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Abstract. In “N. Enomoto and T. Satoh, New series in the Johnson cokernels
of the mapping class groups of surfaces, to appear in Algebraic and Geometric
Topology,” the second author and Takao Satoh introduced a new class in the
Johnson cokernels for the mapping class groups of surfaces, and detected a series
of Sp-irreducible components [14m+1] (m ≥ 1) in this class. In this paper, we
detect another series [λ] in this class for some hook type partitions λ .
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1. Introduction

Let Σg,1 be a compact oriented surface of genus g with one boundary component.
The mapping class group Mg,1 is the group of isotopy classes of orientation-
preserving diffeomorphisms of Σg,1 which fix the boundary component pointwise.
Taking a base point ∗ on the boundary, the fundamental group π1(Σg,1, ∗) is
isomorphic to the free group F2g of rank 2g . We fix a basis x1, . . . , x2g as shown
in Figure 1. The integral first homology group H := H1(Σg,1,Z) is the free abelian
group of rank 2g . The homology classes e1, . . . , e2g of x1, . . . , x2g form a symplectic
basis of H .
The mapping class group Mg,1 has a subgroup Torellig,1 which trivially acts on

H . We have the following short exact sequence:

1 → Torellig,1 → Mg,1 → Sp(2g,Z) → 1.

In the 1980s, D. Johnson established a method to study the structure of the
mapping class group Mg,1 and its Torelli subgroup Torellig,1 . That is an ap-
proximation of Mg,1 and Torellig,1 by some graded Lie algebras. For simplic-
ity, we consider the lower central series Torellig,1 = Γ(1) ⊃ Γ(2) ⊃ · · · of
Torellig,1 . Here we inductively define Γ(k + 1) = [Torellig,1,Γ(k)] for k ≥ 1. We
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Figure 1: generators x1, . . . , x2g of π1(Σg,1, ∗)

set grk(Torellig,1) := Γ(k)/Γ(k + 1). These graded quotients become Sp(2g,Z)-
modules. Johnson introduced an Sp(2g,Z)-homomorphism

τ ′k : gr
k(Torellig,1) → HomZ(H,L2g(k + 1)) = H∗ ⊗Z L2g(k + 1),

where L2g(k + 1) is the degree k + 1 part of the free Lie algebra L2g generated
by H . The righthand side can be regarded as the degree k part of the derivation
algebra of L2g .
We remark that the Johnson filtration of Mg,1 is slightly different from the lower
central series of Torellig,1 and τ ′k is the restriction of the Johnson homomorphism
τk . But, by tensoring − ⊗Z Q , the image of τQk coincides with the image of τ ′Qk
in H∗

Q ⊗Z L
Q
2g(k + 1) proved by R. Hain [Ha]. Thus to study the structure of the

Johnson images or cokernels over Q , we may consider the settings above. For
more details, see [ES2, Section 3].
S. Morita studied the structure of Johnson images and obtained some remark-
able results. As an Sp(2g,Q)-module, H∗

Q ⊗Z L
Q
2g(k + 1) is isomorphic to HQ ⊗Q

L
Q
2g(k+1). Let us consider the left bracketing homomorphism HQ⊗ZL

Q
2g(k+1) →

L2g(k+2) defined by X⊗Y → [X, Y ] . We denote by hg,1(k) the kernel of this ho-
momorphism. In [Mo1], Morita proved that the Johnson image Im(τQk ) = Im(τ ′Qk )
is contained in h

Q
g,1(k) for all k ≥ 1. From now, we call hQg,1(k)/ Im(τQk ) the John-

son cokernel. Morita also constructed a homomorphism trk : h
Q
g,1(k) ։ SkHQ and

proved trk ◦τ
Q
k ≡ 0 for any odd k ≥ 3. By this, an Sp-irreducible component

SkHQ is detected in the Johnson cokernel. This is called the Morita trace or the
Morita obstruction for the surjectivity of the Johnson homomorphism.
The second author and T. Satoh studied the structure of the Johnson cokernels
by using some representation theory and Satoh’s results for the Johnson homo-
morphism for the automorphsim groups of the free groups. In [ES2], we detected
an Sp-irreducible component [1k] for k ≡ 1 (mod 4) and k ≥ 5. Moreover we
introduced a new class in the Johnson cokernels. To explain this class, we consider
the Sp-homomorphism

ck : h
Q
g,1(k) ⊂ HQ⊗ZL

Q
2g(k+1) ∼= H∗

Q⊗ZL
Q
2g(k+1) ⊂ H∗

Q⊗H⊗k+1
Q

12-cont
−→ H⊗k

Q ։ C
Q
2g(k).

Here 12-cont is the homomorphism H∗
Q ⊗H⊗k+1

Q → H⊗k
Q defined by
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f ⊗ (v1 ⊗ v2 ⊗ · · · ⊗ vk+1) 7→ f(v1)v2 ⊗ · · · ⊗ vk+1 .

The space C
Q
2g(k) is the quotient with respect to the natural action of the cyclic

group Cyck l on H⊗k
Q . This ck is not surjective nor injective. But by using Satoh’s

remarkable result that the space C
Q
2g(k) coincides with the Johnson cokernels for

the automorphism groups of the free groups, we proved that

Im(τQk ) = Im(τ ′
Q

k ) ⊂ Ker(ck) ⊂ h
Q
g,1(k).

This is a new class in the Johnson cokernels for the mapping class group of surfaces.
To detect Sp-irreducible components in h

Q
g,1(k)/Ker(ck), in [ES2], we described a

kind of generators of the space of Sp-maximal vectors of hQg,1(k). This generating
set is obtained by using the Brauer-Schur-Weyl duality, the Dynkin-Specht-Wever
idempotent and Morita’s observation in [Mo2, Proposition 4.6]. (For more details,
see Proposition 2.2.) By using the generating set mentioned as above, we proved
that ck([1

k]) 6= 0 for k ≡ 1(mod 4) and k ≥ 5 in [ES2].
In this note, using the same generators, we prove the following results for the
multiplicities in the Johnson cokernels hQg,1(k)/ Im(τQk ) for the mapping class group
of surfaces.
We only consider the stable range, namely assume g ≥ k + 2.

Theorem 1.1. Suppose λ = (r+1, 1k−r−1) for r ≥ 1 and k− r− 1 ≥ 2. Then
the multiplicity of the Sp-irreducible module [λ] in the k -th Johnson cokernel is
larger than or equal to 1 if none of the following conditions are satisfied: (i) k
is odd and r is even such that k − r ≡ 3 (mod 4), (ii) r = 1 and k is odd, (iii)
r = 1 and k − r ≡ 1 (mod 4).

For example, this theorem claims that the following Sp-irreducible compo-
nents exist in the Johnson cokernels for the mapping class group of the surface
Σg,1 :

• [2, 1k−2] if k ≡ 0 (mod 4) and k ≥ 4,

• [3, 1k−3] if k 6≡ 1 (mod 4) and k ≥ 5,

• [4, 1k−4] if k ≥ 6,

• [5, 1k−5] if k 6≡ 3 (mod 4) and k ≥ 7,

• [6, 1k−6] if k ≥ 8,

and so on.

Remark 1.2. In the case k−r−1 = 1, CQ
2g(k) has no Sp-irreducible component

[k − 1, 1]. In the case (ii), CQ
2g(k) has no Sp-irreducible component [2, 1k−2] (see,

[ES1, Section 4.1 Table.1]). Thus h
Q
g,1(k)/Ker(ck) has no such components. But

in the cases (i) and (iii), the theorem above does not claim that the multiplicity of
Sp-irreducible components [r+1, 1k−r−1] is equal to 0 in h

Q
g,1(k)/Ker(ck). Indeed,

for example, by a computer calculation, we can show that the multiplicity of [5, 16]
in hg,1/Ker(c11) is larger than or equal to 5.
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We will prove the following theorem in [EE].

Theorem 1.3. We have

[hQg,1(k)/Ker(ck) : [k − 2]] = δk:even

⌊
k

3

⌋

.

This paper is organized as follows. In section 2, we recall some notions and results
from [ES2]. In section 3, we give a proof of Theorem 1.1. In the Appendix, we ex-
plain a combinatorial way to calculate multiplicities of Sp-irreducible components
in h

Q
g,1(k).

2. Lie algebra h
Q
g,1 and its Sp-maximal vectors

2.1. Lie algebra h
Q
g,1 . Let H be the free abelian group of rank 2g for an

integer g ≥ 1. We naturally regard HQ := H ⊗Z Q as an Sp(2g,Q)-module.
We denote by L

Q
2g the free Lie algebra generated by HQ , and by Der(L

Q
2g) its

derivation algebra. We also regard their degree k parts L
Q
2g(k) and Der(L

Q
2g)(k)

as Sp(2g,Q)-modules. As Sp(2g,Q)-modules, Der(L
Q
2g)(k) = H∗

Q ⊗Z L
Q
2g(k+1) is

isomorphic to HQ⊗L
Q
2g(k+1). We consider an Sp(2g,Q)-module homomorphism

[ , ] : HQ⊗L
Q
2g(k+1) → L

Q
2g(k+2) defined by X⊗Y 7→ [X, Y ] . We define hg,1(k)

by Ker(HQ ⊗L
Q
2g(k+ 1) → L

Q
2g(k+ 2)). Then h

Q
g,1 :=

⊕

k≥1 h
Q
g,1(k) becomes a Lie

subalgebra of Der(L
Q
2g). This is introduced by M. Kontsevich in [Ko1], [Ko2] as a

Lie version of the formal symplectic geometry.

2.2. Quotient space C
Q
2g(k). In [Sa], T. Satoh considered the cyclic quotient

space C
Q
2g(k) for studying the structure of Johnson cokernels for the automorphism

group of the free groups. The cyclic group Cyck of order k generated by σk

acts on H⊗k
Q by σk(v1 ⊗ · · · ⊗ vk−1 ⊗ vk) = vk ⊗ v1 ⊗ · · · ⊗ vk−1 . The space

C
Q
2g(k) is the quotient of H⊗k

Q by this action of Cyck . We have an Sp(2g,Q)-

homomorphism Der(L
Q
2g)(k) = H∗

Q ⊗ L
Q
2g →֒ H∗

Q ⊗ H⊗k+1
Q → H⊗k

Q defined by a
contraction f ⊗ (v1 ⊗ v2 ⊗ · · · ⊗ vk+1) = f(v1)v2 ⊗ · · · ⊗ vk+1 . In [Sa], Satoh
characterized C

Q
2g(k) as the Johnson cokernels for the automorphism groups of the

free groups. Thus we have the following diagram of Sp-modules:

H∗
Q ⊗ LQ

2g(k + 1) // H⊗k
Q πk

// // CQ
2g(k)

h
Q
g,1(k) = Ker([ , ]) �

�

// HQ ⊗ LQ
2g(k + 1)

[ , ]
// //

≀

OO

LQ
2g(k + 1)

We denote by ck the Sp-homomorphism h
Q
g,1(k) → C

Q
2g(k). In [ES2], to study the

structure of Johnson cokernels for the mapping class groups of surfaces, the second
author and Satoh introduced this homomorphism ck and proposed the following
problem.
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Problem 2.1. Describe the Sp-module structures of Im(ck) and Ker(ck).

2.3. A description of Sp-maximal vectors in h
Q
g,1(k). First, we briefly

recall the classical representation theory of Sp(2g,Q). Let T be a maximal
torus of Sp(2g,Q) consisting of all diagonal matrices in Sp(2g,Q). We define the
one-dimensional representation εi of T by εi(diag(x1, . . . , xg, x

−1
g , . . . , x−1

1 )) = xi

for 1 ≤ i ≤ g . For a rational representation of Sp(2g,Q), we have a weight
decomposition V =

⊕

λ∈P Vλ . Here P := {λε1 + · · · + λgεg | λi ∈ Z, 1 ≤ i ≤ g} ,
where a subspace Vλ = {v ∈ V | tv = λ(t)v for all t ∈ T} . We call Vλ the weight
space of V with the weight λ .
Let U be the subgroup of Sp(2g,Q) consisting of all upper unitriangular matrices
in Sp(2g,Q). Then we call a non-zero element of

V U := {v ∈ V | uv = vfor all u ∈ U}

an Sp-maximal vector. We also have a weight decomposition (V U) =
⊕

λ∈P V U
λ ,

where V U
λ := Vλ ∩ V U . If a rational representation V of Sp(2g,Q) is irreducible,

there exists a unique weight λ such that V U = (V U)λ . Moreover, such λ satisfies
λ1 ≥ λ2 ≥ · · · ≥ λg . We say this λ a highest weight of V . Thus an irreducible
rational representation of Sp(2g,Q) is uniquely determined by its highest weight.
The set of isomorphism classes of irreducible rational representations of Sp(2g,Q)
is equal to

P+ := {λ1 ≥ λ2 ≥ · · · ≥ λg ≥ 0 | λi ∈ Z, 1 ≤ i ≤ g} ,

namely, the set of partitions such that ℓ(λ) ≤ g . Here ℓ(λ) is the length of λ .
In this note, we denote by [λ] the irreducible rational representation of Sp(2g,Q)
with the highest weight λ .
Note that any rational representation V of Sp(2g,Q) is completely reducible,
namely V is isomorphic to a direct sum of some irreducible representations. Then
we have the multiplicity of an irreducible Sp-representation [λ] in V is equal to
dim(V U

λ ).

We describe the space of maximal vectors (hQg,1(k))
U
λ in the following way. We

use some idempotents.
Now we fix a basis {e1, . . . , eg, eg+1, . . . , e2g} in HQ . Set i′ := 2g − i + 1 for each
integer 1 ≤ i ≤ 2g . For the standard basis {ei}

2g
i=1 of HQ , we see

〈ei, ej〉 = 0 = 〈ei′ , ej′〉, 〈ei, ej′〉 = δij = −〈ej′ , ei〉, (1 ≤ i, j ≤ g).

For each integer 1 ≤ i ≤ 2g , we define

e∗i =

{
ei′ , (1 ≤ i ≤ g),
−ei′ , (g + 1 ≤ i ≤ 2g).

(1)

Then both of {ei}
2g
i=1 and {e∗i }

2g
i=1 are basis for HQ such that one is dual to

the other in the sense that 〈ei, e
∗
j〉 = δij for any i, j . Let ω be the element

∑2g
i=1 ei ⊗ e∗i ∈ H⊗2

Q . We identify HQ with H∗
Q by v 7→ 〈v, •〉 .

For a partition λ , we denote by λT its transpose, and by λT
i the i-th component

of λT . For a partition λ of k + 2− 2j such that ℓ(λ) ≤ g , we define

vλ := ωj ⊗ (e1 ∧ · · · ∧ eλT
1
)⊗ (e1 ∧ · · · ∧ eλT

2
)⊗ · · · ∈ Hk+2

Q .
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Here v1∧v2∧· · ·∧vr is the anti-symmetrizer
∑

σ∈Sr
sgn(σ)(v1⊗v2⊗· · ·⊗vr) ·σ ∈

H⊗r
Q . This element vλ is an Sp-maximal vector in H⊗k+2

Q with weight λ . The

space of Sp-maximal vectors (H⊗k+2
Q )Uλ generate vλ and the action of QSk+2 via

the Brauer-Schur-Weyl duality.
Let us consider the right action of Sk+2 on H

⊗(k+2)
Q . Let si be the permutation

of i and i+ 1 for 1 ≤ i ≤ k + 1 and σk+2 the cyclic permutation of order k + 2.
We define an element θ by

θ = (1− s2)(1− s3s2) · · · (1− sk+1sk · · · s2)

in QSk+2 . We also consider an element

ζk+2 = 1 + σk+2 + σ2
k+2 + · · ·+ σk+1

k+2

in QSk+2 .

Proposition 2.2. The space of maximal vectors (hQg,1(k))
U
λ is generated by the

set of elements
{vλ · σθζk+2 | σ ∈ Sk+2}.

In [ES2, Section 4 and 5], this proposition is proved using the results of J.
Hu, Dynkin-Specht-Wever and S. Morita.
We remark that the multiplicity of [λ] in h

Q
g,1(k) (namely dim(hQg,1(k))

U
λ ) is com-

putable by a totally combinatorial way based on a result of V. M. Zhuravlev. For
more details, see the Appendix. By [ES1, Proposition 4.1], we can also calculate
the multiplicity [λ] in C

Q
2g(k) by a combinatorial formula. But, since our homo-

morphism cQk is not surjective and not injective in general even if restricting to
each λ-isotypic component for λ ∈ P+ , these combinatorial way is not sufficient
to answer to our Problem 2.1. In this paper, we will use Proposition 2.2 to obtain
our main theorems.

3. Proof of Theorem 1.1

In this section, we will study whether the element ck(vλθζk+2) is 0 or not for the
hook shape partitions λ = [r + 1, 1k−r−1] ⊢ k . If not, we obtain [hQg,1(k)/Ker(ck) :
[λ]] ≥ 1.

3.1. Notations. We use the following notations. We consider the element
Λ[a,b] of the form

∑

τ∈Sk−r

sgn(τ)e⊗a
1 ⊗

b
︷ ︸︸ ︷
eτ(1) ⊗ · · · ⊗ eτ(b)⊗e⊗r−a

1 ⊗

k−r−b
︷ ︸︸ ︷
eτ(b+1) ⊗ · · · ⊗ eτ(k−r) ∈ H⊗k

Q ,

where any permutation τ ∈ Sk−r acts on the set {1, 2, . . . , k − r} .

We also use an (i, j)-expansion operator Dij : H
⊗k
Q → H

⊗(k+2)
Q defined by

(v1 ⊗ v2 ⊗ · · · ⊗ vk) ·Dij :=

2g
∑

r=1

v1 ⊗ · · · ⊗ vi−1 ⊗ er ⊗ vi ⊗ · · · ⊗ vj−2 ⊗ e
∗
r ⊗ vj−1 ⊗ · · · ⊗ vk
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for 1 ≤ i < j ≤ k + 2. For example,
vλ = (e1 ∧ · · · ∧ eλT

1
)⊗ (e1 ∧ · · · ∧ eλT

2
)⊗ · · · )D12D34 · · ·D2j−1,2j

for a partition λ ⊢ (k + 2− 2j).

We denote by iCj the binomial coefficient

[
i
j

]

.

3.2. Expansion of vλ · θ . We consider partitions λ = (r + 1, 1k−r−1). Then
vλ = ω ⊗ (e1 ∧ · · · ∧ ek−r) ⊗ e⊗r

1 = ((e1 ∧ · · · ∧ ek−r) ⊗ e⊗r
1 )D12 . To expand the

elements vλ · θ , we prove the following two lemmas.

Lemma 3.1. For any m ≥ 1, the element
(e1 ∧ · · · ∧ em)D12(1− s2)(1− s3s2) · · · (1− sm+1 · · · s3s2)

is expanded as follows;






m
2
+1
∑

j=1

(−1)j−1
m
2
Cj−1(e1 ∧ · · · ∧ em)D1,2j if m is even,

m+1
2∑

j=1

(−1)j−1
m−1

2
Cj−1(e1 ∧ · · · ∧ em)(D1,2j −D1,2j+1) if m is odd.

Proof. We prove the claim by the induction on m .

Lemma 3.2. For any v ∈ H⊗m+2
Q and any r ≥ 1, we have

(v⊗ e⊗r
1 )(1− sm+2 · · · s3s2) · · · (1− sm+r+1 · · · s3s2) =

r∑

a=0

(−1)arCae
⊗a
1 ⊗ v⊗ e⊗r−a

1 .

Proof. We prove the claim by the induction on r .

By these lemmas, we have an expansion of the element vλ · θ for λ =
(r + 1, 1k−r−1).

Proposition 3.3. Suppose λ = (r+ 1, 1k−r−1) for r ≥ 1 and k− r− 1 ≥ 2. If
k − r is even, the element vλ · θ is equal to

r∑

a=0

k−r
2

+1
∑

j=1

(−1)a+j−1
rCa k−r

2
Cj−1e

⊗a
1 ⊗ (e1 ∧ · · · ∧ ek−r)⊗ e⊗r−a

1 D1,2j+a.

If k − r is odd, the element vλ · θ is equal to

r∑

a=0

k−r+1
2∑

j=1

(−1)a+j−1
rCa k−r−1

2
Cj−1e

⊗a
1 ⊗(e1∧· · ·∧ek−r)⊗e⊗r−a

1 (D1,2j+a−D1,2j+a+1).

3.3. A presentation of ck(e
⊗a
1 ⊗ (e1 ∧ · · · ∧ ek−r)⊗ e⊗r−a

1 ·D1jζk+2). Note that
〈er′ , er〉e

∗
r′ = er for 1 ≤ r ≤ 2g and πk(v) = πk(vσk+2) for any v ∈ H⊗k

Q . We
assume g ≥ k + 2. We prove the following three lemmas. In the proof of this
subsection, for simplicity, sometimes we omit ⊗ .
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Lemma 3.4. For 2 ≤ j ≤ k − r + 2, the element
ck(((e1 ∧ · · · ∧ ek−r)⊗ e⊗r

1 )D1jζk+2) is equal to

(i) πk((2g − 2)Λ[r,k−r]) if j = 2,

(ii) πk(−3(−1)jΛ[r,k−r] − Λ[r−1,j−2]) if 3 ≤ j ≤ k − r + 1,

(iii) πk(2((−1)k−r−1 − 1)Λ[r,k−r]) if j = k − r + 2.

Proof. If j = 2, the element ck(((e1 ∧ · · · ∧ ek−r)⊗ e⊗r
1 )D1jζk+2) is equal to

ck





2g
∑

s=1





ese
∗
s(e1 ∧ · · · ∧ ek−r)e

⊗r
1

+ e1ese
∗
s(e1 ∧ · · · ∧ ek−r)e

⊗r−1
1

+ e∗s(e1 ∧ · · · ∧ ek−r)e
⊗r
1 es









= πk





(2g)Λ[r,k−r] − e1(e1 ∧ · · · ∧ ek−r)e
⊗r−1
1

−
∑

τ∈Sk−r

sgn(τ)eτ(2) · · · eτ(k−r)e
⊗r
1 eτ(1)





= πk((2g − 2)Λ[r,k−r]).

If 3 ≤ j ≤ k − r − 1, the element ck(((e1 ∧ · · · ∧ ek−r)⊗ e⊗r
1 )D1jζk+2) is equal to

ck







2g
∑

s=1

∑

τ∈Sk−r

sgn(τ)







eseτ(1)eτ(2) · · · eτ(j−2)e
∗
seτ(j−1) · · · eτ(k−r)e

⊗r
1

+ e1eseτ(1)eτ(2) · · · eτ(j−2)e
∗
seτ(j−1) · · · eτ(k−r)e

⊗r−1
1

+ e∗seτ(j−1)eτ(j) · · · eτ(k−r)e
⊗r
1 eseτ(1) · · · eτ(j−2)

+ eτ(j−2)e
∗
seτ(j−1) · · · eτ(k−r)e

⊗r
1 eseτ(1) · · · eτ(j−3)













= πk

∑

τ∈Sk−r

sgn(τ)







eτ(2) · · · eτ(j−2)eτ(1)eτ(j−1) · · · eτ(k−r)e
⊗r
1

− eτ(1)eτ(2) · · · eτ(j−2)e1eτ(j−1) · · · eτ(k−r)e
⊗r−1
1

− eτ(j) · · · eτ(k−r)e
⊗r
1 eτ(j−1)eτ(1) · · · eτ(j−2)

+ eτ(j−1) · · · eτ(k−r)e
⊗r
1 eτ(j−2)eτ(1) · · · eτ(j−3)







= πk(3(−1)j−3Λ[r,k−r] − Λ[r−1,j−2]).

If j = k − r + 2, similarly we can obtain the claim.

Lemma 3.5. For a + 2 ≤ j ≤ k − r + a + 2 and 1 ≤ a ≤ r − 1, the element
ck((e

⊗a
1 ⊗ (e1 ∧ · · · ∧ ek−r)⊗ e⊗r−a

1 )D1jζk+2) is equal to

(i) πk(Λ[r,k−r] + (−1)k−rΛ[a,k−r−1]) if j = a+ 2,

(ii) πk(2(−1)j−a−1Λ[r−a,1]) if a+ 3 ≤ j ≤ k − r + a+ 1,

(iii) πk(−Λ[r,k−r] + (−1)k−r−1Λ[r−a,1]) if j = k − r + a+ 2.

Proof. We can prove the claim similarly as Lemma 3.4.

Lemma 3.6. For r + 2 ≤ j ≤ k + 2, the element
ck((e

⊗r
1 ⊗ (e1 ∧ · · · ∧ ek−r))D1jζk+2) is equal to

(i) πk(2(1− (−1)k−r−1)Λ[r,k−r]) if j = r + 2.
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(ii) πk(3(−1)k−jΛ[r,k−r] + Λ[r−1,j−2−r]) if r + 3 ≤ j ≤ k + 1,

(iii) πk(−(2g − 2)Λ[r,k−r]) if j = k + 2,

Proof. We can prove the claim similarly as Lemma 3.4.

3.4. A presentation of the image of maximal vectors by ck . We describe
ck(vλθζk+2) as a sum of πk(Λ[a,b]) in the following proposition.

Proposition 3.7. For λ = (r + 1, 1k−r−1) with r ≥ 1, k − r − 1 ≥ 2, the
elements ck(vλθζk+2) are equal to the following elements in C2g(k);

(i) If both k and r are odd such that k ≡ r (mod 4),

πk



(4g)Λ[r,k−r]+2
r−1∑

a=1

(−1)arCaΛ[r−a,1]−2

k−r
2∑

j=2

(−1)j−1
k−r
2
Cj−1Λ[r−1,2j−2]



 . (2)

(ii) If both k and r are odd such that k − r ≡ 2 (mod 4),

πk



−2

k−r
2∑

j=2

(−1)j−1
k−r
2
Cj−1Λ[r−1,2j−2]



 . (3)

(iii) If both k and r are even such that k ≡ r (mod 4),

πk

(

2
r−1∑

a=1

(−1)arCaΛ[r−a,1]

)

. (4)

(iv) If both k and r are even such that k − r ≡ 2 (mod 4), πk((4g)Λ[r,k−r]).

(v) If k is odd and r is even such that k − r ≡ 1 (mod 4),

πk

(

(4g + 4)Λ[r,k−r] + 2
r−1∑

a=1

(−1)arCaΛ[r−a,1]

)

. (5)

(vi) If k is odd and r is even such that k − r ≡ 3 (mod 4), 0.

(vii) If k is even and r is odd such that k − r ≡ 1 (mod 4),

πk










−2(Λ[r−1,k−r−1] − Λ[r−1,1]) + 2
r−1∑

a=1

(−1)arCaΛ[r−a,1]

−2

k−r−1
2∑

j=2

(−1)j−1
k−r−1

2
Cj−1

(
Λ[r−1,2j−2] − Λ[r−1,2j−1]

)










. (6)
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(viii) If k is even and r is odd such that k − r ≡ 3 (mod 4),

πk







(4g − 4)Λ[r,k−r] + 2(Λ[r−1,k−r−1] + Λ[r−1,1])

−2

k−r−1
2∑

j=2

(−1)j−1
k−r−1

2
Cj−1

(
Λ[r−1,2j−2] − Λ[r−1,2j−1]

)







. (7)

Proof. We consider the case that k − r is odd. By Proposition 3.3, the
elements ck(vλθζk+2) are equal to

ck



















k−r+1
2∑

j=1

(−1)j−1
k−r−1

2
Cj−1(e1 ∧ · · · ∧ ek−r)⊗ e⊗r

1 (D1,2j −D1,2j+1)ζk+2

+
r−1∑

a=1

k−r+1
2∑

j=1

(−1)a+j−1
rCa k−r−1

2
Cj−1

e⊗a
1 ⊗ (e1 ∧ · · · ∧ ek−r)⊗ e⊗r−a

1 (D1,2j+a −D1,2j+a+1)ζk+2

+

k−r−1
2∑

j=1

(−1)r+j−1
k−r−1

2
Cj−1e

⊗r
1 (e1 ∧ · · · ∧ ek−r)(D1,2j+r −D1,2j+r+1)ζk+2



















.

By Lemmas 3.4, 3.5 and 3.6, these elements are equal to

πk





























(2g − 2)Λ[r,k−r] − 3Λ[]r, k − r + Λ[]r − 1, 1

+

k−r−1
2∑

j=2

(−1)j−1
k−r−1

2
Cj−1(−6Λ[r,k−r] − Λ[r−1,2j−2] + Λ[r−1,2j−1])

+(−1)
k−r−1

2 (−3Λ[r,k−r] − Λ[r−1,k−r−1])

+
r−1∑

a=1

(−1)arCa









Λ[r,k−r] − Λ[a,k−r−1] − 2Λ[r−a,1]

−4

k−r−1
2∑

j=2

(−1)j−1
k−r−1

2
Cj−1Λ[r−a,1]

+(−1)
k−r−1

2 (−2Λ[r−a,1] + Λ[r,k−r] − Λ[r−a,1])









+(−1)r









−3Λ[r,k−r] − Λ[r−1,1]

+

k−r−1
2∑

j=2

(−1)j−1
k−r−1

2
Cj−1(−6Λ[r,k−r] + Λ[r−1,2j−2] − Λ[r−1,2j−1])

+(−1)
k−r−1

2 (−3Λ[r,k−r] + Λ[r−1,k−r−1] + (2g − 2)Λ[r,k−r])





































.

Note that Λ[a,k−r−1] = (−1)k−r−1Λ[r−a,1] = Λ[r−a,1] .
If r is even, the elements above are equal to

(1 + (−1)
k−r−1

2 )

(

(2g + 2)Λ[r,k−r] +
r−1∑

a=1

(−1)arCaΛ[r−a,1]

)

.

Thus we obtain the claims (v) and (vi).
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If r is odd, the elements above are equal to

(1− (−1)
k−r−1

2 )(2g − 2)Λ[r,k−r] + 2Λ[r−1,1] − 2(−1)
k−r−1

2 Λ[r−1,k−r−1]

−

k−r−1
2∑

j=2

(−1)j−1
k−r−1

2
Cj−1(Λ[r−1,2j−2] − Λ[r−1,2j−1])

+ (1 + (−1)
k−r−1

2 )
r−1∑

a=1

(−1)arCaΛ[r−a,1].

Thus we obtain the claims (vii) and (viii).
For (i),(ii),(iii) and (iv), the proofs are similar as above.

3.5. Non-vanishing of ck(vλθζk+2). We study whether ck(vλθζk+2) = 0 or
not.

Proposition 3.8. Suppose g ≥ k + 2. For λ = [r + 1, 1k−r−1] with r >
0, k − r − 1 ≥ 2, in the following three cases, the elements ck(vλθζk+2) is equal to
0 in C

Q
2g(k);

• k is odd and r is even such that k − r ≡ 3 (mod 4),

• r = 1 and k is odd,

• r = 1 and k − r ≡ 1 (mod 4),

• (r, k) = (3, 8).

Otherwise, ck(vλθζk+2) is not zero.

Proof. We fix a standard basis {ei1 ⊗ · · · ⊗ eik | 1 ≤ i1 ≤ · · · ≤ ik ≤ 2g} in
H⊗k

Q . To prove πk(v) 6= 0 for v ∈ H⊗k
Q , it is sufficient to find a basis element

ei1 ⊗· · ·⊗ eik such that the sum of coefficients of (ei1 ⊗· · ·⊗ eik)σ
j
k (0 ≤ j ≤ k−1)

is not 0 in the expansion of v with respect to the standard basis above.
(i) Suppose both k and r are odd such that k − r ≡ 0 (mod 4). If r = 1,

ck(vλθζk+2) is presented by πk



(4g)Λ[1,k−1] − 2

k−1
2∑

j=1

(−1)j−1
k−1
2
Cj−1Λ[0,2j−2]



 by

(2). Since πk(Λ[0,k−1]) = πk(Λ[0,2j−2]), we have
ck(vλθζk+2) = (4g + 4)πk(e1 ⊗ (e1 ∧ · · · ∧ ek−1)).

But, for odd k , in the expansion of e1 ⊗ (e1 ∧ · · · ∧ ek−1) with respect to the
standard basis, the coefficients of e1 ⊗ ei1 ⊗ · · · ⊗ eit ⊗ e1 ⊗ eit+1 ⊗ · · · ⊗ eik−2

and e1 ⊗ eit+1 ⊗ · · · ⊗ eik−2
⊗ e1 ⊗ ei1 ⊗ · · · ⊗ eit have different signatures. Then

πk(e1 ⊗ (e1 ∧ · · · ∧ ek−1)) = 0. Thus ck(vλθζk+2) = 0.
If r ≥ 3, then k − r ≥ 4 and k ≥ 7 in this case. We consider the basis element
e⊗r
1 ⊗ e2 ⊗ e3 ⊗ e1 ⊗ e4 ⊗ · · · ⊗ ek−r and its cyclic permutations. In (2), they only
appear in Λ[r,k−r] as e⊗r

1 ⊗ e2 ⊗ e3 ⊗ e1 ⊗ e4 ⊗ · · · ⊗ ek−r with the coefficient 1,
and in Λ[r−1,2j−2] for j = 2 as e⊗r−1

1 ⊗ e2 ⊗ e3 ⊗ e1 ⊗ e4 ⊗ · · · ⊗ ek−r ⊗ e1 with the
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coefficient (−1)k−r−1 = −1. Then the sum of coefficients of them in (2) is equal to
4g−2 · k−r

2
= 4g−k+r ≥ 4(k+2)−k+r = 3k+r+8 > 0. Thus ck(vλθζk+2) 6= 0.

(ii) Suppose both k and r are odd such that k − r ≡ 2 (mod 4). If r = 1, we
obtain ck(vλθζk+2) = 0 similarly as above. If r ≥ 3, similarly as above, the sum
of coefficients e⊗r

1 ⊗ e2 ⊗ e3 ⊗ e1 ⊗ e4 ⊗ · · · ⊗ ek−r and its cyclic permutations in
(3) is equal to −(k − r) < 0. Thus ck(vλθζk+2) 6= 0.
(iii) Suppose both k and r are even such that k − r ≡ 0 (mod 4). We consider
the basis element e⊗r−1

1 ⊗ e2⊗ e1⊗ e1⊗ e3⊗· · ·⊗ ek−r and its cyclic permutations.
In (4), they appear in Λ[r−a,1] for a = 1 with the coefficient −1. Then the sum of
coefficients of them in (4) is equal to 2r > 0. Thus ck(vλθζk+2) 6= 0.
(iv) Suppose both k and r are even such that k−r ≡ 2 (mod 4). Then r ≥ 2. We
consider the basis element e⊗r

1 ⊗e2⊗e1⊗e3⊗· · ·⊗ek−r and its cyclic permutations.
In 4Λ[r,k−r] , they only appear as e⊗r

1 ⊗ e2⊗ e1⊗ e3⊗· · ·⊗ ek−r with the coefficient
−4 6= 0. Thus ck(vλθζk+2) 6= 0.
(v) Suppose k is odd and r is even such that k−r ≡ 1 (mod 4). Note that k−r ≥
3. Similarly as (iii), we consider the basis element e⊗r−1

1 ⊗e2⊗e1⊗e1⊗e3⊗· · ·⊗ek−r

and its cyclic permutations. They only appear in Λ[r−a,1] for a = 1 with the
coefficient −1. Then the sum of coefficients of them in (5) is equal to 2r > 0.
Thus ck(vλθζk+2) 6= 0.
(vi) If k is odd and r is even such that k − r ≡ 3 (mod 4), then ck(vλθζk+2) = 0.
(vii) Suppose k is even and r is odd such that k − r ≡ 3 (mod 4). If r = 1,
ck(vλθζk+2) is presented by

πk



−2(Λ[0,k−2] − Λ[0,1])− 2

k
2
−1
∑

j=2

(−1)j−1
k
2
−1Cj−1(Λ[0,2j−2] − Λ[0,2j−1])





by (6). But
πk(Λ[0,k−2]) = πk(Λ[0,1]) = πk(Λ[0,2j−2]) = πk(Λ[0,2j−1]) = πk(e1 ⊗ (e1 ∧ · · · ∧ ek−1)).

Then ck(vλθζk+2) = 0.
If r ≥ 3, first, we consider the basis element e⊗r

1 ⊗e2⊗e1⊗e3⊗· · ·⊗⊗ek−r and its
cyclic permutations. In (6), they only appears as e⊗r−1

1 ⊗e2⊗e1⊗e3⊗· · ·⊗ek−r⊗e1
in Λ[r−1,1] with the coefficient (−1)k−r−1 = 1, in Λ[r−a,1] for a = 1 with coefficients
(−1)k−r−1 = 1 and Λ[r−1,2j−2] for j = 2 with the coefficient 1. Then the sum of
coefficients of them in (6) is equal to 2 + (−2)(−1)k−r−1

2
+ 2(−1)r = k − 3r + 1.

Thus if k 6= 3r − 1, ck(vλθζk+2) 6= 0.
Suppose k = 3r−1. If (r, k) = (3, 8), (6) is equal to 4πk(Λ[2,1]−Λ[2,2]+Λ[2,3]−Λ[2,4]).
This becomes 0 by direct computations.
If (r, k) 6= (3, 8), then r ≥ 5 and k−r = 2r−1 ≥ 9. We consider the basis element

e⊗r−1
1 ⊗ e2 ⊗ e3 ⊗ e4 ⊗ e5 ⊗ e1 ⊗ e6 ⊗ · · · ⊗ ek−r−1 ⊗ e1 ⊗ ek−r

and its cyclic permutations. In (6), they appear as
e⊗r−1
1 ⊗ e2 ⊗ e3 ⊗ e4 ⊗ e5 ⊗ e1 ⊗ e6 ⊗ · · · ⊗ ek−r−1 ⊗ e1 ⊗ ek−r

in Λ[r−1,k−r−1] with the coefficient (−1)4 = 1, as e1 ⊗ ek−r ⊗ e⊗r−1
1 ⊗ e2 ⊗ e3 ⊗

e4 ⊗ e5 ⊗ e1 ⊗ e6 ⊗ · · · ⊗ ek−r−1 in Λ[r−a,1] for a = r − 1 with the coefficient
(−1)k−r−1(−1)4 = 1 and as e⊗r−1

1 ⊗e2⊗e3⊗e4⊗e5⊗e1⊗e6⊗· · ·⊗ek−r−1⊗e1⊗ek−r

in Λ[r−1,2j−2] for j = 3 with the coefficient (−1)k−r−2 = −1. Thus the sum of
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coefficients of them in (6) is equal to (−2)+2(−1)r−1r+(−2)(−1)2 k−r−1
2

C2(−1) =

−2 + 2r + (r− 1)(r− 2) = r(r− 1) > 0. Therefore if k = 3r− 1 and k ≥ 5, then
ck(vλθζk+2) 6= 0.
(viii) Suppose k is even and r is odd such that k − r ≡ 3 (mod 4). If r = 1,
similarly as above, ck(vλθζk+2) is (4g−4)πk(e1⊗(e1∧· · ·∧ek−1)). We consider the
basis element e1 ⊗ e1 ⊗ e2 ⊗ · · · ⊗ ek−1 and its cyclic permutations. They appear
in e1 ⊗ (e1 ∧ · · · ∧ ek−1) as e1 ⊗ e1 ⊗ e2 ⊗ · · · ⊗ ek−1 with coefficient 1 and as
e1 ⊗ e2 ⊗ · · · ⊗ ek−1 ⊗ e1 with the coefficient (−1)k−2 = 1. Thus ck(vλθζk+2) 6= 0.
If r ≥ 3, we consider the basis element e⊗r

1 ⊗ e2 ⊗ e1 ⊗ e3 ⊗ · · · ⊗ ek−r and its
cyclic permutations. In (7), they only appear as e⊗r

1 ⊗ e2 ⊗ e1 ⊗ e3 ⊗ · · · ⊗ ek−r

in Λ[r,k−r] with the coefficient −1 and as e⊗r−1
1 ⊗ e2 ⊗ e1 ⊗ e3 ⊗ · · · ⊗ ek−r ⊗ e1

in Λ[r−1,1] with coefficients (−1)k−r−1 = 1 and in Λ[r−1,2j−2] for j = 2 with the
coefficient 1. Then the sum of coefficients of them in (7) is equal to (4g−4)(−1)+
2 · 1 + (−2)(−1)k−r−1

2
= 5 + k − r − 4g ≤ 5 + k − r − 4(k + 2) = −3k − r + 1 =

−2k + (−k − r + 1) < 0. Thus ck(vλθζk+2) 6= 0.

Let us recall our Theorem 1.1.

Theorem 3.9. Suppose λ = (r+1, 1k−r−1) for r ≥ 1 and k− r− 1 ≥ 2. Then
the multiplicity of the Sp-irreducible modules [λ] in the k -th Johnson cokernels
are larger than or equal to 1 if none of the following conditions are satisfied: (i)
k is odd and r is even such that k − r ≡ 3 (mod 4), (ii) r = 1 and k is odd,
(iii) r = 1 and k − r ≡ 1 (mod 4).

Proof. We obtain the existence of [λ] except for the cases (i),(ii),(iii) and
(r, k) = (3, 8) by Proposition 3.8.
When (r, k) = (3, 8), by direct computations, we can obtain that ck(vλs6θζk+2) =
πk(v3,8), where

v3,8 = 24







[5,7,8]+[5,6,7]+[4,6,8]+[3,6,7]+[3,5,6]+[2,6,8]+
[2,5,7]+[2,3,7]-[4,5,7]-[3,7,8]-[3,5,8]-[3,4,7]-[3,4,5]-[2,4,8]-
[2,4,6]-[2,3,5]+2[3,4,8]+2[2,4,5]-2[5,6,8]-2[2,6,7]






∈ H⊗8.

Here the elements [h, i, j] (1 < h < i < j ≤ 8)) are

e⊗3
1 ⊗ (e1 ∧ · · · ∧ e5) · (s3s4 · · · sj−1 · s2s3 · · · si−1 · s1s2 · · · sh−1).

Since the sum of coefficients of the element e1⊗e1⊗e1⊗e2⊗e1⊗e3⊗e4⊗e5 and its
cyclic permutations in v3,8 is equal to 24× (−8), then we have ck(vλs6θζk+2) 6= 0.
Hence we obtain the existence of [4, 14] . The proof is completed.

A. Tables of multiplicities

In [ES1] and [ES2], to compute multiplicities of [k] and [1k] in h
Q
g,1(k), we used

a major index for a standard tableau of shape λ . But by using Zhuravlev’s results
in [Zh], we compute multiplicities of [λ] in h

Q
g,1(k) more systematically. In this

appendix, we explain this method.
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A.1. Representation theory for GL(2g,Q). Let us briefly recall some
results for the representation theory of GL(2g,Q).
An irreducible polynomial representation of GL(2g,Q) is uniquely determined by
its highest weight. Then the set of isomorphism classes of irreducible polynomial
representations is parametrized by

P+
GL := {λ1 ≥ . . . ≥ λ2g ≥ 0 | λi ∈ Z, 1 ≤ i ≤ 2g} .

This is the set of all partitions such that ℓ(λ) ≤ 2g . We denote by (λ) the
corresponding irreducible polynomial representation of GL(2g,Q). Note that (1)
is a natural representation of GL(2g,Q) on H .
For two partitions λ and µ satisfying λ ⊃ µ , the skew shape λ\µ is a vertical
strip if there is at most one box in each row.

Proposition A.1 (Pieri’s formula). Let µ be a partition such that ℓ(µ) ≤ n.
Then

(1k)⊗ (µ) ∼=
⊕

λ

(λ),

where λ runs over the set of partitions obtained by adding a vertical k -strip to µ
such that ℓ(λ) ≤ n.

We regard Sp(2g,Q) as a subgroup of GL(2g,Q). We consider the restric-
tion of an irreducible polynomial representation (λ) to Sp(2g,Q). We can give
its irreducible decomposition using the Littlewood-Richardson coefficients LRν

λµ

as follows.

Proposition A.2 (Branching rules for GL to Sp [FH, 25.39],[KT, Proposition
2.5.1]). Let λ = (λ1 ≥ λ2 ≥ · · · ≥ λg ≥ 0) be a partition such that ℓ(λ) ≤ g .
Then we have

Res
GL(2g,Q)
Sp(2g,Q) (λ)

∼=
⊕

µ

Nλµ[µ]

where µ runs over all partitions such that ℓ(µ) ≤ g . Here

Nλµ =
∑

η

LRλ
ηµ

where η runs over all partitions η = (η1 = η2 ≥ η3 = η4 ≥ · · · ) with each part
occurring an even number of times, namely η′ even. Here η′ is the conjugate
partition of η .

Remark A.3. We have a combinatorial description of the Littlewood-Richardson
coefficients. The Littlewood-Richardson coefficients LRλ

µν is the number of semi-
standard tableaux T on λ\µ with weight ν such that w(T ) is a lattice permuta-
tion. Here, for a semi-standard tableau T on λ\µ , we define a sequence w(T ) of
integers by reading the numbers inserted in λ\µ from right to left in successive
rows, starting with top row. (For more details, see, e.g. [FH], [Mac].)

A.2. Zhuravlev’s formula. We denote by Möb the Möbious function. For a
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composition (m1,m2, . . . ,mr) of m , we define

lm1,m2,...,mr =
1

m

∑

d|m1,m2,...,mr

Möb(d)
(m/d)!

(m1/d)!(m2/d)! · · · (mr/d)!
.

In [Zh], Zhuravlev gives the following multiplicity formula of irreducible represen-
tation (λ)GL of GL(2g,Q) corresponding to a partition λ in the degree m part of
the free Lie algebra L2g(m).

Theorem A.4 ([Zh, (21)]). Let λ = (λ1, . . . , λg) be a partition of m. Then,
the multiplicity ♯(λ) of irreducible representation (λ) of GL2g in L2g(m) is given
by

∑

σ∈Sg

sgn(σ)lλ1−1+σ(1),λ2−2+σ(2),...,λg−g+σ(g),

where σ runs over the set of all σ ∈ Sg such that λi − i + σ(i) ≥ 0 for any
1 ≤ i ≤ g .

We obtain the following three corollaries.

Corollary A.5 ([Zh, (22)]). If λ = (n− r + 1, 1r−1), then

♯(λ) =
1

n

∑

1≤i≤r−1, d|n,i

Möb(d)(−1)r−1−i+(d−1)i/d (n/d)!

((n− i)/d)!(i/d)!
.

Corollary A.6 ([Zh, (23)]). If λ = (λ1, λ2) satisfies λ1 + λ2 = n, λ2 ≥ 1, then

♯(λ) = lλ1,λ2 − lλ1+1,λ2−1.

Corollary A.7 ([Zh, Proposition 4.1]). For a partition λ, we denote by λ′ its
conjugate partition. Let χλ be the irreducible character of Sg corresponding to λ.
We denote by χλ(σ) its value at the element σ ∈ Sg . Then we have

♯(λ′) = ♯(λ) + δn≡2(mod 4)
2

n

∑

d|(n/2)

Möb(d)χλ((12 . . . n)n/2d).

A.3. Nakayama-Murnaghan’s formula. We denote by χλ
ν the character

value of irreducible character χλ at the conjugacy class corresponding to a parti-
tion ν . We have the following inductive formula for irreducible character values.

Theorem A.8 (Nakayama-Murnaghan’s formula). Let λ, ν be partitions. We
assume |λ| = |ν|+ r for an integer r ≥ 1. We have

χλ
ν∪(r) =

∑

µ

(−1)ht(λ\µ)χµ
ν ,

where µ runs over the set of partitions satisfying that λ\µ is a border strip of λ
of size r . Here, ht(λ\µ) is (depth of the border strip λ\µ)− 1.
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A.4. Tables of multiplicities in the free Lie algebra L
Q
2g(m). In this

subsection, we suppose g ≥ m . We have the following table of multiplicities
♯(λ) in L

Q
2g(m) of GL-irreducible representations (λ) for a partition λ ⊢ m .

(λ) ♯(λ)
(m− 1, 1) 1
(m− 2, 12) m−3

2
+ 1

2
δm:even

(m− 3, 13) m2−6m+11
6

− 1
2
δm≡2,4(mod6) −

1
3
δm≡3(mod6) −

5
6
δm≡0(mod6)

(m− 4, 14) m3−10m2+35m−50
24

− m−6
8

δm≡2,4(mod6) +
1
3
δm≡3(mod6) −

3m−26
24

δm≡0(mod6)

(m− 2, 2) m−3
2

− 1
2
δm:even

(m− 3, 3) (m−1)(m−5)
6

− 1
3
δm≡0(mod3) +

1
2
δm:even

(m− 4, 4) (m−1)(m−2)(m−7)
24

+ 1
3
δm≡0(mod3) −

m−2
8

δm:even

(m− 3, 2, 1) m2−6m+8
3

+ 1
3
δm≡0(mod3)

(m− 4, 22) m3−10m2+26m−8
12

+ m−4
4

δm≡1,5(mod6) −
1
3
δm≡0(mod6) +

3m−16
12

δm≡3(mod6)

(m− 4, 2, 12) m3−10m2+31m−30
8

+ m−2
8

δm:even

(m− 4, 3, 1) m3−10m2+27m−18
8

+ m−6
8

δm:even

(m− 5, 15) m4−15m3+85m2−225m+274
120

+ m−6
8

δm:even −
1
3
δm≡0(mod3) −

1
5
δm≡0(mod5)

(m− 5, 2, 13) m4−15m3+80m2−180m+144
30

+ 1
5
δm≡0(mod5)

(m− 5, 22, 1) m4−15m3+77m2−153m+90
24

+ m−6
8

δm:even

(m− 5, 3, 2) m4−15m3+73m2−129m+70
24

+ m−2
8

δm:even +
1
3
δm≡0(mod3)

In the table above, many of the m(λ) ’s can be computed by Corollary A.5 and
Corollary A.6. If not, we use Theorem A.4. For example, if λ = (m, 2, 1), the
elements σ ∈ S3 which appear in the righthand side in Theorem A.4 satisfy
σ(3) = 2, 3. Then we have ♯(m,2,1) = ℓm,2,1 − ℓm+1,1,1 − ℓm,3,0 + ℓm+2,1,0 . If
λ = (m, 2, 2), all elements in S3 appear in the righthand side. Then we have
♯(m−4,2,2) = lm−4,2,2 − lm−4,3,1 − lm−3,1,2 + lm−3,3,0 + lm−2,1,1 − lm−2,2,0 .
If the length of λ is large, we use Corollary A.7 and Nakayama-Murnaghan’s
formula. We have the following table.

(λ) ♯(λ)
(1m) 0 for m ≥ 3
(2, 1m−2) 1 for m ≥ 3
(22, 1m−4) ♯(n−2,2) + δm≡2(mod4) for m ≥ 4
(3, 1m−3) ♯(m−2,12) − δm≡2(mod 4)

(23, 1m−6) ♯(m−3,3) − δm≡2(mod 4)

(3, 2, 1m−5) ♯(m−3,2,1)

(24, 1m−8) ♯(m−4,4) +
m−2
4

δm≡2(mod 4)

(32, 1m−6) ♯(m−4,22) +
m−4
2

δm≡2(mod 4)

(4, 2, 1m−6) ♯(m−4,2,12) −
m−2
4

δm≡2(mod4)

(3, 22, 1m−7) ♯(m−4,3,1) −
m−6
4

δm≡2(mod4)

By Corollary A.7, to prove these formulas, we only consider the case m ≡
2 (mod 4). The element (12 · · ·m)m/2d in Sm belongs to the conjugate class
corresponding to the partition ((2d)m/2d) for each odd integer d .
For example, if λ = (2, 1m−3), then λ′ = (m − 2, 12). By Theorem A.8, we have

χ
(m−2,12)

(2)m/2 = χ
(m−4,12)

(2m/2−1)
−χ

(m−2)

2m/2−1 = χ
(m−4,12)

(2m/2−1)
− 1 = · · ·χ

(2,12)

(22) − m−4
2

= −χ
(2)
(2) −

m−4
2

=
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−m+2
2

for d = 1, and χ
(n−2,12)

((2d)n/2d)
= χ

(n−2−2d,12)

((2d)(n/2d)−1)
= · · · = χ

(d−2,12)
(d) = 1 for d ≥ 3.

Thus the second term in Corollary A.7 becomes 2
m

(
−m+2

2
+
∑

3≤d|(m/2) Möb(d)
)

=

−1. Here, we use
∑

d|n Möb(d) = δn=1 .

We show two more examples. If λ = (3, 2, 1m−6), then λ′ = (m−3, 2, 1). Similarly

as above, we obtain χ
(m−3,2,1)

(2d)m/2d = δd=1χ
(3,2,1)

(23) +δd≥3χ
(2d−3,2,1)
(2d) = 0. If λ = (23, 1m−6),

then λ′ = (m − 3, 3). Similarly as above, we obtain χ
(m−3,3)

(2d)m/2d = δd=1(χ
(m−5,3)

(2m/2−1)
+

χ
(m−3,1)

(2m/2)
) + δd≥3χ

(2d−3,3)
(2d) = δd=1(χ

(m−5,3)

(2m/2−1)
− 1) = δd=1(χ

(32)

(23) −
m−6
2

) = δd=1
m
2
. Here,

we use χ(32),(23) = χ
(3,1)

(22) − χ
(22)

(22) = χ
(12)
(2) − 1 = −2.

A.5. Table of multiplicities in the Lie algebra hg,1(k). In this subsection,
we suppose g ≥ k + 2. We have the following table of multiplicities ♭[λ] in h

Q
g,1(k)

of Sp-irreducible representations [λ] for a partition λ .

[λ] ♭[λ]
[k] δk:odd
[1k] δk≡1,2(mod4)

[k − 1, 1] k−1
2

+ 1
2
δk:even

[2, 1k−2] ♭[k−1,1] − δk≡2(mod4)

[k − 2, 12] k2−2k
4

− 2k−3
4

δk:odd
[3, 1k−3] ♭[k−2,12] −

k−2
2
δk≡2(mod4) −

k+1
2
δk≡3(mod4)

[k − 2] k2+2k
8

− 6k−3
8

δk:odd
[1k−2] ♭[k−2] −

3k
4
δk≡0(mod4) +

3k−3
4

δk≡1(mod4)

[k − 3, 1] 3k3−12k2+k+24
24

− 3k
8
δk:even +

1
3
δk≡1,4(mod6) −

1
3
δk≡2,5(mod6)

For example, if λ = [1k−2] , first we have ♭[1k−2] = ♭(32,1k−4) + ♭(3,2,1k−3) + ♭(24,1k−6) +
♭(23,1k−4) +2♭(22,1k−2) + ♭(2,1k) + ♭(1k+2) by the branching rules for GL to Sp (Propo-
sition A.2). Here we denote by ♭(λ) the multiplicity of irreducible GL-module

(λ) in h
Q
g,1(k). By the Pieri rule (Proposition A.1), the righthand side becomes

−{♯(32,1k−4)+♯(3,2,1k−3)+♯(24,1k−6)+♯(23,1k−4)+2♯(22,1k−2)+♯(2,1k)+♯(1k+2)}+{♯(32,1k−5)+
2♯(3,2,1k−4) + ♯(3,1k−2) + ♯(24,1k−7) + 2♯(23,1k−5) + 4♯(22,1k−3) + 3♯(2,1k−1) + 2♯(1k+1)} . We
can compute these terms by using the tables in subsection A.
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1993, 173–187,

[Ko2] —, Feynman diagrams and low-dimensional topology, in: “First European
Congress of Mathematics, Vol. II, Paris, 1992,” Progress in Mathematics
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