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Abstract. In this paper we study conjugate loci and cut loci of Lorentzian
symmetric spaces. We prove that if M; is a connected simply connected
Lorentzian symmetric space of the form R x M, D x M, and C x M, where
M is a connected simply connected compact Riemannian symmetric space, D
is the universal covering of the de Sitter space-time with dimension > 3, and C
is a Cahen-Wallach manifold, then for any given point € My, all future (past)
nonspacelike cut loci and the locus of first future (past) nonspacelike conjugate
loci coincide.
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1. Introduction

In this paper we study the relationship between conjugate loci and cut loci of
Lorentzian symmetric spaces. Let v : [0,a) — M be a future directed, future
inextendible timelike geodesic in a space-time M and ty = sup{t : d(7(0),~(t)) =
L,(7][0,t])}. If 0 < to < a, then 7(ty) is called the future timelike cut point of
~(0) along ~. Similarly, let v : [0,a) — M be a future directed, future inextendible
lightlike geodesic and ty = sup{t : d(v(0),v(t)) = 0}. If 0 <ty < a, then 7(to)
is called the future lightlike cut point of v(0) along 7. Let (M, g) be a globally
hyperbolic Lorentzian manifold. It is proved (see [3]) that if ¢ = ¢(t) is the future
cut point of p = ¢(0) along the timelike geodesic ¢ from p to ¢, then at least one
of the following assertions holds:

(1) g is the first future conjugate point of p along c;

(2) There exists at least two future directed maximal timelike geodesic segments
from p to q.

A similar conclusion also holds for the future cut point along a lightlike geodesic.

*Supported by NSFC (no. 11271198, 11221091) and SRFDP of China

ISSN 0949-5932 / $2.50 (©) Heldermann Verlag



642 SHAOQIANG DENG, XINGDA LIU

Globally hyperbolic Lorentzian symmetric manifolds have been classified;
see [1] and [5]. It is shown that there are three types of connected and simply-
connected Lorentzian symmetric spaces: Rx M, Dx M and C'x M, where M is a
connected and simply-connected Riemannian symmetric space, D is the universal
cover of the de Sitter or anti de Sitter space-time, and C is the Cahen-Wallach
manifold. Moreover, it is proved in [2] and [3] that the above globally Lorentzian
symmetric spaces are hyperbolic except when D is the universal cover of anti de
Sitter space-time. For information on conjugate locus and cut locus, we refer to
(3,4, 6,7, 14, 15, 16] and [17].

The purpose of this paper is to prove the following theorem.

Theorem 1.1.  Suppose that My is a connected simply connected Lorentzian
symmetric space of the form Rx M, Dx M, and C x M , where M is a connected
simply connected compact Riemannian symmetric space, D is the universal cover
of the de Sitter space-time with dimension > 3, and C is a Cahen-Wallach
manifold. Then for any given point x € My, all future (past) nonspacelike cut
locus and the locus of first future (past) nonspacelike conjugate locus coincide.

The arrangement of this article is as the following. In Section 2, we present
some preliminaries on Lorenztian manifolds and symmetric spaces. Section 3 is
devoted to the study of the de Sitter space-time. In Section 4, we prove the
main theorem for Cahen-Wallach manifolds. Finally, in Section 5, we consider the
general cases and complete the proof of the main theorem.

2. Preliminaries

2.1. Lorentzian geometry.

Let (M, g) be a Lorentzian manifold of dimension n > 2. Given p,q € M
with p < ¢, let €,, denote the path space of all future directed nonspacelike
curves v : [0,1] — M with (0) = p and (1) = ¢. The Lorentzian arc length
function L, is defined as in [8] and we have the Lorentzian distance function d(p, q)
defined as the following: if ¢ € J*(p) (here J*(p) denotes the causal future of p),
then we define d(p, q) = sup{L,(7) : v € Q,4}; Otherwise we set d(p,q) = 0.

Given a plane o =span{u,v}, we denote by K (o) the sectional curvature
if o is nondegenerate. When o is degenerate with v lightlike, we denote by
K,(o) = % the lightlike sectional curvature associated to v (see [3], [6]
and [9]).

As a special case, for a symmetric space, denote R, : v — R(u,v)v. Then
we have ([11])

Ro(u) = —(adv)?(u).

In [6], the following assertion is proved:

Lemma 2.1. Let (M,g) be a Lorentz symmetric manifold, p € M and v €
T,M .

a. If v s timelike, then p has no conjugate points along ~, if and only if
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k(o) >0 for any timelike plane o C T,,M containing v .

b. If v 1is lightlike, then p has no conjugate points along v, if and only if
k(o) <0 for any degenerate plane o C T,M containing v.

On the other hand, from [13] we have the following

Lemma 2.2. Let M be a Lorentzian symmetric manifold, and vx : I —
M,X € T,M be a geodesic in M. Then the conjugate points of vx(0) along

mm

vx are VX(W), where m € 7 — {0}, m_\/}\r € I, and X is a real positive eigenvalue
of Rx = —(adX)?2.

2.2. Orthogonal symmetric Lie algebra of compact type(u,€). Let (u,€)
be an orthogonal symmetric Lie algebra of compact type with a canonical decom-
postion u = €+ p, and b, be a maximal abelian subspace of p. If we denote the
restricted root system by X , and the set of positive roots by X1, then we have

b= b+ ) b,

yEST

p = hp+zp77

yext
where
b= en(uy +uy),

py = pN(uy+uy),
u, = {X €g"|[H,X]=~(H)X, VH € bhy}.

In the following sections, we shall denote by exp and Exp the exponential map-
pings of Lie groups and manifolds, respectively.

3. The de Sitter space-time of dimension n > 3

The de Sitter space-time is the Lorentz symmetric manifold (so(1,n+1),s0(1,n)).
Denoting the pair simply as (g, ), we have the decomposition

g=b+q,

where ¢ consists of the vectors of the form

0 0 y
O 0 «o |,
y —al 0
with y € R and a € R"; see [12] and [10]. Let B; = —2£ be the Lorentzian

metric, where B is the Killing form of g.

On the other hand, the de Sitter space-time can also be represented as
SOo(1,n+1)/SO0(1,n) (see [12], page 27), where SO¢(1,n+ 1) can be realized in
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the following way. Denote by M(p x ¢,R) the p x ¢ matrices with entries in R.
Then SOg(1,n + 1) consists of the matrices of the form

A B

C D)’
where Ac R, Be M(1x (n+1),R), Ce M((n+1)x1,R), De M((n+1) x
(n+1),R), with A > 1, det D > 1, and the following conditions being satisfied:

~ATB+C"™D = o,
—ATA+CcTc = -1,
-B"B+D'D = I,.4.

The subgroup SOy(1,n) consists of the elements of the form

a B 0
cC D 0 |,
0 0 1

where a € R, Be M(1xn,R), C € M(nx1,R), D€ M(nxn,R), with a >1,
det D > 1 and the following conditions being satisfied:

—aB+CTD = 0,
-+ Ccfc = —1,
~-B"B+D"D = I,
Since SOg(1,n) acts transitively on the set{X € q: By(X,X) = —1,y > 0} and
the set{Y € q : By(Y,Y) = 0,y = 1}, it follows from Lemma 2.1 that o has

no conjugate point along any nonspacelike geodesic. Now we consider the future
nonspacelike cut locus of 0. Given a unit future timelike vector

Xo =

_ o O
o O O
S O =

denote by ExptoX, the future cut point (ty > 0) of o along the geodesic ExptXj.
Since SOy(1,n) acts transitively on the set {X € q: By(X,X) = —1,y > 0}, one
can find h € SOy(1,n) such that Ad(h)X, # X, and Expto Xy = ExptoAd(h)X,.
Then we have exp(—toXp) - h™! - expto Xy € SOy(1,n). If we write

a B 0
ht=| C D 0 |,
0 0 1

where @ > 1 and det D > 1, then h is equal to

a —-CT 0
—-BT DT
0 0 1
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On the other hand, exptyX is equal to

coshty 0 sinhtg
0 I, 0
sinhtg 0 coshty

Thus exp(—toXy) - h™! - exptp X, is equal to

acosh’ty —sinh®ty  coshtgB  (a — 1)sinhtycosht,
cosh t,C D sinh toC
(1 —a)sinhtycoshty —sinhtgB cosh®ty — asinh®¢,

Suppose @ = 1. Then it follows from the fact exp(—tyXy) - ™' - exptoXy €
SOy(1,n) that B =0 and C' = 0, which implies that h~' € SO(n) < SOy(1,n).
Then we have Ad(h)X, = Xy, contradicting to the fact that Ad(h)X, # Xo.
Suppose a > 1. Then we have cosh?ty, — asinh?t, = 1. This implies that
to = 0, contradicting to the fact that tq > 0.
From the above arguments we conclude that there does not exist any future
cut point of o along ExptXy. In other words, o has no future timelike cut point.
Next we consider a future lightlike vector

0 0 1
Yo=| 0 0 o |,
1 —a O

where a = (1,0,...,0)T. Let ExpsqYy, so > 0, be the future cut point of o along
ExpsYy. When s > sg, there exists a future timelike geodesic connecting o and
ExpsYy (see [3]). Now we prove that there does not exist any future cut point of
o along ExpsYj.

In fact, given s, > sq, one can verify that

2
*

% N

S S

Lrs 5
exp s.Yy = %*aT I, — %*ozToz seal
Sk e 1

Since SOg(1,n) acts transitively on the set {X € q: By(X, X) =0,y > 0}, there
exist t, > 0 and h € SOy(1,n), such that

Exps.Yy; = Expt,AdhXj.

Then we have
exp(—t.Xo) - h™' - exps.Yy € SOg(1,n).

Now write h~! as

a B 0
C D O
0 0 1

where a > 1, and det D > 1. Then a direct computation shows that the (2,3)-
entry of exp(—t,X)-h™'-exps,Y € SOg(1,n) must be 0. Thus C = —Da’. On
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the other hand, we also have a>—~C?TC =1, aB =C"D,and —B"B+D"D =1,.
Since C' = —Da”, we have a*> — aD"Da” =1 and B = —1aD"D. Meanwhile,
since —BTB 4+ D'D =1, and oTa = 1, we also have —a? +1 = —a?. This is a
contradiction. This proves the above assertion.

Finally, since SOy(1,n) acts transitively on the set {Y € q : By(Y,Y) =
0,y = 1}, we conclude that for any future lightlike vector Y, there does not exist
any future cut point of o along ExptY .

In summarizing, we have proved the following

Theorem 3.1.  For the de Sitter space-time of dimension n > 3, any future
directed nonspacelike geodesics must be a future directed nonspacelike geodesic ray;
Dually, any past directed nonspacelike geodesics must be a past directed nonspace-
like geodesic ray.

4. Cahen-Wallach manifolds

We first recall the definition of Cahen-Wallach manifolds (see [6], [2] and [5]).

Let g=R" xR" xR xR, with n > 1. Let f:R" — R" be a symmetric
endomorphism of R” with respect to the standard inner product (,), and define
Lie brackets on g as follows:

[(l’, Y, t U), (xlu y/7 t/7 U/)] = (u/y - uylv uf(‘rl) - U/f(l’), <f<$/>, y> - <f(l’), y/>7 0)

Denote h = {(z,0,0,0) : z € R"} C g. Let G be a connected simply
connected Lie group with Lie algebra g and H the connected subgroup generated
by b (which is a closed subgroup of G). Then m = {(0,y,t,u)} C g is a
Ad(H)—invariant complement subspace of b in g. Let ¢((0,y,t,u), (0,y,t',u")) =
(y,y'y—tu'—t'u be a Lorentzian inner product on m. Then ¢ induces a G-invariant
metric on G/H, denoted as Q.. We call (G/H,(Q.) a Cahen-Wallach manifold.

The following lemma is obvious.

Lemma 4.1.  The following equality holds:
Ad(exp(z,0,0,0))(0, ¢, ", ") = (0,5 = u'f(2),t' = (f(2),)/) + 5 (f(2), f(z)),u).

We next consider some special cases and then deduce our conclusion of this
section.

4.1. f is nondegenerate and has at least one positive eigenvalue. Sup-
pose that the eigenvalues of f are as follows:

)\1Z)\QZ...)\[>0>/\[+1Z"'Z)\M [ >1.

We first give two lemmas.

Lemma 4.2.  FEach future directed timelike unit vector (0,y,t,u),u > 0, is
AdH -conjugate to (0,0, 5~,u).

7 2u?
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Proof. By Lemma 4.1, we have

Adexp(z,0,0,0)(0,y,t,u) = (0,y — uf(z),t — (f(2),y) + 5{f(2), f(z)), u).
Since f is nondegenerate, for any y € R™, there exists a unique z € R" such that
y—uf(z) =0. Since ¢((0,y,t,u), (0,y,t,u)) = —1, the lemma follows. n

A similar argument can be used to prove the following

Lemma 4.3.  FEach future directed lightlike vector is AdH -conjugate to an ele-
ment in the subset {(0,0,0,a):a > 0}(J{(0,0,b,0) : b > 0}.

Now we consider the linear transformation ad?(0,0, s1, s2)((0,%,t,u)) on m
and b (it can be easily checked that the map keeps both the subspaces invariant).
The following equalities are easily verified:

ad2<0a 07 S1, S2)(<07 Y, t? U)) = _53(07 f(y)a 07 0)7

ad?(0,0, 51, 59)((2,0,0,0)) = —s2(f(x),0,0,0).

Thus we have the direct sum decomposition of m:
m=my Gmy, D ---Dmy, Smy,

where m,, is the eigenspace of ad?(0,0, 51, s7) with eigenvalue —s2\; and my is
the subspace spanned by {(0,0,s,t)}. Obviously, m,, can also be viewed as the
eigenspace of f with eigenvalue \;. Similarly, we have a direct sum decomposition

of h:
h=0by @by, & - Dby,
where the subspaces b, can be defined similarly as before.
Denote Sy, = (€;,0,0,0) € by,, and Ty, = (0,¢€;,0,0) € my,, where ¢; is the

unit eigenvector of f with eigenvalue \;. Let X = (0,0, i, u), where u > 0.

Lemma 4.4. If \; >0, then

1
Ad(exp X)T), = cosur/ ATy, — iy sin uy/A;Sy,;

if i <0, then

1
Ad(exp X)T), = coshur/—\Ty, — \/—_)\ sinh uy/—\;Sy,.

Proof.  The lemma follows directly from the equalities: [X,S),] = u\;T), and
[X, T)\Z] = —US)\Z. . u

Now we can prove

Theorem 4.5.  If ExptoX is the future cut point of o along the future direction
of vx, then it must be the first future conjugate point.
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Proof. Suppose that ExptgX is not the first future conjugate point of o.
Then there exists a future timelike unit vector Z # X in m, such that Expty X =
ExptgZ. Then there exists h € H such that exptyX = exptyZ - h, that is,
Ad(exp(—tpX))Z = Adh™'Z € m. Now one can write Z as:

l n
Z=Zy+) il + ) bl
=1

1=l41

where Z; € mg. Then we have

l
1
Ad(exp(=toX))Z = Zy + Z a;(costour/ Ty, + W sin touy/A;iSy,)
i=1 i

= 1
+ Z b;(cosh tour/—N T, +
i=l+1 V=i

Since top # 0 and Sy, € h, we have b; = 0, for any i. On the other hand, if
some of the a; is nonzero, then we have sintquy/A; = 0. This implies that there
exists m € N — {0} such that tp = . Then it follows from Lemma 2.2 and
the statement after Lemma 4.3 that ExptoX must be the conjugate point of o,
contradicting to the assumption that ExptgX is not the future conjugate point
of 0. Therefore we have a; = 0, for any i. Then we have 7 = Z; € mg, and
[X, Z] = 0. Consequently we have to(X — Z) € b, that is, X = Z, contradicting
to the condition X # Z. |

sinh tou+/ _)\iSAi) cm.

Combining the above theorem with Lemma 4.2, we have the following

Corollary 4.6. If f is nondegenerate and has at least one positive eigenvalue,
then the future timelike cut locus coincides with the first future timelike conjugate
locus.

Similarly, we can prove the following

Theorem 4.7. If f is nondegenerate and has at least one positive eigenvalue,
then the future lightlike cut locus coincides with the first future lightlike conjugate
locus except for the direction (0,0,1,0).

Remark 4.8. The geodesic along the lightlike vector (0,0,1,0) is the unique
geodesic ray described in Chapter 8 of [3].

4.2. [ is degenerate and has at least one positive eigenvalue. In this
case, we can suppose that the eigenvalues of f are as follows:

M X >0= 1= A > A1 > >\, p>1g>p.

Since R™ = ker f@Imf and ker f # 0, we need only consider the vector (0,y,t,u),
where y has no pre-image in R". Writing y as y; + y2, with y; € Imf and
Yo € ker f, we have the following
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Lemma 4.9.  For each future timelike unit vector (0,y,t,u) with u > 0, y =
y1 +y2, y1 € Imf and 0 # yy € ker f, there exists s € R such that (0,y,t,u) is
AdH -congugate to (0,yz,s,u).

Proof. From Lemma 4.1, we have:
u
Adexp(z,0,0,0)(0,y. t,u) = (0,y — uf(z),t = (f(x),y) + 5(f(2), f(2)), u).
For y; € Imf, we can find x € R"™ such that y; = uf(z). Let s =t— (f(x), 1) +
2(f(z), f(x)). Then we have y, =y —y1 € ker f, and the lemma follows. ]

From lemma 4.2 and lemma 4.5, we have the following

Corollary 4.10. If f is degenerate,  then the future timelike unit vector
(0,y,t,u) is AdH -conjugate to (0,2, s,u) or (0,0, =, u).

? 2u?

For the future lightlike vector (0,y,t,u), we can prove the following corol-
lary using a similar argument.

Corollary 4.11. If f s degenerate,  then the future lightlike unit vector
(0,y,t,u) is AdH -conjugate to (0,ys,s,u), (0,0,a,0) or (0,0,0,b), where a and
b are positive, and (ya,y2) — 2su = 0.

Now we consider the property of future nonspacelike vectors X = (0, 32, s, u)
with y, € ker f. It is easy to check that

ad®X((0,,0,0)) = —u2(0, f(2),0,0),

that
ad®X ((2,0,0,0)) = —u?(f(z),0,0,0),

and that
ad®X (0,0, a,b) = 0.

Thus we have the direct sum decompositions:
m=my Gmy, O---Om,, Smy,

and
h:h)q@h)\g@”'@b)\n-

Denote Sy, = (e;,0,0,0) € b,,, and Ty, = (0,¢;,0,0) € m,,. Similarly as in the
case that f is nondegenerate, we have the following

Lemma 4.12. If \; > 0, then

Ad(exp X)Ty, = cos un/NTh, —

SiHU\/)\_iS)\Z.;

1
s
if \i <0, then

sinh uy/—\;Sh,;

1
Ad(exp X)T\, = coshuy/—\T), —
T 1 /_A/[/



650 SHAOQIANG DENG, XINGDA LIU

if Ay =0, then
Ad(exp X)T)\Z = T)\i - US)\Z.,

and
Ad(exp X)(Oa Oa a, b) = (by27 07 a, b)

Theorem 4.13. If f is degenerate, and ExptoX is the future cut point of o
along the future direction of vx , then it must be the first future conjugate point.

Proof. By Corollary 4.2, we need only consider the case that X is the fu-
ture timelike unit vectors, namely, X = (0,99,5,u), u > 0,0 # yy € ker f, or
X = (0,0, 21u, u), u > 0. Suppose conversely that ExptoX is not the first future
conjugate point of o. Then there exists a future timelike unit vector Z # X
in m, such that Expto X = ExptyZ. Hence there exists h € H such that

exptoX = exptoZ - h, that is, Ad(exp(—txX))Z = Adh™'Z € m. Now write

Z as:
Z = Zo—i—ZaZTA + Z biTh, + Z ey,

i=p+1 i=q+1

where Zy € mg. Suppose X = (0,12, s,u) and Zy = (0,0, a,b). Then we have

sin tOU\/)\_iS)\i)

p
1

Ad(exp(—toX))Z = ; a;(cos tou\/)\_iT,\z. + W

( tOby270 a, b Z b T)\ +t0US)\)

i=p+1

+ ci(coshtour/—NTy, + —
z%l )\

Using the fact that y, € ker f, one easily proves that a; = ¢; = 0 by a similar
argument as in the proof of Theorem 4.1. On the other hand, the above equality
implies that by, = ud ;_ _pi1biei. Thus Z = (0, %yg,a, b). From this one easily
deduces that [X, Z] = 0. Then we have X — Z € b, that is, X = Z, which is a
contradiction.

sinh touv/—X\;S),)

Finally, the case X = (0,0, 5~ 5-,u) can be proved by a similar argument as
in the proof of Theorem 4.1. This completes the proof of the theorem. |

From the above lemmas and the theorem one easily deduces the following

Corollary 4.14.  Let M be a Cahen-wallach manifold and f the corresponding
map. If f is degenerate and has at least one positive eigenvalue, then the future
timelike cut locus coincides with the first future timelike conjugate locus.

Theorem 4.15.  Let M be a Cahen-wallach manifold and f the corresponding
map. If f is degenerate and has at least one positive eigenvalue, then the future

lightlike cut locus coincides with the first future lightlike conjugate locus except for
the direction (0,0,1,0).
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Remark 4.16. The same reasoning shows that the geodesic along the lightlike
vector (0,0,1,0) is the unique geodesic ray.

4.3. The conclusion. In the above two subsections we have considered the
cases that f has at least one positive eigenvalue. If f has no positive eigenvalue,
then neither cut points nor conjugate points of o exist. In conclusion, we have the
following

Theorem 4.17.  On any Cahen-Wallach manifold, the future nonspacelike cut
locus coincides with the first future nonspacelike conjugate locus.

5 RXM,Dx M,and C X M

Let M be a connected simply connected compact Riemannian symmetric space
(U/K, Q) associated with (u,€). Let (G/H,Q) be one of (R, —dt?), (D, By) and

(C,Q.). Then the spaces Rx M, Dx M, and C'x M can be written as a uniform
form (G/H xU/K,Q+Q). As in the previous section, we first study some special
cases and then deduce our conclusion.

5.1. G/H = (R, —dt?),(D, By) or (C,Q.) and f has no positive eigenvalues.
In this case, it is easily seen that the timelike unit vector has the form

)?:xX—i-vﬁ—li, x> 1,

here Q(X, X) = —1,and Q(X, X) =1.
Let X be AdK -conjugate to X' € bh,. Consider the tangent conjugate
point of X’ = 2 X + 2?2 —1X', v > 1. First we have

Lemma 5.1.  If X =2X+vVa2—1X',2>1,isa future timelike unit vector,
then to X' is the tangent conjugate point of o = {H x K} along v, if and only if
there exists a € X7 and m € Z — {0} such that to = \/?Zlf’;m

Proof. If ¢, X' is the tangent conjugate point of o = {H x K} along vz,
then there exists a non-zero Jacobi field J(¢) such that J(0) = J(¢y) = 0. Since
ad’X’ = 22ad’X + (22 — 1)ad’X’, and R(, X)X’ = —ad?X’ (see [11]), we deduce
from Section 3 and Section 4 that the eigenspaces of R( ,)/(\" ))/(\" with positive
eigenvalues should be subspaces of p. Then the subspace p has a decomposition

p=by+ > b
yeXt
Select a basis {E;} U {F}} of the tangent space of G/H x U/K at the origin such
that {E;} are unit eigenvectors of R(, X’)X’ in the decomposition of p and {F;}

are unit eigenvectors of R( , X’)X’ on the tangent space of {H}. Let {E;(t)}
and {Fj(t)} be the parallel translations of {E;} and {F}} along the geodesic vz,
respectively. Then one can write J(t) as

LOESSOIZORS SPAGIZOH
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By the Jacobi equation we have
T"(®)+ R(T(t), X)X = 0.
From this one easily deduces that only h;(t) may have non-zero solutions
Ca(X')sin(tv1 — 22),
where a(X') # 0. From this the “only if” part of the lemma follows.

Conversely, if ty = == Ok with m € Z — {0}, then we can directly

construct a non-zero Jacobi field J by J(¢t) = a(X')sin(t -1 — 22)E1(t), where
Ei(t) is defined as above. Then we have J(0) = J(to) = 0. This completes the
proof of the lemma. [ |

Corollary 5.2.  Let X =X +vV22 — 1X,x > 1, be a future timelike unit vector
and X be AdK -conjugate to X' € b,. Then the first future tangent conjugate point
of o={H x K} along 5 is toX, where

to = min

m
acxt /22 — 1|a(X')|

Remark 5.3.  From section 3 and section 4, we know that if x # 1, then the
first future tangent conjugate point of o = {H x K} along v¢ is t0X; If 2 =1,
then there doesn’t exist any conjugate point along v¢.

Now we can prove the following

Theorem 5.4.  Let X =X +V2Z— 1X,x > 1, be a future timelike unit vector
and toX be the future tangent cut point of o along the geodesic v¢, then it must
be the first future tangent conjugate point.

Proof. We only need to prove the equality {5 = minges+ \/7|04 . Suppose

(X
conversely that £y < mingex+ \/7|a( %) Then there exists a future timelike

unit vector Y and unit vecor Y with Y = yY + Jy? — 1Y # X such that
ExptoX = ExptoY, ie.,

(exptox X - H, exptova? —1X - K) = (exptoyY - H, expto\/y? — 1Y - K).

Then from Sections 3 and 4 we have x = y. Since ty < min,es+ \/7|a( ok

Le., tova? —1 < minges+ oy by [4] or [14], we have X = Y, which is a
contradiction to the fact X ;é Y. [ ]

Remark 5.5. If x=1, then from Sections 3 and 4, we know that neither cut
point nor conjugate point of o exists along g .

Finally, we consider future lightlike vectors. We only need to consider
vectors of the form X = X + X with Q(X, X) = —1 and Q(X, X) = 1. Similarly
as for future timelike vectors, we have the following
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Lemma 5.6.  toX' is the tangent conjugate point of o = {H x K} along vz if
and only if there exists o € ¥ and m € Z — {0} such that ty = a7 -
Corollary 5.7.  Let X=X+ X be a future lightlike vector and X be AdK -
conjugate to X' € b,. Then the first future tangent conjugate point of o =
{H x K}along v¢ is toX , where

3

to = .
0 fé%iya( X))

Theorem 5.8. Let X = X + X be a future lightlike unit vector and to)A( be the
future tangent cut point of o along the geodesic ¢, then it must be the first future
tangent conjugate point.

5.2. G/H = (C,Q.) and f has at least one positive eigenvalue. We keep
the notations as in the previous subsection. Suppose X = (0,y,¢,u),u > 0. Write
the positive eigenvalues of f as

)\12"'2)\p>07 p21

To deduce our conclusion for this case, we only need to modify some assertions of
Section 5.1.

Lemma 5.9.  t,X' is the tangent conjugate point of o = {H x K} along vz, if

and only if there exists a € X1 and m € Z — {0} such that t, = Tiera O
to = M\ﬁ, 1<e<p.

Proof.  Consider the eigenvalues A; of f. Denote by Tj,(t), A(t) and B(t)
the parallel translations of T),, A = (0,0, —%, %) and B = (0,0, \2[, ‘2[) along
Y5/, respectively. Let E;(t) be as in subsection 5.1. Then we can write J(t) as

= Z fi) T (t) + a(t)A(t) + b(1) B(t) + Z 95 E;(1)

Therefore the lemma follows. n

Corollary 5.10.  Let X = a2X + V22— 1X, 2 > 1, be a future timelike unit
vector and X be AdK -conjugate to X' € b,. Then the first future tangent
conjugate point of o = {H x K}along v¢ is toX, where

to = min{ min

T T
aest /22 — 1|a(X")|’ SL’U\/)\_l}

Now we prove

Theorem 5.11. Let X = 2X + Va2 —1Xx > 1, be a future timelike unit
vector and to X be the future tangent cut point of o along the geodesic v¢. Then

tO)A( must be the first future tangent conjugate point.
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Proof. It suffices to prove that

to = min{ min

a62+\/7|a/(X/)| xu\/_}

Suppose conversely that

to < min{ min

T T
aex+ /22 — 1|a(X)| xu\//\_l}

Then there exists another future timelike unit vector Z = 27 + v/z2 — 1Z #+ X
such that

(exptoxX - H, exptovVa? —1X - K) = (exptozZ - H, exptoVz? —1Z - K).

Then we have x = z. Since t, < \ﬁ’ by Theorems 4.4 and 4.7, we have X = 7.
Similarly, if £y < minges+ \/7‘ =) , then by the results of Critendden abd Sakai
(see [4, 14, 15]), we have X = Z| Wthh is a contradiction to the fact X =+ 7.

In the case of x = 1, the assertion of the theorem follows directly from
Theorems 4.4 and 4.7. ]

For future lightlike vector X, we have the following

Lemma 5.12. to)?’ is the tangent conjugate point of o = {H x K} along v,

z'f and only if there exists o € X7 and m € Z — {0} such that ty = a(x7y; or
to \ﬁ’ 1< <p. a

Corollary 5.13.  Let X=X + X be a future lightlike vector and X be AdK -
conjugate to X' € b,. Then the first future tangent conjugate point of o = {H x K}
along v s toX , where to = min{minaes+ @ =1

Finally, we have

Theorem 5.14. Let X = X + X be a future lightlike unit vector and to)? be
the future tangent cut point of o along the geodesic v¢. Then toX must be the
first future tangent conjugate point.

The main theorem (Theorem 1.1) of this paper now follows from Theorems
5.4, 5.8, 5.11 and 5.14 of this section.
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