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Abstract. A combinatorial formula for Pfaffian for the universal enveloping
algebra U(02,) of the affine Kac-Moody algebra 6, is proved. It allows us
easily to compute the image of the Segal-Sugawara vector under the Harish-
Chandra homomorphism and to deduce formulas for classical Pfaffian of universal
enveloping algebra U(os,) of the even orthogonal Lie algebra.
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1. Introduction

Let U(g) be the universal enveloping algebra of a simple Lie algebra g. The
Harish-Chandra isomorphism identifies the center Z(g) of the algebra U(g) with
the algebra of polynomials over the Cartan subalgebra h of g that are invariant
under a certain action of the corresponding Weyl group W. The elements of
Z(g) act in finite-dimensional irreducible representations of g by multiplication
by scalars, and these eigenvalues can be found from the images of central elements
under the Harish-Chandra isomorphism.

For the even orthogonal Lie algebra g = 05, the center is generated by
n elements those images under the Harish-Chandra isomorphism are W -invariant
polynomials over b of degrees 2,4,6,...,2n—2 and n. There are several construc-
tions that define these generators explicitly (see, e.g. [5, 8, 10, 12]). In particular,
the generator of degree n can be realized as a non-commutative Pfaffian of a cer-
tain matrix with coefficients in U(0s,). Namely, in the notations of Section 2, if
F is the 2n x 2n matrix those entries {F};}, (4,7 € {—n,...,—1,1,...n}) are
standard generators of U(0g,), and Js, is the matrix of the form that defines 0y,
the Pfaffian of F = F.J,, is the central element defined by the formula

1

21|

Pfﬁ = Z sgn (U) (FJ2n)a(fn)a(fn+1) s (FJ2n)U(n71)a(n)- (1)

7E€S(—nin]
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In [4] a combinatorial formula for PfF is proved, which (with some change of
notations to match the notations of this note) can be formulated as follows:

[n/2]
PIF =" > sgn(I,I)sgn(J, J)det (Fys+ p(|J|))PEF_; ,PEF, ;. (2)

k=0 I,JC{-n,...,.—1}
\TI=]1[=5k

Here for a subset I of {—n,...,—1}, the set [ is the complement of I in

{-n,...,—1}; a submatrix Ey; is defined by Er; = (Eyj)icrjes; p(k) stands for
the diagonal matrix diag (k—1,k—2,...,1,0); the expressions det (Fr;+ p(|J])),
PfF_ 77, Pf F 7 _7 are certain noncommutative analogues of the determinant and
Pfaffian of a matrix; sgn(I,I), sgn(J,.J) are the signs of certain permutations.
(We refer the reader for full details to [4].) The advantage of this formula is that
it immediately provides the eigenvalues of the central element PfF on the highest
weight modules. The purpose of this note is to prove a similar to (2) combinato-
rial formula for a Pfaffian of the matrix of generators for the universal enveloping
algebra U(09,) of the affine Kac-Moody algebra 09, using the techniques of [9]
and [4]. The main results of this paper are Theorems 3.1 and 4.3.

In general, for a simple Lie algebra g over C, the vacuum module V_;v(g)
over the affine Kac—Moody algebra g at the critical level —h" is defined as the
quotient of the universal enveloping algebra U(g) by the left ideal generated by
g[t] and K + hY, where hY denotes the dual Coxeter number for g. As a vertex
algebra, V_,v(g) has a non-trivial center 3(g) defined by

3(9) = {5 € Vopv(g) | 8[t]S = 0}

Its structure is described by the Feigin-Frenkel theorem (1992); see [1] for detailed
exposition. In [2, 3, 6] complete sets of explicit generators of the commutative
algebra 3(g) are constructed for classical Lie algebras. In the case of g = o0,
the set of generators contains an element Pf F[—1] defined below by (3), and this
element is the main focus of this note.

Our goal is to prove a combinatorial formula (Theorem 3.1 and Theorem 4.3)
for Pf F[—1] in the spirit of formulas for Pfaffians proved in [4]. The immediate
application of this result is that it allows to compute easily the image of the
Pfaffian Pf F[—1] under the Harish-Chandra homomorphism (Section 5). The
algebra 3(09,) is a commutative subalgebra of U(t1os,[t™!])" — the algebra of
invariants under the action of the Cartan subalgebra h. A restriction of a Harish-
Chandra homomorphism U (t !0y, [t7!])" — U(t71h[t™!]) to the subalgebra 3(d2,)
yields an isomorphism of 3(02,) to the classical W-algebra W(0s,) (see [1, 7]).
The Harish-Chandra images of generators of 3(g) for classical Lie algebras g were
computed in [2, 7]. Below Corollary 5.1 deduces the Harish-Chandra image of
Pfﬁ[—l] from the Theorem 3.1 (or Theorem 4.3) of the paper.

Moreover, we illustrate in Section 6 that the formulas of [4] for Pfaffians in
classical case can be deduced from the formulas for affine Lie algebra 0, proved
in this note.
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2. Application of exterior calculus

Let Jo, be a 2n x 2n symmetric matrix with ones on the anti-diagonal and zeros
elsewhere. Consider the corresponding realization of 0y, as a Lie algebra of 2n x2n
complex-valued matrices X that satisfy X7Js, + JopX = 0. We will use the
notation [—n;n] = {-n,...,—1,1,...,n} (the interval of integers from —n to n
with the element 0 being omitted). Let {E;;}; jec[-nm be the matrices that have
one in the ith row and jth column and zeros elsewhere. Set for i, j € [—n;n]

Fj=FE;—E_ . (Fiyj=-F_j)

The Cartan subalgebra h of 0y, is generated by elements Fy; (i = —n,...,—1).
Using the bilinear form

1
(X,)Y) = Etr(XY) for X, Y € 09,

one defines the extended affine Kac-Moody algebra 04, CT = 09,[t, 1 {®CKGCr
and set X[r] = Xt", r € Z. Then the commutation relations in 6y, are

(X[, Y]s]] = [X,Y][r + s] + 1o, (X, V) K,
[7, X[r]] = —rX[r—1], [02,, K] =0.

In particular, for ¢, j, k,l € [—n;n| one gets

[E,j [7‘], Fk,l [SH = j,kFi,l [T—FS]—F(SNF_j’_k[’/‘—FS]—5j’_lFi’_k[T + 3]_5i,—kF—j,l [T+S]
+ Tdr,fs(5j,k5i,l — 51',,]@(5]'7,1)K.

U(62,) stands for the universal enveloping algebra of 0y,. Define F[r] as U(0s,)-
valued matrix of size 2n x 2n with entries (F[r|);; = F; ;[r] for i, j € [-n;n]. Then
the matrix F[—1] = F[—1]Jo, is skew-symmetric and, similarly to the classical
case, one defines the Pfaffian of F[—1] as

_ 1 - -
PEF[-1] = oo > sen (o) Focayonen=1 - Fopenoml=1],  (3)

where the sum is over all permutations of the elements of the set [—n;n|. By
Lemma 4.3 in [6], the Pfaffian of F[—1] is an element of Feigin-Frenkel center
3(02,). Our goal is to prove a combinatorial formula for Pf F[—1] that, in partic-
ular, allows easily to compute the image of this Segal-Sugawara vector under the
Harish-Chandra homomorphism.

As in [9], it is convenient for us to express Pfaffian-like elements as co-
efficients of powers of certain two-forms. Consider the algebra A generated by
clements {e;}ic[—nm With the defining relations e;e; = —eje; for all i and j.
Define the U(62,)-valued two-form

Qs = Y eeFiyls] € A@U(8).

i,j€[—n;n]
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Lemma 2.1.  (Q[—1])" = e_né_pi1...e_1€1...e,2"n! Pf F[—1].

Proof.  (Cf. Proposition 1.1 in [9] and Lemma 4.1 in [4]):

Q[—l]n = Z eile,jl e eine,jnFihjl [—1] . Eny]n[_]‘]

i1 ’j1:-~~77:n7jn€[7n;n}

= Z 62'16]'1 Ce einejnﬁ’ihjl [—1] Ce En,jn[_l]

1 ’jlrnzinvjne[*W'?n}

=€ _p€_pt1---€p—1€6n Z Sgn(d)ﬁa(_n),g(_n_i_l) [—1] Ce Fg(n_l)ya(n) [—1]

€S —n;n)

=€ € pi1...En_16,2"n! Pt F[—l]. [

We also introduce the following forms:

-1 n n -1
Olr] = Z Zeie,jFi,j[r], O] = Z Z eie_; F; lr],
i=—n j=1 i=1 j=—n
-1 n
2lr] = Z eie—jFi lr], V= Zeje—j7
i,j=—"n 7=1

¢-1] = E[—1] + 207, {[-1] = Z[—1] — 207,
X[-1] = 0[-1] +¢[-1], Y[-1]=6[-1] +¢[-1].

The following properties of the forms hold:

Lemma 2.2. We have the following equations:

U = Z €_;€j = — Z_ €i€_; = — Z;e_jej.
=[], Z[s]] = =70, VK, (4)
[©[r], els]] = [Ol],Ols]] = 0, (5)
[O[r], O[s]] = —4UE[r + s] + 216, V°K, (6)
[Z[r], ©[s]] = 2¥O[r + 5], [E[r], O[s]] = —2¥O[r + 5], (7)
[Z]—1] + 2a¥T,0[s]] = 2¥(1 — as)O[s — 1], (8)
[Z[—1] + 2007, O[s]] = 2¥(—1 — bs)O[s — 1], (9)
[X[-1],Y[-1]] = 0. (10)

Proof. All of these relations can be checked directly. We illustrate this with
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calculations of (6). With i,l € {-n,...,—1} and j,k € {1,...,n},

O[], O0s)] = Y eiejexe [Fijlr), Fralsll = > eie_jexe

ijikl ijkl
X (05 Fialr + 8] + 0 Fjk[r + s = 65 1 Fi _xlr + s] — 65k F_j[r + s]
+ 70y 5 (051050 — 05,105, 1) K)
= —\IJ(Z eie_ 1 Fygr+s]+ Z e_jenF_; _k[r +s]
il Jik

+ Z eiep Ly _[r+ s + Z e_je Fjilr + s]) + 2rd, UK

ik 5l
= —4VE[r + 5] + 276, _, VK. -

Observe that Q[—1] = O[—1]+2Z[-1]+O[—~1] = X[-1]+Y[~1], and since
X[—1] and Y[—1] commute, we can write

n n n m
o1 = (-4 Y-y = 3 ()i
m~+k=n
From now on we will use the following notation: for a non-negative integer a and
a partition a - a, a = (a; > -+ > a; > 0), denote as O[—a] = O[~a1]...O[~al,
and as O[—a] = O]—a4]...O[—aq]. We also set ©[—(0)] = ©[—(0)] = 1.
Proposition 2.3.

m!

(—29)* WO ~a] (¢[-1])",

Y

|
=

I
NE

a (m —a)lmyimy!. ..

o
Il
=)
Q
e

m)!

(—20)* "I (g[-1])"O[~a],

>

|
=

I
NE

(m —a)lmylmy!. ..

Il
o
g
S

a «

where the sum is taken over all partitions o = (1™ ,2™2 .. )b a, and l(«) is the
length of a: l(a) =my +ma+ ... .

Proof. We prove the statement in two steps. First, we show that Y[—1]™
and X|[—1]™ can be expressed as linear combinations of ordered terms labeled by

compositions of integer numbers a, 1 < a < m.

Lemma 2.4.
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where the sum is taken over all ordered l-tuples a = (aq, ..

ap), with 0 <1 <m,
a; > 1 and Zézlai =a <m. Here

I
C(a,m il H G Ta)
Proof.  Y[-1]" = (6]—1] + £[—1])™ is the sum of monomials of the form

1P O[-1)g[-1]O[-1]. .. [~ 1P O[-1]¢[- 1]+, (11)
where p; > 0 and p; + -+ + py1 = m — . From (9),
pt+1

é[—upé[—u—z( P )(—2@)31s!é[—s]£[—ups“, (12)

s—1
s=1

and we obtain that the terms of the monomials (11) can be permuted to obtain
that Y[—1]™ as a linear combination

Y[-1]" = Z (@, m)(—29)"aylay! . .. 0)!0[—a1]O[—ay)] . .. O[—ay] (E[—-1])™°
(13)

with certain coefficients c(a,m) and the sum taken over all ordered [-tuples
a = (ay,...,q) that satisfy ¢, > 1 (i = 1,...,1), a = Zi’:l a;. Our goal
is to compute c(a,m). Fix the ordered [-tuple (ai,...,q;) and consider the
corresponding term in the sum (13). We use the following notations:

Ar=a -1, A=(@—-1)+(a-1), ..., A=(@-1)+ -+ (au-1),
Po=pr+-+pp=m-1I, Po=pr+-+py1, ...,

Pl+1:pl+1, Pk:() (k>l+1)

Then from (12), ¢(a,m) =

Z D1 p1+p2— Ay 22:1 pi — A
J\ar —1 as — 1 a — 1

pi>0,p1+-+pip1=m—

. Z (m—l—P2><m—l—P3—A1> (m—l—B+1—Al_1>
2150, a1—1 a2—1 al—l
p1t-tprpi=m—l

mz_l m—l—PlH—Al_l m_IZ_RI m—l—Pg—Al m_IZ_P3 m—l—P2
R “ a; — 1 ”‘_0 as — 1 — a; — 1 '
Pi+1= p3= p2=

We compute the sums of this expression starting from the last one. Recall that

S0 = (- (L))
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””ZP?’ m—1—-PB\ (m-l+1-P
a1—1 N aq
and
m—l—P3—A1 m—l+1—P3 - m—l+1—P3 a1+a2—1
a2—1 ay N a1+a2—1 Gg—l .
Similarly,
m7l7Ps+1
Z (m—l+s—2—PS)_<m—l+s—1—Ps+1)
pz0 a1+---+a5_1—1 a;+ -+ a5

m—l—Ps+1—AS_1 m—l+s—1—Ps+1
as — 1 ap + -+ a5

(m—=Il+s—1—-P1\ [ a1+ +a;,—1
n ay+---+as—1 as — 1 '
By induction,

@,m) m a4+ ---+a —1 a;+ay—1
cla,m) =
’ ap+ -+ a a;— 1 as — 1

m! l 1
B (m—a)!g(a1+---+as)(as—1)!'

We get

and

Set C(a,m) = ajlas!...q!c(a,m), and the statement of Lemma 2.4 follows from
(13).
For X[—1]™ the same arguments apply since
p+1 D
O[-1J¢[-1]7 = =20 ) sl [ 1P O [— ). m
=30 (7)ot er

Observe now that (:)~[—a] and (E)[—b] commute for a,b > 1. Thus the factors
of any monomial O[—a|0O[—ay].. @[—al] can be rearranged into a monomial

O[—a;,]10[—as,] ... 0[—ay] so that (a; > --- > a; > 1) is a partition of a, and
l ~
ZZ (@) [T as (—20)* 'O [=a] ([-1])"
a=1 al—a s=1

where the sum is taken over all partitions a = (a1 > a3 > -+ > a; > 1) of a, and

1

Cla) = (ai)(ai, + ag,) ... (kay-- -+ kag)’

— the sum is taken over all distinct permutations (a;,, ..., a;) of the parts of «.
The following lemma allows to compute the coefficients of that linear com-
bination.
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Lemma 2.5.  Let {ay,as,...,a,) be a set of distinct positive numbers and let
a = (ay,...a1,a9,...,a2, ... Ay, ..., a.) be an ordered l-tuple, where the part a;
appears with multiplicity k; (therefore, | = ky +---+ k. ). Then

1 1
= , 14
(aiy) (@i, + ay,) ... (kg + -+ + kea,) klla’fl ok lak (14)
where the sum on the left-hand side is taken over distinct permutations (a;,, . . ., a;,)

Ofa:(ab__,a,l,ag,...,a% ...CI,T,...,(ZT).

Proof.  Denote the sum on the left-hand side of (14) as C(«). Assume first
that k; =1 (i =1,...,r). Then for r = 2,

Cllan,a)) = —— 4+ 1 (15)

ai(ar +az)  az(ar +az) aay

By induction for general o with all distinct parts we show that

Z H CLU -+ CLU(S)) (16)

o€S, s=1

1 1
S (17)
k=1 0€Sm0(r)=k (@o() + -+ + Gop—1) + ar) =1 (Ao) + -+ + Ao(s—1))

1 1 1
> > - = . (18)
(o) +++ F Gor—ry F ag) @y ... A ...ar  G1...G,

k=1 o€Sr,0(r)=k

(ar, means that the factor aj is omitted). Now suppose that not all of k; = 1
in «. For simplicity of the argument, let us assume that k; # 1, and the rest of
k; = 1. Then consider o, = (a3 + €1,a1 + €2,...,a1 + €, G2, . .., a,) with such
values of ¢; that all the terms of «. are distinct. C(«.) is a rational function of
(€1,...€k,). When all ¢; — 0,

1 1
_>

(CLl + 51) . (akl + Ekl)ak1+1 oGy (al)"‘laklﬂ oL Qy ’

On the other hand,

Clae) — Z 1_[%1)+

e + Go(s)
where the sum is taken over all permutations of the set {1,2,...,r}. By gener-
alizing this argument one can show that if « has distinct parts {a4,...,a,} with
the corresponding multiplicities {ki,...,k.}, the value of C(«) is given by the
formula C(a) = 1/(klaf" ... k.lakr). m

Applying Lemma 2.5 and rewriting the partition a in the form o =
(1™ 2m2 ), we get the statement of Proposition 2.3. [ |
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3. Formula for Q[—1]"
We use notation ad, for the operator f > [r, f] acting on U(0,).

Theorem 3.1.  For the Lie algebra 0o,

Ln/2]

i 2n—2ln! 1 ~
1=0 b, ata,l(a)=l
2l<a+b<n
—_ n—a— 1
« (—\Il)a+b_2l ((:[_1] _ \I]adT) b, 1) Z —/'@[_B] )

a
ﬁ'_b7l(18):l m1'm2. o oe .

where we use the notations o = (1™,2M2, .. )l a and = (1™,2m2,... )b .

Example 3.2. For n = 2 the partitions that contribute to the sum of the
formula are « = 8 = and a = = (1). Accordingly, in 0, we get

Q[1]2 = 4(Z[-1] — Vad,)? - 1+ 20[-1]0[-1].

For n = 3 the partitions that contribute to the sum of the formula are o = 8 = 0;
a=p0F=1);a=(2),8=(1) or a=(1),5=(2). Accordingly, in 05 we get

Q[-1]% = 8(Z[~1] — Pad,)® - 1 + 120[—1] (E[~1] — Pad,) - 1) ©[-1]
—129(6[-2]0[-1] + 6[-1]6[-2)).

AR n m! (n —m)!
- ZZ Z (m) (m—a)'(n—m—(b)!mlln)zg' Somiimbl

B " — a+b—1(c)—=1(B)
- 0<a+b<nazg (n—a—b)myImy!...miImi!.. ( 2V) +o—1 l
. b

<ol (nm a— a )(5[_1])77“1(5[ 1])HMb> SIEs]

Denote as i
r=3 ()@t A=
k=0

One has:

P, = ¢{[—1)P,_1 + P_1&[-1] = (E[-1] = 2U7)P,_, + P,_1(E[-1] 4 2U7)
= E[—l]PT,1 + PTflE[—l] - 2\11[7', PTfl].
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If P,y is a sum of monomials in ¥ and Z[s] with some negative values of s, then
[T, P,_1] is also a sum of monomials in ¥ and =[s|] with some negative values of
s. This, together with the fact that P, = 2=[—1], implies that all P, are linear
combinations of monomials in ¥ and Z[s] (s < 0), each of them commutes with
=[—1] and we can write

P.=2(Z[-1|P,_1 — V|1, P,_4]) = 2(E[-1] — Vad,) P,_1 = 2"(Z[-1] — Yad,)" - 1.

Thus
S m—a—b

v c —1Nme(g[—1 n—m—b _ 2n—a—b =[—1] — Wad n—a—b 1.
I (S (GG (E-1] - wad,)
Also notice that since Q[—1]" is a form of full degree, the number of parts o and
£ in non-zero terms is the same: [(a) = [(8) = [. This completes the proof of the
theorem. [

4. Explicit formula for Pfaffian Pf F[—1]

Pfaffian PfF [—1] is given by the coefficient of the monomial e_,e_,1...€, 1€,
in the form Q[—1]" . One can use Lemma 4.1 below to interpret through Pfaffian-

—_

and determinant-like elements the expressions O[—«/, (E[-1] — Vad,)", ©[—f] in
the statement of Theorem 3.1.

For subsets I,J of [—n;n| such that |I| = |J| = | we denote as ®[—s|;;
an [ x [-submatrix of the matrix ®[—s] = F[—s| + ad, - Id

O y[—s] = (F,j[—s| + ad-0;))ier je-

and set
det (I)[J[—l] = Z sgn (0')(131‘0(1)7]‘1 e (I)ia(l)yjl‘
og€ES;
Let I = (iy < --- < i) be a string of elements of a subset of {—n, ..., —1} written
in increasing order. Denote —I = (—i; > --- > —i). Define
1
Pf¢l771[—/8] = W Z Sgn (O-)ino'(l)v*io'@) [_/81] te Eo‘(Ql—l)v*io'(Ql) [_/Bl]7 (19)
g€Sy;
1
Pf®_; [—a] = a Z sgn (U)F_ia(l)viU(Q) [—au]. .. F_io(2l71)7ia(2l) [—ay]. (20)
0'65'21
Lemma 4.1.  For partitions «, [ and for r € Z.,
O—a] = 21! Z € iy ... €_iy PEO_;[—a,

—n<ip < <ig<—1

o[-4] = 21! > ei, ... e, PE O _i[—f],
< <<l <—1
(Z[-1] — Vad,)" -1 =7! > Ciy - eiej ...y (det® s[—1]) - 1.

—n<ig < <ip<—1
<1< <gr<—1
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Proof. The first and the second equalities follow from the definitions (19-20),
and the proof of the third equality repeats word-to-word the proof of Proposi-
tion 4.5 in [4] if we observe that Z[—1] — Vad, = Z]_:lfn nje—;, where n; =
S ei(F (1] + ad,6;;) and satisfy n;m. + men; = 0. [
Example 4.2.  For n = 2 one gets 4(Z[—1]—Vad,)* = 8e_se_ie1ey det(P[—1])-
1 and @[—1] = 2e_ 2€_ 1F 2,1[ ].] @[— ] 2e 1€2F1’_2[—1]. Therefore,

Pf F[-1] = det(®[—1]) -1 — Fy _5[—1]F_54[—1]
=F o _o|—1F_ 4 _[-1]—=F_1 _o[-1)F_g _1[-1|4+Fy _o[—1]F_p1[-1|4+F_1_1][-2].

This example illustrates that Theorem 3.1 can be used to compute the
Pfaffian Pf F'[—1]: we find by that theorem the value of Q[—1]", and then by
Lemma 2.1, the coefficient of the monomial e_,e_,.1...€, 1, in Q[—1]" is
2| Pt F [—1]. For the sake of completeness we write exphmtly the general formula
for that coefficient (c.f. Theorem 4.7 in [4]), though it involves more technical
notations. The statements of Theorems 3.1 above and 4.3 below are equivalent.

Consider subsets J, I, I, Ji, Jo of {—n,...,—1} those elements are written
in increasing order and such that satisfy the properties:

]1|_|J1|_|J:JUJQUIQZ{—TL,...,—]_}, (21)

Write the elements of strings [J, Jy, I5] exactly in that order. We denote by
sgn (J, Jo, I5) the sign of the permutation of the elements of this string that
puts them in the increasing order (—mn,...,—1). Similarly, sgn (—Iy,—Jy, —J)
is the sign of the permutation of the elements of this string that puts them in the
increasing order (1,...,n).

Theorem 4.3.
[n/2]

Pf F[— Z Z Z sgn (J, Jo, Iy)sgn (=11, —Jy, —J)

a,b 11,J1,12,J2,J

0<a+b<n
Al

|
X ((a+b— 2[)!(d€tq)J27J1 [—1] . 1)) Z #Q-‘rb—b[_ﬁ] ’
LRI

ml.
BrbU(B)=I
(23)
the third sum is taken over subsets J, I, I, Jy, Jo of {—n,...,—1} that satisfy the
properties (21, 22).
Proof.  Using for a subset I = (i1 < --- < i) of {—n,...,—1} the notations

€] = €4, - €, €] = €4 ... €64

in, €_j = €_j, ...€_;, combine Theorem 3.1 and
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Lemma 4.1 to obtain

Ln/2]

Q[-1]" = 2"n! Z Z Z (—0)* e pese_jer,

=0 0<a+b<n I1,J1,I2,J2

[!
x ), ey NI T [—al(det @5, [—1] - 1)
ata,l(a)=l
[!
X Z mim Pfq)fszz[ 5]
prbi(B)=1 12
Note that
r r(r—1)
(=9)" = (r)! Yoo (=D ey,
JC{—n--—1},|J|=r
and that
(a+b—210)(a+b—21—1)
(1) z €je_Je_1,€1,6_j €[, = €JeL,CLe _[,6_JC_].

By comparing the order of the terms of this monomial with the monomial
€ n€_pi1--.€_1€1 ..., 16, we get formula (23). ]

5. Harish-Chandra image of the Pfaffian

The Feigin-Frenkel center 3(6s,) is a commutative subalgebra of U (¢t loy,[t7!])".
Consider a left ideal I of U(t7'oy,[t™!]) that is generated by the elements Fj;[r]
for —n < i< j <n and r < 0. The quotient of U(t '0y,[t7!])" by the two-sided
ideal U(t ' 0q,[t™1])" N I is isomorphic to the commutative algebra that is freely

generated by the images of the elements Fj[r] (i = —n,...,—1, r < 0). Denote
these images as p;[r] = Fj;[r].We get an analogue of classical Harish-Chandra
homomorphism

X U oz [t™])" — Ut 10[E71),

and U(t*h[t71])" can be viewed as a polynomial algebra in variables {ju;[r],i =
—n,...,—1,7 < 0}. The restriction of x to 3(02,) yields an isomorphism 3(06,) —
W(02,), where W(oy,) is the classical W-algebra of 0y,. It is a subalgebra of
U(t™toy,[t7!])" annihilated by screening operators ([1], Chapter 7). The elements
of W(04,) are polynomials in y;[r] (r <0, i= —n,...,—1). We give a new direct
proof of the following corollary established in [7].

Corollary 5.1.
X(Pf F[—1]) = (p—n[—1] + ad;) ... (u—1[—1] + ad,) - 1.

Proof. Only the terms with a = b = 0 will survive under Harish-Chandra
homomorphism in the formula of Theorem 3.1 for Q[—1]":  x(Q[-1]")

=x(2"(E[-1] - Tad,)" - 1) =2"nle;...eqe_1...e_, x(det (F[—1] + ad,) - 1)
=2"nle;...epeq...e_p (upn|—1] +ad;)... (u_1[—1] +ad,) -1 ]
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6. Deducing the formula for Pfaffian for U (02,)

In this section we would like to illustrate that the application of evaluation homo-
morphism to the statement of Theorem 3.1 implies the formulas for Pfaffian of the
universal enveloping algebra U(0y,) in [4] (namely, Proposition 4.4. there).

Let z be another variable and consider a homomorphism of algebras
©: Ut og,[t™])=U(02,)®2*Clz71], defined by ¢(F;[r]) = F;; ® 2", ¢(K) = 0.
Then the action of ad, is identified with the operator —d, by the rule (|7, f]) =
—0,(¢(f)). Let us apply ¢ to the formula of the Theorem 3.1.

We have:

e(Q[-1]") =Q"2"", where = Z eie_iF ;€ A®U(0g,).
i,j€[—n;n]
Note that for a partition a = a of length l(a) = [, the evaluation map gives
e(O]—a]) =027 and ¢(O]-a]) = 027, where © = > | ;:1% eie_;iF;;,
O = Zil:—n Z?:l el-e_ij . Also
o((E[-1] = Vad,)f-1) = (Ez +¥a,)k- 1),

where Z =371 e;e_;F,;. Using that in the notations a = (11,272 .. .),

,j=—"n
[! a—1
A 24
Z milma! ... (l—l) (24)

ata,l(a)=l
(see e.g. Corollary 6 in [11]), and that
a—1\/b—1 p—1
2 <l—1)(l—1)_<2l—1>’ (25)
a+b=p

we obtain from Theorem 3.1,

ln/2) o —a;
2" %n! - 1 p—1
Qe = e 26
D ST ( 2. m—pﬂ(m—1) (26)
=0 2l<p<n
X (— TP (2L 4 0, ) P 1)@12*1’. (27)

Let us multiply both parts of (26) by z~™. Observe that
(Bz ' 4+00,)" 7P - 1)" P =E)E-U)(E-20)...(E—(n—p+1)V),

1 p—1\ 1 n—20\ (p—1)!
(n—pt\2l—1) (n—-20'\n—p/ (20 —1)
Therefore, we can rewrite the central part expression of (26) as

et G/ [CLV e CE R LR

— )l
20<p<n " p).

1 " (n—2l
— (p—20) .(n—p) 28
<n—2mpzo(n—p>y ’ %)

and
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with

=2, P =EEZ-T)... (E-(n—p+1)T).

Since =Z and ¥ commute, (28) can be rewritten using binomial theorem for falling

factorial powers as (n_;ﬂ),(g; + y)(n—%) —

1
(n —20)!

1

E-20) " =
( ) (n— m)!(

Z—20).. . (E— (n+1)0)

Hence, from (26),

/2] oty

Q=
2 e (n—20)

=0

!(E—th)...(z— (—n +1)¥)e". (29)

Finally, using the commotion relation

OYZ —2IV)...(E+ (n—1)¥) =

(1]
(11

(2-0)...(E=(n—-20-1)V)O,

we get

[n/2] 2n—2ln! N
Qn:Zmz(z_\p)...(z—(n—zz—l)xp)@@, (30)

which is the statement of Proposition 4.4. in [4].

Remark 6.1.  (a) As it is discussed in the proof of Theorem 4.17 of [4], neces-
sarily p = ¢ in Proposition 4.4 of [4].

(b) Our notation ¥ stands for —7 in [4].

(c¢) As it was mentioned before, Theorem 3.1 and Theorem 4.3 of this note are
equivalent statements. Similarly, the results of [4] cited here in (30) and (2) are
equivalent. We chose to illustrate how (30) is deduced from Theorem 3.1 rather
then (2) from Theorem 4.3 in order to avoid technically involved notations of the
other two statements.
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