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Abstract. Left (or right) Leibniz algebras endowed with symmetric non-
degenerate and associative bilinear forms (called quadratic Leibniz algebras) are
investigated. In particular, we prove that left (resp. right) Leibniz algebras that
carry this structure are also right (resp. left) Leibniz algebras. Moreover, we con-
struct several examples of this type of algebras. Next, we prove that any solvable
quadratic Leibniz algebra is a T*-extension (see M. Bordemann, Nondegenerate
associative bilinear forms on nonassociative algebras, Acta Math. Univ. Com.
LXIV 2 (1997), 151-201) of a solvable Lie algebra in the category of Leibniz
algebras. In addition, we reduce the study of quadratic Leibniz algebras to that
of quadratic Lie algebras by introducing some extensions of Leibniz algebras.
Finally, we give an inductive description of quadratic Leibniz algebras by using
T*-extensions and double extensions (central extension followed by generalized
semi-direct product).
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Introduction

In 1993, J.L. Loday introduced Leibniz algebras which are a generalization of Lie
algebras ([14], [15]). More precisely, let £ be a vector space endowed with a prod-
uct [, ]: £x £+— £ such that for all z,y,z € £, [z, [y, 2]] = [[z,y], 2] + [v, [z, 2]]
(resp. [z,[y, z]] = [[z,v],2] — [[x, 2],y]). Then, (£,], ]) is called a left Leibniz
algebra (resp. a right Leibniz algebra). If £ is, at the same time, a left and a
right Leibniz algebra, then we say that £ is a symmetric Leibniz algebra [I1]. In
the last years, the theory of Leibniz algebras has been extensively studied. Many
results on the theory of Lie algebras have been generalized to the case of Leibniz
algebras ( [6], [7], [8], [9], [10], [IT], [12], [13], [17]).

The goal of this paper is the study of the structure of finite dimensional
(Left or right) Leibniz algebra (£, [, ]) over a commutative field K of characteris-
tic zero endowed with a symmetric non-degenerate bilinear form B such that B is
associative (ie. B([z,vy],z) = B(x, |y, z]),Vz,y,z € £). We call (L, B) a quadratic
Leibniz algebra.
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It is well known that the existence of symmetric non-degenerate and invari-
ant bilinear forms on a non-associative algebra (A,.) is a very important tool to
study the structure of A (for examples: Killing form on semi-simple Lie algebras,
Albert form on semi-simple Jordan algebras, invariant (resp. associative) scalar
products on Lie (resp. Jordan ) algebras[16], [, [4]). Hence it seems to be inter-
esting to investigate the structure of quadratic Leibniz algebras. The main tools
used for our purpose are T*-extension and double extension.

Quadratic Lie algebras were described by A. Medina and Ph. Revoy in
[16] using the concept of double extension of quadratic Lie algebras. The notion
of T*-extension was introduced by M. Bordemann in [4] in order to study struc-
tures of non-associative algebras that carry symmetric non-degenerate associative
bilinear forms. He proved that a non-associative algebra A with a symmetric non-
degenerate and associative bilinear form is a T*-extension (or a non-degenerate
ideal of codimension 1 of a T™*-extension) of a non-associative algebra H if and
[Diﬂ;(A) ] Dim(A)

, where [=752=] is

. He showed also two interesting results, more precisely:

only if A contains a totally isotropic ideal of dimension
f Dim(A)
2

the integer part o
1. All nilpotent associative algebras with symmetric non-degenerate associative
bilinear forms admits a totally isotropic ideal of dimension [DzmT(A)].

2. All solvable Lie algebras over a field of caracteristic zero endowed with sym-
metric non-degenerate associative bilinear forms admits a totally isotropic
ideal of dimension [DZmT(A)].

A natural question arise: What about the situation in the case of quadratic solvable
(left or right) Leibniz algebras over a commutative field of characteristic zero?

In the second section, we prove that every quadratic Leibniz algebras
£ is symmetric. Let us note, in particular, that symmetric Leibniz algebras
appear in the study of some bi-invariant connections on Lie groups [3]. Next,
we construct several interesting examples of quadratic Leibniz algebras. In the
third section, we study quadratic Leibniz algebras via the notion of T™-extension
and we give an answer of the above question. More precisely, we prove that every
quadratic solvable Leibniz algebra £ over a field of characteristic zero admits a
totally isotropic ideal of dimension [D’%(E)] which contain the Leibniz kernel of £.
Consequently, all quadratic solvable Leibniz algebras over a field of characteristic
zero are T*-extension ( or a non-degenerate ideal of codimension 1 of a T*-
extension ) of a Lie algebra in the category of symmetric Leibniz algebras.

In order to have more information on the structure of quadratic (non
necessarily solvable) Leibniz algebras we generalize, in the fourth and the fifth
sections, the concept of double extension to quadratic Leibniz algebras. More
precisely, we introduce a double extension of quadratic Leibniz algebra by one
dimensional Lie algebra. Next, we give some interesting results on the structure
of this type of algebras. What allowed us to reduce the study of quadratic Leibniz
algebras to that of quadratic Lie algebras. Finally, by using our results and those
of A. Medina and Ph. Revoy [16], we give an inductive description of quadratic
Leibniz algebras.
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1. Definitions and preliminary results

Definition 1.1.  Let (£,.) be a non-associative algebra. Then, for all z € £ we
define the endomorphisms L, R, of £ by L,(y) := z.y, R.(y) := y.xz, Yy € £. The
map L, (resp. R,) is called the left multiplication by = (resp. right multiplication
by ).

Definition 1.2.  Let £ be a vector space and let |, | : £x £ — £ be a bilinear
map on £.

1. If L, isaderivation of £, Vz € £, ie. [z, [y, z]] = [[z,y], z2]+[y, [, ]|, Vz,y, 2 €
£, then £ is called a left Leibniz algebra.

2. If R, isaderivation of £, Vx € £,ie. [z, [y, z]] = [z, y], 2]—][[, 2], y], V2,9, 2 €
£, then £ is called a right Leibniz algebra.

Remark 1.3. If (£,], ]) is aright (resp. left) Leibniz algebra , then £ endowed
with the product { , } : (z,y) — {z,y} = [y, 2] is a left (resp. right)Leibniz
algebra.

Proposition 1.4.  Let (£,[, ]) be a left Leibniz algebra. Then, (£,[, ]) is a

right Leibniz algebra if and only if [z, [y, z]] = —|ly, 2], x],Vx,y,z € £.

Proof. Since £ is a left Leibniz algebra, then [[y, 2], z] — [[y, z], 2] — [y, [z, z]] =
[y 2). 2] = [, a1, 4 = [l 1, 2] = [z, s al) = = ([l 2], 2] + [, [y 2] ) Va2 € 2.
Which proves the Proposition. [ |

Definition 1.5.  Let (£,[, ]) be a (left or right ) Leibniz algebra .

1. We denote by [U, V] the vector space spanned by the set {[u,v],u € U,v €
V'}, where U and V' are two sub-spaces of £.

2. If U is a sub-space of £, then U is said to be an ideal of £ if [U, £] C £
and [£,U] C £.

Corollary 1.6.  If (£,[, ]) is a left and a right Leibniz algebra, then the vector
space £2 = [£, L] := span{[r,y] : =,y € £} endowed with [ ] is a Lie
algebra.

lie,e1x 12,8

Definition 1.7.  Let (£,[, ]) be a (left or right ) Leibniz algebra. The vector
space Zg spanned by the set {[z,x],x € £} is called the Leibniz kernel of £.

Proposition 1.8.  [§] Let (£,], |) be a (left or right ) Leibniz algebra. Then,
Ze is an ideal of L. Moreover, if (£, , ]) is a left (resp. right) Leibniz algebra,
then [Zg, £] = {0} (resp. [£,Zg] ={0}).

Remark 1.9. Let (£,[, |) be a (left or right ) Leibniz algebra. It is clear that
£ is a Lie algebra if and only if Zg = {0}. Therefore, the quotient algebra £/Z¢
is a Lie algebra.
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In the following, we recall some results about representations of left and
right Leibniz algebras.

Definition 1.10. Let £ be a non-associative algebra, V' be a vector space and
r,l: £ — End(V) be two linear maps.

(i) If £ is a left Leibniz algebra, then we say that (r,1) is a left representation of
L£in V if for all z,y € £:

[z, y]) = [l(z), 1(y)]; ([z,y]) = r(y)r(z) + Uz)r(y); r([z,y]) = [[(z), r(y)].

(ii) If £ is a right Leibniz algebra, then we say that (r,[) is a right representation
of £in V if for all z,y € £:

[z, y]) = [r(y), 1)); Uz, y]) = U)I(y) + r@)i(e); r([z,y]) = [r(y), r(2)].

Example 1.11. Let £ be a left (resp. right ) Leibniz algebra. Then, we
consider the maps L : £ — End(£) and R : £ — End(£) defined by: L(x) :=
L., R(x) := R,,Vx € £. Therefore, (R, L) is a left representation (resp. a right
representation ) of £ in £ called the left (resp. right) adjoint representation of £.

Proposition 1.12.  Let £ be a left (resp. right ) Leibniz algebra and r,l: £ —
End(V') be two linear maps. Then, the vector space £, = £V endowed with the
product defined by:

[z +u,y+ o] =z, y]+U(z)v+r(y)u,Ve,y € LuveV
is a left (resp. right ) Leibniz algebra if and only if (r,1) is a left (resp. right )

representation of £ in V.

Remark 1.13. Let £ be a left (resp. right ) Leibniz algebra, V' be a vector
space and (r,1) a left representation (resp. right representation) of £ in V. Let
us consider two linear maps I*,7* : £ — End(V*) defined by

Fa)(f) = for(z), r(@)(f)=follzx), Ve e & feV"

In general, (r*,1*) is not a left nor a right representation of £ in V*.

Proposition 1.14.  Let £ be a left (resp. right ) Leibniz algebra and (R, L) ft
(resp. right ) be the adjoint representation of £. Let us consider the linear maps
L* R*: £ — End(£*) defined by:

L*(z)(f) = foR(z), R (z)(f)=fol(x), Veekl fekl

(R*, L*) is a left (resp. right ) representation of £ in £ if and only if £ is a
right (resp. left) Leibniz algebra.

Proof.  Suppose that (£,[,]) is a left Leibniz algebra. A simple calculation
proves that (L*, R*) is a left representation of £ in £* if and only if

[z, [y, 2]] = —lly, 2], z] and [y, [z, 2]] = —]y, [z, z]]Vz,y, 2z € £. Proposition
gives the result. ]
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The previous Proposition leads us to study the notion of symmetric Leibniz
algebras introduced in [11].

Definition 1.15.  [I1]

If £ is a left and a right Leibniz algebra, then £ is called a symmetric
Leibniz algebra.

Examples 1.16.  [§] If (£ := (z,y), [, |) is a two dimensional symmetric Leibniz
algebra, then £ is isomorphic to one of the following Leibniz algebras:

1. The two dimensional abelian Lie algebra.

2. The two dimensional non abelian Lie algebra , endowed with the product
defined by:

[z,yl =y.

3. The symmetric Leibniz algebra £, endowed with the product defined by:
[ZE,Z’] =Y, [l’,y] = [y,x] = [yay] =0.

In the following, we introduce the representation of symmetric Leibniz
algebras and give some related results.

Definition 1.17. Let £ be a symmetric Leibniz algebra, V' be a vector space
and 7, : £ — End(V) be two linear maps. Then, we say that (r,1) is a
representation of £ in V if (r,l) is a left and a right representation of £ in
V. We denote by Rep(£,V') the set of all representations of £ in V.

Example 1.18. (R, L) (see. Example|l.11)) is a representation of £ in £ called
the adjoint representation of £.

Remark 1.19. Let £ be a symmetric Leibniz algebra, V' be a vector space
and 7,1 : £ — End(V) be two linear maps. Then, The vector space £ = £V
endowed with the product defined by: [z+u,y+v] = [z, y]+1(z)v+7r(y)u, Ve, y €
£ u,v €V, is a symmetric Leibniz algebra if and only if (r,1) € Rep(£,V).

Proposition 1.20.  Let £ be a symmetric Leibniz algebra, V' be a vector space
and r,l: £ — End(V) be two bilinear maps. Then, (r,1) is a representation of £
i Voif and only if for all x,y € £:

[z, y]) = 1), L)), r([z,9]) = (1), r()], r([z,y
W@)l(y) = —r(@)l(y), (2)r(y) = —r(@)r(y),r(ly, 2]) = = Uy, z])-

In this case, we say that V' is an £-module.

=
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Proof. By the previous Remark (r,1) € Rep(£,V) if and only if the vector
space £ = £@® V endowed with the product defined by: [z 4 u,y +v] = [z,y] +
l(x)v +r(y)u, Yo,y € £ u,v €V, is a symmetric Leibniz algebra. That is, £ is a
left Leibniz algebra satisfying the condition
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[z +u,ly+v,z+wl]=—[ly+v,z4+w],x+u,Ve,y,z € Luv,weV
(see. Proposition . So, £ is a left Leibniz algebra if and only if (r1)
is left representation of £ in V. Moreover, a simple computation proves that
[z4u,[y+v,z+w]] = —[[y+v,z+w],z+u],Ve,y, 2z € £ u,v,w €V if and only
if [(z)l(y) = —r(2)l(y); Uz)r(y) = —r(z)r(y); r(ly, 2]) = [y, 2]),Vz,y € £. =

Corollary 1.21.  Let (£,[, ]) be a symmetric Leibniz algebra. Then, for all
x,y,z € L

L[z, y]) = [L(x), L(y)]; Rz, y]) = =
L(x)L(y) = —R(x)L(y); R(x)R(y) = —L(x)R(y); L(x)L(y ) R( )R( )-

Proof. Since (R,L) € Rep(£, L), then by the previous Proposition we get:
L([z,y]) = [L(z), L(y)]; R([z,y]) = [L(z), R(y)]; R([z,y]) = R(y)R(z) + L(z)R(y)
L(z)L(y) = —R(z)L(y); L(z)R(y) = —R(z)R(y); R([?J, z]) = —L(ly, z]). There-
fore, R([z,y]) = R(y)R(z) + L(z)R(y) = R(y)R(z) — R(z)R(y) = [R(y),R(x)]-
Moreover, since [£,Zq] = {0}, then L(z)L(y) = —L(x)R(y). So, L(x)L(y) =
R(z)R(y). Consequently, L([z,y]) = [L(z), L(y)] = [R(z), R(y)] = R([y,z]). =

—

Example 1.22. (Co-adjoint representation of symmetric Leibniz algebras)

If £ is a symmetric Leibniz algebra, then by Proposition [1.14], (R*, L*)
is a representation of £ in £* called the co-adjoint representation of £, ,where
L*, R* : £ — End(£*) are the linear maps defined by:

L*(z)(f) = foR(z), R(x)(f)=[foL(x), Veekl fel

2. Quadratic Leibniz algebras

This section is devoted to study the structures of Leibniz algebras endowed with
an associative scalar product. Moreover, we construct many interesting examples
of quadratic Leibniz algebras.

Definition 2.1. Let (£,[, |) be a left (or a right) Leibniz algebra and
B: £ x £ — K be a bilinear form on £. If B([z,y],2) = B(z, [y, 2]),Vz,y,2z € £,
then we say that B is associative (or invariant) on £. If moreover B is symmetric
and non-degenerate, then B is called an associative scalar product on £. In this
case, (£, B) is called a quadratic Leibniz algebra.

Example 2.2. Let £, := (x,y), [r,2] = y be the two dimensional non Lie
Leibniz algebra given in Examples [I.16| Then, £; endowed with the symmetric
bilinear form B defined by B(x,y) = 1, B(z,z) = B(y,y) = 0 is a quadratic
Leibniz algebra.

Remark 2.3. There exists non-quadratic symmetric Leibniz algebras. For
example, the vector space £ := (z,y, z) endowed with the product [,]: £x £ — £
defined by [z,z] =y, [z,2] = —[z,2] = y is a non Lie symmetric Leibniz algebra.
Moreover, £ is not a quadratic Leibniz algebra.
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Theorem 2.4. Let (£, , ]) be a left (resp. right) Leibniz algebra. If £ is
quadratic, then £ is symmetric.

Proof. Suppose that (£,[, ]) is a left Leibniz algebra. Then, [Zg, £] = {0}.
So, 0 = B([[z,y] + [y,2],2],u) = B(z,[y, [z, u]] + [z, ul,y]),Vz,y, 2,u € £. The
fact that B is non-degenerate implies that [y, [z, u]] + [[z,u],y] = 0,Vy, z,u € £.
Consequently, £ is a right Leibniz algebra (Proposition [1.4). By the same way,
we prove the result for right Leibniz algebra. [ |

Proposition 2.5.  Let £ be a symmetric Leibniz algebra. Then, £ is quadratic
if and only if the adjoint and the co-adjoint representations of £ are equivalent.

Proof. Suppose that £ is quadratic. Let B be an associative scalar product
on £. Then, we consider the map ¢ : £ — £%¢(x)(y) = B(z,y),Vz,y € L.
Since B is non-degenerate, then ¢ is an isomorphism of vector spaces. Moreover,

the fact that B is associative implies that (gzﬁ o Lm(y))(z) = B([x,y],z) =
B(y, [z,:c]) = ¢(y) o Ry(2) = <L;‘c o ¢(y)>(z),Vx,y,z € £. Similarly, we prove
that (00 R,(1))(2) = (B2 0 0(»)) (2).

Conversely , if there exists an isomorphism of vector spaces ¢ : £ — £* such that

(60 Le))(2) = (L2 00() (=) and (90 Rol) ) (2) = (R 0 6(n) ) (2):

Then, we define the bilinear form T : £ x £ — K by T'(z,y) = ¢(z)(y),Vz,y € £.
Since ¢ est invertible, then 7T is non-degenerate. Moreover,

T (r,0), 2) = 6o R, (1)(2) = Ryod(a)(2) = dlw)oLy(2) = T, g, 2]), ¥y, 2 € £

So, the bilinear form 7' is associative but 7' is not necessarily symmetric. Let us
consider the symmetric (resp. anti-symmetric) part Ty (resp. Ty ) of T defined by:
Ty(z,y) = 5(T(z,y) + T(y,x)), (vesp.Tu(z,y) = 5(T(x,y) = T(y,x)), Y,y € L.
Since ¢ o L,(y)(z) = LE o ¢(y)(2) = ¢(y) o Ry(2),Vx,y,z € £, then T([z,y],2) =
T(y,|z,z]),Yx,y,z € £. Therefore, T is associative if and only if Ty and T, are
associative. Let £, = {z € £;T,(z,y) = 0,Vy € £} and £, = {x € & T,(x,y) =
0,Vy € £}. Since T is non-degenerate, then £, N £, = {0}. For all z,y,z € £,
we get Ta([xv y]v Z) = Ta(x’ [y’ Z]) = _Ta(y7 [2, JZD = Ta<Z7 [:L‘,y]) = _Ta([xvy]v Z)
Consequently, T,([x,y], z) = 0,Vz,y,z € £. So, [£,£] C £,. Since £, is an ideal
of £, then [£,, L] C £,N L, = {0}.

It is clear that £ =U & £, , where U is a sub-vector space of £ such that
£, CU. Since U and £ are ideals of £, then [U, £] = [£,,U] = {0}. Let F
be a symmetric non-degenerate bilinear form on L. Then, the bilinear form F' is
associative because [£;, £5] = {0}. Consequently, the bilinear form B : £x £ — K
defined by:

By =Ty, s Bleye, = F. BU, L) = B(£,,U) = {0} is symmetric, associative
and non-degenerate on £. [ |

Now, we give some Properties of quadratic Leibniz algebras proved in the
general case of non-associative algebras ([4]) as well as other new results.
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Definition 2.6. Let (£,], |, B) be a quadratic Leibniz algebra and ¢ an ideal
of £. Then, we say that U/ is non-degenerate if By, , is non-degenerate.

Proposition 2.7. [}/ Let (£,[, |, B) be a quadratic Leibniz algebra and U an
ideal of £. Then,

(a) Ut ={z € L, B(z,u) =0, Yu €U} is an ideal of L.
(b) If U is a non-degenerate ideal of L, then £ =U ®U*.

Definition 2.8. Let (£,[, ]) be a symmetric Leibniz algebra.

1. The vector space Z(£) = {z € £, [z,y] = [y, z] = 0,Vy € £} is called the
center of £.

2. The vector space R = {z € £, [z,y]+[y,z] = 0,Vy € £} is called the Leibniz
radical of £.

Proposition 2.9.  Let (£,], |, B) be a quadratic Leibniz algebra. Then,
1. Ie C £, 8] C I,
2. Ie C Z(9),
3. Z2(2) = [ £~ (1D),
4. Ie CR and Ze TR+ C Z(L).

Proof. 1. It is clear that Zg C [£, £]. Moreover, since [£,Zg] = {0}, then
B([z,y],1) = B(z, [y,i]) = 0,Vz,y € £,i € Zg. Consequently, [£, £] C Z3.

2. The assertion follows from Proposition and Theorem [2.4]

3. Tt is easy to see that Z(£) C R. So, Zg C R and R+ C Z(£). Moreover, if
z,y € £and z € R, then B([x,y]+ [y, ], 2) = B(z, [y, 2] + [2,y]) = 0. Therefore,
Ig - RL. |

Remark 2.10.  Let (£,[, ]) be a quadratic Leibniz algebra. Then, W = Zg /Z¢
endowed with the bilinear form By, : W x W — K defined by: Bw(7,7) =
B(z,y),Vz,y € £ is a quadratic Lie algebra.

During this section, we are going to construct many examples of quadratic
Leibniz algebras.

Definition 2.11.  [I8] Let (£,], |) be a non associative algebra. For n > 1,
we define the following sequences of subspaces £:

20 — E, gn — [Sn—1’ En—l]’

o0) — £, o) — [2’ g(n—l)]’
£ — ¢ ol [g(n—1>7£]'
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(i) If there exists n € N such that £" = {0}, then we say that £ is solvable.
(ii) If there exists n € N such that £™ = {0}, then we say that £ is left nilpotent.

(iii) If there exists n € N such that £<™ = {0}, then we say that £ is right
nilpotent.

(iv) £ is said to be nilpotent, if there exists p € N such that every product
[...[z1,22] ... xp] of p elements of £, no matter how associated, is zero.
We call the index of nilpotency of £, the smallest integer p satisfying this
Property.

Remark 2.12. It is well known that £ is right (resp. left) nilpotent if and only
if R, (resp. L,) is nilpotent for all z € £.

Proposition 2.13.  Let (£,], ]) be a symmetric Leibniz algebra. Then, the
following assertions are equivalent:

1. £ 1s nilpotent
2. £ s left nilpotent

3. £ 1s right nilpotent.

Proof. Since L,L, = —R,L,, R, R, = —L,R,, and L,L, = R, R,,Vr,y € £
(Corollary [L.21)), then Vk € N*,V{xy,...,2x} € £,YS,, € {L;,,1 < i < k} U
{R,;,1 <i <k} wehave S, 0---0S, =(—1)/Ly 0 0L, = (—1)'R; 0---0R,,,
where j and ¢t € N. Which proves that 1,2 and 3 are equivalent. ]

Example 2.14. In [6], the authors classified solvable right Leibniz algebras
whose nilradical is a naturally graded filiform Leibniz algebra. We use the same
notations as in [6]. Let £ be a right solvable Leibniz algebra.

(i) If the nilpotent radical of £ is a non Lie graded filiform Leibniz algebra. Then,
£ is not a symmetric Leibniz algebra.

(ii) If the nilpotent radical is a graded filiform Lie algebra, then
£ is symmetric and Dim(£) = n + 1 if and only if £ is isomorphic to the
nilpotent algebra, R,+11(0,0,1);
£ is symmetric and Dim(£) = 2n + 1 if and only if £ is isomorphic to the
nilpotent algebra Ry,411(0,0,1).

Now, for every fixed p € N | we are going to construct non Lie nilpotent
symmetric Leibniz algebras with index of nilpotency p.

Definition 2.15. Let (A,.) be an algebra. Then,

(a) If (a.b).c = (b.a).c and c.(b.a) = c.(a.b),Va,b € A, then we say that A is
semi-commutative.
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(b) If a.(b.c) = b.(a.c) and (a.b).c = (a.c).b,Va,b,c € A, then we say that A is an
LR-algebra (see. [5]).

Remark 2.16. If (A,.) is an associative algebra, then A is semi-commutative
if and only if A is an LR-algebra.

The set of associative commutative algebras is strictly contained in the set
of associative LR-algebras. Indeed, Let A = (a,b,c,d) be a four dimensional
vector space. Then, A endowed with the product defined by a.b =c.a =d, is an
associative non commutative LR-algebra.

Proposition 2.17.  Let (£, , |e) be a symmetric Leibniz algebra and (A,.)
be an associative LR- algebra. Then, The vector space £ ® A endowed with the
product defined by

[T ®a,y @b =[z,yle ®a.b,Vr,y € L a,be A

is a symmetric Leibniz algebra. Moreover, if £ is a Lie algebra then (£ A, [, ])
is a Lie algebra if and only if (A,.) is a commutative algebra.

Proof.  Since, (a.b).c = (b.a).c,Va,b € A, then [z&a,[y®b, 2B || = [[z,y], 2] ®
a.(b.c)+[y, [z, z]|Ba.(b.c) = [[x,y], z]B(a.b).c+[y, [z, z]]®b.(a.c) = [[rDa, yDb], 2D
c+y®db, [xBa, zdc]]. Therefore, LR A is a left Leibniz algebra. Moreover, the fact
that c.(b.a) = c.(a.b),Va,b € A implies that a.(b.c) = (a.b).c = (b.a).c = b.(a.c) =
b.(c.a) = (b.c).a. Consequently, [x @ a,[y Db,z ® ]|+ [[y Db, z®cl,z ®a] =
([z, [y, 2]] + [y, 2], z]) @ a.(b.c) = 0. So, £® A is a symmetric Leibniz algebra
(Proposition [L.4)).

Now, suppose that £ is a Lie algebra. If (A,.) is commutative, then
[T@a,ydb]+ydbxdal = ([z,y]+[y,z]) Da.b=0. So, L& A is a Lie algebra.
Conversely, if £ ® A is a Lie algebra then 0 = [t @ a,y ® b + [y D b,x ® a] =
[z,y] ® (a.b —b.a). So, A is commutative. |

Remark 2.18. It is clear that if A is nilpotent of index of nilpotency p € N
and £ is not nilpotent, then £ ® A is a nilpotent symmetric Leibniz algebra of
index of nilpotency p.

Proposition 2.19.  Let (g, , |;) be a Lie algebra, (A,.) be an associative non-
commutative LR-algebra and g ® A be the symmetric Leibniz algebra constructed
in Proposition |2.17. Then, the vector space

L(g, A) = (g ® A) ® (g* ® A*)
endowed with the product defined for all x,y € g,a,b € A, f,g € g*, f', g € A* by:
r@atfofy@btgeg]=[r.yls@ab+(foly)(f oL)+ (g0 R)(g o Ra)
18 a non Lie symmetric Leibniz algebra. Moreover, the bilinear form
Brga : L(g, A) x L(g,A) — K
(t@at+foflyebtgey) — glx)g(a)+ fy)f' ()
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is an associative scalar product on L(g, A).

The preceding Lemma shows that we can construct non Lie quadratic Leib-
niz algebras from Lie algebras and associatives non-commutatives LR-algebras.
So, it is important to construct associative non-commutative LR~algebras.

Proposition 2.20.  If (A,.) is an associative commutative algebra, Ke is a one
dimensional vector space and w : A x A — K is a bilinear form. Then, the vector
space A = A ® Ke endowed with the following product:

(a4 Xe)o (b+ Ne)=ab+w(a,ble,Va,be A, NN €K
15 a semi-commutative algebra. Moreover,
(i) (A, o) is associative if and only if w(a.b,c) = w(a,b.c),Va,b,c € A.

(ii) (A,0) is commutative if and only if w(a,b) = w(b,a),Va,b € A.

Proof. Only computaion. [ |
Now, let K" be the vector space of dimension n € N* and {ey,...,e,} be

a basis of K".
o il <
We define e;.e; := Citj+1, SL 1+ J tl=n
0, otherwise.

The algebra (K”,.) will be noted, A, = (K",.).

Proposition 2.21.  The algebra A, is an associative commutative algebra. In
addition, if n = 2p (resp.2p + 1), then A, is nilpotent with index of nilpotency
p+1(resp.p+2).

Proof. It is easy to see that A, is associative commutative. Moreover, for
all & > 2, A, is spanned by the set {eak-1,-..,en}. Therefore, if n = 2p
then, A,® is spanned by the set {e,_1,...,e,}. Consequently A,?tY = {0}. If
n=2p+1 then, A,”"V is spanned by the set {e,}. So, AP = {0}. n

Proposition 2.22. Let n > 3,n € N. Consider the algebra A, of dimension
n. Let Ke be a one-dimensional vector space and define the bilinear map

w: Apx A, = Kby w(e,ej) =0,Y(i,5) € {1,...,n}*\{(1,2),(2,2)} and w(e;,es)
a,w(eg, e2) = B,a, B € K* such that o # . The vector space A, = A, ®Ke en-
dowd with the product defined by

(a4 Xe)o (b+ Ne) =a.b+w(a,ble,Va,b e A,,\,\ €K

is a nilpotent, non-commutative, associative LR-algebra. In addition, A, and A,
have the same index of nilpotency.

Proof. Since A,? is spanned by the set {es,...,e,}, then w(A,? A,) =
w(A,, A,%) = {0}. Therefore, w(a.b,c) = w(a,b.c),Ya,b,c € A,. Moreover,
w(er,e1) = a # 0. So, w is not symmetric. The Proposition implies
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that (A,o) is an associative non-commutative LR -algebra. It is clear that
A C A2+ w(An, Ay). Since w(An2, Ay) = w(An, Ax%) = {0}, then A° C A,
Consequently, for all £ > 3 A C A,%. But n > 3. So, by Proposition ,_ A,
is nilpotent with index of nilpotency grater or equal to 3. We conclude that A is

nilpotent and the index of nilpotency of A is equal to the index of nilpotency of
A,. [ |

Now, we are in position to construct non-Lie, nilpotent, quadratic Leibniz
algebras. Let p > 3. Consider the algebra A,, of dimension n € {2(p—1),2p—3}.

Let (g,[, ]) be a perfect Lie algebra (i.e [g,g] = g). Then, the symmetric Leibniz
algebra g ® A,, constructed in Proposition is a non Lie, nilpotent, symmetric

Leibniz with index of nilpotency p. Next, applying the Proposition [2.19|, we get

a nilpotent quadratic Leibniz algebra L(g, A,) with index of nilpotency p.

Remark 2.23. The examples that we constructed so far are nilpotent. But
there are also non nilpotent symmetric Leibniz algebras (see. Examples ).

It is clear that a non Lie symmetric Leibniz algebra is not simple in the
classical sens, because the Leibniz Kernel is a non trivial ideal. In [13], the authors
define the notions of simple and semi-simple Leibniz algebras as follow:

Definition 2.24. Let (£,[, ]) be a right Leibniz algebra. Then ,

1. We say that £ is simple if [£, £] # Z¢ and £ has no ideals but {0}, £ and
Te.

2. We say that £ is semi simple if the maximal solvable ideal of £ is Zg.

In [9], it is shown that if a left Leibniz algebra £ is semi simple, then it’s
Killing form x : £ x £ = K; (z,y) := Trace(L,L,) is non-degenerate. That is
Rad(k) = Zg. Unlike the case of Lie algebras, the converse is not true.

In the following Proposition, we prove that all quadratic simple (resp. semi-simple)
Leibniz algebras are simple (resp. semi-simple) Lie algebras.

Proposition 2.25.  Let (£, B) be a quadratic Leibniz algebra. Then,
(i) £ is simple if and only if £ is a Lie algebra.

(i) £ is semi simple if and only if £ is a semi simple Lie algebra.

Proof. (i) If (£, B) is quadratic, then Zy is an ideal £. Consequently, there
are only three cases:

1. If Zg = {0}, then Zg = {0}. Therefore, £ is a simple Lie algebra.
2. If g = £, then Zg = {0}. Consequently, £ is a simple Lie algebra.

3. If g = Zg, then Zg = [£, £] because Z¢ C [£, £] C Zg. Which contradicts
the fact that [£, £] # Z.
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(ii) By [2], we get £ =S & Zg, where S is a sub-algebra of £. More precisely S
is a semi simple Lie algebra. So, [S,S8] =8 C [£,£] C Zg. Since Zg C T, then
B(£,Z¢) = {0}. Consequentely, Zo = {0}. ]

3. Quadratic solvable Leibniz algebras and T™*-extension

In this section, we study solvable quadratic Leibniz algebras via the concept of
T*-extension introduced by M. Bordmann for non-associative algebras [4]. Let us
first recall this concept.

Definition 3.1.  [4] Let (A,.) be a non-associative algebra and B: A x A - K
be a bilinear form. We say that B is invariant if B(a.b,c) = B(a,b.c), Ya,b,c € A.
If moreover B is symmetric and non-degenerate, then we say that B is an invariant
scalar product on A. In this case, (A, B) is called a metrised algebra.

Remark 3.2. The terminology metrised is used by M. Bordemann ([4]) for
non-associative algebras. In this paper, we use the terminology quadratic instead
of metrised in the case of Leibniz algebra.

Theorem 3.3.  [j|/ Let (A,.) a non-associative algebra, A* be the dual space of
A and w: AxX A— A* be a bilinear map. We define the following multiplication
on the vector space A @ A*:

(a+ f)o(b+g) = (a.b) +w(a,b)+go R, + folLy Ya,be A, f, g e A"
The bilinear form Q: A x A — K defined by

Qla+ f,b+g)=f(b) +gla),a,b€ A, f,g€ A",

is invariant if and only if w(a,b)(c) = w(c,a)(b) = w(b,c)(a),Ya,b,c € A. In this
case, the metrised algebra (A @ A*, Q) is called the T* -extension of A by means
of w. We denote, (A® A*,Q) =T:(A).

Definition 3.4. Let £ be a left (resp. right ) Leibniz algebra, V' be a vector
space and (r,[) be aleft (resp. right ) representation of £in V. Let w : £x£ —» V
be a bilinear map, then we say that w is a left (resp. right ) 2-cocycle of £ if
Vr,y,z € £:
sl 2wl o = o A1)l 2w 2) ) wl) =
(respectively,

w(la, ), 2)=w(lz, 2}, y)—w(a, [y, 2) (@) (w(y, 2)) = r(y) (w(z, )
+7(2) <w(x, y)) = 0). In particular, if £ is a symmetric Leibniz algebra, (r,[) is

a representation of £ in V and w: £ x £ — V is a left and a right 2-cocycle of
£ then we say that w is a bi-2-cocycle of £.

Proposition 3.5.  Let £ be a symmetric Leibniz algebra and w : £x £ — £* be
a bilinear map. Then, the vector space T (L) = £ @ £* endowd with the product
defined by :

v+ fy+g] =[x,y +w(x,y) +goR,+ fol,Vr,yc £ f,ge L,
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1s a symmetric Leibniz algebra if and only if w s a bi-2-cocycle of £.

Moreover, the bilinear form T(L) x TH(L) = K; (x + f,y+9) — f(y) + g(x) is
symmetric and non-degenerate on T (L). The bilinear form B is associative on
T (L) if and only if

w(z,y)(z) = w(y, z)(x),Vz,y,z € L.

In this case, the quadratic Leibniz algebra (T5(L), B) is called the T* -extension of
£ by means of w.

The T*-extension given in the previous Proposition allows us to construct
several examples of quadratic Leibniz algebras.

Examples 3.6. 1. Let (g,[,]) be an abelian Lie algebra and w : g x g — g*
be a bilinear map. Then, we can consider the quadratic Leibniz algebra
T*,(g) = g ® g*, T*-extension of g by means of w. It is clear that the
product on T*,(g) is defined for all x,y € g, f,h € g* by: [z + f,y+g| =
w(z,y). Therefore, T*,(g) is nilpotent with index of nilpotency 2. Moreover,
if w is not anti-symmetric, then 7%,(g) is not a Lie algebra.

2. Let p > 3. Let g be a perfect Lie algebra (i.e. [g,g] = g) and A, be
the algebra of dimension n € {2(p — 1),2(p — 3)}. Then, the quadratic
Leibniz algebra L(g, A,) constructed in Proposit[2.19| is nilpotent with index
of nilpotency p. This algebra is the T™-extension of the symmetric Leibniz
algebra g ® A,, constructed in Proposition “ by means of w = 0.

3. Let h = (a,b,c,d) be a vector space of dimension 4. We define on b
the following product: [a,a] = cla,b] = —[b,a] = b, [d,a] = —[a,d] =
d, [b,d] = —[d,b] = c. It is clear that b is a non Lie, solvable and non
nilpotent symmetric Leibniz algebra. Moreover, the bilinear form

B :h xbh— K defined by B(a,c) = B(b,d) =1

is an associative scalar product on k. Consequentely, (h, B) is a solvable,
non nilpotent quadratic Leibniz algebra. The algebra b is the 7™ -extension
of the non abelian two dimensional Lie algebra g = (a,b) by means of the
cocycle w defined by w(a,a) = c.

In the following theorem, M. Bordemann gave a necessarily and sufficient con-
dition to a metrised non-associative algebra to be a T™*-extension or an ideal of
codimension one in a 7™ -extension.

Theorem 3.7. [/ Let (A, Q) be a metrised algebra of dimension n over a field

K of characteristic not equal to two. Then, A is isometric to a T -extension
(Ty(H),Qm) if and only if A contains an isotropic ideal I of dimension %. In
this case, H = A/I. Note that every isotropic vector space I of A of dimension

5 15 an ideal of A if and only if it is abelian .

The previous theorem shows that if the metrlsed non-associative algebra A
admits an isotropic ideal of dimension [D"” )], then A is constructed by a T*-
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extension. Until now, this situation is true for metrised, nilpotent non-associative
algebras and quadratic, solvable Lie algebras ( see [4]).

A natural question: What about the situation in the case of solvable
quadratic Leibniz algebras? In the following theorem, we give an answer to this
question.

Theorem 3.8.  Let (£, B) be a solvable quadratic Leibniz algebra of dimension

n. Then, £ has a mazimal isotropic ideal $) of dimension [3] containing Lg. If

n is even , then £ is isomorphic to a T*-extension of the Lie algebra £/$. If
n is odd, then £ is isomorphic to a non-degenerate ideal of codimension one of a
T* -extension of the Lie algebra £/5).

Proof. It is well known that (W = Zg /Ze, [, |w) and (g = £/Z¢, [, |,) are
Lie algebras. The product [, |y (resp. [, |g) is defined by [Pw(i1), Pw(i2)lw =

PW<[2'1,2'2]),W1,@'2 € I} (resp. [Py(), Py(y)]; = Pg<[ac,y]),Vx,y € ), where

Py : Iy — W and Py : £ — g are the canonical surjections. It is clear that
W, [, lw) and (g,[, ]g) are two solvable Lie algebras. Moreover the bilinear
form Byy := (Pw (i), Pw(')) — B(i,d") is an associative scalar product on W.
Therefore, (W, [, |w, Byw) is a quadratic solvable Lie algebra. Now, we define the
map

M:g — gl(W)
Py(a) — W(F(@) (Br)) = Pw([a.1]).

The map II is well defined because Zg et Zg are two ideals of £. Moreover,
for all x,y € £

T1(Py(2)), TPy () | (Bl@)) = P ([ [y 1)~y [, 1)) = P ([l ), ) =
H(Pg([x, y])) (PW(2)> Therefore, the map II is a morphism of Lie algebras. Con-
sequently, the Lie algebra L := II(g) is isomorphic to g/Ker(Il). This implies that
L is a solvable sub-Lie algebra of ¢gl(W). Since B([x, il, i’) = B(i, [i’,x]),Vm €
£.4,i' € Iy, then

Byy (TH(Py(2) (Bw(0)), P (")) = Bow (Pw (i), Pw ([’ 2]) ).

\_/

Let x € £,i € Zg . Since [z,i] + [i, 2] € Zg, then Py ([z,i]) = —Pw([i, ]).
Therefore, By (H(Pg(a:))(PW(i)),PW( )) = — DBy <PW( ), P ([x,z]))
= =By (Pw(i), TI(R (@) (P (1)) ).

So, applying the Lemma 3.2 [4] to the quadratic Lie algebra (W, Byy) and the
solvable sub-Lie algebra L of gl(W), we conclude that YW has a maximal isotropic
L-stable sub-vector space J of dimension [D””T(W)]

Let = Py’\,l(j ). Then, Zg C §. Since J is an isotropic sub-vector space
W, then $) is an isotropic sub-vector space £. In fact,
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Blz,y) = By (Pw(x), Bu(y)) = 0,2,y € 5.

Moreover, the fact that J is L-stable implies that for all z € $,2z € £,
Pw([z, z]) = —Pw([z, z]) = O (Py(2))(Pw(x)) € J. So, $ is an ideal of £.
In addition, Dim() = Dim(J) + Dim(Ze) = [Z2Y] 1 Dim(Ze) = [,
We conclude that §) is a maximal isotropic ideal of £ of dimension [PZ2:£] con-
taining Zg.

Now, if n is even, then the Theorem 3.2 [4] imply that £ is isomorphic to a
T*-extension (T(H), Q) of the algebra H = £/§). Since Zp C §, then H is a Lie
algebra. If n is even, then by Lemma 3.2 [4], £ is isomorphic to a non-degenerate
ideal of codimension one in a T*-extension of the Lie algebra £/9. [

At present, we can not have information about non-solvable quadratic
Leibniz algebras using the T*-extension. In order to have more information
about quadratic Leibniz algebras, we introduce other types of extension of Leibniz
algebras. Let us indicate that this new extensions are also going to give us
additional results on quadratic solvable Leibniz algebras.

4. Extensions of Leibniz algebras

Let £ be a symmetric Leibniz algebra, V' be a vector space and w : £x £ — V*
be a bilinear map. Then, the vector space £; = £® V* endowed with the product
defined by:

[+ fy+g]=[z,y] +w(r,y),Vr,y € L, f,g € v’

is a symmetric Leibniz algebra if and only if w is a bi-2-cocycle of £. The
symmetric Leibniz algebra £; is called the central extension of £ by V' by means
of w.

Proposition 4.1.  Let £ be a symmetric Leibniz algebra, V' be a vector space
and (r,l) be a representation of £ in V. Then, w: £ x £ —V is a bi-2-cocycle
of £ if and only if:

w(l, ), 2)+w(y, o, 2) —w(e, [y, 2) = 1@) (wly, 2)) +1) (w(@, 2)) +7() (wi,p) =0,
w(z, [y, z]) + w([y, 2], x) + r(z) (w(y, z)) + l(x) (w(y, z)) =0,Vr,y,z € L.

Proof. The bilinear map w is a bi-2-cocycle of £, if and only if the vector space
£ = L@ V* central extension of £ by V' by means of w is a symmetric Leibniz
algebra. In particular, the fact that £, is a left Leibniz algebra is equivalent to the
fact that w is a left 2-cocycle of £. Moreover, [[a, b], |+ [c, [a,b]] = 0,Va,b,c € £,

if and only if w(z, [y, z])+w([y, 2], z)+7r(x) (w(y, z)) +I(x) (w(y, z)) =0,Vz,y,z €
L. [

In the next Proposition, we are going to introduce certain operators allow-
ing to construct central extensions by a one dimensional Leibniz algebra. This
construction plays a role in the double extension which will be defined in the
following.
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Definition 4.2. Let (£,B) be a quadratic Leibniz algebra f be an endo-
morphism of £. Then, the endomorphism f* de £ defined by B(f(x),y) =
B(z, f*(y)),Vz,y € £ is called the adjoint of f with respect to B.

Proposition 4.3.  Let (£, B) is a quadratic Leibniz algebra and w : £x £ - K
be a bilinear map. Then, there exists an endomorphism § of £ such that w(x,y) =

B(0(x),y),Vx,y € £. The map w is a bi-2-cocycle of £ if and only if

(0+067)(€) € Z(£) and  ([z,y]) = [6(x),y] — [6(y), 2], Yz, y € £.
Moreover, § is a derivation of £ if and only if [6(x),y] = —y,d(x)],Vz,y € £.
(i. e. 6(£)CR).

[P(SE‘O)Of]) (1) w([x,y],z) + w(ya [.T,Z]) - w(x, [y,as]) = B(z,5([x,y]) + [5(y)7$] -
T 7y )
(i) w(z, [y, 2]) + wlly, 2], ) = Bly, [z, (6 + 6")(2)]),Vz,y, 2 € £. m

Lemma 4.4.  Let (£, B) be a quadratic Leibniz algebra and f be an endomor-
phism of £. Then,

1. (f+ )L, £]) = {0} if and only if (f + [*)(£) C Z(£).
2. f*(Ze) = f(Te) = {0} if and only if f(£) CR and f*(£) C R.
Proof. Let z,y,2z € £. Then

B ), 2) = B[4l (F(2)) = B3 [(F4)(2),9]) - Simee
B is non-degenerate, then (f+f )([x,y]) =0 if and only if [y, (f+f*)(2)] =
[(f +F)(z),2] =0 .

2. B(z (e yl+ly.))) = B(w, [y /()] +[f(2).4]) . Therefore, f(Ze) = {0}
if and only if f*(£) C R. Similarely, we prove that f*(Zs) = {0} if and only
if f(£) CR. ]

Now, let £ be a symmetric Leibniz algebra and V' = Kd be the one dimensional
Lie algebra. Let 1, d be two derivations of £ and ag € Z(£).

Consider the vector space £ = 2@V on which we define the following product :

[‘T + Oéd,y + Bd] = [flf,y] + a51(y) + 652(x) + @ﬂamV%y € 270576 € K (1)

Proposition 4.5.  The vector space £ endowed with the product (1) is a sym-
metric Leibniz algebra if and only iof

(01,02) € Rep(V, £); 01(£) CR; 62(£) TR
(01 +02)(£) € Z(£); d1(ao) = d2(ao) = 0.

In this case, (61, 02,a0) is called "an admissible triple” and the symmetric Leibniz

algebra € is called the generalized semi-direct product of £ by V by means of
(517 627 CL()) .
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Proof. (£,[, ]) is a symmetric Leibniz algebra if and only if
0, o, ]] = [[a, 1, ] + b, o ]] and [0, b, ] = — (b, ], a], Ya, by c € &,

These conditions are satisfied if and only if

86100 = 03061301 4 02 081 = 82° + 01 0 85 = 0; 61 (ag) = d2(ag) = 0;

[01(x),y] = =y, o1(2)]; [02(2), y] = —[y, 02(2)]; [01(), y] = —[d2(x), y];

[,01(y)] = =[x, 02(y)]. n

Now, we are in position to introduce the double extension of quadratic
Leibniz algebras.
Let (£,], |e, B) be a quadratic Leibniz algebra, V' = Kd be the one dimensional
Lie algebra, (9,9, ag) is an admissible triple and B(ag,ag) = 0. The Proposition
implies that the map ¢ : £ x £ — V*; (z,y) — ¢(x,y) = B(d(x),y)d", is a
bi-2-cocycle of £. Then, £, = £ @ V* endowed with the product defined for all
by:

[z + fy+g] =z, 9]+ B((x),y)d" Vo,y € £, f,g € V",

is a symmetric Leibniz algebra.
Now, we define two endomorphisms d; and &y of £ as follow:

0 (x+Ad") = §(x)+B(x, ap)d”, do(x+Ad") = §"(x)+B(x,ap)d*, Vz € £\ € K.

Since (6,0%) € Rep(V,£) and d(ag) = d*(ap) = 0, then (d1,02) € Rep(V, £4).
Moreover, §; € Der(£;). In fact, for all z,y € £, f,g € V*
&1 ([Hf, y+g]> - [51($+f), y+g] - [:Hf, 51(y+9)] = B((52+5*05)(f0), y) d*=0.

Similarly, we prove that ds is a derivation of £;. Since (5—1—6*) ([2, 2]) = {0} and

a € Z(2), then (81+8;) ([e+f,y+9]) = (6+6°) (2, ) +2B [z, 4], a0 ) d" = 0.
Therefore, (07 + 52)<[£1, £1]) = {0}. Moreover, since §(£) C R then

[61(x + Ad*),y + Nd] + [y + Nd*, 61(x + Ad*)] = B((52 6o 5)<I),y> —0

Consequently, §1(£1) € Ry, where Ry = {z1 € &1, [x1, 1]+ |1, 1] =0,V € £}
Similarly, we show that d2(£1) C Ry. Let us consider the element a; = ag+ad* €
£, where « is a fixed scalar in K. So, a1 € Z(£;). Since B(ag,ap) = 0, then
51(@1) = (5*1((1,1) =0.

We conclude that the triple (01,09, a1) is an admissible triple of £;. Consequently,
we can consider the symmetric Leibniz algebra £ = & @V = V'@ £V,
generalized semi-direct product of £; by V. In addition, it is easy to show that
the bilinear form B : £ x £ — K defined by

B,...=B; Bdd)=1
is an associative scalar product on £. Thus, we have proved the following theorem:

Theorem 4.6.  Let (£,], |¢, B) be a quadratic Leibniz algebra, V = Kd be the
one dimensional Lie algebra and (9, a¢) € Der (L) x Z(£) such that (6,0%, ag) is
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an 7 admissible triple ” and B(ag,ao) = 0. Then, the vector space £ = V*® LDV
endowed with the following product:

[d.d] =ad” +ap;  [2,y] =[z,yle + B(6(x),y)d";
[d7 ZL’] = B(Iv aO)d* + 5(ZE), [:L‘7 d] = B(J], aO)d* + 5*<J}),
is a symmetric Leibniz algebra. Moreover, the bilinear form B : £x £ — K defined

by o
B...=D8; B(dd)=1

15 an associative scalar product on £.

Definition 4.7. The quadratic Leibniz algebra (L, B) constructed in the pre-
vious theorem is called the double extension of £ by V' by means of (,6*, ao).

Example 4.8. Let g = (x,y) be the abelian Lie algebra of dimension 2 over
C. Then, the bilinear form B : g x g — C defined by B(x,z) = B(y,y) =1 is an
associative scalar product on g. Let ay = x + iy, where i> = —1. It is clear that
ap € Z(g) and that B(ag,ap) = 0.

Let us consider the endomorphism ¢ of g such that §(z) = z+iy and §(y) = iz—y.

It is clear that J is a symmetric derivation of g. Besides, d(ag) = 0.

Now, let us consider o € C. Let V = Cd be a vector space of dimension 1.
Since §? = 0, then (4,6) is a representation of V' in g. To conclude, (4,4, aq) is
an admissible triple of g. Consequently, we can consider the symmetric Leibniz
algebra £ = V*® g @ V double extension of g by V' by means of (§,d,ay). The
product on £ is given by:

[dyd] = ad” +x +iy; [z,2] = —[y,y] = d; [z,y] = [y, 2] = id"
[z,d] = [d,x] =d"+x+1y; [y,d =[d,y] =id" + iz —y.

The bilinear form Bg defined on £ by Be(z,z) = Be(y,y) = Be(d,d*) =1, is an
associatif scalar product on £. Then, the resulting quadratic Leibniz algebra is
commutative 3-nilpotente of dimension 4 over C.

Since the double extension depends on the choice of an admissible triple,

then we may ask the following question: Under which conditions two admissible
triples give equivalent double extensions?
First, we investigate the case of central extension. Let (£, B) be a quadratic
Leibniz algebra and Kd be a one dimensional Lie algebra. let us consider two
derivations 0 and ¢ of £ such that the maps w,w’ : £ x £ — K, defined by
w(z,y) = B(6(x),y); W' (z,y) = B(d'(x),y),Vx,y € £ ,are bi-2-cocycles of L.

Definition 4.9. If £. (resp. £, ) is the symmetric Leibniz algebras central
extension of £ by Kd by means of w (resp. w’ ) , then £. and £, are said to
be equivalent if there exists an isomorphism of Leibniz algebras ¢ : £, — £
satisfying:

o(d*) =d*, ¢(x) = x + A(z)d", Vo € £ where A € £".
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Let u, € £ such that A(z) = B(ug,x),Vz € £. The fact that ¢ is an
isomorphism of Leibniz algebras implies that w'(z,y) —w(z,y) = A([z,y]), Vz,y €
£. That is, o' — 6 = L,,. Consequently, we have proved the following Proposition:

Proposition 4.10.  Let £ is a quadratic Leibniz algebra, Kd be a one dimen-
sional Lie algebra and w,w’ : £ x £ — K be two bi-2-cocycles of £. Then,
the central extensions £. and £, of £ by Kd by means of w and w' respec-
tively are equivalent if and only if there exists a linear form \ € £* satisfying:
w'(z,y) — w(x,y) = Mz,y]),Ve,y € £. (ie. w —w = —&EX where & is the
Leibniz-coboundary defined in [10)].)

Now, let (£, B) be a quadratic Leibniz algebra, Kd be a one dimensional
Lie algebra and (4,0%, ag), (6,0, a;) be two admissible triples of £. Let us fix
a, o € K.

Definition 4.11. If £, (resp. £, ) is the double extension of £ by Kd by
means of (6,0%, ag) (resp. (&',0™,ag)). Then, £, and £, are called equivalent if
there exists an isomorphism of Leibniz algebras v : £, — £, verifying:

Y(z) =+ Mz)d", Y(d) = d+ ap+ lod*, ¥(d*) = d*, where A € £, 09 € £,1p € K.

Proposition 4.12.  The doubles extensions £, and £, are equivalent if and
only if there exists ag,ug € £ such that

§ — 6= Ly = —La,

ap —ay = (0 + 6") () — [vo, o)

d(av) = —6(uo), 6" (c) = —0"(uo)

a—a' =2B(ag,ay) + B(6' (), o) — Blag, uo)-

Proof. Suppose that there exists an isomorphism of Leibniz algebras
Y Ly — Lo verifying:

() =+ Ma)d", P(d) = d+ g+ lod*, w(d*) = d*, where A € £ a9 € £,y € K.

Let uy € £ such that A(z) = B(ug,z),Vz € £. The fact that ¢([z,y]) =
[¥(z),¥(y)] implies that ¢’ —§ = L,,. Since ¥([d, z]) = [1(d), ¥ (x)], then § —¢" =
Lo, and ag — ay = ¢'(ag) — *(up). Moreover, ¥([d,d]) = [(d), ¢ (d)]. Therefore,
ag — ay = §'(ap) + 0™ () + [ao, ap] and o — o/ = 2B(av, ap) + B(8' (ap), ) —
B(ag,up). In addition, §* — 6" = R, and ag — a5 = §*(ap) — d(up) because

Y[z, d]) = [¢(z), ¢ (d)]. Consequently,

ag — ag = 0'(ap) + 0™ () + [, v
= 0(ap) — [, ap] + 0™ () — [0, o] + [xo, o]
= (5 -+ 5*)(040) — [Ofo, Cko].

Og*?o ; ap = 0" (ag) — 0(ug) = 0’ () — 6*(up), then §(ag) = —0(up),0*(ag) =
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Conversely, consider the map v : £, — £, defined by: ¢ (z) = z+ B(u— 0, z)d*,
W(d) = d+ ag + lod*, (d*) = d*, where A € £, ag € £,ly € K. Then, by direct
computations we prove that v is an isomorphism of vector spaces. [ |

Using extensions developed in the previous section, we are going to give
an inductive description of quadratic Leibniz algebras.

Theorem 4.13.  Let (£, B) be a non Lie quadratic Leibniz algebra. Then, £
18 isomorphic to a double extension of a symmetric Leibniz algebra by the one
dimensional Lie algebra.

Proof. Since £ is not a Lie algebra, then Zg # {0}. Let e € Zg\{0} and
J =Ke. Then, J C J+. Since B is non-degenerate, then there exists d € £\{0}
such that B(e,d) =1 and B(d,d) = 0. Let V =Kd and $ = (J & V)*, then

L=TeHdV and Jt=TJ®$ isan ideal of £.

Let x,y € 9, then [z,y] = ¢(z,y)e+[z,y]s where ¢ : Hx$H — K is a bilinear form
and [, |]g: H — H — 9 is a bilinear map. It is easy to show that ($,[, |s) is a
symmetric Leibniz algebra and that the bilinear form By = B, is an associative
scalar product on ($,[, |s). Therefore, the bilinear map ¢ is a bi-2-cocycle on
(9,[, ls). The fact that 7+ = J @ § is an ideal of £ implies that

[d,d] = e + ag + Ad, where a, A € K ag € 9,
[z,d] = ¢(x)e + D(z),where D € End($),p € H7,
[d, z] = ¢(x)e + 6(x), where § € End($), 1 € H*.

)

Moreover, (x) = B((, d},d) = B(d, [d,2]) = 1(x) =
and A = B([d,d],e) = B(d,[d,e]) = 0. Then, [d,d] = ae + ap. Consequently,
ap € Ze C Z(L). So, B(ag,ap) =0 and d(ag) = D(ag) = 0. Therefore, ay € Z(H).
In fact, for all x € $ we have:

lag, x]s = [ag, x] — B(d(ap),z)e =0, |[x,a0]y = [z,a0] — B(z,0*(ag)) = 0. Since £
is a symmetric Leibniz algebra, then by Proposition £ is a left Leibniz algebra
and the product on £ satisfies: [a, [b, c|]+[[b, ¢],a] = 0,Va,b,c € £. Consequently,
an easy calculation proves that:

§ € Der($),0°+Dod=0,60D=Dod,(5+D)([%,9]s) = {0},
6(9) € Ry, 6°(H) € Ry, where Ry = {y € 9, [v,y]s + [y, 7] = 0,Vx € H}.

Therefore, we can consider the quadratic Leibniz algebra £ = V* @ $ @V double
extension of (9, By) by V by means of the admissible triple (6, 6%, ao).

It is clear that the map F : £ — £ Xe+x+Nd — A\d*+z+Nd is an isomorphism
of Leibniz algebra. Then, £ is isomorphic to the double extension of £ by V. =

The following corollary reduces the description of quadratic Leibniz algebras
to that of quadratic Lie algebras.
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Corollary 4.14.  Let (£, B) be a non Lie quadratic Leibniz algebra. Then, £
18 obtained from a quadratic Lie algebra by a finite number of “Leibniz” double
extensions by the one dimensional Lie algebra.

Proof.  We proceed by induction on the dimension n € N of £. If n =2, then
£ = £; (Examples [1.16), which is the "Leibniz” double extension of {0} by the
one dimensional Lie algebra.

Suppose that the result is true for every £ < n. Then, by the preceding theorem,
£ is a double extension of a symmetric Leibniz algebra $) by the one dimensional
Lie algebra. Since dim($)) =n — 2 < n, then § is obtained from a quadratic Lie
algebra by a finite number of ” Leibniz ” doubles extensions by the one dimensional
Lie algebra. [ |

This corollary and the description of quadratic Leibniz algebras (see [16])
give the following inductive description of quadratic Lie algebras.
Let 3 be the set constituted by {0}, the one dimensional Lie algebra and all
simple Lie algebras.

Corollary 4.15.  Let (£, B) be a quadratic Leibniz algebra. If £ & 3, then £
18 obtained from a finite number of elements of ¥ by a finite number of orthogonal
direct sums of quadratic Lie algebras and/or “Lie” double extensions by the one
dimensional Lie algebra and/or “Leibniz” double extensions by the one dimensional
Lie algebra and/or “Lie” double extensions by a simple Lie algebra.

Proof.  The corollary shows that £ is obtained from a quadratic Lie algebra
g by “Leibniz” doubles extensions by the one dimensional Lie algebra. Theorem 1
[16] proves that g is obtained by a finite number of orthogonal direct sums and/or
“Lie” doubles extensions by a simple Lie algebra and/or “Lie” doubles extensions
<de Lie>by the one dimensional Lie algebra. [ |
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