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Abstract. Let G0 be a simply connected non-compact real simple Lie group
with maximal compact subgroup K0 . Assume that rank(G0) = rank(K0) so
that G0 has discrete series representations. If G0/K0 is Hermitian symmetric,
one has a relatively simple discrete series of G0 , namely the holomorphic discrete
series of G0 . Now assume that G0/K0 is not a Hermitian symmetric space. In
this case, one has the class of Borel-de Siebenthal discrete series of G0 defined
in a manner analogous to the holomorphic discrete series. We consider a certain
circle subgroup of K0 whose centralizer L0 is such that K0/L0 is an irreducible
compact Hermitian symmetric space. Let K∗

0 be the dual of K0 with respect
to L0 . Then K∗

0/L0 is an irreducible non-compact Hermitian symmetric space
dual to K0/L0 . In this article, to each Borel-de Siebenthal discrete series of G0 ,
we will associate a holomorphic discrete series of K∗

0 . Then we show the oc-
currence of infinitely many common L0 -types between these two discrete series
under certain conditions.
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Key Words and Phrases: Discrete series, admissibility, relative invariants, branch-
ing rule, LS-paths..

1. Introduction

Let G0 be a simply connected non-compact real simple Lie group and let K0 be a
maximal compact subgroup of G0 . Let T0 ⊂ K0 be a maximal torus. Assume that
rank(K0) =rank(G0) so that G0 has discrete series representations. Note that
T0 is a Cartan subgroup of G0 as well. Also the condition rank(K0)=rank(G0)
implies that K0 is the fixed point set of a Cartan involution of G0 . We shall
denote by g0, k0 , and t0 the Lie algebras of G0, K0 , and T0 respectively and by
g, k , and t the complexifications of g0, k0, and t0 respectively.

Let ∆ be the root system of g with respect to the Cartan subalgebra t .
Let ∆+ be a Borel-de Siebenthal positive system so that the set of simple roots Ψ
has exactly one non-compact root ν . We may write ∆ = ∪−2≤i≤2∆i where α ∈ ∆
belongs to ∆i precisely when the coefficient nν(α) of ν in α when expressed as a
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sum of simple roots is equal to i ; the set of compact and non-compact roots of g0

are ∆0 ∪∆2 ∪∆−2 and ∆1 ∪∆−1 respectively.

Let G be the simply connected complexification of G0 . The inclusion
g0 ↪→ g defines a homomorphism p : G0 −→ G . Let Q ⊂ G be the parabolic
subgroup with Lie algebra q = l⊕ u−1⊕ u−2 , where ui =

∑
α∈∆i

gα (−2 ≤ i ≤ 2),
gα is the root space for α ∈ ∆, and l = t⊕ u0 . Let L be the Levi subgroup of Q ;
thus Lie(L) = l . Then L̄0 := p(G0) ∩Q is a real form of L and L0 := p−1(L̄0) is
the centralizer in K0 of a circle subgroup of T0 .

Note that G0/L0 is an open orbit of the complex flag manifold G/Q , K0/L0

is an irreducible Hermitian symmetric space of compact type and G0/L0 −→
G0/K0 is a fibre bundle projection with fibre K0/L0 .

Our interest is in the situation when G0/K0 is not a Hermitian symmetric
space. This condition is equivalent to the requirement that the centre of K0 is
discrete. We want to consider in this situation the Borel-de Siebenthal discrete
series of G0 , which was the subject of Ørsted and Wolf [16]. This is defined
analogously to holomorphic discrete series in the case when G0/K0 is a Hermitian
symmetric space, and so we first recall that definition.

If G0/K0 is a Hermitian symmetric space, then ∆2 and ∆−2 are empty, and
the set of compact and non-compact roots of g0 are ∆0 and ∆1∪∆−1 respectively.
Note that L0 = K0 in this case. If γ is the highest weight of an irreducible
representation of K0 such that γ + ρg is negative on ∆1 , then γ + ρg is the
Harish-Chandra parameter of a holomorphic discrete series πγ+ρg of G0 . The K0 -
finite part of πγ+ρg is described as ⊕n≥0Eγ ⊗ Sn(u−1) where Eγ is the irreducible
K0 -representation with highest weight γ and u−1 = ⊕α∈∆−1gα. See [3] and also
[19].

Now, turning to the situation when G0/K0 is not a Hermitian symmetric
space, let γ be the highest weight of an irreducible representation Eγ of L̄0 such
that γ + ρg is negative on ∆1 ∪ ∆2 . Here ρg denotes half the sum of positive
roots of g . The Borel-de Siebenthal discrete series πγ+ρg is the discrete series
representation of G0 for which the Harish-Chandra parameter is γ + ρg . Let µ
be the highest root in ∆+ , let kC1 be the simple ideal of k containing gµ , let
k1 be the compact real form of kC1 contained in k0 , and let K1 be the simple
factor of K0 with Lie algebra k1 . The K0 -finite part of πγ+ρg is in fact K1 -
admissible. This is a consequence a more general theorem on admissible restrictions
due to Kobayashi [9, Theorem 2.9]. Ørsted and Wolf [16] observe this using the
description of the K0 -finite part of πγ+ρg in terms of the Dolbeault cohomology as
⊕m≥0H

s(K0/L0;Eγ ⊗ Sm(u−1)) where s = dimCK0/L0 , Eγ and Sm(u−1) denote
the holomorphic vector bundles associated to the irreducible L0 -module Eγ and
the m-th symmetric power Sm(u−1) of the irreducible L0 -module u−1 respectively.

Before proceeding further, we pause to recall here the important notion of
admissibility of a representation. Suppose that H is a Lie group and that (π, Vπ) is
a unitary representation of H on a complex Hilbert space Vπ . Following Kobayashi
[9], we say that π is admissible if Vπ is expressible as a Hilbert space direct sum
Vπ = ⊕̂τ∈ĤmτVτ where the sum is over the set Ĥ of all isomorphism classes of
irreducible unitary representations (τ, Vτ ) of H and mτ = dimC(HomH(Vτ , Vπ)),
the multiplicity of τ in π , is finite for all τ ∈ Ĥ . If H1 is a closed subgroup of
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H , we say that (π, Vπ) is H1 -admissible if the restriction (π|H1 , Vπ) is admissible
as an H1 -representation.

We regard any L̄0 representation as an L0 -representation via the covering
projection p|L0 . Any L0 -representation we consider in this paper arises from an
L̄0 -representation and so we shall abuse notation and simply write L0 for L̄0 as
well.

R. Parthasarathy [17] obtained essentially the same description as above in
a more general context that includes holomorphic and Borel-de Siebenthal discrete
series as well as certain limits of discrete series representations. We give a brief
description of his results in Appendix 2 (§9).

Let ∆±0 = ∆± ∩ ∆0 . Then ∆+ = ∆+
0 ∪ ∆1 ∪ ∆2 . The root system of k

is ∆k = ∆0 ∪ ∆2 ∪ ∆−2 , and the induced positive system of ∆k is obtained as
∆+

k = ∆+
0 ∪∆2 .

Let (K∗0 , L0) denote the Hermitian symmetric pair dual to the pair (K0, L0).
The set of non-compact roots in ∆+

k equals ∆2 with respect to the real form
Lie(K∗0) of k . If γ + ρg is the Harish-Chandra parameter of a Borel-de Siebenthal
discrete series πγ+ρg of G0 , then the same parameter γ determines a holomorphic
discrete series of K∗0 with Harish-Chandra parameter γ + ρk , denoted πγ+ρk . See
§4. It is a natural question to ask which L0 -types are common to the Borel-de
Siebenthal discrete series πγ+ρg and the corresponding holomorphic discrete series
πγ+ρk .

We shall answer this question completely when k1
∼= su(2), the so-called

quaternionic case. See Theorem 1.1. In the non-quaternionic case, we obtain
complete results assuming that (i) the longest element of the Weyl group of K0

preserves ∆0 , that is, K∗0/L0 is of tube type, and (ii) there exists a non-trivial one
dimensional L0 -subrepresentation in the symmetric algebra S∗(u−1). See Theorem
1.2 below. The only Hermitian symmetric spaces that occur as K∗0/L0 in our
context and are of tube type are: SO∗(4m)/U(2m), SO0(2, 2m)/SO(2)×SO(2m),
Sp(m,R)/U(m).

Note that condition (i) is trivially satisfied in the quaternionic case. The
existence of non-trivial one-dimensional L0 -submodule in the symmetric algebra
S∗(u−1) greatly simplifies the task of detecting occurrence of common L0 -types.
The classification of Borel-de Siebenthal positive systems for which such one di-
mensional exist has been carried out by Ørsted and Wolf [16, §4].

We now state the main results of this paper.

Theorem 1.1. We keep the above notations. Suppose that Lie(K1) ∼= su(2). If
g0 = so(4, 1) or sp(1, l − 1), l > 1, then there are at most finitely many L0 -types
common to πγ+ρg and πγ+ρk . Moreover, if dimEγ = 1 then there are no common
L0 -types.

Suppose that g0 6= so(4, 1) or sp(1, l − 1), l > 1. Then each L0 -type in the
holomorphic discrete series πγ+ρk occurs in the Borel-de Siebenthal discrete series
πγ+ρg with infinite multiplicity.

The cases G0 = SO(4, 1), Sp(1, l − 1) are exceptional among the quater-
nionic cases in that these are precisely the cases for which prehomogeneous space
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(L, u1) has no (non-constant) relative invariants—equivalently Sm(u−1),m ≥ 1,
has no one-dimensional L0 -subrepresentation. In the non-quaternionic case, we
have the following result.

Theorem 1.2. With the above notations, suppose that (i) w0
k (∆0) = ∆0 where

w0
k is the longest element of the Weyl group of K0 (equivalently, the Hermitian

symmetric space K∗0/L0 is of tube type), and, (ii) there exists a 1-dimensional
L0 -submodule in Sm(u−1) for some m ≥ 1. Then there are infinitely many L0 -
types common to πγ+ρg , πγ+ρk and occurring in πγ+ρg with infinite multiplicity.
Moreover, if dimEγ = 1, then every L0 -type occurring in πγ+ρk occurs in πγ+ρg

with infinite multiplicity.

We recall, in Proposition 2.4, the Borel-de Siebenthal root orders for which
condition (ii) of the above theorem holds. We obtain in Proposition 6.2 a criterion
for condition (i) to hold. For the complete list of non-quarternionic cases in which
condition (i) holds, see Appendix 1 (§8).

The second part of Theorem 1.1 is a particular case of Theorem 1.2 (when
Lie(K1) ∼= su(2), the common L0 -types are all in πγ+ρk ). The proof of Theorem
1.1 involves only elementary considerations. But the proof of Theorem 1.2 involves
much deeper results and arguments.

The existence (or non–existence) of one–dimensional L0 –submodules in
⊕m≥1S

m(u−1) is closely related to the L0 -admissibility of πγ+ρg . Note that The-
orem 1.2 implies that, under the condition w0

k (∆0) = ∆0 , the restriction of the
Borel-de Siebenthal discrete series is not L0 -admissible when

∑
m>0 S

m(u−1) has
one dimensional subrepresentation. When k1

∼= su(2) and
∑

m>0 S
m(u−1) has

no one dimensional submodule, the Borel-de Siebenthal discrete series is L0 -
admissible. In fact, one has the following result:

Proposition 1.3. Suppose that Sm(u−1) has a one-dimensional L0 -subrepre-
sentation for some m ≥ 1, then the Borel-de Siebenthal discrete series πγ+ρg is
not L′0 -admissible where L′0 = [L0, L0]. The converse holds if k1

∼= su(2).

For a general criterion for admissibility of restriction to a closed subgroup from a
compact Lie group, see [12, Theorem 6.3.3].

We also obtain, in Proposition 6.3, a result on the L′0 -admissibility of the
holomorphic discrete series πγ+ρk of K∗0 . Note that any holomorphic discrete series
representation of K∗0 is L0 -admissible. (It is even T0 -admissible; see, for example
[19]).

Combining Theorems 1.1 and 1.2, we see that there are infinitely many
L0 -types common to πγ+ρg and πγ+ρk whenever Sm(u−1) has a one-dimensional
L0 -submodule for some m ≥ 1 and w0

k (∆0) = ∆0 . We are led to the following
questions.

Questions: Suppose that there exist infinitely many common L0 -types between a
Borel-de Siebenthal discrete series πγ+ρg of G0 and the holomorphic πγ+ρk of K∗0 .
Then (i) Does there exist a one-dimensional L0 -subrepresentation in Sm(u−1)?
(ii) Is it true that w0

k (∆0) = ∆0 ?
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We make use of the description of the K0 -finite part of the Borel-de Sieben-
thal discrete series obtained by Ørsted and Wolf, in terms of the Dolbeault coho-
mology of the flag variety K0/L0 with coefficients in the holomorphic bundle as-
sociated to the L0 -represenation Eγ ⊗Sm(u−1). This will be recalled in §2. Proof
of Theorem 1.2 crucially makes use of Theorem 6.1 on the decomposition of the
L0 -representation Sm(u−2) and Littelmann’s path model [14],[15].

There are three major obstacles in obtaining complete result in the non-
quaternionic case, namely, (i) the decomposition of Sm(u−1) into L0 -types Eλ , (ii)
the decomposition of the tensor product Eγ⊗Eλ into irreducible L0 -representations
Eκ , and, (iii) the decomposition of the restriction of the irreducible K0 -representat-
ion Hs(K0/L0;Eκ) to L0 . The latter two problems can, in principle, be solved
using the work of Littelmann [14]. The problem of detecting occurrence of an
infinite family of common L0 -types in the general case appears to be intractable.

We assume familiarity with basic facts concerning symmetric spaces and
the theory of discrete series representations, referring the reader to [5] and [7].

The results of this paper have been announced in [18].

List of Notations

G0 simply connected non-compact real simple Lie group.
K0 maximal compact subgroup of G0.
T0 maximal torus of K0.
g0, k0, t0 Lie algebras of G0, K0, T0 respectively.
g, k, t complexifications of g0, k0, t0 respectively.
G,K simply connected complex Lie groups with Lie algebras g and k

respectively.
∆ root system of g with respect to t.
∆+,Ψ Borel-de Siebenthal positive system of G0 and the set of simple roots.
ν, µ the simple non-compact root and the highest root in ∆+ respectively.
kC1 , k1, K1 the simple ideal in k containing the root space gµ, compact real form of kC1

contained in k0 and the simple factor of K0 with Lie algebra k1,
respectively.

∆i ⊂ ∆ roots with coefficient of ν equal to i when expressed in terms of
simple roots.

∆+
0 ,∆

−
0 positive and negative roots in ∆0.

∆k ∆0 ∪∆2 ∪∆−2, the root system of k.
∆+

k ,Ψk ∆+
0 ∪∆2 the induced positive system of k and the set of simple roots of k.

ε the simple root in ∆+
k which is in ∆2.

ν∗ fundamental weight of g corresponding to ν ∈ Ψ.
ε∗ fundamental weight of k corresponding to ε ∈ Ψk.
l0, l the Lie subalgebra of k0 containing t0 with root system ∆0, and its

complexification.
L0, L

′
0, L the Lie subgroups of K0 and K with Lie algebras l0, [l0, l0], and l,

respectively.
K∗0 the real form of K dual to the compact form K0 with respect to L0.
w0

k , w
0
l longest element of the Weyl group of K0 and L0.

ui
∑

α∈∆i
gα, i = ±1,±2.

Q, q the parabolic subgroup of G with Lie algebra q = l + u−1 + u−2.
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A(E,L) the algebra of relative invariants of a prehomogeneous
L-represenation E.

Y, s the flag variety K0/L0 = K/K ∩Q, s = dimC Y.
X K∗0/L0, the non-compact dual of Y .
w0
Y the element w0

kw
0
l .

ρg, ρk (1/2)(
∑

α∈∆+ α), (1/2)(
∑

α∈∆+
k
α).

πγ+ρg , πγ+ρk discrete series representations of G0 and K∗0 with Harish-Chandra
parameters γ + ρg, γ + ρk respectively.

πK0 the space of K0-finite vectors of a G0-representation π.
Eκ, Vλ the irreducible l or L0 (resp. k or K0) representation with highest
weight κ (resp. λ).
ReslVλ restriction of Vλ to l.
Uk irreducible su(2)-representation of dimension k + 1.
Eκ the holomorphic vector bundle over Y associated to Eκ.
{γ1, . . . , γr} maximal set of strongly orthogonal non-compact negative roots of

K∗0 .

2. Borel-de Siebenthal discrete series

In this section we recall a description of the Borel-de Siebenthal series. We shall
follow the notations of Ørsted and Wolf, which we now recall.

2.1. . Let g0 be a real simple non-compact Lie algebra and let k0 be a max-
imal compactly embedded Lie subalgebra of g0 with rank g0 = rank k0 and k0

semisimple.

Let t0 be a Cartan subalgebra of k0 , which is also a Cartan subalgebra of
g0. The notations G0, K0, g, k, etc. will have the same meaning as in §1. Let ∆
be the root system of (g, t), ∆+ ⊂ ∆ be a Borel-de Siebenthal positive system
and Ψ the set of simple roots. Let α ∈ ∆ be any root and let nν(α) be the
coefficient of ν (the non-compact simple root) when α is expressed as a sum of
simple roots. Since k0 is semisimple, one has a partition of the set of roots ∆
into subsets ∆i, i = 0,±1,±2 where ∆i ⊂ ∆ defined to be {α ∈ ∆ | nν(α) = i} .
Denote by µ the highest root; then µ ∈ ∆2 . The set ∆k := ∆0 ∪∆2 ∪∆−2 is the
root system of k with respect to t for which Ψ \ {ν} ∪ {−µ} is a set of simple
roots defining a positive system of roots, namely, ∆+

0 ∪∆−2 . On the other hand
(k, t) inherits a positive root system from (g, t), namely, ∆+

k := ∆+
0 ∪∆2 . Lemma

2.2 brings out the relation between the two.

The Killing form B : t × t −→ C determines a non-degenerate symmetric
bilinear pairing 〈 , 〉 : t∗ × t∗ −→ C which is normalized so that 〈ν, ν〉 = 2. For
any α ∈ t∗ , denote by Hα ∈ t the unique element such that α(H) = B(H,Hα).
Then our normalization requirement is that 〈α, β〉 := 2B(Hα, Hβ)/B(Hν , Hν) for
all α, β ∈ t∗ . Let ν∗ ∈ t∗ be the fundamental weight corresponding to ν ∈ Ψ.

Now define q := t+u0 +u−1 +u−2 where ui =
∑

α∈∆i
gα,−2 ≤ i ≤ 2. Then

q is a maximal parabolic subalgebra of g that omits the non-compact simple root
ν . The Levi part of q is the Lie subalgebra l = t + u0 and the nilradical of q
is u− = u−1 + u−2 . Note that the centre of l is CHν∗ . We have that ∆l := ∆0

is the root system of l with respect to t ⊂ l for which Ψ \ {ν} is the set of
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simple roots defining the positive system ∆+
l := ∆+

0 . Let kC1 denote the simple
ideal of k that contains the root space gµ . It is the complexification of the Lie
algebra k1 of a compact Lie group K1 which is a simple factor of K0 . It turns
out that u2, u−2 ⊂ kC1 . Let k2 be the ideal of k0 such that k0 = k1 ⊕ k2 . We let
lCj = kCj ∩ l, j = 1, 2. Note that kC2 = lC2 and so lC2 is semisimple. Thus the centre
of l is contained in lC1 .

Let G denote the simply connected complex Lie group with Lie algebra
g , Q ⊂ G , the parabolic subgroup with Lie algebra q . Denote by K,L ⊂ G
the connected Lie subgroups with Lie algebras k, l respectively. Let L0 ⊂ K0 be
the centralizer of the circle group Sν∗ := {exp(itHν∗) | t ∈ R} contained in K0 .
Then K0/L0 is a complex flag variety which is a Hermitian symmetric space. Also
l0 ⊂ k0 is a compact real form of l . Let L1 ⊂ K1 be the centralizer of Sν∗ ⊂ K1 .
Then L1 ⊂ L0 and Lie(L1) =: l1 is a compact real form of lC1 . Let K2 be the
connected Lie subgroup of K0 with Lie algebra k2 . Then K0 = K1×K2 as K0 is
simply connected. Also L0 = L1 ×K2. It will be convenient to set L2 := K2 .

The inclusion g0 ↪→ g induces a map G0 −→ G , which defines smooth maps
G0/L0 ⊂ G/Q and K0/L0 ⊂ G0/L0 ⊂ G/Q since l0 ⊂ q . Since dimR(G0/L0) =
dimR(u1 + u2) = 2 dimC(G/Q), we conclude that G0/L0 is an open domain of
the complex flag variety G/Q . Note that one has a fibre bundle projection
G0/L0 −→ G0/K0 with fibre K0/L0 . We shall denote the identity coset of any
homogeneous space by o . The holomorphic tangent bundles of K0/L0 and G/Q
are the bundles associated to the L0 -modules u2 and u1 ⊕ u2 respectively since
we have the isomorphisms of tangent spaces ToK0/L0 = u2 and ToG/Q = u1 ⊕ u2

of L0 -modules. Hence the normal bundle to the imbedding K0/L0 ↪→ G/Q is the
bundle associated to the representation of L0 on u1 .

Denote by (K∗0 , L0) the non-compact Hermitian symmetric pair dual to
the compact Hermitian symmetric pair (K0, L0). A well-known result of Harish-
Chandra [5, Ch. VIII] is that K∗0/L0 is naturally imbedded as a bounded sym-
metric domain in u2 = To(K0/L0), the holomorphic tangent space at o of K0/L0 .
Denote by U±2 ⊂ K the image of u±2 under the exponential map. Then U2 is an
open neighbourhood of o in K/(L.U−2) ∼= K0/L0 . Thus K∗0/L0 =: X is imbedded
in K0/L0 =: Y as an open complex analytic submanifold.

We recall the following result due to Ørsted and Wolf [16]. See also [17]
and Appendix 2 (§9) below. Let γ be the highest weight of an irreducible finite
dimensional complex representation of L0 on Eγ and suppose that 〈γ+ρg, α〉 < 0
for all α ∈ ∆1 ∪∆2 .

Theorem 2.1. (Parthasarathy [17], Ørsted and Wolf [16]) The K0 -finite part
of the Borel-de Siebenthal discrete series πγ+ρg is isomorphic to

⊕m≥0H
s(Y ;Eγ ⊗ Sm(u−1)) where s = dimY

and moreover, it is K1 -admissible.

The K1 -admissibility of the Borel de Siebenthal discrete series also follows
from Kobayashi [10] who obtained a criterion for the admissibility of the restriction
of certain representations to reductive subgroups in a more general context.
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2.2. Certain L0 representations. Since l = lC1⊕lC2 , we have the decomposition
γ = γ1+γ2, with γi ∈ t∗i where ti = lCi ∩t . Also, Eγ = Eγ1⊗Eγ2 . Furthermore Hν∗

generates the centre of lC1 and we have the Levi decomposition lC1 = [lC1 , l
C
1 ] + z(lC1 )

where z(lC1 ) = z(l) = CHν∗ . We write γ1 = γ′+tν∗ where γ′ ⊥ ν∗ . The assumption
that γ is an l-dominant integral weight and that γ + ρg is negative on positive
roots of g complementary to those of l implies that t is ‘sufficiently negative’.
That is, t is real and it satisfies the conditions (see [16, Theorem 2.12]):

t < −1/2〈γ0 + ρg, µ〉 and t < −〈γ0 + ρg, w
0
l (ν)〉 (1)

where γ0 := γ − tν∗ ∈ [l, l] and w0
l denotes the longest element of the Weyl group

of (l, t) with respect to ∆+
l . 1

Recall that ∆+
k = ∆+

0 ∪ ∆2 is the positive root system of (k, t) that
is compatible with the positive root system ∆+ of g . It is easily seen that
Ψk := Ψ \ {ν} ∪ {ε} ⊂ ∆+

k is the set of simple roots where ε is the lowest root
in ∆2 (so that β ≥ ε for all β ∈ ∆2 ). 2 Also Ψl := Ψ ∩ ∆+

0 = Ψ \ {ν} is the
set of simple roots of l for the positive system ∆+

0 . It is readily verified that
Ψk = wY (Ψ\{ν}∪{−µ}) where wY = w0

kw
0
l . The adjoint action of L0 on g yields

L0 -representations on ui, i = ±1,±2, which are irreducible. The highest (resp.
lowest) weights of u−2, u−1 , j = 1, 2, are −ε,−ν (resp. −µ,w0

l (−ν)) respectively.

Let Ξ = {ξ1, . . . , ξl} be the set of fundamental weights of g with respect to
Ψ = {ψ1, . . . , ψl} so that 2〈ξi, ψj〉/〈ψj, ψj〉 = δi,j. (Here δi,j denotes the Kronecker
delta.)

If ψ ∈ Ψk , the corresponding fundamental weight of k will be denoted by
ψ∗ . If ψi is a compact simple root of g0 , it should be noted that in general ψ∗i 6= ξi .

In conformity with the notations of [16], we shall denote by ν∗ the weight
ξi0 where ν = ψi0 ∈ Ψ. (Since ν /∈ Ψk there is no danger of confusion.)

Lemma 2.2. With the above notations, suppose that ν = ψi0 and ε =
∑
aiψi ∈

∆2 . Then: (i) ε∗ = ||ε||2ν∗/4 and ψ∗i = ξi − ai||ψi||2ν∗/4, i 6= i0 .
(ii) wY (∆+

0 ∪∆−2) = ∆+
0 ∪∆2 , Ψk = wY (Ψ \ {ν} ∪ {−µ}).

(iii) If λ ∈ t∗ , then λ = λ′ + aν∗ where a = 〈λ, ν∗〉/||ν∗||2 and λ′ ∈ (t ∩ [l, l])∗ =
{ν∗}⊥ .
(iv) The sum

∑
β∈∆2

β = cε∗ where c = s||ε||2/2||ε∗||2 (with s = |∆2|) is an
integer.

Proof. We will only prove (iv), the proofs of the remaining parts being straight-
forward.

Observe that if E is a finite dimensional representation of l , then the sum λ
of all weights of E , counted with multiplicity, is a multiple of ε∗ . This follows from
the fact that the top-exterior Λdim(E)(E) is a one dimensional representation of l
isomorphic to Cλ . Applying this to u2 , we obtain that

∑
β∈∆2

β = cε∗ . Clearly c
is an integer since the β are roots of k and so

∑
β∈∆2

β is in the weight lattice.

Example: Consider the group G0 = Sp(2, 1). The non-compact root in the

1The decomposition of γ = γ0 + tν∗ used in [16, Theorem 2.12] is different.
2Ørsted and Wolf [16] denote by Ψk the set Ψ \ {ν} ∪ {−µ} .
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Bourbaki root order of sp(3,C) is ν = ψ2 . Also K0 = Sp(2) × Sp(1), K1 =
Sp(2), L1 = U(2), L2 = K2 = Sp(1),

∆+
0 = {ψ1, ψ3}, ∆1 = {ψ2, ψ1 + ψ2, ψ1 + ψ2 + ψ3, ψ2 + ψ3} ,

∆2 = {µ = 2ψ1 + 2ψ2 + ψ3, ψ1 + 2ψ2 + ψ3, 2ψ2 + ψ3 = ε}.
Furthermore, Ψk = {ψ1, ψ3, ε} where 〈ψ3, ε〉 = 0, 〈ψ1, ε〉 = −2, and, ψ∗1 = ξ1, ψ

∗
3 =

ξ3 − ξ2 and ε∗ = ν∗ . Finally c = 3.

Remark 2.3. (i) The parity of c will be relevant for our purposes. We give an
interpretation of it in terms of the existence of spin structures on Y = K0/L0 . Re-
call that π1(T0) is the kernel of the exponential map t0 → T0 . Thus H1(T0;Z) ∼=
Hom(π1(T0),Z) is a lattice in t∗0 . This is the weight lattice of k0 (with respect to
t0 ) since K0 is simply connected. The cohomology group H2(Y ;Z) is naturally
isomorphic to Z[ε∗] ∼= Z, the quotient of the weight lattice of k0 by the weight
lattice of [l0, l0] . (See [1, §14.2].) If λ is a weight of k0 its class in H2(Y ;Z) is de-
noted by [λ] . Thus [λ] = 2(〈λ, ε〉/||ε||2)[ε∗] . The holomorphic tangent bundle T Y
is the bundle associated to the L0 -representation u2 =

∑
β∈∆2

gβ . This implies

that c1(Y ), first Chern class of Y , equals
∑

β∈∆2
[β] = c[ε∗] ∈ H2(Y ;Z). Conse-

quently Y admits a spin structure if and only if c is even. The value of c can be
explicitly computed. (See, for example, [1, §16].) This leads to the following con-
clusion. The complex Grassmann variety CGp(Cp+q) = SU(p+q)/S(U(p)×U(q))
admits a spin structure if and only if p + q is even and that the complex quadric
SO(2 + p)/SO(2)× SO(p) admits a spin structure precisely when p is even. The
orthogonal Grassmann variety SO(2p)/U(p) admits a spin structure for all p.
The symplectic Grassmann variety Sp(p)/U(p) admits a spin structure if and
only if p is odd. The Hermitian symmetric spaces E6/(Spin(10) × SO(2)) and
E7/(E6 × SO(2)) admit spin structures.

(ii) The highest weight of any irreducible L0 -submodule of Eγ ⊗ Sm(u−1)
is of the form γ + φ where φ is a weight of Sm(u−1). Thus φ = α1 + · · · + αm
for suitable αi in ∆−1 (not necessarily distinct). Now if α ∈ ∆−1 and β ∈ ∆2 ,
then β − α is not a root. Hence 〈α, β〉 ≤ 0 for all α ∈ ∆−1, β ∈ ∆2 . It follows
that 〈γ + ρk, β〉 ≤ 〈γ + ρg, β〉 and 〈φ, β〉 ≤ 0 for all β ∈ ∆2 . Since 〈γ + ρg, β〉 < 0
for all β ∈ ∆2 , therefore 〈γ + ρk, β〉 < 0 and 〈γ + φ + ρk, β〉 < 0 for all β ∈ ∆2 .
Hence, by the Borel-Weil-Bott theorem, the highest weight of Hs(Y ;Eγ+φ) equals
wY (γ+φ+ρk)−ρk . We shall make use of this remark in the sequel without explicit
reference to it.

2.3. Classification of Borel-de Siebenthal root orders. The complete clas-
sification of Borel-de Siebenthal root orders is given in [16, §3]. For the convenience
of the reader we recall here, in brief, their classification.

Let g0 be a non-compact real simple Lie algebra satisfying the conditions of
2. Having fixed a fundamental Cartan subalgebra t0 ⊂ g0 ; a positive root system
of (g, t) containing exactly one non-compact simple root ν , is Borel-de Siebenthal
if the coefficient of ν in the highest root is 2. Conversely, let g be a complex
simple Lie algebra. Choose a Cartan subalgebra t ⊂ g and a positive root system
of (g, t). If there exists a simple root ν whose coefficient in the highest root is 2,



484 Paul, Raghavan, and Sankaran

then ν determines uniquely (up to an inner automorphism) a non-compact real
form g0 of g satisfying the conditions of 2 such that the positive system is a
Borel-de Siebenthal positive system of g0 .

If Ψ is the set of simple roots of a Borel-de Siebenthal positive system of g0

and ν ∈ Ψ is the unique non-compact root, we denote the Borel-de Siebenthal root
order by (Ψ, ν). Corresponding to g0 , we can have several Borel-de Siebenthal root
orders. Given one such, we have its negative (−Ψ,−ν). The Borel-de Siebenthal
root orders up to sign changes are tabulated in Appendix 1 (§8).

The quaternionic case is characterized by the property that highest root µ
is orthogonal to all the compact simple roots and hence −µ is adjacent to the
simple non-compact root ν in the extended Dynkin diagram of g .

2.4. Relative invariants of (u1, L). The action of L = LC
0 on u1 is known to

have a Zariski dense orbit. It follows that the coordinate ring C[u1] = S∗(u−1)
has no non-constant invariant functions, that is, C[u1]L = C . However, it is
possible that u1 has non-zero relative invariants, that is, an h ∈ C[u1] such that
x.h = χ(x)h, x ∈ L, for some rational character χ : L −→ C∗ . It can be seen
that the subalgebra A(u1, L) ⊂ C[u1] of all relative invariants is either C or
is a polynomial algebra C[f ] for a suitable (non-zero) homogeneous polynomial
function f ∈ C[u1] . It is clear that a homogeneous function h belongs to A(u1, L)
if and only if Ch is an L-submodule of Sm(u−1) where m = deg(h). Ørsted and
Wolf [16] determined when A(u1, L) is a polynomial algebra C[f ] and described
in such cases the generator f in detail. See also [20].

Proposition 2.4. Let ∆+ be a Borel-de Siebenthal positive system of (g, t)
listed above. If g0 = so(4, 1), sp(1, l − 1)(with l > 1), e6;A1,A5,1, e7;A1,D6,2, g0 =
so(2p, r) with p > r ≥ 1, g0 = sp(p, q) where p > 2q > 0 or p is odd, then
A(u1, L) = C. In all the remaining cases A(u1, L) = C[f ], a polynomial algebra
where deg(f) > 0. In the case when g0 = so(2l, 1), or sp(1, l − 1), the L0 -
representation Sm(u−1) is irreducible for all m ≥ 0.

Proof. Only the irreducibility of the L0 -module Sm(u−1) when g0 = so(2l, 1),
sp(1, l − 1) needs to be established as the remaining assertions have already been
established in [16, §4].

When g0 = so(2l, 1), L′0
∼= SU(l) and u−1 , as an L′0 -representation, is

isomorphic to the standard representation. Hence Sm(u−1) is irreducible as an
L′0 -module—consequently as an L0 -module—for all m .

When g0 = sp(1, l−1), L′0 = Sp(l−1). Again u−1 , as an L′0 -representation,
is isomorphic to the standard representation of Sp(l − 1) (of dimension 2l − 2).
Using the Weyl dimension formula, it follows that for any m ≥ 1, Sm(u−1) is
irreducible as L′0 -module and hence as an L0 -module.

Remark 2.5. The centre CHν∗ ⊂ l acts via the character −ν∗/||ν∗||2 =
−||ε||2ε∗/(4||ε∗||2) on the irreducible l-representation u−1 and hence by

−k||ε||2ε∗/(4||ε∗||2) on Sk(u−1) for all k .

Suppose that A(u1, L) = C[f ] where f ∈ Sk(u−1) with deg(f) = k > 0. Let
Eqε∗ = Cf be the one-dimensional subrepresentation of Sk(u−1). Then q =
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−k||ε||2/(4||ε∗||2).

When g0 = sp(p, l − p), 2 ≤ p ≤ 2(l − p) with p even, it turns out that
k = deg(f) = p from [16, §4]. In this case ||ε||2 = 4, ε∗ = ν∗ and ||ε∗||2 = p .
Hence q = −1.

When g0 = f4,B4 , k = deg(f) = 2 from [16, §4]. In view of our normalization
||ν||2 = 2, using [2, Planche VIII], a straightforward calculation leads to ||ε∗||2 =
||ν∗||2 = 2, ||ε||2 = 4 and so q = −1.

It follows from Remark 2.3 that when Y does not admit a spin structure
and A(u1, L) = C[f ], the value of q is odd.

In fact it turns out that in all the remaining cases for which A(u1, L) = C[f ] ,
the number q is even. In view of Remark 2.3(i) we interpret this as follows:
Denote by KY the canonical bundle of Y and let E denote the line bundle over
Y determined by the L0 -representation E := Cf . Then the line bundle KY ⊗ E
always admits a square root, that is, KY ⊗ E = L ⊗ L for a (necessarily unique)
line bundle L over Y .

3. L0 -admissibility of the Borel-de Siebenthal discrete series

We begin by establishing the following proposition which implies that there is no
loss of generality in confining our discussion throughout to the K0 -finite part of
the Borel-de Siebenthal series rather than the discrete series itself when the K0 -
finite part is L0 -admissible. The following proposition is well known—see [11,
Proposition 1.6].

Let K0 be a maximal compact subgroup of a connected semisimple Lie
group G0 with finite centre and let π be a unitary K0 -admissible representation
of G0 on a separable complex Hilbert space H . Denote by HK0 the K0 -finite
vectors of H and by πK0 the restriction of π to HK0 . Thus HK0 is dense in H .

Proposition 3.1. Suppose that πK0 is L0 -admissible where L0 is a closed sub-
group of K0 . Then any finite dimensional L0 -subrepresentation of π is contained
in HK0 . In particular, π is L0 -admissible.

For a proof see [11, Proposition 1.6].

For the rest of this section we keep the notations of §2. Any irreducible
finite dimensional complex representation E of L0 = L1 × L2 is isomorphic to a
tensor product E1 ⊗ E2 where Ej is an irreducible representation of Lj, j = 1, 2.
In particular, if E1 is one dimensional, then it is trivial as an L′1 representation
and L1 acts on E1 via a character χ : L1/L

′
1 −→ S1 . If E2 one dimensional, then

it is trivial as an L2 -representation.

Applying this observation to Sk(u−1) we see that one-dimensional L0 -
subrepresentations of Sk(u−1) are all of the form Ch where h ∈ Sk(u−1) a weight
vector which is invariant under the action of L′1 × L2 . That is, h is a relative
invariant of (u1, L). If h ∈ Sk(u−1) is a relative invariant, then so is hj for any
j ≥ 1. If χ =

∑
α∈∆−1

rαα, rα ≥ 0 is the weight of a relative invariant h , then, as
L′0 acts trivially on Ch , we see that χ is a multiple of ν∗ .

When k1
∼= su(2) we have L1

∼= S1 . Let π be a representation of G0 on a
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separable Hilbert space H . For example, π is a Borel-de Siebenthal representation.
We have the following:

Lemma 3.2. Suppose that π is K1 -admissible where k1 = su(2). Then π is
L0 -admissible if and only if π is L2 -admissible.

Proof. We need only prove that L0 admissibility of π implies the L2 admis-
sibility. Note that L′0 = L2 . Assume that π is not L2 admissible. Say E is a L2

type which occurs in π with infinite multiplicity. In view of Proposition 3.1 and
since L′0 = L2 , the L2 -type E actually occurs in πK0 with infinite multiplicity.
Then, denoting the irreducible K1 -representation of dimension d + 1 by Ud , we
deduce from K1 -admissibility of π that the irreducible K0 -representations Udj⊗E
occurs in π where (dj) is a strictly increasing sequence of natural numbers. With-
out loss of generality we assume that all the dj are of same parity. Notice that
Uc as an L1 -module, is a submodule of Ud , if c ≤ d and c ≡ d mod 2. It follows
that the L0 -type Ud1 ⊗ E occurs in every summand of ⊕j≥1Udj ⊗ E . Thus π is
not L0 -admissible.

Proof of Proposition 1.3: Let h ∈ Sk(u−1) be a relative invariant for (u1, L)
with weight χ = rν∗ . Denote by L the holomorphic line bundle K0 ×L0 Ch −→
K0/L0 = Y . Then L = Eχ and so Eγ ⊗L⊗j = Eγ+jχ is a subbundle of the bundle
Eγ ⊗ Sjk(u−1) for all j ≥ 1. Hence the K0 -module Hs(Y ;Eγ+jχ) occurs in the
Borel-de Siebenthal discrete series πγ+ρg . The lowest weight of the K0 -module
Hs(Y ;Eγ+jχ) is w0

l (γ + jχ+ ρk)−w0
k ρk = w0

l (γ0) + (tν∗+ jrν∗) +
∑

α∈∆2
α where

χ = rν∗ . As observed above,
∑

α∈∆2
α = 2sν∗/||ν∗||2 . Since ν∗ is in the centre

of l , the irreducible L′0 representation with lowest weight w0
l (γ0), namely Eγ0 ,

occurs in Hs(Y ;Eγ+jχ) for all j ≥ 1. It follows that πγ+ρg is not L′0 -admissible.

It remains to prove the converse assuming k1
∼= su(2). We shall suppose

that πγ+ρg is not L′0 -admissible and that Sm(u−1) has no one-dimensional L′0 -
submodules and arrive at a contradiction. By Lemma 3.2, πγ+ρg is not L0 -
admissible. By Proposition 3.1, the K0 -finite part of πγ+ρg is not L0 -admissible.
In view of Proposition 2.4 we have g0 = so(4, 1) or sp(1, l−1) and the L0 -module
Sm(u−1) is irreducible for all m . The highest weight of Sm(u−1) as an L2 -module
is m(−ν − aν∗) where aν∗ is the character by which L1 = L0/L2

∼= S1 acts on
u−1 .

Now H1(P1;Eγ ⊗ Sm(u−1)) = H1(P1;E(t+ma)ν∗ ⊗ E−mν−maν∗ ⊗ Eγ0) =
H1(P1;E(t+ma)ν∗) ⊗ E−mν−maν∗ ⊗ Eγ0 as a K1 × L2 -module. Since the K0 -finite
part of πγ+ρg is not L0 -admissible, there exist a b and an L2 -dominant integral
weight λ such that the L0 -type

E = Ebν∗ ⊗ Eλ occurs in H1(P1;E(t+ma)ν∗)⊗ E−mν−maν∗ ⊗ Eγ0
for infinitely many distinct values of m . This implies that Eλ occurs in E−mν−maν∗⊗
Eγ0 for infinitely many values of m . The highest weights of L2 -types occurring in
E−mν−maν∗ ⊗ Eγ0 are all of the form −mν −maν∗ + κm where κm is a weight of
Eγ0 . Thus λ = −mν −maν∗ + κm for infinitely many m . Since Eγ0 is finite di-
mensional, it follows that for some weight κ of Eγ0 , we have λ−κ = −mν−maν∗
for infinitely many values of m , which is absurd. �
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4. Holomorphic discrete series associated to a Borel-de Siebenthal
discrete series

We keep the notations of §2. Recall that K0/L0 is an irreducible compact Her-
mitian symmetric space. Let K∗0 be the dual of K0 in K with respect to L0 so
that K∗0/L0 is the non-compact irreducible Hermitian symmetric space dual to
K0/L0 . Note that k = Lie(K∗0)⊗R C and that t ⊂ l is a Cartan subalgebra of k .
The sets of compact and non-compact roots of (Lie(K∗0), t0) are ∆0 and ∆2∪∆−2

respectively. The unique non-compact simple root of Ψk is ε ∈ ∆2 .

Since the centralizer of CHν∗ in k equals l , the group K∗0 admits holomor-
phic discrete series. See [7, Theorem 6.6, Chapter VI]. The positive system ∆+

k is
a Borel-de Siebenthal root order for K∗0 .

Let γ + ρg be the Harish-Chandra parameter for a Borel-de Siebenthal dis-
crete series of G0 . Thus γ is the highest weight of an irreducible L0 -representation
and 〈γ + ρg, β〉 < 0 for all β ∈ ∆1 ∪∆2 . Clearly 〈γ + ρk, α〉 > 0 for all positive
compact roots α ∈ ∆+

0 . We claim that 〈γ+ρk, β〉 < 0 for all positive non-compact
roots β ∈ ∆2 . To see this, let βi ∈ ∆i, i = 1, 2. Observe that β1 + β2 is not a
root and so 〈β1, β2〉 ≥ 0. It follows that 〈ρk, β2〉 = 〈ρg − 1/2

∑
β1∈∆1

β1, β2〉 =
〈ρg, β2〉 − 1/2

∑
β1∈∆1

〈β1, β2〉 ≤ 〈ρg, β2〉 . So 〈γ + ρk, β〉 ≤ 〈γ + ρg, β〉 < 0 for all
β ∈ ∆2 . Thus, by [7, Theorem 6.6, Ch. VI], γ + ρk is the Harish-Chandra param-
eter for a holomorphic discrete series πγ+ρk of K∗0 , which is naturally associated
to the Borel-de Siebenthal discrete series πγ+ρg of G0 .

The L0 -finite part of πγ+ρk equals Eγ⊗S∗(u−2), where Eγ is the irreducible
L0 -representation with highest weight γ . Write γ = λ + κ where λ and κ are
dominant weights of lC1 and lC2 respectively. We have Eγ = Eλ ⊗ Eκ . Hence
(πγ+ρk)L0 = Eκ⊗(Eλ⊗S∗(u−2)) = Eκ⊗(πλ+ρ

kC1
)L1 , where πλ+ρ

kC1
is the holomorphic

discrete series of K∗1 with Harish-Chandra parameter λ+ ρkC1 . Here K∗1 is the Lie
subgroup of K∗0 dual to K1 .

5. Common L0 -types in the quaternionic case

We now focus on the quaternionic case, namely, when Lie(K1) = su(2). This
case is characterized by the property that −µ is connected to ν in the extended
Dynkin diagram of g . In this case ∆2 = {µ}, L1

∼= S1, Y = P1, L2 = [L0, L0] , and,
l′ = [l, l] = lC2 . Also, since both µ and ν∗ are orthogonal to lC2 , µ is a non-zero
multiple of ν∗ . Write µ = dν∗ . Since µ = 2ν+β where β is a linear combinations
of roots of lC2 , we obtain ||µ||2 = d〈ν∗, µ〉 = d〈ν∗, 2ν〉 = d||ν||2 = 2d as ||ν||2 = 2.
Since sν(µ) = µ− dν is a root and since µ− 3ν is not a root, we must have d = 1
or 2. For example, when g0 = so(4, 2l−3) or the split real form of the exceptional
Lie algebra g2 , we have d = 1, whereas when g0 = sp(1, l − 1), we have d = 2.

Clearly kC1 = gµ ⊕ CHµ ⊕ g−µ ∼= sl(2,C). The fundamental weight of kC1
equals µ∗ := µ/2 = dν∗/2. We shall denote by Uk the (k + 1)-dimensional kC1 -
module with highest weight kµ∗ = dkν∗/2. Also, Cχ denotes the one dimenional
lC1 -module corresponding to a character χ ∈ Cν∗ .

Let γ = γ0 + tν∗ where γ0 is a dominant integral weight of l′ = lC2 and t
satisfies the ‘sufficiently negative’ condition (1). We have the following lemma.
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Lemma 5.1. Suppose that k1 = su(2), γ = γ0 +tν∗ where γ0 is an l′ -dominant
weight. Then t satisfies the ‘sufficient negativity’ condition (1) if and only if the
following inequalities hold:

t < −d
4

(|∆1|+ 2), and t < −〈γ0, w
0
l (ν)〉 − (1/2)(

∑
ai||ψi||2)

where w0
l (ν) =

∑
aiψi is the highest root in ∆1 .

Proof. Since γ0 is a dominant integral weight of l′ = lC2 and since µ = dν∗ is
orthogonal to lC2 , we have 〈γ0, µ〉 = 0. Since ρg = (1/2)

∑
α∈∆+ α , we get 〈ρg, µ〉 =

(d/2)(
∑

α∈∆+
0
〈α, ν∗〉+

∑
α∈∆1
〈α, ν∗〉+

∑
α∈∆2
〈α, ν∗〉) = (d/2)(|∆1|+ 2|∆2|), since

〈α, ν∗〉 = i〈ν, ν∗〉 = i whenever α ∈ ∆i, i = 0, 1, 2. Since |∆2| = 1, we have
t < −(1/2)〈γ0 + ρg, µ〉 if and only if t < −(d/4)(|∆1|+ 2).

Now w0
l (ν) =

∑
ajψj is the highest weight of u1 , which is indeed the

highest root in ∆1 . Therefore 〈ρg, w0
l (ν)〉 = 〈

∑
ψ∗i ,
∑
ajψj〉 = (1/2)(

∑
ai||ψi||2).

This completes the proof.

Proof of Theorem 1.1: Write u−1 = E1⊗E2 where Ei is an irreducible Li -module.
By our hypothesis L1

∼= S1 = {exp(iλHµ)|λ ∈ R} and so E1 is 1-dimensional,
given by the character −ν∗/||ν∗||2 = −µ∗ . On the other hand, the highest weight
of E2 is −(ν − µ∗). Hence E2

∼= Eµ∗−ν . Since E1 is one dimensional, we have
Sm(u−1) = C−mµ∗ ⊗ Sm(Eµ∗−ν). On the other hand u−2 is 1-dimensional and is
isomorphic as an L0 -module to C−µ = C−2µ∗ . Therefore Sm(u−2) = C−2mµ∗ .

The vector bundle E over Y = K1/L1 associated to any L2 representation
space E is clearly isomorphic to the product bundle Y ×E −→ Y . Therefore the
bundle Eγ⊗Sm(u−1) over Y = P1 is isomorphic to E(2t/d−m)µ∗⊗Eγ0⊗Sm(Eµ∗−ν).
It follows that H1(Y ;Eγ ⊗ Sm(u−1)) ∼= H1(Y ;E(2t/d−m)µ∗) ⊗ Eγ0 ⊗ Sm(Eµ∗−ν) ∼=
U−2t/d+m−2 ⊗ Eγ0 ⊗ Sm(Eµ∗−ν). By Theorem 2.1 we conclude that

(πγ+ρg)K0 =
⊕
m≥0

U(m−2t/d−2) ⊗ Eγ0 ⊗ Sm(Eµ∗−ν). (2)

We now turn to the description of the holomorphic discrete series πγ+ρk

of K∗0 = K∗1K2 . Recall from [19] the following description of the holomorphic
discrete series of K∗1 determined by tν∗ = (2t/d)µ∗ , namely, (π(2t/d)µ∗+ρ

kC1
)L1 =

⊕r≥0C(2t/d)µ∗⊗Sr(u−2) = ⊕r≥0C(2t/d−2r)µ∗ . It follows that the holomorphic discrete
series of K∗0 determined by γ is

(πγ+ρk)L0 =
⊕
r≥0

C(2t/d−2r)µ∗ ⊗ Eγ0 . (3)

Comparing (2) and (3) we observe that there exists an L0 -type common to
(πγ+ρg)K0 and πγ+ρk if and only if the following two conditions hold:
(a) Eγ0 occurs in Eγ0 ⊗ Sm(Eµ∗−ν).
(b) Assuming that (a) holds for some m ≥ 0, (2t/d − 2r)µ∗ occurs as a weight
in Um−2t/d−2 for some r , that is, 2t/d − 2r = (m − 2t/d − 2) − 2i for some
0 ≤ i ≤ (m− 2t/d− 2).
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First suppose that g0 = so(4, 1) or sp(1, l − 1), l > 1. In view of Proposi-
tion 1.3 and Proposition 3.1, the Borel-de Siebenthal discrete series πγ+ρg is L0 -
admissible and any L0 -type in πγ+ρg is contained in (πγ+ρg)K0 . Also Sm(Eµ∗−ν)
is irreducible with highest weight m(µ∗− ν) (see Proposition 2.4). Recall that the
highest weights of irreducible sub representations which occur in a tensor product
Eλ ⊗ Eκ of two irreducible representations of lC2 are all of the form θ + κ where
θ is a weight of Eλ. So if (a) holds, then γ0 = m(µ∗ − ν) + θ , for some weight θ
of Eγ0 . This implies γ0 − θ = m(µ∗ − ν), which holds for atmost finitely many m
since the number of weights of Eγ0 is finite. So by (a), there are atmost finitely
many L0 -types common to πγ+ρg and πγ+ρk .

Moreover, if γ0 = 0, then the trivial L0 -representation Eγ0 occurs in
Eγ0⊗Sm(Eµ∗−ν) = Em(µ∗−ν) only when m = 0. Since 2t/d−2r ≤ 2t/d < 2t/d+2
for all r ≥ 0, (2t/d − 2r)µ∗ cannot be a weight of U−2t/d−2 for all r ≥ 0. So in
view of (a) and (b), there are no common L0 -types between πγ+ρg and πγ+ρk .

Now suppose that g0 6= so(4, 1), sp(1, l − 1), l > 1. In view of Proposition
2.4, we see that A(u1, L) = C[f ] , where f is a relative invariant (hence is a
homogeneous polynomial) of positive degree, say of degree k . Then the trivial
module is a sub module of the L0 -module Sjk(Eµ∗−ν) for all j ≥ 0. So Eγ0 occurs
in Eγ0 ⊗ Sjk(Eµ∗−ν) for all j ≥ 0. That is (a) holds.
Let r be a non negative integer. Then (2t/d − 2r)µ∗ is a weight of Ujk−2t/d−2

for some j ≥ 0 if and only if 2t/d − 2r = (jk − 2t/d − 2) − 2i for some
0 ≤ i ≤ (jk − 2t/d− 2) if and only if jk is even and jk ≥ 2(r + 1).

So in view of (a) and (b), each L0 -type in πγ+ρk occurs in πγ+ρg with infinite
multiplicity. This completes the proof. �

6. Decomposition of the symmetric algebra of the isotropy
representation

Let (K0, L0) be a Hermitian symmetric pair of compact type where K0 is simply
connected and simple. Fix a maximal torus T0 ⊂ L0 . In this section we recall
the description of the decomposition of the symmetric powers of the isotropy
representation of L0 (on the tangent space at the identity coset o ∈ K0/L0 =: Y ).
Let K∗0 denote the dual of K0 with respect to L0 . We shall denote the maximal
compact subgroup of K∗0 corresponding to Lie(L0) by the same symbol L0 . Thus
(K∗0 , L0) is the non-compact dual of (K0, L0) and X := K∗0/L0 is the non-compact
Hermitian symmetric space dual to Y .

To conform to the notations of §2, we shall denote the set of roots of
k = kC0 with respect to the Cartan subalgebra t = tC0 by ∆k , the set of positive
(respectively negative) non-compact roots of a Borel-de Siebenthal positive system
of K∗0 by ∆2 (respectively ∆−2 ) and the holomorphic tangent space at o by
u2 =

∑
α∈∆2

CXα , which affords the isotropy representation. The highest weight
of the cotangent space u−2 at o is −ε , where ε is the simple non-compact root of
K∗0 .

Recall, from [5, Ch. VIII], that two roots α, β ∈ ∆−2 are called strongly
orthogonal if α+β, α−β are not roots of k . Since sum of two non-compact positive
roots is never a root and their difference is, if at all, a compact root; α, β ∈ ∆−2
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are strongly orthogonal if and only if they are orthogonal, that is, 〈α, β〉 = 0. Let
Γ ⊂ ∆−2 be a maximal set of strongly orthogonal roots. The cardinality of Γ
equals the rank of X , that is, the maximum dimension of a Euclidean space that
can be imbedded in X as a totally geodesic submanifold.

6.1. . We now consider a specific maximal set Γ ⊂ ∆−2 of strongly orthogonal
roots whose elements γ1, . . . , γr are inductively defined as follows: this notation
should not be confused with the notation γ1 , γ2 used in §2. Fix an ordering of
the simple roots and consider the induced lexicographic ordering on ∆k . Now
let γ1 := −ε , the highest root in ∆−2. Having defined γ1, . . . , γi , let γi+1 be the
highest root in ∆−2 which is orthogonal to γj, 1 ≤ j ≤ i .

Denote by Eγ the irreducible L0 -representation with highest weight γ . We
have the following decomposition theorem [21], which is a far reaching general-
ization of the fact that the symmetric power of the defining representation of the
special unitary group is irreducible. See [8, Theorem 10.25].

Theorem 6.1. (see [21]) With the above notations, one has the decomposition
Sm(u−2) as an L0 -representation

Sm(u−2) =
⊕

Ea1γ1+···+arγr

where the sum is over all partitions a1 ≥ · · · ≥ ar ≥ 0 of m. �

Let ε∗ be the fundamental weight corresponding to ε and z∗l be the dual
space of zl . Note that z∗l = Cε∗ . Hence Eγ is one dimensional precisely when γ =
kε∗ for some integer k . Now we see from the above theorem that Sm(u−2) admits
a 1-dimensional L0 -subrepresentation precisely when there exists non negative
integers a1 ≥ · · · ≥ ar ≥ 0 such that

∑
aiγi = c0ε

∗ for some constant c0 . The
first part of the following proposition gives a criterion for this to happen.

Proposition 6.2. (i) Let Γ = {γ1, . . . , γr} be the maximal set of strongly
orthogonal roots obtained as above. Let w0

k denote the longest element of the Weyl
group of (k, t). Suppose that w0

k (−ε) = ε. Then
∑

1≤i≤r γi = −2ε∗ . Conversely, if∑
1≤i≤r aiγi is a non-zero multiple of ε∗ where ai ∈ Z, then ai = aj ∀1 ≤ i, j ≤ r,

and, w0
k (ε) = −ε.

(ii) Moreover, for any 1 ≤ j ≤ r , if the coefficient of a compact simple root
α of k in the expression of

∑
1≤i≤j γi is non-zero, then

∑
1≤i≤j γi is orthogonal to

α (without any assumption on w0
k ).

Proof. Our proof involves a straightforward verification using the classification
of irreducible Hermitian symmetric pairs of non-compact type. See [5, §6, Ch. X].
We follow the labelling conventions of Bourbaki [2, Planches I-VII] and make use
of the description of the root system, especially in cases E-III and E-VII. Note
that −w0

k induces an automorphism of the Dynkin diagram of k . In particular,
−w0

k (ε) = ε when the Dynkin diagram of K0 admits no symmetries.

Case A III: (k∗0, l0) = (su(p, q), s(u(p) × u(q))), p ≤ q . The simple roots are
ψi = εi − εi+1 , 1 ≤ i ≤ p + q − 1. If p + q > 2, then −w0

k induces the
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order 2 automorphism of the Dynkin diagram of k , which is of type Ap+q−1 .
Thus −w0

k (ψj) = ψp+q−j in any case. The simple non-compact root is ε = ψp =
εp − εp+1 , all other simple roots are compact roots. Therefore −w0

k (ψp) = ψp if
and only if p = q . On the other hand, the set of negative non-compact roots
∆−2 = {εj−εi | 1 ≤ i ≤ p < j ≤ p+q} and Γ = {γj := εp+j−εp−j+1 | 1 ≤ j ≤ p} .
If p = q , then

∑
1≤j≤p γj =

∑
1≤j≤q εp+j −

∑
1≤j≤p εp−j+1 . Using the fact that∑

1≤i≤p+q εi = 0, we see that
∑

1≤j≤p γj = −2(
∑

1≤j≤p εj) = −2ε∗ if p = q .

For the converse part, assume that
∑

j ajγj = mε∗,m 6= 0. It is evident
when p < q that

∑
ajγj is not a multiple of ε∗ (since εp+q does not occur in the

sum). Since the γj, 1 ≤ j ≤ p , are linearly independent, the uniqueness of the
expression of ε∗ as a linear combination of the γj implies that aj = a1 for all j .

To prove (ii), note that γ1 = −ε and γj = −(ε+ψp−j+1+· · ·+ψp−1+ψp+1+
· · ·+ ψp+j−1), 2 ≤ j ≤ p . So the only compact simple roots whose coefficients are
non-zero in the expression of

∑
1≤i≤j γi(j > 1) are ψi (p− j + 1 ≤ i ≤ p+ j − 1,

i 6= p). Note that
∑

1≤i≤j γi = −(εp−j+1 + · · · + εp − εp+1 − · · · − εp+j). Hence
〈
∑

1≤i≤j γi, ψi〉 = 0 for all p− j + 1 ≤ i ≤ p+ j − 1, i 6= p .

Case D III: (so∗(2p), u(p)), p ≥ 4. The simple roots are ψi = εi − εi+1 , 1 ≤
i ≤ p − 1 and ψp = εp−1 + εp . In this case the only non-compact simple root
ε = ψp = εp−1 + εp ; ε∗ = (1/2)(

∑
1≤j≤p εj). The set of non-compact positive roots

is ∆2 = {εi + εj | 1 ≤ i < j ≤ p} and
Γ = {γj = −(εp−2j+1 + εp−2j+2) | 1 ≤ j ≤ bp/2c} .

So
∑

1≤j≤bp/2c γj = −2ε∗ if p is even. On the other hand w0
k maps ε to −ε

precisely when p is even.

When p is odd, it is readily seen that
∑

j ajγj is not a non-zero multiple
of ε∗ since ε1 does not occur in the sum.

To prove (ii), note that
γ1=− ε and γj=− (ε+ ψp−2j+1 + 2ψp−2j+2 + · · ·+ 2ψp−2 + ψp−1), 2≤j≤bp/2c .

So the only compact simple roots whose coefficients are non-zero in the expression
of
∑

1≤i≤j γi(j > 1) are ψi (p − 2j + 1 ≤ i ≤ p − 1). Note that
∑

1≤i≤j γi =
−(εp−2j+1 + · · ·+ εp). Hence 〈

∑
1≤i≤j γi, ψi〉 = 0 for all p− 2j + 1 ≤ i ≤ p− 1.

Case BD I (rank= 2): (so(2, p), so(2) × so(p)), p > 2. We have ε = ψ1 =
ε1 − ε2, ε

∗ = ε1 and w0
k (ε) = −ε . Now ∆2 = {ε1 ± εj | 2 ≤ j ≤ p} ∪ {ε1}

if p is odd and is equal to {ε1 ± εj | 2 ≤ j ≤ p} if p is even. For any p ,
Γ = {γ1 = −(ε1 − ε2), γ2 = −(ε1 + ε2)} . Clearly a1γ1 + a2γ2 = mε∗ if and only if
a1 = a2 . Since in this case rank is 2 and γ1 + γ2 = −2ε∗ , (ii) is obvious.

Case C I: (sp(p,R), u(p)), p ≥ 3. The simple roots are ψi = εi−εi+1 , 1 ≤ i ≤ p−1
and ψp = 2εp . We have ε = 2εp, ε

∗ =
∑

1≤j≤p εj , and w0
k (ε) = −ε . Also

∆2 = {εi + εj | 1 ≤ i ≤ j ≤ p} . Therefore Γ = {γj := −2εp−j+1 | 1 ≤ j ≤ p} .
Evidently

∑
1≤j≤p γj = −2ε∗ .

The converse part is obvious in this case.

To prove (ii), note that γ1 = −ε and γj = −(ε + 2ψp−j+1 + · · · + 2ψp−1),
2 ≤ j ≤ p . So the only compact simple roots whose coefficients are non-zero in
the expression of

∑
1≤i≤j γi(j > 1) are ψi (p − j + 1 ≤ i ≤ p − 1). Note that∑

1≤i≤j γi = −2(εp−j+1 + · · · + εp). Hence 〈
∑

1≤i≤j γi, ψi〉 = 0 for all p− j + 1 ≤
i ≤ p− 1.

Case E III: (e6,−14, so(10)⊕ so(2)). The simple roots are
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ψ1 = (1/2)(ε8 − ε6 − ε7 + ε1 − ε2 − ε3 − ε4 − ε5), ψ2 = ε1 + ε2 ,
ψ3 = ε2 − ε1, ψ4 = ε3 − ε2, ψ5 = ε4 − ε3, ψ6 = ε5 − ε4 .

In this case the rank is 2, ε = ψ1 = (1/2)(ε8 − ε6 − ε7 + ε1 − ε2 − ε3 − ε4 − ε5),
and ε∗ = (2/3)(ε8 − ε7 − ε6). We have −w0

k (ε) = ψ6 6= ε . Now
∆2 = {(1/2)(ε8 − ε7 − ε6 +

∑
1≤i≤5(−1)s(i)εi) | s(i) = 0, 1,

∑
i s(i) ≡ 0 mod 2}.

There are five roots in ∆−2 which are orthogonal to γ1 = −ε. Among these the
highest is γ2 = −(1/2)(ε8 − ε6 − ε7 − ε1 + ε2 + ε3 + ε4 − ε5). Thus Γ = {γ1, γ2} .
Now a1γ1 + a2γ2 is not a multiple of ε∗ for any a1, a2 ≥ 0 unless a1 = a2 = 0.

Note that γ2 = −(ε+ψ2 + 2ψ3 + 2ψ4 +ψ5), γ1 + γ2 = −(ε8− ε7− ε6− ε5).
Hence 〈γ1 + γ2, ψi〉 = 0 for all 2 ≤ i ≤ 5.

Case E VII: (e7,−25, e6 ⊕ so(2)). The simple roots are
ψ1 = (1/2)(ε8 − ε6 − ε7 + ε1 − ε2 − ε3 − ε4 − ε5), ψ2 = ε1 + ε2, ψ3 = ε2 − ε1 ,

ψ4 = ε3 − ε2, ψ5 = ε4 − ε3, ψ6 = ε5 − ε4, ψ7 = ε6 − ε5 .

In this case rank= 3, ε = ψ7 = ε6 − ε5, ε
∗ = ε6 + (1/2)(ε8 − ε7), w0

k (−ε) = ε .
∆2 = {ε6 − εj, ε6 + εj, 1 ≤ j ≤ 5} ∪ {ε8 − ε7}

∪{(1/2)(ε8 − ε7 + ε6 +
∑

1≤j≤5(−1)s(j)εj) | s(j) = 0, 1,
∑

j s(j) ≡ 1 mod 2} .
Now Γ = {γ1 = ε5−ε6, γ2 = −ε5−ε6, γ3 = ε7−ε8} and we have γ1+γ2+γ3 = −2ε∗ .
The converse part is easily established.

We have γ2 = −(ε + ψ2 + ψ3 + 2ψ4 + 2ψ5 + 2ψ6), γ1 + γ2 = −2ε6 . Hence
〈γ1 + γ2, ψi〉 = 0 for all 2 ≤ i ≤ 6. Also γ1 + γ2 + γ3 = −2ε∗ . So (ii) is proved.

As a corollory we obtain the following.

Proposition 6.3. Suppose that K∗0/L0 is an irreducible Hermitian symmetric
space of non-compact type and let πγ+ρk be a holomorphic discrete series of K∗0 .
If w0

k (ε) = −ε, then (πγ+ρk)L0 is not L′0 -admissible. Conversely, if a holomorphic
discrete series πγ+ρk of K∗0 is not L′0 -admissible, then w0

k (ε) = −ε.

Proof. One has the following description of (πγ+ρk)L0 due to Harish-Chandra:
(πγ+ρk)L0 = ⊕m≥0Eγ ⊗ Sm(u−2). Suppose that w0

k (ε) = −ε . Then by Proposition
6.2 and Theorem 6.1 we see that Eγ⊗E−aε∗ occurs in (πγ+ρk)L0 for infinitely many
values of a . Since E−ε∗ is one-dimensional, it is trivial as an L′0 -representation.
Hence (πγ+ρk)L0 is not L′0 -admissible.

Conversely, since πγ+ρk is not L′0 -admissible, in view of Proposition 3.1 we
have, (πγ+ρk)L0 is not L′0 -admissible. Suppose that w0

k (−ε) 6= ε . Any L′0 -type
in (πγ+ρk)L0 is of the form E∑

ajγj+κ (considered as L′0 -module) for some weight
κ of Eγ . Since the set of weights of Eγ is finite, (πγ+ρk)L0 is not L′0 admissible
implies S∗(u−2) is not L′0 admissible. If E∑

ajγj
∼= E∑

bjγj as L′0 -modules, then∑
(aj−bj)γj is a multiple of ε∗ . Proposition 6.2 implies that aj = bj, 1 ≤ j ≤ r.

The above proposition could also be proved by using Kobayashi’s crite-
rion [12, Theorem 6.3.3] and computation of the “asymptotic L0 -support” of πγ+ρk

using Theorem 6.1.

We conclude this section with the following remarks.

Remark 6.4. Let G0, K0 be as in §2. Recall from §4 that one has an associated
holomorphic discrete series πγ+ρk of K∗0 = K∗1 .K2 . Writing γ = λ + κ where λ, κ
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are dominant weights of lC1 , l
C
2 respectively, we have (πγ+ρk)L0 = Eκ ⊗ (πλ+ρ

kC1
)L1 .

Therefore πγ+ρk is L′0 -admissible if and only if πλ+ρ
kC1

is L′1 -admissible. Since K1

is simple, and since w0
k (ε) = w0

kC1
(ε), it follows from the above proposition that

πγ+ρk is L′0 admissible if and only if w0
k (ε) 6= −ε.

Remark 6.5. Let Γ be the set of strongly orthogonal roots as in Proposition
6.2 and suppose that w0

k (ε) = −ε . Then:
(i) It follows from the explicit description of Γ in each case that w0

l (γj) = γr+1−j =
−wY (γj), 1 ≤ j ≤ r . In particular −µ ∈ Γ.
(ii) For any w in the Weyl group of (l, t),

∑
γ∈Γw(γ) = w(

∑
γ∈Γ γ) = −2w(ε∗) =

−2ε∗ .
(iii) Note that ||γi|| = ||ε||, 1 ≤ i ≤ r . This property holds even without the
assumption that w0

k (ε) = −ε.

7. Proof of Theorem 1.2

As in §2, let (G0, K0) be a Riemannian symmetric pair which is not Hermitian
symmetric and let ∆+ be a Borel-de Siebenthal root order. Let (K0, L0) be the
Hermitian symmetric pair where ∆+

0 is the positive root system of L0 and ∆+
0 ∪∆2

that of K0 . Recall that Ψk = Ψ \ {ν}∪{ε} and Ψl = Ψ \ {ν} are the set of simple
roots of K0 and L0 respectively. The non-compact simple root of K∗0 is ε . If
w0

k (ε) = −ε , then w0
k (∆

+
0 ) = ∆−0 , w

0
k (∆2) = ∆−2 and wY (∆+

0 ) = ∆+
0 , wY (∆2) =

∆−2 , where wY = w0
kw

0
l . Hence w2

Y (∆+
0 ∪∆2) = ∆+

0 ∪∆2 . This implies w2
Y = Id .

Also w0
k (ε) = −ε implies wY (ε∗) = −ε∗ . Let Γ = {γ1, . . . , γr} ⊂ ∆−2 be the

maximal set of strongly orthogonal roots obtained as in §6.

We begin by establishing the following lemma which will be needed in the
proof of Theorem 1.2. We shall use the Littelmann’s path model [14], [15]. Up
to the end of proof of Lemma 7.3 we shall use the symbols π, πλ , etc., to denote
LS-paths in the sense of Littelmann and are not to be confused with discrete series.

Let λ be a dominant integral weight of k . Denote by πλ the LS-path t 7→ tλ ,
0 ≤ t ≤ 1, and by Pλ the set of all LS-paths of shape λ . Recall that the weight
of a path π ∈ Pλ is its end point π(1). Note that w(πλ) = πw(λ) ∈ Pλ for any
element w in the Weyl group of k . One has the Littelmann’s path operator fα, eα ,
for α ∈ Ψk, having the following properties which are relevant for our purposes:
• Any σ ∈ Pλ is of the form σ = fI(πλ) for some monomial fI = fβ1 ◦ · · · ◦ fβk
in the root operators where β1, · · · , βk is a sequence of simple roots. (The path
πλ itself corresponds to the empty sequence.) In particular, this holds for σ =
w(πλ) = πw(λ) for any w in the Weyl group of k .
• Let σ ∈ Pλ . Then fα(σ) (resp. eα(σ)) is either zero or belongs to Pλ and has
weight σ(1)− α (resp. σ(1) + α).
• If π1 ∗ π2 is the concatenation of the paths π1, π2 where πj are of shapes
λj, j = 1, 2, then

fα(π1 ∗ π2) =

{
fα(π1) ∗ π2 if fnα (π1) 6= 0 and enα(π2) = 0 for some n ≥ 1,
π1 ∗ fα(π2) otherwise.

(4)

See [15, Lemma 2.7].
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We denote by Vλ (respectively Eκ ), the finite dimensional irreducible rep-
resentation of k (respectively l) with highest weight λ (respectively κ). If V is a
k-representation, we shall denote by Resl(V ) its restriction to l . By the Branching
Rule [14, p.331], we have

Resl(Vmε∗) =
∑
σ

Eσ(1) (5)

where the sum is over all LS-paths σ of shape mε∗ which are l-dominant.

Lemma 7.1. (i) The restriction Resl(Vmε∗) to l of the irreducible k-representat-
ion Vmε∗ contains Resl(V(m−p)ε∗)⊗ Cpε∗ for 0 ≤ p ≤ m.
(ii) Suppose that w0

k (∆0) = ∆0 . Then Resl(Vmε∗) contains Resl(V(m−p)ε∗)⊗C−pε∗ .

Proof. (i) Note that πmε∗ equals the concatenation π(m−p)ε∗ ∗ πpε∗ .

Let τ be an LS-path of shape (m − p)ε∗ which is l-dominant. Then
τ = fαq · · · fα1π(m−p)ε∗ for some sequence α1, . . . , αq of simple roots in Ψk . Then
fαi . . . fα1(π(m−p)ε∗) 6= 0 for 1 ≤ i ≤ q . It follows that fαq . . . fα1(πmε∗) =
fαq . . . fα1(π(m−p)ε∗ ∗πpε∗) = fαq . . . fα1(π(m−p)ε∗)∗πpε∗ = τ ∗πpε∗ since eα(πpε∗) = 0.
Thus we see that if τ is any l-dominant LS-path of shape (m− p)ε∗ , then τ ∗ πpε∗
is an LS-path of shape mε∗ . It is clear that τ ∗ πpε∗ is l-dominant. Since
Eτ∗πpε∗ (1) = Eτ(1)+pε∗

∼= Eτ(1) ⊗ Cpε∗ and since for any path σ , σ ∗ πpε∗ = τ ∗ πpε∗
implies σ = τ , it follows that Resl(Vmε∗) contains Resl(V(m−p)ε∗)⊗Cpε∗ in view of
(5).

(ii) Suppose that w0
k (∆0) = ∆0. This is equivalent to the condition that

w0
k (ε
∗) = −ε∗ , which in turn is equivalent to the requirement that Vqε∗ is self-dual

as a k-representation for all q ≥ 1. Since Resl(V(m−p)ε∗) ⊗ Cpε∗ is contained in
Vmε∗ , so is its dual. That is, Resl(V(m−p)ε∗)⊗C−pε∗ is contained in Resl(Vmε∗).

Although the following lemma can be deduced from the explicit branching
rule in [13], at least in the case w0

k (∆0) = ∆0 , our proof below is more direct and
self-contained.

Lemma 7.2. Let 0 ≤ pr ≤ · · · ≤ p1 ≤ p0 ≤ m be a sequence of integers. Then
ReslVmε∗ contains Eκ where κ = mε∗+p1γ1 + · · · prγr . Moreover, if w0

k (∆0) = ∆0 ,
then Eλ occurs in ReslVmε∗ where λ = (m− 2p0)ε∗ − (

∑
1≤j≤r pjγr+1−j).

Proof. Recall that γ1 = −ε . Since the γi are pairwise orthogonal we see that
sγisγj = sγjsγi . Also since γj ∈ ∆−2 , 〈ε∗, γi〉 = 〈ε∗,−ε〉 = −||ε||2/2. As noted
in Remark 6.5(iii), all the γi have the same length: ||γi|| = ||ε|| . Using these
facts a straightforward computation yields that sγi(ε

∗) = ε∗ + γi, sγi(γj) = γj for
1 ≤ i, j ≤ r, i 6= j . Defining pr+1 = 0, it follows that sγ1 . . . . .sγj(π(pj−pj+1)ε∗) =: πj
is the straight-line path of weight (pj−pj+1)(ε∗+γ1 + · · ·+γj) and hence we have
fIj(π(pj−pj+1)ε∗) = πj for a suitable monomial in root operators fIj of simple roots
of k for all 2 ≤ j ≤ r . So, writing πmε∗ = πprε∗ ∗ π(pr−1−pr)ε∗ ∗ · · · ∗ π(p2−p3)ε∗ ∗
π(m−p2)ε∗ we have fIr(πmε∗) = πr ∗ π(pr−1−pr)ε∗ ∗ · · · ∗ π(p2−p3)ε∗ ∗ π(m−p2)ε∗ , in view
of (4). Clearly fε(πj) = 0 for all 2 ≤ j ≤ r . Also in view of the Proposition
6.2(ii), if the coefficient of a compact simple root α of k in the expression of∑

1≤i≤j γi is non zero, then fα(πj) = 0. Now for a simple root α of k , if fα is
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involved in the expression of fIj , then the coefficient of α in the expression of∑
1≤i≤(j+1) γi is non zero. Hence fα(πj+1) = 0 for 2 ≤ j ≤ r − 1. Therefore

fI2 . . . fIr(πmε∗) = πr ∗ πr−1 ∗ · · · ∗ π2 ∗ π(m−p2)ε∗ , in view of (4). Since fε(πj) = 0
for all 2 ≤ j ≤ r and fp1−p2ε (π(m−p2)ε∗) = π(p1−p2)(ε∗−ε) ∗ π(m−p1)ε∗ , we obtain
τ := fp1−p2ε fI2 . . . fIr(πmε∗) = πr ∗ · · · ∗ π2 ∗ π(p1−p2)(ε∗−ε) ∗ π(m−p1)ε∗ , again by (4).
The break-points and the terminal point of τ are pr(ε

∗+γ1+· · ·+γr), pr−1(ε∗+γ1+
· · ·+γr−1)+prγr, pr−2(ε∗+γ1+· · ·+γr−2)+pr−1γr−1+prγr, . . . , p2(ε∗+γ1+γ2)+p3γ3+
· · ·+prγr, p1(ε∗+γ1)+p2γ2 + · · ·+prγr and mε∗+p1γ1 +p2γ2 + · · ·+prγr . All these
are l-dominant weights (since p1 ≥ p2 ≥ · · · ≥ pr ≥ 0) and so we conclude that
τ is an l-dominant LS-path. Hence by the branching rule, Emε∗+p1γ1+p2γ2+···+prγr
occurs in Vmε∗ .

Now suppose w0
k (∆0) = ∆0 . By Lemma 7.1, we have ReslVmε∗ con-

tains ReslVp0ε∗ ⊗ E(m−p0)ε∗ . By what has been proved already ReslVp0ε∗ contains
Ep0ε∗+p1γ1+p2γ2+···+prγr =: E . Since Vp0ε∗ is self-dual, Hom(E,C) is contained
in ReslVp0ε∗ . The highest weight of Hom(E,C) is −p0ε

∗ −
∑

1≤j≤r pjw
0
l (γj) =

−p0ε
∗ − p1γr − p2γr−1 + · · · − prγ1 using Remark 6.5(i). Tensoring with E(m−p0)ε∗

we conclude that Eλ occurs in ReslVmε∗ with λ = (m− 2p0)ε∗ − prγ1 − pr−1γ2 −
· · · − p2γr−1 − p1γr .

Write γ = ϕ + tε∗ with 〈ϕ, µ〉 = 0. Then ϕ is k-integral weight and t
is an integer (γ being a k-integral weight). Also γ is l-dominant implies that
ϕ is l-dominant. Since 〈γ + ρk, µ〉 < 0, we have t < −2〈ρk, µ〉/||ε||2 . Assuming
w0

k (ε) = −ε , we get 〈wY (ϕ), α〉 ≥ 0 when α is in ∆+
0 and 〈wY (ϕ), ε〉 = 0. So

wY (ϕ) is k-dominant integral weight.

Lemma 7.3. With the above notation, suppose that w0
k (ε) = −ε and that Eτ

is a subrepresentation of Resl(Vmε∗). Then Eϕ+wY (τ) is a subrepresentation of
Resl(VwY (ϕ)+mε∗).

Proof. Let π denote the path πmε∗ ∗ πwY (ϕ) . Then Im(π) is contained in the
dominant Weyl chamber (of k) and π(1) = wY (ϕ) + mε∗ . Since Eτ is contained
in Resl(Vmε∗), there exist a sequence α1, . . . , αk of simple roots of k such that
fα1 . . . fαk(πmε∗) =: η is l-dominant path with η(1) = τ . Since πwY (ϕ) is k-
dominant path, θ := fα1 . . . fαk(π) = η ∗ πwY (ϕ) , in view of (4). Clearly θ is
l-dominant and θ(1) = τ + wY (ϕ). Hence by the branching rule [15, p.501],
EwY (ϕ)+τ occurs in Resl(VwY (ϕ)+mε∗).

Let Φ : K0 −→ GL(Vλ0) be the representation, where λ0 := wY (ϕ) +mε∗ .
Then φ := dΦ : k0 −→ End(Vλ0). For k ∈ K0 and X ∈ k0 , we have

Φ(k−1) ◦ φ(X) ◦ Φ(k) = φ(Ad(k−1)X) (6)

Let v ∈ Vλ0 is a weight vector of weight λ := wY (ϕ) + τ such that it is a highest
weight vector of Eλ . Now wY = (Ad(k)|it0)∗ for some k ∈ NK0(T0). Then Φ(k)v
is a weight vector of weight wY (λ) and it is killed by all root vectors Xα (α ∈ ∆+

0 ),
in view of (6); since wY (∆+

0 ) = ∆+
0 . Hence Φ(k)v is a highest weight vector of an

irreducible L0 - submodule of Resl(Vλ0). Therefore EwY (λ) = Eϕ+wY (τ) occurs in
Resl(Vλ0).
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We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. Write γ = ϕ+ tε∗ where 〈ϕ, µ〉 = 0.

We have

(πγ+ρk)L0 = Eγ ⊗ S∗(u−2) =
⊕

(Eγ ⊗ Ea1γ1+···+arγr)

where the sum is over all integers a1 ≥ · · · ≥ ar ≥ 0. (In view of Theorem 6.1).
So (πγ+ρk)L0 contains Eγ+a1γ1+···+arγr , for all integers a1 ≥ · · · ≥ ar ≥ 0.

Let k ≥ 1 be the least integer such that Sk(u−1) has a one-dimensional L0 -
subrepresentation, which is necessarily of the form Eqε∗ for some q < 0. Now
(πγ+ρg)K0 contains ⊕j≥0H

s(Y ;Eγ+jqε∗), by Theorem 2.1. By Borel-Weil-Bott
theorem, Hs(Y ;Eγ+jqε∗) is an irreducible finite dimensional K0 -representation
with highest weight wY (γ + jqε∗ + ρk) − ρk = wY (ϕ) + (−t − jq − c)ε∗ since
w0

k (ε
∗) = −ε∗ , where

∑
β∈∆2

β = cε∗ for some c ∈ N . Define mj := −t− jq− c for
all j ≥ 0. For 0 ≤ pr ≤ · · · ≤ p1 ≤ mj , Emjε∗+p1γ1+···+prγr is a subrepresentation
of Resk(Vmjε∗), in view of Lemma 7.2. So by Lemma 7.3, Eϕ−mjε∗−p1γr−···−prγ1 is a
subrepresentation of Resk(VwY (ϕ)+mjε∗) since wY (γj) = −γr+1−j , for all 1 ≤ j ≤ r
by Remark 6.5(i). Now Hs(Y ;Eγ+jqε∗) is isomorphic to VwY (ϕ)+mjε∗ . So, for 0 ≤
pr ≤ · · · ≤ p1 ≤ mj , Eϕ−mjε∗−p1γr−···−prγ1 is an L0 -submodule of Hs(Y ;Eγ+jqε∗).

Fix a1 ≥ · · · ≥ ar ≥ 0, where a1, . . . , ar ∈ Z . In view of Remarks 2.3(i)
and 2.5, q is odd when c is odd. Let N′ = {j ∈ N|(jq + c)is even} . There
exists j0 ∈ N such that for all j ∈ N′ with j ≥ j0 , −(jq + c)/2 ≥ a1 . Define
pr+1−i := −(jq + c)/2− ai, 1 ≤ i ≤ r. Then 0 ≤ pr ≤ · · · ≤ p1 < mj.

Now
∑

1≤i≤r piγr+1−i =
∑

1≤i≤r pr+1−iγi =
∑

1≤i≤r(−ai − (jq + c)/2)γi =
(jq + c)ε∗ −

∑
1≤i≤r aiγi in view of Proposition 6.2(i), since w0

k (ε) = −ε by
hypothesis. It follows that ϕ − mjε

∗ −
∑

1≤i≤r piγr+1−i = γ +
∑

1≤i≤r aiγi . So
for all j ∈ N′ with j ≥ j0 , Eγ+a1γ1+···+arγr is an L0 -submodule of Hs(Y ;Eγ+jqε∗).
That is, for all integers a1 ≥ · · · ≥ ar ≥ 0, the L0 -type Eγ+a1γ1+···+arγr occurs in
πγ+ρg with infinite multiplicity.

In particular, if γ = tν∗ , each L0 -type in πγ+ρk occurs in πγ+ρg with infinite
multiplicity. This completes the proof. �
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8. Appendix 1: Borel-de Siebenthal root orders.

Fix notation as in §2. As in [16], we shall follow Bourbaki’s notation [2] in labeling
the simple roots of g . Let Ψ be the set of simple roots of a Borel-de Siebenthal
positive root system. We point out the simple root which is non-compact for g0

and the compact Lie subalgebras k1, l1, l2 = k2 ⊂ k0 . We also point out, based on
Proposition 2.4, whether the algebra A := A(u1, L) of relative invariants is C or
C[f ] . In the latter case we indicate the value of |f | , the degree of f . The reader
is referred to [16] for a more detailed analysis.

We also indicate the non-compact dual Hermitian symmetric space X :=
Y ∗ , where Y = K0/L0 . In the non-quaternionic cases we point out whether or
not w0

k (∆0) = ∆0 (equivalently w0
k (ε) = −ε): for a proof see Proposition 6.2.

8.1. Table for quarternionic type. In all these cases, k1 = su(2), l1 = so(2) =
iRν∗ . Also Y = P1 , X = Y ∗ = SU(1, 1)/U(1), the unit disk in C . The condition
w0

k (ε) = −ε is trivially valid.

g0 Type of g ν l2 A

g0 = so(4, 2l − 3), l > 2 Bl ψ2 sp(1)⊕ so(2l − 3) C[f ], |f | = 4

so(4, 1) B2 ψ2 sp(1) C
sp(1, l − 1), l > 1 Cl ψ1 sp(l − 1) C
so(4, 2l − 4), l > 4 Dl ψ2 sp(1)⊕ so(2l − 4) C[f ], |f | = 4

so(4, 4) D4 ψ2 sp(1)⊕ sp(1)⊕ sp(1) C[f ], |f | = 4

g2;A1,A1 G2 ψ2 sp(1) C[f ], |f | = 4

f4;A1,C3 F4 ψ1 sp(3) C[f ], |f | = 4

e6;A1,A5,2 E6 ψ2 su(6) C[f ], |f | = 4

e7;A1,D6,1 E7 ψ1 so(12) C[f ], |f | = 4

e8;A1,E7 E8 ψ8 the compact form of e7 C[f ], |f | = 4

8.2. Table for the non-quarternionic type. The non-quarternionic type
Borel-de Siebenthal root orders are listed in the following table. The condition
that w0

k (ε) = −ε holds precisely in the following cases (in the others it does not):
In the first case (when g0 = so(2p, 2l − 2p + 1) with 2 < p < l, l > 3) if and only
if p is even; in the second (g0 = so(2l, 1), l > 2) if and only if l is even; in the
third (g0 = sp(p, l − p), l > 2, 1 < p < l); in the fourth (g0 = so(2l − 4, 4), l > 4)
if and only if l is even; in the fifth (g0 = so(2p, 2l − 2p), 2 < p < l − 2, l > 5) if
and only if p is even; in the sixth (g0 = f4;B4 ); in the eighth (g0 = e7;A1,D6,2 ); and
in the tenth (g0 = e8;D8 ).
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9. Appendix 2: A description of some results of Parthasarathy

We briefly give a description of Parthasarathy’s [17] results on construction of
certain unitarizable (g, K0)-modules and explain how to obtain the description of
Borel-de Siebenthal discrete series due to Ørsted and Wolf as Borel-de Siebenthal
discrete series are not explicitly treated in [17].

Let G0 be a non-compact real semisimple Lie group G0 with finite centre
and let K0 be a maximal compact subgroup of G0. Assume that G0 contains a
compact Cartan subgroup T0 ⊂ K0 . Let P be a positive root system of (g, t)
and let p+ (resp. p− ) equal

∑
gα where the sum is over positive (respectively

negative) non-compact roots. Suppose that [p+, [p+, p+]] = 0. Let B denote the
Borel subgroup of K = KC

0 such that Lie(B) = t ⊕
∑

gα where the sum is over
positive compact roots. Let Pk and Pn denote the set of compact and non-compact
roots in P respectively.

Write ρ = (1/2)
∑

α∈P α and wk, wg the longest element of the Weyl groups
of k and g with respect to the positive systems Pk and P respectively. Let
λ be the highest weight of an irreducible representation of K0 such that the
following “regularity” conditions hold: (i) λ + ρ is dominant for g , and, (ii)
Hj(K/B; Λq(p−) ⊗ Lλ+2ρ) = 0 for all 0 ≤ j < d, 0 ≤ q ≤ dim p− where d :=
dimCK/B and L$ denotes the holomorphic line bundle over K/B associated to
a character $ of T extended to a character of B in the usual way. From [6, Lemma
9.1] we see that condition (ii) holds for λ since [p+, [p+, p+]] = 0. Parthasarathy
shows that the k-module structure on ⊕m≥0H

d(K/B;Lλ+2ρ⊗Sm(p+)) extends to
a g-module structure which is unitarizable.

Suppose that λ + ρ is regular dominant for g so that condition (i) holds.
Then, the g-module ⊕m≥0H

d(K/B;Lλ+2ρ ⊗ Sm(p+)) is the K0 -finite part of a
discrete series representation π with Harish-Chandra parameter λ+ρ and Harish-
Chandra root order P . The Blattner parameter is λ+ 2ρn . See [17, p.3-4].

Now start with a Borel-de Siebenthal positive system ∆+ where G0 is
further assumed to be simply-connected and simple. Assume also that G0/K0

is not Hermitian symmetric. The Harish-Chandra root order for the Borel-de
Siebenthal discrete series πγ+ρg is ∆+

0 ∪∆−1 ∪∆−2 . The Blattner parameter for
πγ+ρg is γ +

∑
β∈∆2

β . Thus, setting P := ∆+
0 ∪∆−1 ∪∆−2 , we have Pn = ∆−1 ,

p+ = u−1 and [p+, [p+, p+]] = 0 holds.

Finally, we have the isomorphism [17, equation (9.20)]

Hd(K/B;Lλ+2ρ ⊗ Sm(p+)) ∼= Hs(Y ;Eλ+2ρn ⊗ Eκ ⊗ Sm(p+))

of K -representations where κ =
∑

β∈∆−2
β. Note that Eκ is the canonical line

bundle of Y . From Parthasarathy’s description of the K0 -finite part of the discrete
series πλ+ρ and using the above isomorphism we have

(πλ+ρ)K0 =
⊕

m≥0H
d(K/B;Lλ+2ρ ⊗ Sm(p+))

∼=
⊕

m≥0H
s(Y ;Eλ+2ρn ⊗ Eκ ⊗ Sm(p+))

=
⊕

m≥0H
s(Y ;Eλ+2ρn+κ ⊗ Sm(p+))

=
⊕

m≥0H
s(Y ;Eγ ⊗ Sm(u−1))

where γ := λ+2ρn+κ . Note that γ+ρg = λ+2ρn+κ+ρg = λ+ρ . Therefore, by
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[16], the module in the last line is the K0 -finite part of πγ+ρg . Hence we see that
Parthasarathy’s description of (πγ+ρg)K0 agrees with that of Ørsted and Wolf.

Acknowledgments. The authors thank Prof. R. Parthasarathy for bringing to
our notice his paper [17], and the referee for a careful reading of the manuscript.
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