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Abstract. In “N. Enomoto and T. Satoh, New series in the Johnson cokernels
of the mapping class groups of surfaces, to appear in Algebraic and Geometric
Topology,” the second author and Takao Satoh introduced a new class in the
Johnson cokernels for the mapping class groups of surfaces, and detected a series
of Sp-irreducible components [14™*+1] (m > 1) in this class. In this paper, we
detect another series [)\] in this class for some hook type partitions .
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1. Introduction

Let ¥,1 be a compact oriented surface of genus g with one boundary component.
The mapping class group M,; is the group of isotopy classes of orientation-
preserving diffeomorphisms of ¥, which fix the boundary component pointwise.
Taking a base point % on the boundary, the fundamental group m(X,1,*) is

isomorphic to the free group Fy, of rank 2g. We fix a basis x1,..., 2y, as shown
in Figure 1. The integral first homology group H := Hy(X,1,Z) is the free abelian
group of rank 2g. The homology classes e1, ..., ey, of 21, ..., 29, form a symplectic
basis of H.

The mapping class group M, has a subgroup Torelliy; which trivially acts on
H . We have the following short exact sequence:

1 — Torelli;y — M,; — Sp(2¢9,Z) — 1.

In the 1980s, D. Johnson established a method to study the structure of the
mapping class group M, ; and its Torelli subgroup Torelli;;. That is an ap-
proximation of M,,; and Torellij; by some graded Lie algebras. For simplic-
ity, we consider the lower central series Torelli,; = I'(1) D I'(2) D --- of
Torelliy ;. Here we inductively define I'(k + 1) = [Torelli,, I'(k)] for £ > 1. We
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L2g { Tog—1 { Tgt1

Figure 1: generators xy,...,xa, of m(X,1,*)

set gr¥(Torelliy ;) := I'(k)/T(k 4+ 1). These graded quotients become Sp(2g,Z)-
modules. Johnson introduced an Sp(2g, Z)-homomorphism

77+ gr¥(Torelliy ;) — Homgy(H, Log(k + 1)) = H* @z Log(k + 1),

where Lo,(k + 1) is the degree k + 1 part of the free Lie algebra £y, generated
by H. The righthand side can be regarded as the degree k part of the derivation
algebra of L.

We remark that the Johnson filtration of M, ; is slightly different from the lower
central series of Torelli,; and 7}, is the restriction of the Johnson homomorphism
Tr. But, by tensoring — ®z Q, the image of T,? coincides with the image of T’S
in Hy ®z ﬁ%(k + 1) proved by R. Hain [Ha]. Thus to study the structure of the
Johnson images or cokernels over QQ, we may consider the settings above. For
more details, see [ES2, Section 3.

S. Morita studied the structure of Johnson images and obtained some remark-
able results. As an Sp(2g,Q)-module, Hg @z ﬁ%(l{ + 1) is isomorphic to Hg ®q
L%(kjL 1). Let us consider the left bracketing homomorphism Hg®yz L%(k—l— 1) —
Log(k+2) defined by X ®Y — [X,Y]. We denote by b, (k) the kernel of this ho-
momorphism. In [Mol], Morita proved that the Johnson image Im(72) = Im(7'?)
is contained in bgl(k‘) for all £k > 1. From now, we call b?l(k)/ Im(7,2) the John-

son cokernel. Morita also constructed a homomorphism try, : bgl(k) — S*Hg and

proved try 0719 = 0 for any odd k£ > 3. By this, an Sp-irreducible component
S*Hg is detected in the Johnson cokernel. This is called the Morita trace or the
Morita obstruction for the surjectivity of the Johnson homomorphism.

The second author and T. Satoh studied the structure of the Johnson cokernels
by using some representation theory and Satoh’s results for the Johnson homo-
morphism for the automorphsim groups of the free groups. In [ES2], we detected
an Sp-irreducible component [1¥] for £ = 1 (mod 4) and k > 5. Moreover we
introduced a new class in the Johnson cokernels. To explain this class, we consider
the Sp-homomorphism

et 021 (K) C Ho®z5, (k1) = Hys (k1) € Hy@HG ! 28" HES — 8 (k).

Here 12-cont is the homomorphism Hg ® Hgk“ — Hgk defined by
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OV  @Ugy1) = f(01)02® -+ & Vg1
The space C%(k) is the quotient with respect to the natural action of the cyclic
group Cyc,l on Hgk. This ¢ is not surjective nor injective. But by using Satoh’s
remarkable result that the space C%(k) coincides with the Johnson cokernels for
the automorphism groups of the free groups, we proved that

Im(72) = Im(7;%) C Ker(cy,) € b2, (k).

This is a new class in the Johnson cokernels for the mapping class group of surfaces.
To detect Sp-irreducible components in b&(@ / Ker(cg), in [ES2], we described a
kind of generators of the space of Sp-maximal vectors of hgl(k‘). This generating
set is obtained by using the Brauer-Schur-Weyl duality, the Dynkin-Specht-Wever
idempotent and Morita’s observation in [Mo2, Proposition 4.6]. (For more details,
see Proposition 2.2.) By using the generating set mentioned as above, we proved
that c,([1%]) # 0 for k = 1(mod 4) and k > 5 in [ES2].

In this note, using the same generators, we prove the following results for the
multiplicities in the Johnson cokernels f)gl(l{) /Im(72) for the mapping class group
of surfaces.

We only consider the stable range, namely assume g > k + 2.

Theorem 1.1.  Suppose X = (r+ 1,171 forr > 1 and k—r—1> 2. Then
the multiplicity of the Sp-irreducible module [A| in the k-th Johnson cokernel is
larger than or equal to 1 if none of the following conditions are satisfied: (i) k
is odd and r is even such that k —r =3 (mod 4), (i) r=1 and k is odd, (iii)
r=1and k—r =1 (mod 4).

For example, this theorem claims that the following Sp-irreducible compo-

nents exist in the Johnson cokernels for the mapping class group of the surface
by

g1+

e [2,1"2]if k=0 (mod 4) and k > 4,
e [3,153]if k #1 (mod 4) and k > 5,
o [4,154 if k> 6,
o [5, 155 if k #3 (mod 4) and k > 7,
o [6,150] if k > 8,

and so on.

Remark 1.2. Inthecase k—r—1=1, C%(k) has no Sp-irreducible component
[k —1,1]. In the case (ii), C;@g(k:) has no Sp-irreducible component [2,1¥72] (see,
[ES1, Section 4.1 Table.1]). Thus hgl(k)/Ker(ck) has no such components. But
in the cases (i) and (iii), the theorem above does not claim that the multiplicity of
Sp-irreducible components [r+1, 157771 is equal to 0 in bgl(k)/ Ker(cg). Indeed,
for example, by a computer calculation, we can show that the multiplicity of [5, 1°]
in b,/ Ker(cyq) is larger than or equal to 5.
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We will prove the following theorem in [EE].
Theorem 1.3.  We have

102, (k)/ Kex(cx) « [k — 2]] = Opsenen EJ |

This paper is organized as follows. In section 2, we recall some notions and results
from [ES2]. In section 3, we give a proof of Theorem 1.1. In the Appendix, we ex-
plain a combinatorial way to calculate multiplicities of Sp-irreducible components
; Q

m bg,l (k> :

2. Lie algebra 59,1 and its Sp-maximal vectors

2.1. Lie algebra f)gl. Let H be the free abelian group of rank 2¢g for an
integer ¢ > 1. We naturally regard Hg := H ®z Q as an Sp(2¢, Q)-module.
We denote by 5% the free Lie algebra generated by Hg, and by Der(ﬁ%) its

derivation algebra. We also regard their degree k parts L%(k) and Der(ﬁ%)(k)
as Sp(2¢g, Q)-modules. As Sp(2g, Q)-modules, Der(ﬁ%)(k) = Hy®z E%(k—k 1) is
isomorphic to Hg ® /;%(k +1). We consider an Sp(2¢g, Q)-module homomorphism
[, ]: Ho® L5, (k+1) = £5,(k+2) defined by X ®Y — [X,Y]. We define by, (k)
by Ker(Hg ® L‘,(Q@g(k: +1) — £<2@g(k: +2)). Then hgl = Dz hgl(k:) becomes a Lie
subalgebra of Der(ﬁ%). This is introduced by M. Kontsevich in [Kol], [Ko2| as a
Lie version of the formal symplectic geometry.

2.2. Quotient space C%(k}) . In [Sa], T. Satoh considered the cyclic quotient
space C%(k) for studying the structure of Johnson cokernels for the automorphism
group of the free groups. The cyclic group Cyc, of order k generated by oy
acts on Hgk by op(v) @ -+ @ vp_1 @ V) = Vp ® U] @ -+ ® vp_1. The space
C;@g(k’) is the quotient of Hgk by this action of Cyc,. We have an Sp(2g,Q)-
homomorphism Der(ﬁ%)(k) = Hy® L% — Hp ® Hgkﬂ — Hgk defined by a
contraction f ® (v @ Vg ® +++ @ Vgr1) = f(v1)va ® -+ @ vey1. In [Sal, Satoh
characterized C;@g(k) as the Johnson cokernels for the automorphism groups of the
free groups. Thus we have the following diagram of Sp-modules:

Hy © £5,(k + 1) —= HE* — = CS) (k)
Tz
0%, (k) = Ker([, |} Ho © £5,(k +1) £5,(k + 1)

[ ]

We denote by ¢, the Sp-homomorphism bgl(k) — C%(k;). In [ES2], to study the
structure of Johnson cokernels for the mapping class groups of surfaces, the second
author and Satoh introduced this homomorphism ¢, and proposed the following
problem.
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Problem 2.1.  Describe the Sp-module structures of Im(c) and Ker(cy).

2.3. A description of Sp-maximal vectors in hgl(k). First, we briefly
recall the classical representation theory of Sp(2¢,Q). Let T be a maximal
torus of Sp(2¢,Q) consisting of all diagonal matrices in Sp(2g, Q). We define the
one-dimensional representation ¢; of T by ¢;(diag(z1, ..., x4, 2,7, ... 2 h) =
for 1 < i < g. For a rational representation of Sp(2¢g,Q), we have a weight
decomposition V =, p Va. Here P :={Ae; + -+ N\gey | i € Z, 1 <0 < g},
where a subspace V\ ={v € V | tv = A(t)v for all t € T'}. We call V) the weight
space of V' with the weight .
Let U be the subgroup of Sp(2g, Q) consisting of all upper unitriangular matrices
in Sp(2¢,Q). Then we call a non-zero element of
VUi={veV |uw =vforall u € U}

an Sp-maximal vector. We also have a weight decomposition (VV) = @, p V\V,
where VU := V, N VU If a rational representation V' of Sp(2g, Q) is irreducible,
there exists a unique weight A such that VY = (VV),. Moreover, such \ satisfies
Al > Ay > - > Ng. We say this A a highest weight of V. Thus an irreducible
rational representation of Sp(2¢, Q) is uniquely determined by its highest weight.
The set of isomorphism classes of irreducible rational representations of Sp(2g, Q)
is equal to

Pr={M>X>>X>0|NeZ 1<i<g},
namely, the set of partitions such that ¢(\) < g. Here £()\) is the length of A.
In this note, we denote by [A] the irreducible rational representation of Sp(2g, Q)
with the highest weight A.
Note that any rational representation V' of Sp(2¢,Q) is completely reducible,
namely V' is isomorphic to a direct sum of some irreducible representations. Then
we have the multiplicity of an irreducible Sp-representation [A] in V' is equal to
dim(VV).

We describe the space of maximal vectors (b?l(k’))f\] in the following way. We
use some idempotents.

Now we fix a basis {e1,...,€4,€511,...,€25} In Hy. Set i’ :=2g —i+ 1 for each
integer 1 < i < 2g. For the standard basis {e; ?gl of Hy, we see

<€7;,€j> = O = <€Z’/,€j/>, <€7;,€j/> = 51 = —<€j/,€7;>, (1 S Z,] S g)

For each integer 1 < i < 2g, we define

. {e (1<i<y), (1)

%7 —en, (g+1<i<2g).

(2

Then both of {e; 32 , and {ef Zzi , are basis for Hg such that one is dual to
the other in the sense that (e;,ej) = d; for any i,j. Let w be the element
S ei®e; € HE?. We identify Hg with HE by v — (v, e).

For a partition X\, we denote by AT its transpose, and by A7 the i-th component
of AT. For a partition A of k + 2 — 25 such that ¢(\) < g, we define

UA::wj®(61/\"'/\6,\1T)®(€1/\"'/\€/\2T)®"'€H<S+2‘
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Here v; Avg A+ -+ Aw, is the anti-symmetrizer ) o sgn(o)(v1 @@+ ®@v,) -0 €

HST. This element vy, is an Sp-maximal vector in HSHQ with weight A. The

space of Sp-maximal vectors (Hgkw)g generate v, and the action of QG;,, via

the Brauer-Schur-Weyl duality.

Let us consider the right action of G55 on Hg . Let s; be the permutation
of i and i+ 1 for 1 <7 < k+ 1 and op9 the cyclic permutation of order k + 2.
We define an element 6 by

(k+2)

0 =(1—359)(1—8382) (1 —Sps18k--82)
in Q6 o. We also consider an element
Copr = 1+ 0pso +0h g+ 07T,

in Q6.

Proposition 2.2.  The space of mazimal vectors (bgl(k’))g is generated by the
set of elements
{vn- 0042 | 0 € Gpia}.

In [ES2, Section 4 and 5|, this proposition is proved using the results of J.
Hu, Dynkin-Specht-Wever and S. Morita.
We remark that the multiplicity of [\] in f];%(k?) (namely dim(hgl(k))g) is com-
putable by a totally combinatorial way based on a result of V. M. Zhuravlev. For
more details, see the Appendix. By [ES1, Proposition 4.1], we can also calculate

the multiplicity [A] in C%(k) by a combinatorial formula. But, since our homo-

morphism c(,? is not surjective and not injective in general even if restricting to

each A-isotypic component for A € PT, these combinatorial way is not sufficient
to answer to our Problem 2.1. In this paper, we will use Proposition 2.2 to obtain
our main theorems.

3. Proof of Theorem 1.1

In this section, we will study whether the element ¢y (v \0(;12) is 0 or not for the
hook shape partitions A = [r + 1,1¥7"71] - k. If not, we obtain [bgl(k)/ Ker(cg) :
Al > 1.

3.1. Notations. We use the following notations. We consider the element
Ajgp) of the form

b k—r—b
Z Sgn(’r)e(lga ® ’67_(1) ORI e’r(b;®€(1®ria ® reT(b—l-l) K- 67’(1@—7‘; € H®k7
TESL_,
where any permutation 7 € &;_, acts on the set {1,2,..., k—r}.

We also use an (4, j)-expansion operator D;; : Hgk — HS(HQ) defined by

29
(V1 V2@ - ®ug) - Djj f:ZU1®-~-®vi_1®er®vi®---®vj_2®e:®vj_1®---®uk
r=1
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for 1 <i < j <k+ 2. For example,
Uy = (el/\"'/\e)\{)®(61/\"'/\6,\%’>®"')D12D34"'D2j—1,2j
for a partition A - (k42 — 27).

We denote by ;C; the binomial coefficient [ ; } )

3.2. Expansion of v, - 0. We consider partitions A= (r+1,1%"71). Then
=w® (e A Aepy) e = ((eg A+ Aepy) ® €Y7 )Dyy. To expand the
elements v, - #, we prove the following two lemmas.

Lemma 3.1.  For any m > 1, the element
(ex A Nem)Dia(1 — s2)(1 — s382) -+ - (1 — Sppg1 -+ - $352)
18 expanded as follows;

( %L_H
Z (—1)3’—1%63_1(@1 A= A ep)Dyoj if m is even,
j=1
m+1
2 .
Z(—l)]_lmTfl j_l(el VANERIVAN em)(DLQj — D172j+1) me 15 odd.
\ J=1
Proof. We prove the claim by the induction on m. |

Lemma 3.2. For any v € Hgm” and any r > 1, we have

r

(v®ei®’”)(1—sm+2~--5332)~--(1—sm+r+1~--3352):Z( 1% Coef* @v®ef

a=0
Proof. We prove the claim by the induction on r. |

By these lemmas, we have an expansion of the element vy - 0 for A =
(r+1,1kr=1),

Proposition 3.3.  Suppose A\ = (r+ 1,157 forr > 1 and k—r—1>2. If
k —r 1s even, the element vy -0 is equal to

B

Z Z 1)1 Co ke TOJ 1677 @ (er A Aegy) @ e "D gjian

If k —r is odd, the element vy -6 is equal to
k— 'r+1

Z Z a+] LCy ke r k=r1Cj e (61/\"'/\ek—r)®€?T_G<D1»2j+“_D1’2j+a+1>'

a=0 j=1

3.3. A presentation of ¢, (e ® (e A+ ANep—p) @€ DyjCri2). Note that
(epr,ep)e, = e, for 1 < r < 2¢ and 7 (v) = mp(vogyo) for any v € Hgk. We
assume g > k + 2. We prove the following three lemmas. In the proof of this
subsection, for simplicity, sometimes we omit ®.
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Lemma 3.4. For 2 gj < k—r+2, the element
cr(((ex A v Aegy) @ €$)DyjCryz) is equal to

(1) m((29 = 2)App-n) if J =2,
(i) mp(=3(=1) Ay — Apo1jog) f3<j<k—r+1,
(ii1) T (2((=1)* "t = D)Appr) if j=k—1r+2.
Proof.  If j =2, the element c(((e1 A -+ Aeg_y) ®e$7)D;jCry2) is equal to

29 esei(eg A Nep_p)el”
Ck Z + eege (61 N - /\kar)e?r !
s=1 \ + ei(egA---A ek_r)eﬁ9 €s
(29)Apg—r) —e1(er A v e e Aegy)ed
= Tk - Z Sgn(T)ev@) T ef(kz—r)e(i9 €r(1)

T7€GL_

= Wk((Qg - 2)A[r,k—r])-
If 3<j<k—r—1,the element cx(((e1 A+ Aer_y) ® €7)D1;Cr2) is equal to

2g 6367'(1)67—(2) e €T(j_2)€:€7-(j_1) e eT(k‘—'r)e(lgr 1
Z Z sgn(T) +  €1€sCr(1)r(2) * * * Cr(j—2)Cher(j—1) ** Cr(kr)€S
+ 6:67(3'—1)67(]) e eT(k—r)e?TeseT(l) Cer(j—2)

s=1 1€6k_, ®r
+ er(j-2)€s€r(j-1) " Er(k—r)€T esef(n S er(j-3)

€r(2) "+ Er(G=2)Cr(1)Cr(j-1) " Erlh= ney” .
= Er(1)€r(2) " €r(j—2)€1Er(j—1) " " Er(k—r)€T

= T sgn(T -

PR Gy erlh-r)€y Er(-1)€r) " Er(j=2)

T G- Cr(k-n)€1 Er(j-2)Cr(1) T Er(j-3)

= 7Tk(3( ) A[rk r] = A[T 17j—2})'

TESL_,

If j =k —r+2, similarly we can obtain the claim. |

Lemma 3.5. Fora+2<j<k—r+a+2andl<a<r—1, the element
ar((ef* @ (er Av v Ae—y) ® €7 )D1jChsa) 18 equal to

(1) Te(Ap—r) + (=D " Aaprn) if j=a+2,
(i) me(2(=1)" A1) fa+3<j<k—-r+a+1,
(i) me(—Npp—r) + (1) Apoy) f j=k—r+a+2.
Proof. We can prove the claim similarly as Lemma 3.4. |

Lemma 3.6. Forr+2<j<k+ 2, the element
cr((eF" @ (ex A -+ Aeg—r))D1jChy2) is equal to

(i) me(21 = (=D " Apsr)) if J=7+2.
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(ZZ) 7Tk(3(_1)k_jA[r,k—r] + A[r—l,j—Q—T]) Zf r+3 < ] < k + 1;
(i) h(— (20~ D) i = 42,

Proof. We can prove the claim similarly as Lemma 3.4. |

3.4. A presentation of the image of maximal vectors by c¢;. We describe
cr(A0Ck+2) as a sum of m(Afy) in the following proposition.

Proposition 3.7.  For A = (r + 1,1*" 1) with r > 1, k—r —1 > 2, the
elements cx(vA0Ci42) are equal to the following elements in Cag(k);

(i) If both k and r are odd such that k =r (mod 4),

k—r
r—1 P}

uy (49)A[r7k—r]+2Z(_]-)arCaA[r—a,l}_2Z(_]-)J_l% imNp12i-9 |- (2)
a=1 7=2

(i1) If both k and r are odd such that k —r =2 (mod 4),
%
T | —2 Z(—1)J’—1%Cj_1A[T,LQj,2} - (3)
j=2
(ii) If both k and r are even such that k =r (mod 4),

Tk (22(_1)GTCQA[T¢1,1]> . (4)

(iv) If both k and r are even such that k —r =2 (mod 4), m,((49)Apk—r) -

(v) If k is odd and r is even such that k —r =1 (mod 4),
r—1
T ((4g + 4)A[r,k;—r} +2 Z<_1)arCaA[r—a,l]> . (5)
a=1

(vi) If k is odd and r is even such that k —r =3 (mod 4), 0.

(vii) If k is even and r is odd such that k —r =1 (mod 4),

r—1
_Q(A[r—l,k—r—l] - A[r—l,l]) +2 Z(_l)arCaA[r—a,l}
T o . (6)

2
=2 ) (1) e Ot (Apoagi-) = Apory-1)
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(viii) If k is even and r is odd such that k —r =3 (mod 4),

(49 — DAy j—r) + 2(A gt pmr—1] + Ap—1,1)

k—r—1

: . 7
=2 ) (-1 et Ot (Aprjog — Aporjon) g

Jj=2

Proof. We consider the case that & — r is odd. By Proposition 3.3, the
elements ¢ (v 0(k12) are equal to

k—r+
2

1
Z (—1)j_1k—;—1 joa(er Ao Aer—y) @ €F7(Drgj — Digjig1) G

j=1

r—1 k:—;°+l

a+j5—1

Ck + E (_1) J Tca%cjfl

a=1 j=1

KRa Kr—a
e’ @ (er N ANep—y) @ e Y Dr2jta — Di,2j4at1)Chr2
k—r—1

2

+ Z (—1)r =1, = ker1 Ci1€57(er Ao+ A eg—y)(D12j4r
j=1

— D1 2j4r41)Chi2

By Lemmas 3.4, 3.5 and 3.6, these elements are equal to

(29_2)A[rk r] —3/\[7’ k — 7”—}-/\[]7” 1,1
k—r—1
2
+ Z (—1)7 1 r=1 1 (=6Ap k] = Ap12j-9) + Api12j-1))
j=2
+(_]- = 7 ( 3A[rk r] — A[r—l,k—r—l])
A[r,k rl T A[a,k—r—l] - 2A[r—a71]
r—1 716_;_1
T |+ (F1)%Ca | =4 > (—1) i Gy Ay
a=1 1
+(_1) k_;_l (_QA[r—a,l] + A[r,k—’r] - A[T’—ml])
—3Ap ) — Apo1
r= 5
+(=D" | + Z —1) ro1 1(=6Ap ) + Ap_12j—2) — Ap_i2j-1)
Jj= 2
+(—1 - (_3A[r,k77"] + A1y t+ (29 — Q)A[r,kfr])

Note that A[a,k,r,l] = (—1)1677"71/\[74,@71] = A[r,a’l].
If r is even, the elements above are equal to

k—

r—1
7 1) ((29 + 2)A[rk 7] + Z CaA[’/‘—a,l]) .

a=1

(1+(=1)

Thus we obtain the claims (v) and (vi).
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If r is odd, the elements above are equal to

(1= (=1)F7)(29 = DAy + 281y — 2(=1) 2 Apippyy
k—;—l
- (—1)%1% 1 (Ap—12j-9) — Ap—1,2j-1])
j=2
r—1
k—r—1 a
+ (1+(—1) 2 ) (—1) rCaA[r—a,l]-
a=1

Thus we obtain the claims (vii) and (viii).

For (i),(ii),(iii) and (iv), the proofs are similar as above. o
3.5. Non-vanishing of ¢, (v \0(k2). We study whether ¢ (v \0t12) = 0 or
not.

Proposition 3.8.  Suppose g > k +2. For \ = [r + 1,171 with r >
0,k —r—12>2,in the following three cases, the elements cx(vr\0Cki2) is equal to
0 in Coy(k);

o k is odd and r is even such that k —r =3 (mod 4),
e r=1 and k 1s odd,
e r=1and k—r=1 (mod 4),
o (rk)=(3,8).
Otherwise, c(v\0(k42) is not zero.

Proof. We fix a standard basis {e;, ® ---®e;, | 1 <ip <--- < <2¢} in
HE". To prove mp(v) # 0 for v € HG", it is sufficient to find a basis element
e, ®---®e;, such that the sum of coefficients of (e;, ®- - -®eik)0i (0<j<k-1)
is not 0 in the expansion of v with respect to the standard basis above.

(i) Suppose both k and r are odd such that k —r = 0 (mod 4). If r = 1,

k—1
2

cr(vAOCk42) is presented by m; | (49)Apk—1) — 22(—1)371% i—1M\jo,2j—2) | by
=1

(2). Since m(Apk—1]) = Tr(Ap,2j—2), we have
ck(VAOCk12) = (4g + 4)mr(er @ (e A+ - Aeg_1)).

But, for odd k, in the expansion of e; ® (e; A --+ A e,_1) with respect to the
standard basis, the coefficients of e; ® ¢;;, ® --- R e;, Ve Ve, V- e, ,
and e ®e;,, , @ - Qe , Ve e, ®---® e, have different signatures. Then
7Tk(€1 X (61 VANEIVA 6]671)) = 0. Thus Ck(”)ﬂgk+2) =0.

If r>3,then k—1r >4 and k > 7 in this case. We consider the basis element
" QesRez3Re; ey @+ @ ep_, and its cyclic permutations. In (2), they only
appear in Ay ;_, as e ResResRe Dey R @ e, with the coefficient 1,
and in Ap_jgj 9 for j=2as el '®e@ez3®e; ®es®@ - @ e, ® e; with the
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coefficient (—1)*"=1 = —1. Then the sum of coefficients of them in (2) is equal to
4g-2- 52 =4g—k+r > 4(k+2)—k+r =3k+r+8> 0. Thus ¢;(vA0¢et2) # 0.
(ii) Suppose both k and r are odd such that k —r = 2 (mod 4). If r = 1, we
obtain ¢ (v \0Cki2) = 0 similarly as above. If r» > 3, similarly as above, the sum
of coefficients e¥" ® ey @ ez @ ey @ ey @ -+ @ e,_, and its cyclic permutations in
(3) is equal to —(k — ) < 0. Thus c;(vA0C42) # 0.

(iii) Suppose both k and r are even such that £k —r = 0 (mod 4). We consider
the basis element ej@'"_l ReaRe; ey ez ®---®eg_, and its cyclic permutations.
In (4), they appear in Aj_, 1) for @ = 1 with the coefficient —1. Then the sum of
coefficients of them in (4) is equal to 2r > 0. Thus cx(v\0ks2) # 0.

(iv) Suppose both k and r are even such that k—r =2 (mod 4). Then r > 2. We
consider the basis element e?’"®e2®el ®Rez®---®ek_, and its cyclic permutations.
In 4A}. ), they only appear as ef” ® es ® €1 @ e3 @ - - - ® ey, with the coefficient
—4 #0. Thus cx(vA0Cki2) # 0.

(v) Suppose k is odd and r is even such that k—r =1 (mod 4). Note that k—r >
3. Similarly as (iii), we consider the basis element e ' ®e,Re;®e; ez @- - -@ep_,
and its cyclic permutations. They only appear in Aj_,q for a = 1 with the
coefficient —1. Then the sum of coefficients of them in (5) is equal to 2r > 0.
Thus Ck(UAQCk.’.Q) 7é 0.

(vi) If k£ is odd and 7 is even such that £k —r =3 (mod 4), then ¢k (v \0Cki2) = 0.
(vii) Suppose k is even and r is odd such that K —r = 3 (mod 4). If r = 1,
ck(VA0Ck+2) is presented by

k
L

T | —2(Ajo-2) = Apap) = 2D (=175 Cioa (Ao — Mozj1)

Jj=2

by (6). But

Wk(A[o,k—z]) = Wk(A[o,u) = Wk(A[o,2j—2]) = 7Tk(/\[0,2j—1]) = 7Tk(€1 ® (61 ARRA €k71))-
Then Ck<v)\9§k+2) = 0.

If » > 3, first, we consider the basis element ¢ ®es®@e; Rez@- - @ @ey_, and its
cyclic permutations. In (6), they only appears as e ' ®e;®e, ®e3®- - - @ep_, Qe
in Ap_y 4 with the coefficient (=)L =1 in App_q 1 for a = 1 with coefficients
(=1)* "1 =1 and Ap_12j-9 for j = 2 with the coefficient 1. Then the sum of
coefficients of them in (6) is equal to 2+ (=2)(=1)"=2=L + 2(=1)r = k — 3r + 1.
Thus if k& # 3r — 1, ¢, (v 0 ks2) # 0.

Suppose k = 3r—1. If (r, k) = (3,8), (6) is equal to 47y (Ajg,1)—Ap 2 +Apg—Ap4) -
This becomes 0 by direct computations.

If (r,k) # (3,8), then r > 5 and k—r = 2r—1 > 9. We consider the basis element

" Qe Qe Qe Qe® - ®ep 1 ®er ® gy

and its cyclic permutations. In (6), they appear as

" T RerRe3 Ve ResRe Ve ® -+ @ ep_p1 @ e @ gy
in Ap_1—r—1) With the coefficient (=1)* =1, as 1 ® e, @ e ' @ €2 ® €3 @
es ®es e ®Weg ® -+ @ eg_py in Ap_gyq) for a = r — 1 with the coefficient
(=17 1(=1)* =1 and as " ' ®e,Re3ResQesDe Reg®- - -Qep_r_1 Qe D ey
in Ap_19j-9 for j = 3 with the coefficient (—1)*~""% = —1. Thus the sum of
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coefficients of them in (6) is equal to (—2)+2(—1)""1r+ (—2)(—1)2%02(—1) =
—242r+(r—1)(r—2)=r(r—1) > 0. Therefore if k =3r —1 and k > 5, then
cr(VA0Ck42) # 0.

(viii) Suppose k is even and r is odd such that k —r = 3 (mod 4). If r = 1,
similarly as above, ¢ (v)\0(12) is (dg—4)mp(e1 @ (e1 A+~ Aex_1)). We consider the
basis element e¢; ® e; ® €3 ® - - - ® ex_1 and its cyclic permutations. They appear
in e ®(eg A+ ANeg_1) as e ®e; ® ey ® + -+ @ e,y with coefficient 1 and as
e1®ey® - ® ey ® ey with the coefficient (—1)*2 = 1. Thus ¢, (vA0Cks2) # 0.
If > 3, we consider the basis element € ® ey @ €1 ® €3 ® -+ @ e, and its
cyclic permutations. In (7), they only appear as € ® es ® ¢y @ €3 ® -+ ® €,
in Apx—y with the coefficient —1 and as e?’bl ReaRVegVes® -+ Q epy D €1
in Ap_q,1) with coefficients (=1)* ! =1 and in Ap_12j-9 for j = 2 with the
coefficient 1. Then the sum of coefficients of them in (7) is equal to (4g—4)(—1)+
21+ (-2) ()2 =5+k—r—4g<5+k—r—4k+2)=-3k—r+1=
—2k + (=k—r+1) <0. Thus cx(v)\0C42) # 0. o

Let us recall our Theorem 1.1.

Theorem 3.9.  Suppose A = (r+1,1*""1) forr >1 and k—r—1>2. Then
the multiplicity of the Sp-irreducible modules [\ in the k-th Johnson cokernels
are larger than or equal to 1 if none of the following conditions are satisfied: (i)
k is odd and r is even such that k —r =3 (mod 4), (i) r =1 and k is odd,
(i5i)) r=1 and k—r =1 (mod 4).

Proof. We obtain the existence of [A] except for the cases (i),(ii),(iii) and
(r,k) = (3,8) by Proposition 3.8.

When (r, k) = (3,8), by direct computations, we can obtain that cg(vysef0Cii2) =
m,(vsg), where

[5,7,8]4+[5,6,7]+[4,6,8]+[3,6,7]+[3,5,6]+[2,6,8]+
V3,8 = 24 [27577]+[2 3a7]_[47577]_[377a8]_[37578]_[37477]_[37475]_[27478]_ € H®8'
12,4,6]-2,3,5]+2[3.4,8]+2[2,4,5]-2[5,6,8]-2[2,6,7]

Here the elements [h,4,j] (1 <h <i<j <8)) are
6(183 (029 (61 AR /\65) . (8384' . 'Sj—l © 8983 8,1 8189 " “Sh—l)'

Since the sum of coefficients of the element ¢;®e; ®e; Rea®e; ResReq R es and its
cyclic permutations in vz g is equal to 24 x (—8), then we have ¢ (vrs60Ck42) # 0.
Hence we obtain the existence of [4,1%]. The proof is completed. n

A. Tables of multiplicities

In [ES1] and [ES2], to compute multiplicities of [k] and [1*] in hgl(lﬂ), we used
a major index for a standard tableau of shape \. But by using Zhuravlev’s results
in [Zh], we compute multiplicities of [A] in f)gl(k) more systematically. In this
appendix, we explain this method.
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A.1. Representation theory for GL(2¢,Q). Let us briefly recall some
results for the representation theory of GL(2g,Q).
An irreducible polynomial representation of GL(2¢, Q) is uniquely determined by
its highest weight. Then the set of isomorphism classes of irreducible polynomial
representations is parametrized by

P ={\>...2 X >0 ]| N\ €Z,1<i<2g}.
This is the set of all partitions such that ¢(\) < 2g. We denote by (A) the
corresponding irreducible polynomial representation of GL(2g,Q). Note that (1)
is a natural representation of GL(2¢,Q) on H.
For two partitions A and pu satisfying A D p, the skew shape A\p is a vertical
strip if there is at most one box in each row.

Proposition A.1 (Pieri’s formula).  Let p be a partition such that £(pn) < n.

Then
(1M @ (n) =P,

A

where X runs over the set of partitions obtained by adding a vertical k-strip to u
such that {(\) < n.

We regard Sp(2¢g, Q) as a subgroup of GL(2¢g,Q). We consider the restric-
tion of an irreducible polynomial representation (\) to Sp(2g,Q). We can give
its irreducible decomposition using the Littlewood-Richardson coefficients LR,
as follows.

Proposition A.2 (Branching rules for GL to Sp [FH, 25.39],[KT, Proposition
251]). Let A= (A > Xy > - >\, > 0) be a partition such that ((\) < g.
Then we have

GL(2g, ~
ResGya) (V) = €D Nl
m
where p runs over all partitions such that ¢(u) < g. Here

Ny = > LR,
n

where n runs over all partitions n = (n = ne > N3 = ng > --+) with each part
occurring an even number of times, namely n' even. Here n' is the conjugate
partition of 7.

Remark A.3. We have a combinatorial description of the Littlewood-Richardson
coefficients. The Littlewood-Richardson coefficients LR?W is the number of semi-

standard tableaux T on A\p with weight v such that w(7T) is a lattice permuta-

tion. Here, for a semi-standard tableau 7" on A\p, we define a sequence w(7T) of

integers by reading the numbers inserted in A\p from right to left in successive

rows, starting with top row. (For more details, see, e.g. [FH], [Mac].)

A.2. Zhuravlev’s formula. We denote by Mob the Mobious function. For a



ENxoMOTO AND ENOMOTO 701

composition (my, ma,...,m,) of m, we define

(m/d)!
(mrJd) (ma)d)! - (my )]

1
b, ome = — ) Mob(d)

In [Zh], Zhuravlev gives the following multiplicity formula of irreducible represen-
tation (A)gr, of GL(2g,Q) corresponding to a partition A in the degree m part of
the free Lie algebra Log(m).

Theorem A.4 ([Zh, (21)]). Let A = (Ai,...,Ay) be a partition of m. Then,
the multiplicity §(\) of irreducible representation (X) of GLag in Log(m) is given
by

0€Gy

where o runs over the set of all 0 € &, such that \; —i+ o(i) > 0 for any
1<1<g.

We obtain the following three corollaries.

Corollary A.5 ([Zh, (22)]). IfAX=(n—r+1,1""1), then

_* 5 _q\r—l—i+(d—1)i/d (n/d)!
=5 199; WM b(d)(=1) (n = 0)/d)(ijd)!"

Corollary A.6 ([Zh, (23)]). If A = (A1, \2) satisfies Ay + Ao = n, Ay > 1, then
ﬁ()‘) = l>\17>\2 - l>\1+1,>\2—1-

Corollary A.7 ([Zh, Proposition 4.1]).  For a partition X, we denote by X its
conjugate partition. Let x* be the irreducible character of &, corresponding to X.
We denote by x*o) its value at the element o € &,. Then we have

9
n = On=2(mod 4)— Mob(d)xM(12...n)"29).
o) = B0y + On=2(mod 4)nd(z/2) ob(d)x(( n)"=)

A.3. Nakayama-Murnaghan’s formula. We denote by y) the character
value of irreducible character y* at the conjugacy class corresponding to a parti-
tion v. We have the following inductive formula for irreducible character values.

Theorem A.8 (Nakayama-Murnaghan’s formula).  Let A, v be partitions. We

assume |\ = |v| +r for an integer r > 1. We have
Xouer) = Z(—l)ht(k\#)Xff,
I

where [ Tuns over the set of partitions satisfying that \\p is a border strip of A
of size r. Here, ht(A\p) is (depth of the border strip \\p)— 1.
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A.4. Tables of multiplicities in the free Lie algebra ﬁ%(m). In this
subsection, we suppose g > m. We have the following table of multiplicities
iy in ﬁ%(m) of GL-irreducible representations () for a partition A F m.

(A) o
(m—1,1) |1
( - 2 12) mT_S + %5m :even
(m 3 13) % - 16m 2,4(mod6) — 15m 3(mod6) — 55m 0(mod6)
(m 4 14) 310m1+35m 20 m865m:2,4(m0d6 + 35m:3(mod6) %5m50(m0d6)
( -2 2) mT_ — §5m:even

m—1)(m—>5
(m 3 3) m(;%f’mE?(mod?}) + %Csm:even2
(m 4 4) 2_g f§ ) + §6m50(m0d3) - mT_(sm:even

3 2 1 S 5m mo

m — 4, 22 ) m? il))Om +26m 8 O(m ig(; 1(5 3m 65
(m — )2 oo 30+ Om= =1,5(mod6) — 30m=0(mod6) T = 13 Om=3(mods6)
(m 4 2,1 ) mg i 5m.even
(m—4,3,1) m3710m8+27m718 + mg65m:even

mi_ 3 2_ m—
Em 5 15) 3) 4 im?’iz?)gé? jzimij:i + 18 6(smzeven - %5m50(m0d3) - %5m50(m0d5)
m = 5 2 1 — I 5m 0(mod5
(m — 5, 22 1) —15m3+77?;91 -153m+90 e 65 (e :

24 g 9m:even

(m 5 3 2) mA 15m3+732ﬂ2 129m+4-70 + m825m:even + %5m50(m0d3)

In the table above, many of the m)’s can be computed by Corollary A.5 and
Corollary A.6. If not, we use Theorem A.4. For example, if A = (m,2,1), the
elements ¢ € G3 which appear in the righthand side in Theorem A.4 satisfy
0(3) = 2,3. Then we have f(m21) = lm21 — lnt1,010 — lmzo + lngoio. 1If
A = (m,2,2), all elements in &3 appear in the righthand side. Then we have
Bm—122) = lm-422 = ln-431 — lm—312 + lm-330+lm-211 — lm—220-

If the length of A is large, we use Corollary A.7 and Nakayama-Murnaghan’s
formula. We have the following table.

(A fon

() 0 form >3

(2,1m72) 1 for m > 3

(22, 1m4) f(n—2,2) + Om=2(moda) for m >4
(3,1m7%) f(m—2,12) — Om=2(mod 4)
(2%,1m79) f(m=3,3) — Om=2(mod 4)

(37 2, 1m75) ﬁ(m 3,2,1)

(24,178 | Bimeaa) + 22 0m=2(mod 4)
(3%,1m79) fim—4.22) + mTi45m52(mod 1)
(4,2,1™7%) | f(m_a2,12) — deémEQ(modM
(3,22, 1™77) | Bm—a,3,1) — 2520 m=2(mod4)

By Corollary A.7, to prove these formulas, we only consider the case m =
2 (mod 4). The element (12---m)™?? in &,, belongs to the conjugate class
corresponding to the partition ((2d)™/??) for each odd integer d.

For example, if A = (2,1™73), then N = (m — 2,1?). By Theorem A.8, we have

(m=2,1%) _ (m—4,1%) (m—2) (m—4,17) _ (21%) 4 _ 2  m—4 _
X(Q)m/? - X(zm/271) - XQm/Z 1 X(Qm/g 1) —1=--- X(22) — == _X(2) —med o
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—m n 2 n—2-2d,12 d—2,12
+2 for d = 1, and X( Qd?nl/z)d) = XE(Qdi("%d}—)l) - = ng) 21 = 1 for d > 3.

Thus the second term in Corollary A.7 becomes 2 (%“ + D 3<di(m/2) Méb(d)) =
—1. Here, we use >_,;,, Mob(d) = dp=1.

We show two more examples. If A = (3 2 1m 6), then X' = (m—3,2,1). Similarly
as above, we obtain XE;:;)_?’/QZ(} = 0g— 1X(23) +5d>3x(§§) 20 0. If A= (23, 1m0

m—3,3 m75,3

XEZLE Uy 4 (5d>3x 2d P = 64 (x ;nm/i 33) —1) = da= 1(XE23§ — =0 = 541 2. Here,

2
2 2
we use ) = xggl)) Xip) = X(z) —1=—2.

then X' = (m — 3,3). Similarly as above, we obtain y

A.5. Table of multiplicities in the Lie algebra bh,(k). In this subsectlon
we suppose g > k + 2. We have the following table of multiplicities bpy in b (K )
of Sp-irreducible representations [A] for a partition A.

(Al b

[k] 5k:0dd

[1k] 5k£1,2(m0d4)

[k -1, 1] % + %&c:even

2,157 | by—1.1) — Ok=2(moda)

[k —2,17] kQZ% — 2236, 0da

3, 1573 | bp—212) — 552 0k=2(mod1) — 5 Ok=3(moda)

[k — 2] % — %3 510da

[1572] Dle—g) — %6k50(m0d4) + 3’37735k51(mod4)

[k —3,1] W — 3 Sieven + 50k=1,4(mod6) — 50k=2,5(mods)

For example, if A\ = [1*7?], first we have Dpik—2) = Dyg2 1k—ay + D30 16-3) + D(21 15-6) +
D(23 15-1) 4 2D (92 1k-2) + D (o 1%) 4 D(1r+2) Dy the branching rules for GL to Sp (Propo-
sition A.2). Here we denote by b(y) the multiplicity of irreducible GL-module
(A\) in bgl(k). By the Pieri rule (Proposition A.1), the righthand side becomes
— {832,164y HHi(3,2,16-3) T (20 156y FHi(23 152y + 28 (22, 18-2) T (2,18) FHar2y }H{H 52,085+
2ﬂ(372’1k74) + Jj(3’1k72) —|— Jj(2471k77) + 2ﬂ(23’1k75) + 4ﬁ(2271k73) + ?)Jj(Q’lkfl) + 2ﬁ(1k+1)} . We
can compute these terms by using the tables in subsection A.
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