Journal of Lie Theory
Volume 24 (2014) 439-455
(©) 2014 Heldermann Verlag

On Some Subvarieties of the Cartesian Powers of a
Semisimple Lie Algebra
Related to a Parabolic Subalgebra

Mouchira Zaiter

Communicated by J. Faraut

Abstract. In this paper, we describe some desingularizations of some subva-
rieties of the cartesian powers of a semisimple Lie algebra of finite dimension.
Mathematics Subject Classification 2000: 14A10, 14L17, 22E20, 22E46.

Key Words and Phrases: Lie algebra, parabolic subalgebra, desingularization,
normalization.

1. Introduction

The basic field k is an algebraic closed field of characteristic zero. Let g be a
semisimple Lie algebra of finite dimension and let G be its adjoint group. Let b
be a Borel subalgebra of g, h a Cartan subalgebra of g contained in b and let
Ng (h) be the normalizer of h in G. Let denote by p # g a parabolic subalgebra
of g containing b, [ its reductive factor containing b, p, its nilpotent radical and
P its normalizer in G. Let set:

p) .= {(ml,...,xk) € g¢ | 3g € G such that (g (z1),...,9(x1)) € pk},
) = {(z1,...,2x) € g* | 3g € G such that (g(z1),...,9(zx)) € pE}.

For X a G-variety, we denote by G xp X the quotient of G x X under the right
action of P given by (g,7).p := (gp,p~t.z). The variety G xp X is a vector
bundle over G/P. The main result of this note is the following theorem:

Theorem 1. (i) For k > 2, G xpp* is a desingularization of P*). Moreover,
P& s not normal.

(ii) For k > 2, the canonical morphism G xp p* — PP s projective and
factorizes through a desingularization of an affine variety X*) .

For p = b, this theorem is given in [2], a joint work with J-Y. Charbonnel.
Moreover, in this case, P is normal and has rational singularities. Since this
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result is important, so it is for its generalization. In fact, this note is the first step
to a generalization of some results of [2]. The goal of this paper should be finding
an explicit normalization of the varieties P*) and P& and showing that these
varieties have rational singularities when p is a parabolic subalgebra. Unfortu-
nately, we are not able to prove these results for the moment. So, the purpose of

this note is to describe the good candidates x*) and X®) for the normalizations
of P® and P

Let S (g) and S (h) be the symmetric algebras of g and b respectively, let
S (g)€ be the subalgebra of G-invariant elements of S (g) and let S (h)" be the
subalgebra of W -invariant elements of S (h), where W is the Weyl group of g
with respect to h. The subalgebras S (g)G and S ([))W are identified by Chevalley
Restriction Theorem. In order to find a normalization of P®*), we use, in section
3, a normal variety xo introduced in |2, §3], which is the closed subvariety of g x
such that its algebra of regular functions k[xo] equals S (g) ®g,w S (), ie.

vo = {@.h) €gxblp(x) =p(h) ¥p e S (H)" ],

and we introduce the normal variety x := xo//Wi, where W is the Weyl group of
the Levi factor [ of p with respect to h. Let

o G x pb— yF
(guxlw";a?k)'_>(g('rl)?"'7g(xk)a-r_17"'7x_/€)u

where z; is the image of z; in [//L (see notations). Denote by o} the morphism
from G xp p* to x* defined through the quotient by o},. Let x*) be the image
of G xp p* by 0,. We prove the following theorem:

Theorem 2. (i) The variety G xpp* is a desingularization of a subvariety x*)
of x*.

(ii) The variety x®) is an irreducible component of the inverse image of
P& in x* by the canonical projection pry from x* to onto gF.

In section 4, to find a normalization of Pﬁk), we introduce the variety
X := SpecA and X® a subvariety of X*, where A is the integral closure of the
algebra of regular functions k [G (p,)] of G (p,) in the field of rational functions
k (G xp py) of G Xp p, and we prove the following theorem:

Theorem 3. (i) The variety G xp p* is a desingularization of X*) .
(i1) There exists a pure morphism in the sense of [7, Appendiz to §7] from

(X(k))n the normalisation of X*) to (P&k)) the normalisation of Pi".

n

2. Notations

We consider the diagonal action of G on g*. Let R be the root system of h in g
and let R, be the positive root system of R defined by b. The Weyl group of R
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is denoted by W and the basis of R, is denoted by II. Set:

R[ZI{&ER‘QQC[}
p— = [@ ®a€R+\R[ g_a‘

Let W, be the Weyl group of R, and let P_ be the normalizer of p_ in G. Denote
by L the identity component of the normalizer of [ in G and denote by P, and

P,

the unipotent radicals of P and P_ respectively. Let A be the Richardson

orbit of p and let p, Ao := ANp,. We use also the following notations:

All topological terms refer to the Zariski topology. For Y an open subset of
the algebraic variety X, Y is called a big open subset if the codimension of
X\Y in X is at least 2. Let Ox be the structural sheaf of X, let k[X] be
the algebra of regular functions on X, and let k (X) be the field of rational
functions on X when X is irreducible.

If G x A — A is an action of G on the algebra A, denote by A the
subalgebra of the G-invariant elements of A.

We identify the algebra g and its dual g* by the Killing form < .,. > of g,
by this way, [ identifies with its dual [*.

by the dimension of the Borel subalgebra of g and rkg the rank of g.
D1, - - - Drkg homogeneous invariant functions generate S (g)G of degrees
di, ..., dg-

For i = 1,...,rkg, the 2-order polarizations of p; of bidegree (d; — n,n),

denoted by pE”), are the unique elements in (S(g) ®c S(g))¢ satisfying the

following relation

(azx + by) = Z adi "b"pz z,y),

for all a,b € C and for all (z,y) € g x g.

For i € {1,...,rkg}, ¢; is the element of S(g) ®c g defined by
<egi(x),v >=pi(x)(v), Va,v € g,

where pl(x) is the differential of p; at = for all 7 € {1,...rkg}.

For ¢ € {1,...,1kg} and for m € {0,...,d; — 1}, the 2-polarizations of
g; of bidegree (d; — m — 1,m) denoted by egm) are the unique elements in
S(g) ®c S(g) ®@c g satisfying the following relation

eilar + by) = Z adi_"_lb"&?g”) (x,y),

for all a,b € C and (z,y) €g X g.
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® g, is the set of regular elements of g.
e For a subalgebra a of g, reg := 0N Greg -
e For (z,y) € g x g, V., is the space generated by the set
{agm) (z,y),i€{1,...tkg},m € {0,...,d; — 1}}
e More generally, for a reductive algebra [ and for (z,y) € [ X[, V;,[,y is defined
analogously.
e For (r1,...,74) € g, Py, ., is the space of g generated by zy,...,zy.
o O, :={(z,y) €gxg]|Py\{0} C greg and dim P, , = 2}.
e For x in g, G” is the centralizer of x in G.
e For a subalgebra a of g and for x in a, a* is the centralizer of x in a.
e w is the canonical morphism from p to [.

e For x in p, x is the image of x by w.

(e, h, f) is a principal standard sly-triplet.

3. On the variety P®

3.1. On parabolic subalgebras.

Lemma 4. Let a be an algebraic subalgebra of g.

(i) Let suppose that a contains g* for all x in a nonempty open subset of
a and let suppose that a,es is not empty. Then V,, is contained in a for all (z,y)
m axa.

(11) Let suppose that a contains a Cartan subalgebra of g. Then V,, is
contained in a for all (z,y) in a X a.

Proof. (i) By hypothesis, for all z in a nonempty open subset of a, x is a
regular element and g is contained in a. So, €1 (), ..., &g (x) belong to a for
all x in a nonempty open subset of a and hence for all x in a by continuity. As

a result, for all (z,y) in a x a, {egm) (x,y),i€{l,...,tkg}t,m e {0,...,d; — 1}}
is contained in a, whence the assertion.

(ii) Let ¢ be a Cartan subalgebra of g contained in a. Since a is an
algebraic subalgebra of g, every semisimple element of a is conjugate under the
adjoint group of a to an element of ¢. Hence for every regular semisimple element
x of g, belonging to a, g* is contained in a. As a result, the assertion is a
consequence of (i) since the subset of regular semisimple elements of g, belonging
to a, is a nonempty open subset of a. [

Corollary 5. For all (z,y) inp x p, Vi, is contained in p. In particular, for all
(x,y) in a nonempty open subset of b x b, V,, =b.
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Proof. Since b is contained in p, for all (z,y) in p x p, V,, is contained in p
by Lemma 4, (ii). According to |1, Corollary 2],

(z,y) € Qy & dimV,, = b.

Since (h,e) belongs to g, €3N b x b is a nonempty open subset, whence the
corollary. m

Lemma 6. Let [l be the set of reqular elements of [. Set:

reg

R, = {# € preg|T € [, }
R, == {z € R, |g"Np,={0}}.

(i) For all = in R,, @ (g") = I* if and only if x € R),.

(i4) The subset Ry is open in p.

(iii) For all (x,y) in p X p, Vi is contained in V3 + py.
(iv) For all (z,y) in R, xp, @ (V,,) = V%,g.

Proof. (i) Let  bein R,. By Lemma 4 (i), g* is contained in p. Since w is a
morphism of Lie algebra, w (g%) is contained in I¥. Furthermore, dim w (g%) = rkg
if and only if g* Np, = {0}, whence the assertion since [ has rank rkg.

(ii) For x regular semisimple in p, g* is a Cartan subalgebra contained in
p. As aresult, g" Np, = {0}. So by (i), R, and R, are not empty since for such
x, T is a regular semisimple element of [. The subset R, of p is open since the
subsets of regular elements of g and [ are open in g and [ respectively. The map
z +— g* from R, to the Grassmanian Gy (g) is regular. So R, is an open subset
of p.

(iii) Let L be the submodule of elements ¢ of S (I) @l such that [¢ (z), 2] =
0, for all = in [. Then L; is a free module of rank rkg according to |6, Theorem
9]. Denote by 1, ..., g a basis of L; and denote by R, the subset of elements
z of p such that  is in I[,. According to [10, Theorem 4.12], I, is a big open
subset of [. So R, is a big open subset of p. For x in R, and for i = 1,... rkg,
w o¢e; () belongs to [F. So there exists a unique element (a;1 (), ..., a;img (2))
of k™ such that

woe (1) = a1 ()01 (T) + -+ Qirkg (T) Prig (T) -

The functions a;1,. .., a;g so defined on R, have regular extensions to p since
p is normal and since R, is a big open subset of p. As a result, for all (z,y)
in p x p and for all (a,b) in k?, @ oe; (ax + by) is a linear combination of the
elements ¢y (az +by), ..., Yug (ax + by). Hence, by [1], w (V,,) is contained in
Vi forall (z,y) in p x p, whence the assertion.

(iv) Let (@,y) bein R xp. For all z in a nonempty open subset of P, ,, z
belongs to R since x belongs to R;,. So by (i), ¥ is contained in @ (V) for all
Z in a nonempty open subset of P,,. As a result, Vflvg is contained in w (V,,),
whence the assertion by (iii). [

Corollary 7. For all (xz,y) in QuNp xp, Vp, = Vz},g + Pu.



444 ZAITER

Proof.  Let (z,y) € QyNp x p. Since (z,y) €p X p,
dim V,, < dim V3 ; 4 dim p,,,
by Lemma 6 (iii). Moreover,
dim V3 5 + dim p, < by + dimp, = by.

Otherwise, dim V,,, = by, since (z,y) € Q. Hence V,, = V- + py.

Set:
R, ={a€Ry|g" Cpu}.

Let fB1,...,Bg be in II, let s; be the reflexion associated to f; for all ¢ €
{1,...,1kg} and let I be the set of i € {1,...,rkg} such that 3; € R/, .
Lemma 8. Let w be in W.

(i) If w (R,) C Ry, then w € W.

(it) If w (R.) C Ry URy, then w € W.

Proof. (i) Let s, ...s;, be a reduced decomposition of w. We proceed by
induction on the length of w denoted by [ (w). For [ (w) =1, w = s; for some
je{l,....,tkg}. If j € I, then s; (B;) = —fB; but w (R/,) € Ry. Hence j ¢ I
and w € Wy. Suppose the property true for [ (w) < p—1. By |9, Lemma 18.8.3
(iD)],

w (ﬁi;;) S —R+.
Then i, ¢ I. So s;, (R,) =R/, and

Siq o Sip_1 (Rl_f_) =w (Rq_) g R+.
Then, by induction hypothesis,
Siq - e Sip,1 € W[.

Hence w € W, since s;, € W, whence the assertion.

(ii) Let g, be in Ng (h) a representative of w. Since g, (p, ®h) is con-
tained in p, it is contained in a Borel subalgebra b’ contained in p, containing b.
Then there exists w’ € Wy, such that g, (b’) = b, for some representative g, of
w' in Ng (h). S0 guw gw (pu ® b) is contained in b and w'w (R’Jr) C R, . Hence,
by (i), w'w € Wy, whence w € W since w’ € Wj. [ |

Proposition 9. Let p and p’ be two parabolic subalgebras of g such that p, is
contained in p'. If p and p’ are conjugate under G, then p=p’.

Proof. = We suppose that p’ = g(p), for some g in G. By Bruhat decomposition
there exist u, b € B and w € W such that g = ug,b, where g, is a representative
of w in Ng (). Since g(p) contains p, and since u™! (py) = pu, gy (p) and gy, (p)
contains p,. Hence p contains g,' (p,). Then w™' (R/) € R UR,. Hence, by
Lemma 8 (ii), w™! € Wy, whence g, € L and g € P. ]
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3.2. A desingularization of P,
We consider the action of P on G x p* given by

p'(g7x17 SR Jxk> = (gp717p(x1> PRI 7p<xk)) .
Let 4}, be the morphism from G x p* to g* defined by

(g, w1, ak) = (g (21) 5000, g (21)

and let p; be the morphism from G xp p* to g* defined through the quotient by
.- Let

PH = {(21,...,2x) € ¢" | 3g € G such that (g(z1),...,g(z)) € p*}.

Then P® is the image of G xp p* by 1.

The following Lemma is well known:
Lemma 10. Let P and Q) be parabolic subgroups of G such that P is contained
m Q. Let X be a Q-variety and let Y be a closed subset of X, invariant under
P. Then Q.Y is a closed subset of X . Moreover, the canonical map from Q xpY
to Q.Y is a projective morphism.

Proof. The proof is given in [2, Lemma 1.4]. [

Proposition 11. Let k > 2, the variety G xp p* is a desingularization of P*)
and py, is the desingularization morphism. The subvariety P®) of g* is closed,
but it is not normal.

Proof.  According to Lemma 10, i is a projective morphism and P®*) is closed
in g¥ since P® is the image of G x p* by ..

Since () is an open subset of gx g, 2y x g"¥"2NP® is an open subset of P*)
and it is nonempty since (e, h) € Qy N p?. Let (z1,...,xx) be in Qy x g2 N pk.
Suppose that (z1,...,2z;) € (g(p))* for some g € G. By Corollary 5, Vi, .,
is contained in p and ¢ (p) and by Corollary 7, V,, ,, contains p,. Hence p, is
contained in g (p). Then, by Proposition 9, ¢g (p) = p. Hence, for all (zq,...,x%) €
Qg x g" 2N P® | ! (21,...,2x) |= 1, Whence gy, is a birational morphism.
Since G xp p* is a smooth variety as a vector bundle over the smooth variety
G/P, it is a desingularization of P*) of morphism .

Let x be in b, and let g be in G. Then

g '(x)epegl(h) CpegeNg(h)P.

According to Lemma 8, (ii), Ng (h) P/P = W/W; so that | ;' (2,0,...,0) |> 1.
Since ju, is proper and birational, if P**) would be normal, then by Zariski’s main
Theorem [8, §I11.9], a finite fiber of py, would have cardinality 1. So P®) is not
normal. [ |

Let [//L be the categorical quotient of [ by L. Let xo be the closed
subvariety of g x  such that k[xo] = S(g) ®gqw S(h) and let x be equal to
Xo//Wi. Then x is a subset of g x [//L. The group G acts on y, and x on the
first factor and W acts on x( on the second factor. For = € p, let  be the image

of Z in [//L.
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Lemma 12. (i) Let x and 2’ be in . If (2/,2) is in G.(z,Z), then x' is in
P (z).

(it) For x in Preg, G* is contained in P.

(i1i) The map

0:P_ X Preg — X
(9,2) — (g9(x),7)

is an isomorphism onto an open subset of x.

Proof. (i) Let  and 2’ be in p, such that (2/,2/) € G.(x,7) and let
r = x5+, and 2’ = 2,42/, be the Jordan decomposition of x and 2’ respectively.

Since Z = 2/, there exists [ in L such that z, = I (5'5)7 where 7z, and 175 are

the semisimple components of = and 7 respectively. Then we can suppose that
T, =a's. The semisimple components x5 and z, of z and 2’ are conjugate under
P since they are conjugate to x, under P. Then there exist p and p’ in P such
that p (z,) = p’ (2)) € b. Since p (z,) is a semisimple element, g’®s) is a reductive
algebra. Then p N g’®) is a parabolic subalgebra of gP(®s) since it contains the
Borel subalgebra b N gP(@) of gP®s). Then p (x,) and p’ (2/,) are regular nilpotent
elements in pNgP®) | hence they are conjugate under the parabolic subgroup Q of
G?(s) of Lie algebra ad (p N gp(xs)). Hence p (z) and p' (z') are conjugate under
P.

(ii) By [6, Proposition 14], G* is connected since z is regular . Moreover

g” is contained in p since x is in p. Hence G” is contained in P.
(iii) Let (g,z) and (¢’,2’) be in P_, X p,ee such that 6 (g,z) =60 (¢,2').
By (i),
3 p € P such that 2’ = p(x),
then

g 'gp e G-
Then, by (ii),
g ' eP_ NP ={1}.

Whence (g,z) = (¢/,2') and 6 is injective. Since x is the categorical quotient
of the variety xo by the finite subset W and since X, is normal, by [2, Lemma
3.1], x is a normal variety. Then, by Zariski’s Main Theorem |[8, §II1.9], # is an
isomorphism from P_, X p,e; onto an open subset of x. [ ]

Let o] be the morphism from G X p to x defined by o/ (¢,x) = (¢ (z), )
and let o1 be the morphism from G Xpp to x defined by o} through the quotient.
Corollary 13. The morphism oy is birational.

Proof. Let (x,Z) be in x such that = in P, and let (gi,21) be in G X p
such that o} (g1,21) = (z,z). Then (g1 (z1),71) = (x,Z) and (z1,77) € G. (2,7).
Hence, by Lemma 12 (i), there exists p € P such that z; = p(z). So g1p(z) ==
and g1p € G”. By Lemma 12 (ii), g; € P since = € p,e,. Hence the restriction of
o1 to G Xp preg 1s injective, whence o is birational since it is surjective. |
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Recall that
o1 G x pF — y*
(gaxlw--awk) — (g(xl)7"'7g(xk)7x_17"'7x_/€)a

where &; is the image of 7; in [//L. Recall that oy, is the morphism from G xp p*
to x* defined through the quotient by o} and x*) is the image of G xp p* by
ox and let pry, be the canonical projection from x* onto g¥. Then we have the
following commutative diagram

G xp pk L)X(k)

Pry g
Pk

P,

Proposition 14. (i) The variety G xp p* is a desingularization of x®) of mor-
phism oy .

(ii) For v = (x1,..., %4, y1,-- -, yr) € X¥ such that z; € gy for some i ,
the fiber of oy at x has one element.

Proof. (i) For k =1, oy is birational by Corallary 13 and it is projective by
Lemma 10. For k < 2, since pp = pry o 0y, and since py is a projective and bira-
tional morphism, o is projective and birational. Then o, is a desingularization
of x®) since G xp p* is a smooth variety.

(ii) Let = be in x® such that the first component of pry () is in greg-

Let (g,71,...,2) and (¢/,2},...,2}) be in o' (z) and let (g,z1,...,2;) and
(¢, 2}, ...,x}) bein G x p* representatives of (g,1,...,2x) and (¢, 2},...,2})
respectively. So

(9 (1), 71) = (¢' (1) ,21) -
Hence, by Lemma 12, g7'¢’ € P and ¢ (p) = ¢’ (p), whence the assertion since o,
is Gj-equivariant. [ |

As a generalization of [2, Lemma 3.8(iii)|, we have the following corollary:
Corollary 15. The variety x*) is an irreducible component of the inverse image
of PX) in x* by pryg-

Proof. Since xo — ¢ is finite, x — g and pr;, are finite morphism. So
pri,lC (P(k)), x*) and P® have the same dimension, whence the corollary since
) is irreducible as an image of an irreducible variety. [ |

In this subsection, most of the results are generalization of results of 2]
when p 2 b.
Proposition 16. Let

Wk = {(xla"'kaama"'a%) € X(k) ‘ Ji € {1,,71} such that Ti € greg}'

(i) The subset Wy, is a smooth open subset of x*.
(ii) The codimensions of x™ \ Wy, in x* and of G xp (p* \ pry (Wy))
in G xp p* are at least 2k.
iii) The restriction of o to ot (Wy) is an isomorphism onto Wy,
k
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Proof. (i) We recall that ¢ is the map
P—,u X preg — X
(g,2)  +— (9(2),T).
Let W} be the inverse image of 6 (P_, X p.eg) by the projection
X — X
(:L‘17"'7$k7m7"'7%) '—> (:El?m)‘
By Lemma 12 (iii), the image of # is an open subset of y. Then W} is an open
subset of y*).
Let (x1,...,2;) bein p* and let g bein G such that (g (z1),...,9 (zx),Z1,...,Tk)
isin W/. Then z; is in p,e, and for some ¢’ in P_,, and 2/ in pre,
g (x1,71) = ¢ (fvl,_i) .
By Lemma 12 (i), there exists p € P such that 2} = p(z;). So ¢g~'¢'p is in G™*.
Hence g € P_ P, since G** C P by Lemma 12 (ii). As a result, the map
Py X Preg X pFt — Wy
(9,21, ..,2x) — (g(z1),...,9(zk),T1,...,Tx)
is an isomorphism whose inverse is
W — Py X Preg X pF1
(:Cla' . 7xk7m7' - 7%) — (QVZaq_l (513'2),. .- 7q_1 (l'k)),
with ¢ and 2z are the first and the second components of 6! (x1,77). As a result,
W, and G.W], are smooth open subsets of y*), whence the assertion since y*) is
&), -invariant.
(ii) By definition, G xp (p*\ pry,, (Wi)) is equal to G xp (p\ Preg)” and
K\ W, is equal to the image of G xp (p\preg)k by o). Since b\ by has
codimension 2 in b, p \ pyeg has codimension at least 2 in p. Then
dim x®) \ W, < dim G xp (p \preg)k < kdimp 4+ dim p, — 2k
dim G xp (pk \ pryy, (W) < dim G xp (p \ Preg)” < kdimp + dimp, — 2k.
(iii) By Proposition 14 (i), the restriction of oy to o' (W) is bijective.
Whence the assertion by Zariski Main Theorem [8, §II1.9] since W}, is a smooth
open subset of x*) by (i). ]

4. On the variety P®
Recall that sy is the morphism from G xp p* to g defined by the map

(9,21, mk) = (g (21) 5., g (7))

from G x p* to g through the quotient. Let g, be the restriction of py to
G xp pﬁ and let

M= {(n k) € ¢" | 3g € G such that (g(z1),...,9(2x)) €pi}.

Let k(G xp py) and k(G (p,)) be the fields of the rational functions of
G xp py and G (p,) respectively.
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Lemma 17. The morphism ji1 4 is a projective morphism. Moreover, k (G Xp py)
is an algebraic extension of finite degree of k (G (pu)).

Proof. According to Lemma 10, 1, is a projective morphism. Since G (py)
is the image of G Xp py by fi1u, f1,4 induces an embedding from k (G (p,)) into
k(G xp py). Hence k(G xp p,) is an algebraic extension of k (G (p,)) of finite
degree since dim G xp p, = dim G (py). [

Let A be the integral closure of k[G (p,)] in k(G xp p,) and let X =
SpecA. Then k[X] is invariant under the action of G in k(G Xxp p,) since
so it is for k|G (p,)], whence an action of G on X. Denote by a the G-
equivariant morphism from X to G (p,) such that its comorphism is the canonical
injection from k [G (py)] into A. The variety X is the normalization of G (p,) in

Proposition 18. There exists a unique G-equivariant morphism oy, from
G xppy to X such that p1, = ooy, Moreover, G Xp p, is a desingularization
of X of morphism oy ,.

Proof. The variety G Xp p, is a smooth variety since it is a vector bundle
over the smooth variety G/P. Identify k (G (p,)) with a subfield of k (G Xp py)
by the comorphism of p;,. Let U be an affine open subset of G xp p,. Then
k[U] contains k|G (p,)] and the comorphism of the restriction map of p, to
U is the canonical injection of k[G (p,)] in k[U]. Since U is a smooth variety,
it is normal and k [U] is integrally closed in k (G xp p,). Hence k[U] contains
A. Then there exists a morphism JH 4 from U to X such that its comorphism is
the canonical injection of A in k[U]. Then the morphisms o, where U is an
affine open subset of G Xp p, glue together as in [5, step 3 of proof of Ch. II,
Theorem 3.3] to give the morphism oy ,. The morphism oy, is unique since its
comorphism is the canonical injection from A to k (G Xp py). Since k (G Xp py)
is the fraction field of A, oy, is birational. Moreover, since p;, is a projective
morphism, o, is too, whence the proposition. [ ]

Denote by k the quotient map from G x p, to G Xp p, and denote by ¢
the morphism from {1} x p, to X defined by ¢ (1,2) = 01,0 (1, ). Recall that
A is the Richardson orbit of p and recall that p, A := ANyp,. Let X' be the
image of {1} X py A by ¢ and let § be the morphism from P_, x X’ to X defined
by § (p,x) = p.x.

Proposition 19. (i) For x € pya, the stabilizer of +(1,x) in G equals P N G*.

(i) The morphism § is an isomorphism onto an open subset of X .

(i1i) Let g be in G and let x be in X'. If g(x) is in X', then g is in P.

Proof. (i) Let « bein py, a. Then, by [3, Theorem 7.1.1], G* and PNG" have
the same identity component. Then P NG¥ is a subgroup of finite index of G“**)
and k (G/P N G”) is an algebraic extension of k (G/G*")) of degree the index of
PNG® in G4 Moreover, k (G/GL(I’I)) is an algebraic extension of finite degree
of a transcendental extension of k. Since oy, is a birational morphism and since
G..(1,z) is an open subset of X, k (G/G*!*)) and k (G xp p,) are isomorphic.
Since G xp P (x) is an open subset of G xp py, k(G xp p,) and k(G/P N G?)



450 ZAITER

are isomorphic. So that k (G/G'**)) and k (G/P N G®) are isomorphic. Hence
G =PNG”.

(ii) Let (p1,x1) and (pa,xa) be in P_,, x X’ such that p;.z1 = ps.xe and
let 2} and zf, be in p, A such that ¢ (1,2]) = z; and ¢ (1,2}) = z5. Let ¢ be in
P such that 2z, = ¢ (2}). Then z3 = q.z1. So

P11 = P2.T2 = P2q.2q
= pilmg € Gn =g —PnaGH,

by (i). So
pi'pe € PNP_, = {1}
= p1=p2 = IT1=22
Hence ¢ is an injective morphism. Moreover, ¢ is dominant since X and P_ , x X’
have the same dimension. Since X is a normal variety by definition, by Zariski’s
Main Theorem |8, §II1.9], ¢ is an isomorphism onto an open subset of X .
(iii) Let g € G and let € X’ such that g (x) € X’. Then there exist

Z1, Y1 € Pya and p e P

Such that
r=uv(1,21), grx=1t(l,y1) and y; =p (7).
So
gu(lLyzy)=gx=1v(1,y1) =p.e(1,29)
and then p~'g € G**1) Hence, by (i), g € P. n

Remark 1. In several interesting cases, G* is connected. When so it is, G” is
contained in P so that X’ = p, A and X = G (py).

Let ¥ be the morphism from G* xpr p¥ to X* defined by
19(3;17 < 7:6]{) = (Ul,u (xl) yo++101u (l'k)) )

let oy be the restriction of ¥ to G xppﬁ and let X® be the image of Oku- Then
we have the following commutative diagram

G Xp pﬁ —— x (k)
|+

Hk,u
P,

where ¢ is the morphism induced by the canonical projection o from X to G (py)
such that i, = @ o op .

Proposition 20. Let
Vi ={(z1,...33) € X® | 3ie{1,... k} such that o (z;) € Punt

(i) The subset Vi is a smooth open subset of X*).
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(i) The morphism ¢ from X®) to PP s finite and surjective.
(iii) The codimension of X ®\V; in X*) and the codimension of
G xp (pE\ ¢ () in G xp pl

are at least k.
(iv) The restriction of oy, to a,;lll (Vi) is an isomorphism onto V.

Proof. (i) Set V/ :=P_,(X') x Xk"'n X® and

V= {(xl, ) € (LY x p)) [ e ({1} % puA)}.

By Proposition 19 (ii), V// is an open subset of X*). Let ¢ € G and z; € X’
such that g.z; € P_,, (X’). Then there exist

qeP_, i eX', 27,y €Epua and peP

such that

g(ml):q(gh)’ :L‘1:L(1,.Z',1), ylzb(layll) and yllzp(xll) .

So
gu(1,27) =g (z1) = qu(1,9)) = qp.e (1,2))

and p~lqg7lg € GH(1ah). Hence, by Proposition 19 (i), g € P_,P. As a result

P_,xV' — VY
(9,21,...,2%) —> (g.21,...,9.7k)

is an isomorphism whose inverse is given by

|7 — P_,xV
(xla"'axk) = (glaybgl_l'm%'"7gl_l'xk)7

where (g1,71) = 67 (x1). Let 1, be the morphism from {1} x p* to X* defined
by
e (L, .o xg) = (e(L, 1), .. 0 (1, 2p))

and let Z; be the image of ¢,. Then we have the following commutative diagram

{1} x pt 27,

\ l@zk
p

where ¢z, is the restriction of ¢ to Z;. Hence k[{1} x p¥] D k[Z,] D Kk[pF].
Since k[{1} x p*] and k[p*] are equal, ¢} is an isomorphism onto its image. So
it is a closed immersion. Then V” is smooth since V' = 4, ({1} X pya x p¥) and
since p, A is smooth as a P-orbit. Hence V) and G.V] are smooth open subsets
of X whence the assertion since X* is &-invariant.

(ii) Since « is a finite morphism, ¢ is too and since ., is surjective, ¢ is
too.
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(iii) By definition of V, X®\V; is equal to the image of G xp (py \ Pun)”
by o and G xp (p{“1 \ go(Vk)) is equal to G Xp (py \ puyA)k. Hence

dim X®\ V,, < dim G xp (py \ pua)” < (k + 1) dimp, — k
dim G xp (p¥\ ¢ (Vi) < dim G xp (py \ pun)® < (k+1)dimp, — &,

whence the assertion since dim X*) = dim G xp p* = (k + 1) dimp,,.
(iv) Let (1,z1,...,2%) and (g,91,...,y) be in G x p¥ such that z; and
yp are in p, A and

Okl 21,y xk) = 0k n(g, Y1,y -, Yk) € Vi,

where (1,z1,...,x;) and (g,y1,...,yx) are the images of (1,z1,...,x;) and
(9,91, --,yx) in G xpp* by the quotient map. Then there exists p € P such that

y1 =p(x1). So
[’(171:1) -t (973/1) = g'[’(lvyl) = gp'[’(17$1> )
then
t(1,21) = gpe(1,21) € X'

So, by Proposition 19 (i), g € P and (1,21,...,2x) = (9,¥1,.-.,Yx). Hence the
restriction of oy, to a,;lll (Vi) is injective since Vj is &j-invariant, whence the
assertion by Zariski Main Theorem [8, §I11.9| since V}, is smooth open subset of
X® by (i). [

Proposition 21. The variety G xp p* is a desingularization of X®) of morphism
Ok,u -

Proof. Since G xp p¥ is a vector bundle on the smooth variety G/P, it is
a smooth variety. According to Lemma 10, py., is a projective morphism then
Oku is too since jig, = @ o 0y,. Hence, by Proposition 20 (iv), G xp p¥ is a
desingularization of X*) n

Let  be in p,a and let (G*), be the neutral component of G*. The
canonical map G/(G"), — G/G” induces an embedding of k[G (p,)] into
k(G/(G"),). Let C be the integral closure of k [G (p,)] in k(G/(G"),).
Proposition 22. (i) The field k(G/(G"),) is a Galois extension of the field
k(G/G") of Galois group I' = G/ (G*),.

(1t) The subalgebra C is invariant under the action of I' and k[G (pu),] s
the set of fized points by I' in C, where G (py), is the normalization of G (py).

Proof. (i) Since k (G/ (G”)O)F =k (G/G"), k(G/(G"),) is a Galois exten-
sion of the Galois groupe T'.

(ii) Since k [G (py)] is invariant under the action of I, C is too. Moreover,
k[G (pu),] is contained in k(G (p,)) = k(G/G") the set of fixed points of I' in
k(G/(G"),). Let a be in C such that a is a fixed point by I"'. Then a is in
k(G/G"). Hence a is in k[G (py),] since it is in C, whence the assertion. [
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Proposition 23. (i) The field k (G Xp pﬁ) is the field of rational fractions
k(G xp po) (71,...,7m) over k(G xp py), where m = dimp*~t. Moreover, it
is a subfield of k (G/ (G"),) (71, ..., 7Tm).

(ii) The field k (P&k)) is the set of fized points of I in k (G/ (G"),) (71,...,Tm)

under the trivial extension of its action on k (G/(G"),).

Proof. (i) Since P_, is isomorphic to an open subset of G/P and since
G xp p* is a vector bundle over G/P, P_, x p¥ is isomorphic to an open subset
of G xXp pﬁ. Moreover, G Xp pﬁ is a vector bundle over G xp p, whose fibers are
isomorphic to p¥~'. Hence k (G xp p¥) equals k(G xp py) (m1,...,my), where
m = dimp¥~!. So it is a subfield of k (G/ (G*),) (m1, ..., my) since k (G/ (G?),)
is an extension of k (G xp py).

(i) Let p be the first projection from P N G (Pua) x g"1 to G (pua),
let 1 be in G (pya) and let z be in p~! (z1) such that it is a smooth point of
P& and p is smooth at z. Then there exists a smooth affine open subset O
containing z in PP such that po the restriction of p to O is a submersion onto
an open subset of G (py,a). Hence the fiber of po at p(z) is an open subset of an
affine space. So the restrictions of the affine coordinates 7y, ..., m,, of this space
to po' (p(z)) are the restrictions of regular functions on O which we denote again
Ty, Tm- Let b be the morphism defined by

v: O — p(0) x k™
y — (o), m W), ...mmY)).

Then ) is a submersion at z. So, for all ¥ in an open subset O’ of O, containing
z, the intersection of the kernels of the differential at y of the restrictions of
i, ..., Tm t0 Fyy) the fiber of p at p(y) equals {0} so that 1 is locally injective
on Fp(y). Let

A=A{(2,2") € O'x O" | ¢ (') =¥ (2”)}

and let Ao be the diagonal of O’. Hence the dimension of ANF),,) X F, is zero,
for (y,4') in A. Then the dimensions of A and of O are equal. Hence Ao is an
irreducible component of A. Then there exists an open subset O” of O such that

the restriction of ¢ to O” is injective. Hence k (Pl(lk)> =k(G(pu)) (71, .., ),
whence the assertion since k (G (p,)) = k (G/ (G*),)". ]

Let C*) be the integral closure of k [Pl(lk)] in k(G/(G"),) [m1,..,Tm),

let ((Pﬁk)> ,Vk> be the normalization of Pl(lk) and let ((X(k))n,nk) be the
normalizatioil of X%)
Proposition 24. (i) The algebra k [(Pﬁk)> } is the set of fized points of T in
c. )

(ii) The algebra k [(Pﬁk)) } is a direct factor of C% as a k [(P&k)> ]—
module. (iii) There exists a pure ;lnorphz'sm B in the sense of [7, Appendix to n§7]

from (X(k))n to (Pl(lk)> such that ¢ on = v, 0.
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Proof. (i) Since k [P&k)} is invariant under the action of I', C*) is too.

Moreover, k [(Pl(lk) ) ] is contained in k (Pl(lk)> the set of fixed points of I' in
k(G/(G"),) (71, ... ,nwm). Let a be in C*®) such that a is a fixed point by I'. Then
a is in k (Pl(lk)> and it satisfies an equation of integral dependence on k [Pl(lk)} .
Hence a is in k [(P&k))
(ii) Let @ be thenmap

oo = )]

1
c > c#:mzry.c
=

] , whence the assertion.

Then @ is a projection from C*) onto k [(P&k)) ] by (i). Since (be)* = be#, for

b ek [(P&k)) ] and ¢ € C® C® is the direct sum as k [( L(lk)>

K [(Pﬁk)> ] and M, = Ker®.

n

] -module of

n

(iii) Since (X (k))n is normal and since ¢ o 7 is surjective, there exists a
morphism 3 from (X®)) to (P&k)> such that ¢ on, = v, 0 B (5], ch. 11, Ex.
3.8). By (ii),

k[(XD),] =k [(PP),] & (M nk [(X),])

Hence § is a pure morphism in the sense of |7, Appendix to §7]. [ |
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