m|<rk

- ¥

Y)
meZ7 , |m|<rk r/k—m*

dk—m*(_k)k*m* (_)\ + % T k)kfm* P (x)e(m\e)

Here we used [8, Lemma XI1.2.3] at the 2nd and 5th equalities, and [8, Corollary
XII.1.3] at the 4th equality. At the 6th equality we used ®n,(z71)A(z)* =
Py _m+(x), which follows from the linear isomorphism Pu(VE) — Pp_m(VE),
p— Alx)fp(x~t). Now, dpy = dj_m+ holds by this isomorphism, and by (2.6),

(“k)me DR (R m) o CDEIE), () ()

(%) b (%) b I O e e N O

_ n_ — (—1)lk—m7|
( A+ . k’) - ( 1) (/\ + IIl)k_
Therefore,

DN = N (D) (k)N + M) P (7)),

meZy ,, |m|<rk ( )m

By the LC-invariance of D®)()\), for y € Q,
DB (A)elly) — DB (\)ePly2)ele)

= Z (=)™ (k) (A 4+ m) ™ r)n m(P(y %)I)e(P(y%)’”‘e)
mezZ, ,, |m|<rk

= Y CD)™(—E)m\ A+ m)p K™ (2, y)e ).

mezZ’, ., |m|<rk

This holds for any z,9 € V© and A € C by analytic continuation. The second

equality follows from
_
(A)m

()\ + m)k_
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Using these differential operators, we can calculate (f,g), for A € C: for
ReA+k>2 —1and f,ge @ Pm(VE),

mEZ:_+7 Mrank \+1 =0

(f.9) e / (DB ) f)(w)g(w)h(w, wFdw  (rank A =7)

gIx = c P —_— 2n

fim 255 | (D0 ) (wigluwh(w, wy ™= Fdw - (rank A < 1)
(2.11)

where ¢\ = WLHFF(‘;(’\L (see [8, Proposition XIV.2.2, Proposition XIV.2.5]). We
a(A-7

can prove easily that this equality holds not only for polynomials, but also for
holomorphic functions f,g € O(D) with D®)(X)f and g bounded on D.

3. Proof for main theorem
For A € C with rank A = r, the I and J-Bessel functions are defined by
dm 1
I(z) = qu’m(ﬂﬁ%
Ay (—1)m

In(z) = Z @W(ﬁm(m) =T (—x).

mezZn |

mezn

If rank A <r, then (A)m = 0 for some m, so we cannot define these functions on
entire VC. However, if x € &}, ®n(z) = 0 for my; # 0, and therefore for any
A € C we can define I and J-Bessel functions for € X (see (2.3) and (2.8))
by

T(z) = > (Z‘“ 0 (a)

mGZQ+ 5 Mrank A+1 =0

—1)Im]
A= 3 (g‘;m(<j))m Dy (2) = Tn(—2).

mGZ:_+ y Mrank A+1 =0

Now we are ready to state the main theorem.

Theorem 3.1. For A € C, v € Xk, take k € Z>o such that Re A + k >

27” — 1. Then we have the integral expressions
Iy (a?) = CA+k/ VFy (=, A =, w) 2R Ry (w, w) T du,
D
I (2%) = expa /D VR (= A —ia, w) e @R b (g M gy
where
1 TaA —K)m
cy = ﬁ—f‘g (Sj\(_)%>, 1Fi(=k, N\ z,w) = meZi§m| . <(>\)2n K™ (z,w).

Mrank \+1 = 0
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When rank A = r, the definition of | F} clearly coincides with the one in
(2.10).

Proof.  We calculate (et®), e("x)>)\ in two ways. By (2.7),

<@<‘lr>,e<'x>>A=< KR > K;;> = > ﬁ(K;“,Ké‘%

meZ’ | nez’ N mEZy
1 1
=) KM@r) = ) K™
s Mm st Mm
++ ++
1 dm
it O (1),

On the other hand, by (2.11) and Proposition 2.6,
(17) oCl)\ 1y Cutk / DO ()W) sl ], prh-2
e e = lim e e w, w w
( )y =l S5 [ (DO ee) T, )
2n

= lim Cu+k/ 1Fu(=Fk, p; —x, w)e(w\i)e(w\x)h(w7 w)‘”’k_wa
LA D

:C,\+k/ 1F1(—k‘,)\;—:1:,w)ez(ﬂf\R@w)h(mw)Hk—?Tndw
D

The formula for J, (z?) follows by replacing z by ix. n
. From this theorem we can easily deduce the following corollary.
Corollary 3.2.  For A€ C, v € Xauka, if ReA+k > 27"—1 for some k € Z>,
then there exists a positive constant Chy > 0 such that
[T (?)] < Cage (14 [2fiF) e |7 (@?)] < O (1 [2ffF) 2ok

where |x|y is the norm defined in Definition 2.1.

Proof. By Proposition 2.2, for w € D, z € V©,

[W0|oo + |W]oo
2

Also, since 1 Fy(—k, \; —x,w) is a polynomial of degree rk with respect to both z
and w,

L Fy (=, N —z,w)| < Ly (T4 |2]77) (T4 wlf) <205, (1+ [2]F) .
Therefore, by Theorem 3.1,

|(Rez|Rew)| < |Rez|;| Rew|w < |Rez|y < |Rezl;.

[ Zh(27)] < |CA+k|/ L Fy(—k, Ay —a, w)|e2ReeRew) (g qp)REATR=ZE gy
D

< 2|C>\+k|C’§\7,€ (1 + |a:|’{k) 2l Rezh / h(w, w)REMk”_%ﬂdw
D

= Cy, (1 + |z[iF) €2 Reel,

The proof for J, (z?) is similar. m
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Remark 3.3. In [17, Lemma 3.1] Méllers gave another estimate of J,(x):

r(2n—1)

‘jA (1:2)‘ <C (1 + |9[:|§)f e2rlel2 for any A € W, = € Xamer C VE.
However, our estimate is sharper because our leading term is given by e2/™l
Especially in our estimate 7, () is uniformly bounded on V' if Re A is sufficiently
large. This difference comes from that of methods of proofs: in [17] the Taylor
expansion was used, while in this paper we use the integral formula. However,
in general Taylor series is not strong enough for L* estimates. For example, the
bound of cosine function is calculated as follows:

|COS$|: Z((;g;:me Z m | |2m<z_|x|m_ x|
m=0 ’ m:()

However, it is well-known that cosine function is bounded unformly on R. So this
bound is not sharp.

4. Applications

For A > 2 —1,t¢c C\miZ, Ret > 0, we define a integral operator on Q: for a
measurable function ¢ : 2 — C, we define

1 e~ cotht(tr z+try) 7 1 P N A \n J
t = 2 Trdy.
T)\( )(70(1:) FQ()\) /Q(p(y) SinhTAt A (SiHth ("L‘ )y) (y) Yy

Since Z, is K -invariant, by [8, Lemma XIV.1.2] we can replace P(z2)y by P(y2)z.
Remark 4.1. For A\ > 27” — 1, the Laplace transform
Ly L2(Q,A@) 7 da) — LAV 4+ vV=1Q, A(Im 2) 7 d2) N OV + vV=1Q)

is defined by
2" - n
i(z|x) A(2 )\_7d
€ wY\xr T xZ.

Then we can prove by the similar method to [8, Theorem XV.4.1] that

Lap(z) =

Lama(t) L F(2) =A(—sin(it)z 4 cos(it)e) ™
x F ((cos(it)z + sin(it)e)(— sin(it)z + cos(it)e) ') .

If t is purely imaginary, then this coincides with the restriction of the holomorphic
discrete series representation of the simple Hermitian Lie group Bihol(V ++/—1€),
to the center of the maximal compact subgroup Stab(ie). That is, 7, can be
regarded as the natural complexification of the action of

Z(Stab(ie)) C Bihol(V + /—19).
Especially, 7\(s)7x(t) = 7a(s + t) holds for A > 2% — 1.
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Remark 4.2. Let E be an Euclidean vector space of dimension N with inner
product (:|-)g. Then the Hermite semigroup on L*(FE) is given by
1
T(t)f(&) = —/f exp(——cothtf +1n & )
(@) f(€) Zromh ) 5 (1€ + Inlz) + = €
(4.12)

for f € L*(E), t € C\ miZ, Ret > 0 (see, e.g., [7, Section 5.2]). {From now on
we assume there exists an self-adjoint representation ¢ : V' — End(E). We also
assume N > r(r —1)d. Let @ : E — V be the quadratic map defined by

(¢(@)ElQ)r = (|QE))v  foranyz eV, (€ E.
Let 3 := Q7 '(e) C E be the Stiefel manifold. Then we have

/E e dg = Tx (Q (g)) (4.13)

(see [8, Proposition XVI.2.3]). We extend @Q to @ : E© — VC bilinearly. Then
since Jy(x) = Zy(—z) we have

/Ee(ﬁa)da - I% (Q (g)) _

If f € L*(E) is written as f(§) = F (2Q(§)) with a function F on V, then (4.12)

2
can be rewritten as

A= [F (3000 ) exo (=5 comnalelz )+ i (€lns) d

(2w sinht)2

R L ey V2
:(7r smht) / F(Q(n)) exp <— coth? <§|£’E + WE) + m(f"?)rz) d

1 1
et AR (- comne (313 + otwh)ol2 )

X eXp( v2  (Eloy

M\H

)o) e )A(M—fdody

)§|0)E)

X A(y)%_%dady

NI

(o(y

2, sinh? ¢ sinh

// eXp Cotht(%|£|%+try))exp (ﬁ

N[

1 exp (— cotht (1[¢[3+try)) ( ( 1 ))
| F) e 7 (Q gmyotrhe

1 /QF(y) exp (—cotht (2 trQ(&)+try))

. N
sinh2 ¢

I, ( E P(y%@(&))

2 \ 2sinh? ¢
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where we used [8, Proposition XVI.2.1] at the 3rd equality and [8, Lemma XVI.2.2.
(ii)] at the 4th, 6th equalities. Therefore T~ (t) coincides with the action of the
Hermite semigroup on radial functions on F.

Remark 4.3.  For z € X (see (2.3)), Zn(z) = T(A\) I,_1(2+/]z[2) holds (see [17,

Example 3.3]), and by analytic continuation the distribution #(/\)A(m))‘_% lgdx

at A = ¢ gives the semi-invariant measure on X;N< (see [8, Proposition VII.2.3]).
Therefore for V = R~ ! the action 7, at A = g coincides with the action of the

holomorphic semigroup on the minimal representation of O(p,2) (see [14, Theorem
BJ or [15, Theorem 5.1.1}).

Remark 4.4. We set

Hyp() := "7 (m) ola) = — /so(y)J (P(x%)y> A(y)*+dy.
2 Ca(A) Jo

This is called the generalized Hankel transform ([8, Section XV.4]). Similar to
Remark 4.2, this is regarded as a variant of the Fourier transform. Therefore
it is expected that this Hankel transform has similar properties as the Fourier
transform such as a Paley-Wiener type theorem, which determines the image of
the compactly supported functions. This is done by, e.g., [1], [16, Remark 5.4] for
classical V' = R case, but not for generalized case. In this paper we don’t touch
this topic in detail.

We set K (z,y;t) := e~ cothtltrattry) T, <sinh72 tP(:U%)y> , the kernel func-

tion of 7,(¢). Then we can deduce from Theorem 3.2 that

Theorem 4.5. Take k € Z>¢ such that A+ k > 27” —1. Then if t = u + v,
u,v € R, u>0,

sinh u

i) < O (14 ()% Y exp (- (ot ry)).

coshu + | cos v|

Especially, if w = Ret > 0 then the integral defining 7,(¢) converges
if ¢ is of polynomial growth, and the resulting 7,(f)¢ has exponential decay.
Even if v = Ret = 0, if A > 27" — 1 and ¢t ¢ miZ, the integral converges if
¢ € LY(Q, A(z)**dr), and the resulting 74(t)¢ is bounded. In order to prove
this theorem, we prepare the following lemma.

Lemma 4.6. (1) For x € Q the directional derivative of x — \/x is
1 _
Dur =L (Vi) u.

(2) Forxz,y €V if [L(x), L(y)] = 0, then there exists a Jordan frame {ci,...,c.}
such that x,y € R-span{cy,..., ¢}

trx—I—try

(3) For z,y € Q, try/P(z2)y < Virztry < ———= 5
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Proof. (1) u = Dyz = D, (Vz)* = 2y/2Dy/T = 2L (\/Z) Dyy/Z and then

DuyT = 3L (yT) " u follows.
(2) See [8, Lemma X.2.2].
(3) The second inequality is clear. For the first inequality, we take ky € K such

that tr\/P(z2)ky (k € K,) attains its maximum at k = ky. We put koy =: yo.
Then for any D € ¢ = Lie(K}),

/Pt = (( P(x%>yo>_1p<x%>z>yo>

P %>Dyo) _

We put P(x2)y/P(x2)yy =:z. If D= [L(u), L(v)] (u,v € V), then

0 =(z[[L(u), L(v)]yo) = (z|u(vyo)) = (2[v(uyo)) = (zulvyo) — (zv]uyo)
[v) = (vl(uyo)2) = ([L(yo), L(2)]ulv).

B3
N
o
—~
N
IS
S~—
[t

|
A

So especially [L(z), L(yo)] = 0. Let x =37 tjc;, y = > " s;d; (1,85 >0, and
{¢i}izi, {d;}j=, are Jordan frames). Then,

and the proof is completed. [ |

Now we are ready to prove Theorem 4.5.
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rk 9
e
1
rk 1
2|Re =2~ | tr P(x2
tr( P(x;)y> > e | smht| ( ( )y)

husinh
<Chexp <— coraEnt (trx+try)> (1+\/trxtryk>

Proof.  [Proof of Theorem 4.5] By Corollary 3.2,

1
Re —=4—1\/ P(z2)y

sinh ¢t

D=

P(z

1

|K)\<1*7 Y; t)’ < Cﬁ\e— Recoth t(tr z+try) (1 + )y

sinh ¢

—Cle™ Recoth t(tr z+try) 1+
A | sinh ¢|7%

cosh? u — cos2 v

sinh u| cos v|
X exp 5 —(trz +try)
cosh”u — cos?v

sinh u

=Chs (1 + (traztr y)%> exp (— (trx + tr y))

coshu + | cos v

and this completes the proof. [ |
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