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Abstract. Let G be a Lie supergroup with Lie superalgebra g, M a su-
permanifold and Vec(M) the set of vector fields on M. Let A : g — Vec(M)
be an infinitesimal action, i.e. a homomorphism of Lie superalgebras. We show
the existence of a local G-action on M inducing the infinitesimal action A and
find necessary and sufficient conditions for the existence of a globalization in the
sense of Palais.

Mathematics Subject Classification 2010: 58 A50, 17B66 (primary); 57520, 32C11
(secondary).

Key Words and Phrases: Supermanifold, Lie supergroup, vector field, distribu-
tion, infinitesimal action, local action, globalization.

1. Introduction

Let g be a finite-dimensional Lie superalgebra, G any Lie supergroup with g as
its Lie algebra of right-invariant vector fields, M a supermanifold and denote the
set of vector fields on M by Vec(M). Any action ¢ : G x M — M, or local
action, of the Lie supergroup G on M induces an infinitesimal action on M, i.e.
a homomorphism of Lie superalgebra A\ : g — Vec(M), by setting

AX) = (X(e) ®idly,) o ¢

The vector field (X ®id),) denotes the extension of the right-invariant vector field
X on G to a vector field on G x M, and (X(e) ® id},) is its evaluation in the
neutral element e of G. Starting with an infinitesimal action A : g — Vec(M) of
G on M, it is a natural question to ask in which cases this infinitesimal action is
induced, in the just describes way, by a local or global action of G on M, or some
larger supermanifold M* containing M as an open subsupermanifold.

In the case of a smooth manifold M and a Lie group G, Palais studied
these questions in detail ([Pal57]). Concerning the existence of local actions, he
showed that every infinitesimal action A is induced by a local action of G on M.
This generalizes the fact that the flow of any vector field on M defines a local
R-action on M.

*Financial support by SFB/TR 12 “Symmetries and Universality in Mesoscopic Systems” of
the DFG is gratefully acknowledged.
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In the case of one (not necessarily homogeneous) vector field X on a
supermanifold, Monterde and Sanchez-Valenzuela, and Garnier and Wurzbacher
proved that the flow ¢ : W C R x M — M of X defines a local R'I*-action
on M if and only if X is contained in a 1|1-dimensional Lie subsuperalgebra g
of Vec(M) (see [MSV93]| and [GW13]). In [GW13] the same is also shown for a
holomorphic vector field on a complex supermanifold.

In [Pal57], Palais also found necessary and sufficient conditions for the exis-
tence of a globalization, i.e. a (possibly non-Hausdorff) manifold M*, containing
on M as an open submanifold, with an G-action on M* that induces A\ and
satisfies G- M = M*.

In this paper, we extend these results to the case of (real or complex) super-
manifolds and (real or complex) Lie supergroups. The existence of a local actions
with a given infinitesimal actions and conditions for the existence of globalizations
are proven. A key point in the proof is, as in the classical case in [Pal57], the study
of the distribution D = D, on the product G x M spanned by vector fields of the
form

X 4+ AX) for X € g,

considering X and A(X) as vector fields on the product G x M. Also, the fact
that the flow of one even vector field on a supermanifold defines a local R-action,
or C-action in the complex case, is used (see [MSV93] and [GW13]).
The outline of this paper is the following:

First, some notations are introduced and a few basic definitions are given. In
Section §3, facts about distributions on supermanifolds are collected. Then, the
relation between infinitesimal and local actions on supermanifolds is studied in §4.
The main result there is the equivalence of infinitesimal and local actions up to
shrinking:

Theorem 1.1.  Let A : g — Vec(M) be an infinitesimal action. Then there
exists a local G-action ¢ : W C G x M — M on M with induced infinitesimal
action .

Moreover, any local action ¢ : W — M 1is uniquely determined by its
induced infinitesimal action and domain of definition.

In Section §5, conditions for the existence of globalizations are studied. To
generalize the classical result of Palais, the notion of univalence of an infinitesimal
action \ is extended to the case of supermanifolds. In the case of an infinitesimal
action A whose underlying action is globalizable, the obstruction for A to be
globalizable is a holonomy phenomenon. The main result for the conditions of
globalizability is the following:

Theorem 1.2.  The infinitesimal action X : g — Vec(M) is globalizable if and
only if one of the following equivalent conditions is satisfied:

(i) The restricted infinitesimal action Mg, : go — Vec(M) is globalizable to an
action of G, where gy denotes the even part of g.

(i1) The infinitesimal action X\ is univalent.
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(i1i) The underlying infinitesimal action is globalizable, and all leaves ¥ C G x M
of the distribution Dy are “holonomy free”.

Condition (i7i) of this theorem together with the appropriate classical
results of Palais yields the following in Section §6:

Corollary 1.3. Let G be a simply-connected Lie supergroup and \ : g —
Vec(M) an infinitesimal action whose support is relatively compact in M . Then
there exists a global G -action on M which induces \.

In particular, there is a one-to-one correspondence between infinitesimal and
global actions of a simply-connected Lie supergroup on supermanifold with compact
underlying manifold.

Corollary 1.4. Let A : g — Vec(M) be an infinitesimal action of a simply-
connected Lie supergroup G and let {X;}ier, X; € go be a set of generators of go
such that underlying vector fields of N(X;), i € I, on M have global flows. Then
there exists a global G-action on M which induces \.

A special version of Corollary 1.4 in the context of DeWitt supermanifolds
was published by Tuynman in [Tuy13].

I would like to thank Peter Heinzner for suggesting this topic and helpful
discussions.

2. Notation

Throughout, we work with the “Berezin-Leites-Kostant”-approach to superman-
ifolds (see, e.g. [Ber87], [Lei80], or [Kos77]). A supermanifold is denoted by a
calligraphic letter, e.g. M, and the underlying manifold by the corresponding
standard uppercase letters, e.g. M. The structure sheaf of a supermanifold M
shall be denoted by O,. If not otherwise mentioned, the considered superman-
ifolds are assumed to be real supermanifolds, i.e. the structure sheaf is locally
isomorphic to C* ® A R™ for appropriate open subsets U C M, where C{® denotes
the sheaf of smooth functions on U. By a complex supermanifold a supermanifold
whose structure sheaf is locally isomorphic to Oy ® A C" is meant, where Oy is
the sheaf of holomorphic functions on U.

If o : M — N is a morphism between supermanifolds M and N, let
@ : M — N be the underlying map and ¢* : On — 9.0 its pullback, i.e.
p=(b,¢).
A (smooth/holomorphic) vector field or derivation X on a (real/complex) super-
manifold M is a graded (real, respectively, complex-linear) derivation of sheaves
X : Oy — Opg. The notation for the sheaf of derivations or tangent sheaf will
be Der Opq or Ta, and Vec(M) = Der Op(M). Vec(M) is a Lie superalgebra,
possibly of infinite dimension.

A (real/complex) Lie supergroup can be defined to be a group object in the
category of (real/complex) supermanifolds, i.e. a (real/complex) supermanifold
G = (G, Og) together with morphisms for multiplication, inversion and the neutral
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element such that the usual group axioms are satisfied. The underlying manifold
(G is a classical Lie group. In the following, we always assume that G is connected.
A vector field X on a Lie supergroup G is called right-invariant if

proX = (X ®idy) o™,

where 1 : G x G — G denotes the multiplication on §G. We define the Lie
superalgebra g of G to be the set of right-invariant vector fields on G. Its even
part go can be identified with the Lie algebra (of right-invariant vector fields) of G.

Definition 2.1. A local action of a Lie supergroup G = (G, Og) on a superman-
ifold M = (M, Opy) is a morphism ¢ : W — M, W = (W, Ogx m|w ), where W is
an open neighbourhood of {e} x M in G x M such that W, = {g € G| (g9,p) € W}
is connected for each p € M, satisfying the action properties:

(i) If o : M — {e} x M C G x M is the canonical inclusion, then p o, = id.

(i) If p:G x G — G is the multiplication on G, then the equation

o (uxidy) = o (idg x ¢)

holds on the open subsupermanifold of G x G x M where both sides are
defined.

3. Distributions on supermanifolds

Commuting vector fields Let p: R™" x R™" — R™" denote the addition on
R™/" which is given by ((s,0), (t,7)) + (s +t,0 + 7) in coordinates. The goal of
this section is the proof of the following result:

Theorem 3.1.  Let M = (M, Op) be a supermanifold, Xy, ..., X,, be even and
Y1, ..., Y, odd vector fields on M which all commute. Then, for any p € M there
exists an open connected neighbourhood U of 0 in R™, an open neighbourhood V
of p in M and a morphism ¢ = (@,¢*) : U XV — M, where U = (U, Ogmin|v)
and V = (V,Omlv), such that:

(i) The map ¢ has the action property, i.e. we have p oty =idy if 1o : M —

{0} x M C R™" x M denotes the canonical inclusion (in particular the
evaluation in (t,7) = (0,0) is the pullback 1), and the equality

@ o (idgmin X ) = @ o (u X idpy)

holds on the open subsupermanifold of R™™ x R™"™ x M where both sides are
defined.

(MThe vector field (X ® idg) is the extension of the vector field X on G to a vector field on
the product G x G such that X = (X ®idg) o7} and 0 = (X ®@idg)ons if 1 : Gx G = G,
1 = 1,2, is the projection onto the i-th component.
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(ii) If (t,7) are coordinates on R™™  then for alli=1,...,m, j=1...,n we
have 5 9

a—tiogo*:gp*oXi and a—%ogp*:gp*o}/}-.@)

By replacing R™" by C™" an analogous result also holds true for a complex

supermanifold M and holomorphic vector fields Xy,..., X,, and Yy,...,Y,.

Remark 3.2.  Note that ¢ locally defines a local action of R™™ on M in the
sense that ¢ would be a local action if the assumption that {0} x M is contained
in the domain of definition was dropped.

The proof makes use of the flows of vector fields on supermanifolds.

Definition 3.3. Let X be an even vector field on a supermanifold M. A flow
of X (with respect to the initial condition idy : M — M and t) =0 € R) is
a morphism ¢ = % : W — M, where W = (W, Opxmlw) and W C R x M is
an open neighbourhood of {0} x M such that W, = {t € R|(t,p) € W} C R is
connected for each p € M, with

(i) ¢ oty =1idp, and
(i) op' =¢ 0X.

The flow ¢ : W — M is called maximal if for any flow ¢ : W =
(W', Orspmlwr) = M of X we have W/ C W and ¢’ = p|p-.

Remark 3.4. Any vector field X on a supermanifold M induces a vector field
X on the underlying manifold M. The reduced vector field X can be defined
by X(f) = ev(X(F)), if F is a function on M with ev(F) = F = f, where
ev : Oy — Cff denotes the evaluation map.

As in the classical case, there exists a unique maximal flow of an even vector
field on a supermanifold.

Theorem 3.5 (see [MSV93], Theorem 3.5/3.6, or [GW13], Theorem 2.3 and
Theorem 3.4).  Let X be an even vector field on a supermanifold M. Then
there exists a unique maximal flow ¢ of X . The reduced map @ : W — M 1is then
the unique mazimal flow of the reduced vector field X on M. Moreover, the flow
@ defines a local R-action on M.

Remark 3.6. For any even holomorphic vector field X on a complex super-
manifold M there also exists a holomorphic flow ¢ : W C C x M — M (see
[GW13], Theorem 5.4). But there are differences to the real case in terms of the
possible domains of definitions of the flow; see [GW13] for details and examples.
As in the classical case, a flow ¢ : W — M of an even holomorphic vector
field may not satisfy the equation o (idc X ¢) = @o (uc X idp) on all of the open

(?)Considering % and % as vector fields on the product R™"™ x M.
i J
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subsupermanifold of C x C x M on which both sides of the equation are defined,
denoting the multiplication on C by uc, and thus not define a local C-action
on its domain of definition. One obtains a local C-action only after shrinking its
domain of definition in a suitable way; for example after shrinking W such that
each W, = {z € C|(z,p) € W} C C is convex.

Lemma 3.7. Let X and Y be vector fields on M and let Y be even with flow
OY . If 1y M= {t} x M C R x M is the canonical inclusion, denote by ¢} the
composition ¥ o,. Then

_ 9 Y
[X,Y] - E O(@t )*X

for (9 )X = (pX) 0 X o () )", %‘8 =10 % for s € R.

Proof. The lemma can be proven in a very similar way as the analogous
classical result (see e.g. [KNG63|, Proposition 1.9). A key point is the Taylor
expansion (o) )*(f) = f + tg; with gy = Y(f), where § € Opym(I x V),
I xV CRx M open, g:(x) = g(t,z). n

As a corollary we get, as in the classical case (cf. [KN63], Corollary 1.10
and 1.11):

Corollary 3.8. Under the assumptions of the above lemma, we have:

(i) 5l, (0).X = (¥]):[X,Y]
(ii) If [X,Y] =0, then (¢} ). X = X, d.e. (oY) 0oX =Xo (p})*, forallt.

(111) If [X,Y] =0 and X is also even, then the flows of X and Y commute, i.e.
eX oY =Y opX forall s, t.

Proof of Theorem 3.1. Let Xi,...,X,, beeven and Y7,...,Y, odd vector
fields on M which all commute. Furthermore, let ©Xi : W, — M denote the
flow of X; for any i. By Corollary 3.8 (iii) these flows all commute. Given
p € M, there exist an open neighbourhood V' C M of p and an open connected
neighbourhood U C R™ of 0 such that

ﬁ:UXV%M,Btchfflo...ogoiim,

is defined, where V = (V,O|y). Since the flows ¢ commute and each flow
defines a local R-action on M, the map [ has the action property, i.e. [y" =
tyof* =id)y, and fs o Bs = Py for all s,t such that both sides of the equation
are defined.

Let 7,...,7, be coordinates on R°™ and define

@ RO M M by () e (30 ) (.0
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The underlying map is @ = idy;. The sum

is finite because (37, 7;¥;)"*' = 0. Since the odd vector fields Y; all commute,
ie. [V,,Y;] = VY, + YV, = 0, we get (0,Yi)(7;Y;) = (7;Y;)(0:Yi), and thus
exp(D_; 0:Y;) exp(3o; 75Y5) = exp(X_y(on + m)Ys) if (01,...,00,71,...,7,) are
coordinates on R™ x R°™  Consequently, the map a defines an R%"-action
on M.

Now, let W = (U X V, Ogminy pmluxv) and define

©: W= M, o= [0 (idgm X a) on W.

Then *(f) = exp(>_; V) (i) 0. o (@pm)*(f). The map ¢ satisfies @ o1y =
idy; and a% op* = X;o gp*,% o p* = Y;op* for all 4,7, making use of the
commutativity of the vector fields and Corollary 3.8. A calculation using the
action properties of o and § and again Corollary 3.8 shows that o (idgmi» X ) =
@ o (pu x idy) on the open subsupermanifold of R™"™ x R™" x M on which both
@ o (idgmim X ) and @ o (u x idy) are defined. [

Remark 3.9. The complex version of the result can be proven along the lines
of the real case using holomorphic flows and an analogue of Corollary 3.8 for
holomorphic vector fields.

Distributions and Frobenius’ theorem

Definition 3.10. A (smooth or holomorphic) distribution D on a (real or
complex) supermanifold M is a graded O, -subsheaf of the tangent sheaf Ty, =
Der Opq of M which is locally a direct factor, i.e. for each point p € M there
exists an open neighbourhood U of p in M and a subsheaf £ of Der Op|y on U
such that D]y & € = Der O v -

Remark 3.11 (cf. [Var04], Section 4.7).  Locally there exist independent vector
fields X1,..., X,,Y;,..., Y, spanning a distribution D, where the X; are even and
the Y; are odd. Moreover, (r|s) = dimD(p) for any p € M (if M is connected)
and (r|s) is called the rank of the distribution D.

If ¥ : M — N is a diffeomorphism and D is a distribution on M, then
there is a distribution ¢,(D) on AN which is spanned by vector fields of the form
V(X)) = (71" 0 X o 9p* for vector fields X on M belonging to D.

®)The sum exp(Y7_, 75Y5)(f) = Yoo 7 (X7—1 75Y5)"(f) is to be understood in the following
way: The vector fields Y;, which are a priori vector fields on M, are considered as vector fields
on the product RO x M and similarly f is considered as a function on this product. Hence,
7;Y;(f) here in fact means 7; - (idgoi. ® Y;)(73((f)), where 7; is now considered as a coordinate
on RO™ x M, maq : RO™ x M — M is the canonical projection onto M and idgo ® Y is the

extension of Y to a vector field on RO % M.
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Remark 3.12. A distribution D of rank (r|s) on a supermanifold M induces
a_distribution D of rank r on the underlying classical manifold M by defining
D(p) = {X(p)|X € D} C T,M for p € M. A vector field on M belongs to
the reduced distribution D if and only if it is the reduced vector field X of some
vector field X on M belonging to D.

As in the classical case, one can define the notion of an involutive distribu-
tion.

Definition 3.13. A distribution D is called involutive if D, is a Lie subsuper-
algebra of (Der Oyy), for each p € M, i.e. if for any two vector fields X and Y
on M belonging to D their commutator [X, Y] also belongs to D.

The local structure of an involutive distribution on a supermanifold is
described by the following version of Frobenius’ theorem.

Theorem 3.14 (Local Frobenius’ Theorem, cf. [Var04] Theorem 4.7.1). A
distribution D on a real (resp. complex) supermanifold M is involutive if and
only if there are local coordinates (x,0) = (x1,...,Tm,01,...,0,) around each

point p € M such that D 1is locally spanned by %, ceey aiw 8%1, ce %.
o 9 0

If D is locally spanned by 8%1, e Ber DO DO the involutiveness of
D follows directly. A key point in the proof of the local Frobenius’ theorem
is the existence of homogeneous commuting vector fields which locally span the
distribution. Their existence can be proven as in the classical case (as for example
in [Lee03], Theorem 19.10). Then the desired coordinates can be found by applying
Theorem 3.1.

Definition 3.15. Let D be a distribution of rank (r|s) on a supermanifold
M = (M,0p). An (r|s)-dimensional subsupermanifold j : N = M, N =
(N,Op), of M is called an integral manifold of D through p € M if

(i) the point p is contained in j(N), and

(ii) the distribution D is tangent to A, i.e. for any vector field X on M
belonging to D there exists a vector field X on N such that X oj* = j*o X,
or equivalently X (ker j*) C ker j*, and all vector fields on A arise in this
way.

Remark 3.16. In the case of supermanifolds, integral manifolds of a distribu-
tion do not provide as much information about the distribution as in the classical
case.

Contrary to the classical case, there is no global version of a Frobenius’
theorem for the above defined notion of an integral manifold; the existence of
integral manifolds through every point is not equivalent to the involutiveness of
a distribution. Nevertheless, the local Frobenius’ theorem still guarantees the
existence of integral manifolds through every point for an involutive distribution.
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Example 3.17 (A non-involutive distribution with integral manifolds).  Let
M = RY%? with coordinates #; and 6, and let D be the distribution on M
spanned by the odd vector field

0 0

X=— +600—.

a0, """ a0,
The distribution D is not involutive since [X, X| = 2XX = 2928%2 ¢ D, but
N =R x {0} € M is an integral manifold of D, and thus there exist integral
manifolds through each point (which is only 0). Moreover, remark that the
involutive distribution spanned by 8%1 has the same integral manifolds as D.

4. Infinitesimal and local group actions

In the classical case, the flow ¢* : Q@ C R x M — M of a vector field X on a
manifold M defines a local R-action on M. More generally, as proven in [Pal57],
Chapter II, if we have a Lie algebra homomorphism A : g — Vec(M) of a finite
dimensional Lie algebra g into the Lie algebra of vector fields on M, there is a local
action ¢ : Q2 C G x M — M of a Lie group G, with Lie algebra of right-invariant
vector fields g, such that its induced infinitesimal action

g — Vec(M), X — % plexp(tX),—) = (X(e) ®id},) o ¢*
0
coincides with A. A typical example is the case where X,..., X,, are vector fields
on M whose R-span g = spang{Xj,...,X,} is a Lie subalgebra of Vec(M) and
A is the inclusion g < Vec(M).

The goal in this section is the proof of an analogous theorem on superman-
ifolds. For that purpose a suitable distribution on G x M is introduced, as in the
classical case in [Pal57].

This also generalizes the result in [MSV93| and [GW13] that the flow of one
vector field X on a supermanifold M is a local R!-action if and only if X is
contained in a 1|1-dimensional Lie subsuperalgebra g C Vec(M).

The results in this section are formulated for the real case, but are equally
true in the complex case, i.e. for complex supermanifolds M, complex Lie super-
groups G and morphisms A : g — Vec(M) of complex Lie superalgebras.

Proposition 4.1. Let ¢ be a local action of a Lie supergroup G, with Lie
superalgebra g, on a supermanifold M. Then (X (e) ® id},) o ¢* @ is a vector
field on M for any X € g.

The map
Ay 1 g — Vec(M) =Der Op(M), X — (X(e) ®id),) o ¢*

15 a homomorphism of Lie superalgebras.

(“'Here, and in the following, (X ® id}() denotes again the canonical extension of the vector
field X on G to a vector field on G x M, and (X(e) ® id),) is its evaluation in e, ie.
(X(e)®@idy,) =2 o (X ®@id)).
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Proof. Let X,Y € g be homogeneous. The vector field X ® id}, has the
parity |X| of X. Let f,g € Op(M) and let f be homogeneous with parity |f].
Then, using ¢ o 1, = id g, We get

(X(e) ®@id)y) o ©")(fg) = we(X @ idjy)(¢*(f)¥"(9))
= ((X(©) @ idig) 0 )(£)) g+ (=DXVF(((X(e) @idi) 0 0")(9) ).

Since ¢ is a local action, we have ¢ o (u x idy) = @ o (idg X ). A calculation
using this identity then gives A\, (X)A,(Y) = (XY (e) ® 1) 0 *. Thus

MW = (Y (@) = (C)MPIYX(e)) @1 ) 0 " = A ((X,Y)).  m

Definition 4.2. Let M be a supermanifold and G a Lie supergroup with
Lie superalgebra g. An infinitesimal action of G on M is a homomorphism
A g — Vec(M) of Lie superalgebras.

The induced infinitesimal action of a local G-action ¢ on M is the homo-
morphism

g 1 g — Vec(M), A\, (X) = (X (e) ®@id)yy) o ¢™.

As in the classical case, there is an equivalence of infinitesimal actions and
local actions up to shrinking. This is is the content of the following theorem, whose
proof is carried out in the remainder of this section.

Theorem 4.3.  Let A : g — Vec(M) be an infinitesimal action. Then there
exists a local G-action ¢ : W C G X M — M on M such that its induced
infinitesimal action A\, equals M.

Moreover, any local action ¢ : W — M is uniquely determined by its
induced infinitesimal action and domain of definition.

Distributions associated to infinitesimal actions Given an infinitesimal
action A\ : g — Vec(M), define the distribution D = Dy on G x M as the
distribution spanned by vector fields of the form X + A(X)®) for X € g (cf.
[Pal57], Chapter II, Definition 7). The rank of the distribution D equals the
dimension of the Lie superalgebra g.

If the homomorphism A : g — Vec(M) is given, we can take G to be any
Lie supergroup with Lie superalgebra g. One choice is for example the unique Lie
supergroup with simply-connected underlying Lie group and Lie superalgebra g
(for the existence of such G see, e.g., [Kos83], and in the complex case [Visll)).

In the following, properties of the distribution associated to an infinitesimal
action are studied.

Lemma 4.4.  The distribution D = Dy associated to an infinitesimal action A
1s involutive.

®)The vector field X 4+ A(X) is here considered as a vector field on G x M, so more formally
one should write X ® id}, +1idg ® A(X) for X + A(X).
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Proof.  Since D is spanned by vector fields of the form X + A(X) for X € g,
it is enough to check that the bracket of two such vector fields belongs again to
D. Using that A is a homomorphism of Lie superalgebras we get

(X +XMX),Y +XY)] = [X, Y]+ [MX),A(Y)] = [X, Y]+ M[X,Y])

for any X,Y € g and thus [X + A(X), Y +A(Y)] = [X, Y]+ A([X,Y]) also belongs
to D. n

The local Frobenius’ theorem now yields that the distribution D associated
to an infinitesimal action locally looks like a standard distribution on a product.
In the following, local charts for the distribution D which locally transform D
to a standard distribution and satisfy a few more properties with respect to the
product structure of G x M are of special interest.

Definition 4.5 (flat chart). Let G be a Lie supergroup, M a supermanifold
and D the distribution on G x M associated to an infinitesimal action on M. Let
U C G be an open connected neighbourhood of a point g € G, U = (U, Ogly),
and denote by ¢, : M — {g} x M C G x M the canonical inclusion. Moreover,
let VC M beopen, V = (V,0um|v), and let p : V — M be a diffeomorphism
onto its image. Denote by Dg the standard distribution on G x M in G-direction,
which is spanned by vector fields X ® id}, on G x M, where X is an arbitrary
vector field on G.

A diffeomorphism onto its image ¥ : U X V — G x M is called a flat
chart with respect to (D,U,V, g, p), or simply a flat chart (in g), if the following
conditions are satisfied:

(i) ¥«(Dglw) = Dl for each open subset W C U x V,
(il) mgluxy = mg o ¢ for the projection g : G Xx M — G,
(ii}) 9 o gl = tglawy 0 p-

Remark 4.6. If vv : U x V; — G x M is a flat chart with respect to

(D,U,Vi,g,p1) and py : Vo — M is diffeomorphism onto its image with po(Vs) C

V1, then the map ¢/ = o (idy X po) is a flat chart with respect to
(D,U,Va,g,p10pa2).

Lemma 4.7.  Let D be the distribution on G x M associated to the infinitesimal
action A 1 g = Vec(M), Ao = Ay, : g0 — Vec(M) the restriction of X to the
even part go of @, and Dy the distribution on G x M associated to Ny. Let
Y UXYV = Gx M bea flat chart with respect to (D,U,V,g,p) and define
Yo : U XYV = GxM by g = (idg X o) o (diag x idy), where diag : U — U x U
denotes the diagonal and @y is the composition of wa © Y and the canonical
inclusion U XV < U x V. Then 1y is a flat chart with respect to (Do, U,V, g, p).

Proof. It can be checked by direct calculations that g is a flat chart, using
that the even right-invariant vector fields on G can be identified with the right-
invariant vector fields on G, i.e. Lie(G) = go if go denotes the even part of the
Lie superalgebra g = go + g1 of G. [ ]
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Proposition 4.8 (Local existence of flat charts). Let D be the distribution
associated to the infinitesimal action X\ : g — Vec(M) on the supermanifold M
and let G be a Lie supergroup with g as its Lie superalgebra of right-invariant vector
fields. For any point (g,p) € G x M there are an open connected neighbourhood
U of g in G and an open neighbourhood V of p in M such that there exists a
flat chart ¢ : U XV — G x M with respect to (D,U,V,qg,p =idy).

By the above remark this implies moreover the existence of U and V and
a flat chart with respect to (D,U,V, g, p) for arbitrary p.

Proof. Let Xi,..., Xk Y1,...,Y; be a basis of g such that X;,... X, are
even and Y7, ..., Y; odd vector fields. Then the tangent vectors X;(¢'), ..., Xx(¢'),
Yi(¢'),...,Yi(¢") € TyG = {X(¢')| X € g} are linearly independent for all ¢’ € G.
Since the distribution D is spanned by vector fields of the form X +A(X) for X €
g, there exist local coordinates (¢,7) for G on an open connected neighbourhood
U C G of g and local coordinates (z,6) for M on an open neighbourhood V- C M
of p so that D is locally spanned by the commuting vector fields

A; = —I—Zam +wa@9 and Bj— +chu Z W@H

fori=1...,kand j=1,...,1, where a;y, b, Cju,djn € Ogxm(U x V).

After shrinking U and V', U = (U,Og|y) can be assumed to be an open
subsupermanifold of RF! with g = 0 and there is a morphism ¢ : U x (U x V) —
G x M associated to the above defined commuting vector fields, satisfying the
properties @ o g = id and ¢ o (idgri X ¢) = @ o (pgrn X idpg) (cf. Theorem 3.1).

Since 5 5

ot op'=¢ oA; and a—Tjow*Zw*ij,
the subsupermanifold V = {0} x V C U x V is transversal to (U x {(0,p)}) in
¢(0,0,p) = (0,p). The map ¥ : U XV — G X M, 9 = Qluxioyxv, identifies the
standard distribution Dy on U x V with D, i.e. ¥.(Dglw) = ¥.(Dulw) = Dy
for all open subsets W C U x V. The action property of the map ¢ moreover
implies that

Yo Lg|v =1o L0|v = <P|ux{o}xv o L0|V = idu><V|{0}><V = L0|V = Lg|v-

Hence, it only remains to show that 7mg|yxy = mg o ¢ in order to prove that
Y is a flat chart. This is equivalent to showing ¥*(¢;) = t; and ¢¥*(7;) = 7,
for all 7, j, where ¢; and 7; are now considered as local coordinate functions
on G x /\/l Since 87( “(t;)) = (¢*<8tr)( ;) = ¢¥*(0) = 0 for all r # i,
ar (U7(t) = 1 and 3-(¥*" () = v*(¥u(gn)(t:)) = ¢*(0) = 0 for all s, the
function *(t;) € ngM(U x V) is of the form

Yr(t) = (ti+ (@) + ) ala)

for some smooth functions ¢;, ¢, (v # 0) on V. The property 1oty = 1o now implies
0 =5(ti) = 5o (ti) = (0+ cix)) + X2, .0 ()60 and therefore ¢; = ¢, = 0.
Hence 9*(t;) = t; as required. A similar argument yields ¢*(7;) = 7. ]
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Lemma 4.9. Let Y : U XV — G x M be a diffeomorphism onto its image such
that

(i) V.(Dglw) = DWW) for a distribution D associated to an infinitesimal action
and any open subset W C U x V', and

(ZZ) 7TQ|U><V = Tig O?/).

Then given any element g € U there exists a diffeomorphism onto its image
p:V —= M such that ¢ o g|ly = t4]50v) 0 p. Hence ¢ is a flat chart with respect
to (D,U,V, g,p).

Proof.  The property mg 01 = 7g|yxy implies (¥ o i,)(V) C {g} x M. To
show that ¢ o ¢yly : V — G x M induces amap p:V — M = {g} x M, it is
enough to check that (v o t4|y)* o 7§ = ev,, where ev, : Og(G) — R denotes the
evaluation in g.

The fact mg o) = mgluxy implies (1 o 14]y)* o g = (mg 0 o 1yly)* =
(mgluxv © t4|lv)* = ev, since (mg o ¢y) is the unique map M — {g} C G.

The map p satisfies Yoiy|v = t4]50)0p by definition and is a diffeomorphism
onto its image since v is a diffeomorphism onto its image and ¥V and M have the
same dimension. [

Proposition 4.10 (Uniqueness of flat charts).  If D is a distribution on G x M
associated to an infinitesimal action X\ : g — Vec(M), then a flat chart
YU XV — G x M with respect to (D,U,V, g, p)

1S UNLQUE.
The proof of this proposition is carried out in two steps:

(i) First, it is shown that two flat charts ¢; and v, with respect to (D, U,V g, p),
coincide on an open neighbourhood of {g} x V in U x V.

(ii) Second, the local statement and the connectedness of U are used to globally

get Y1 = 1y,

Proof. (i) Consider first the case where p = id and D = Dg, i.e. the
infinitesimal action A is the zero map. Now, let ¥ be a flat chart with respect
to (Dg,U,V,g,id). Since the identity idg«am|uxv is also a flat chart with respect
to (Dg,U,V, g,id), the equality of ¢ and the identity in a neighbourhood of any
point (g,p) for p € V needs to be shown.

Let (¢,7) be local coordinates on a connected neighbourhood U’ of g € G such that
g = 0 in the coordinates and let (x,60) be local coordinates on a neighbourhood
V' of pe V. Then (t,7,x,6) are local coordinates for G x M in a neighbourhood
of (0,p) = (0, p) and therefore on a neighbourhood of (U” x V") C U’ x V' for
appropriate subsets U” C U’ and V" C V'. Since mg|yxy = 7g 0 1, we have

1/)* (ta T) - 1/)* (W(E’(t7 T)) - 7@@? T) - (t7 T)'
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Moreover, ¥,(Dg) = Dg implies

o (2N o (2 espand 2. 0 2 O
“\Noe, )" \orn ) P\ G o on T o

for all r, s. Hence

5. ( aat) (,0) = v, (%) (2,6) = (0,0),

and then %(w*(:c,ﬁ)) = w*(zﬂ*(a%)(x,@)) = ¢*(0,0) = (0,0) and similarly

%(w*(x, 0)) = (0,0). Consequently, we have

i (@,0) = 10 ¢ (x,0) = 19(,0) = (2,0)

and thus ¥ =id on U” x V.

Let 1, and 1 now be flat charts with respect to (D,U,V, g, p) for a distribution
D associated to an arbitrary infinitesimal action and arbitrary p. For any p € V,
we have

U1(g,p) = U1 0 iy(p) = i4(5(p)) = (9. A(p)) = U 0 iy(p) = Ua(g, ).

Now let U’ and U” be open connected neighbourhoods of g and V' and V" open
neighbourhoods of p with U” C U’ and V" C V' such that the associated open
subsupermanifolds U’ of G and V' of M are isomorphic to superdomains and
U1 (U” x V") is contained in (U’ x V'). The composition ;' o ¢y is defined
on U” x V" and a flat chart with respect to (Dg,U"”, V", g,id). By the above
argumentation, 1, ' 0, = id and thus ¢, = ¢ on U” x V",

(ii) Let 1; and vy be two flat charts with respect to (D,U,V,q,p). For each
p € V define the subset W, C U containing the points ¢t € U such that ¢; = 1
on an open neighbourhood of (¢,p) in U x V. The sets W, are open by definition
and contain g as a consequence of (i). To prove ¢y = 15, i.e. W, = U for each
p, it is therefore enough to show that each W, is also closed in U due to the
connectedness of U.

If W, is not closed, then there is a point to € U \ W, such that W, N Q # 0 for
every open neighbourhood €2 of #;,. The continuity of the underlying maps implies
U1 (to, p) = Ua(to, p). Let U’ be an open neighbourhood of ¢, in U and V' and
open neighbourhood of p in V' such that the associated open subsupermanifolds
U and V' are isomorphic to superdomains. Now let U” C U’ be an open
connected neighbourhood of tg and V” C V' an open neighbourhood of p such
that ¢ (U” x V") C (U’ x V'). Moreover, let sy be an element of U” W, which
exists by assumption on the choice of ty. After shrinking V’ and V", the maps
Y1 and 1y coincide on an open neighbourhood of {sq} x V. By Lemma 4.9 there
exists a diffeomorphism onto its image pg : V' — M such that the restrictions of
Yy and e to U’ x V' are flat charts with respect to (D, U’, V', s, po). The same
argument as given in (i) then shows that 1, and ¢ coincide on U” x V" which
is a contradiction to the assumption t, ¢ W,,. [
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Remark 4.11. Let ¢ and ¢’ be flat charts and denote by vy and vy the
associated flat charts for the even part (cf. Lemma 5.43). Then ¢ = ¢’ if and
only if ¥y = 1.

Moreover, if ¢y : U x V — G x M is a flat chart with respect to
(Do, U,V,g,p) then the uniqueness and local existence of flat charts imply that
there is a flat chart ¢ : U XV — G x M with respect to (D,U,V, g, p).

Uniqueness of local actions

Lemma 4.12. Let ¢ : W C G x M — M be the local action of the Lie
supergroup G on a supermanifold M with induced infinitesimal action A\, . Let D
denote the distribution associated to \,. Define

Y = (idg X @) o (diag X idpg) : W — G x M

where diag : G — G X G denotes the diagonal.

Let pe M and U C W, = {g € G|(g,p) € W} be a relatively compact
connected open neighbourhood of e € W, C G. Then there exists an open neigh-
bourhood V' of p € M with U x V. C W . The restriction |yxyv is a flat chart
with respect to (D,U,V, e, id).

Proof. Since U x {p} C W is compact, we can find an open neighbourhood
V oof p with U x V C W. By definition of ¢, we have 7g o 1) = mg. Moreover,
1oL, = L. since @ is a local action.

Let X € g, then X odiag” = diag” o (X ® idg + idg ® X) since X is a
derivation. If /¢ : G < {e} x G C G x G is the inclusion, then yo (¢ = idg for the
multiplication ¢ on G. Since X is right-invariant, we have X = (X (e) ®idg) o p*.
By a calculation, using these facts and that ¢ is a local action, we obtain

V(X)) =X®1+1®(X),
which yields ¥,(Dg) = D. [

The lemma implies that every local action of a Lie supergroup is uniquely
determined by its domain of definition and its induced infinitesimal action:

Corollary 4.13.  The domain of definition and the induced infinitesimal action
uniquely determine a local action, i.e. if o1 : W — G X M and ps : W — G x M
are two local actions of the Lie supergroup G on the supermanifold M with the
same induced infinitesimal action X\ = X, = Ay, , then o1 = @s.

Proof. By the preceding lemma and the uniqueness of flat charts we have
Yy = (idg X 1) o (diag x idy) and ¥y = (idg X ¢9) o (diag x idx) and hence
P1=Tpm O Y1 =Tp 0 P2 = 2. u

Construction of a local action In the following, let A : g — Vec(M) be a fixed
infinitesimal action and G a Lie supergroup with multiplication pu : G x G — G
and Lie superalgebra of right-invariant vector fields g.
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The goal is now to find a local G-action on M with induced infinitesimal
action A. Such a local action of G on M is constructed using flat charts for the
distribution D associated to A. The domain of definition of the constructed action
depends, in general, on some choices. After restricting two local actions with a the
same infinitesimal action a neighbourhood of {e} x M in G x M the local actions
coincide as proven in the previous paragraph. Nevertheless, in general there is,
as in the classical case (cf. [Pal57] Chapter II1.4), no unique maximal domain of
definition on which the local action can be defined.

Definition of a local action:
Choose a neighbourhood basis {U,}aca of the identity e € G such that (cf.
[Pal57], Chapter II, §7):

(i) Each U, is connected and U, = (U,) ' ={g € G|g~' € U,}.
(ii) For o, € A either U, C Uz or Ug C U, holds.

Note that the two conditions guarantee the connectedness of U, NUgz for arbitrary
a,feA.

For each p € M choose «a(p) € A and a neighbourhood V,, C M of p such
that there is a flat chart

¢p:U2(p)XVp—>gXM

with respect to (D, Ust 2 )7 Vo € id), where L{2 y and V, denote again the open
subsupermanifolds of Q and M with underlymg sets U 2(p ={ghlg,h € U,} and
Vp. For two elements p,q € M, we may assume Uy, € Uy Therefore, if the
intersection

(UaQ(p) x Vp)N (Uz(q) x Vy) = Ui(p) x (V,nVy)

is non-empty, then the restrictions of ¢, and 1, to their common domain of
definition are both flat charts with respect to (D, Ug(p (V,NV,),e,id) and hence
coincide. Let

W= U, ) C G x M.

peEM

The set W is open by definition and contains {e} x M. Furthermore, for each
p € M the subset W, = {g € G| (g9,p) € W} C G is connected since all Uy, are
connected. Let W = (W, Ogxm|w) and define a morphism ¢ : W — G x M by
Y|U,pyxvp = ¥p for each p € M. Let

oW =M, p=mpo.

We now show that ¢ defines a local group action with induced infinitesimal
action A.

Proposition 4.14.  The map ¢ defines a local action of G on the supermani-

fold M.
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Proof. Since the map ¢ defining ¢ = w0 ¢ is locally given by flat charts
with respect to (D, Uy, Vp, e,id), we have 1 o 1. = 1. and therefore p ot =
Tam 0 0L, =mpa 0t =1idys. Thus it remains to show that

wo (uxidy) =¢o(idg x ¢) (%)

on the open subsupermanifold of G x G x M where both sides are defined. To prove
(%) the special form of the distribution associated to an infinitesimal action with
respect to the group structure of G is used. The commutativity of the following
diagram will be shown:

G xGx M dn GxGxM
idg X9 (x~ ! xidaq)o(idg x¥)
GxGxM ( GxGxM

TXidM)O(idg Xw)O(TXidM)

In the above diagram all maps are only defined on appropriate open subsuper-
manifolds of G x G x M. The map 7: G x G — G x G denotes the map which
interchanges the two components. Moreover, the map x : G XxG — G x G is defined
by

X = (idg x ) o (diag x idg),
such that y = m 0o x and m = m o x, where 7;, ¢ = 1,2, is the projection onto
the i-th factor. The underlying map is given by x(g,h) = (g,9h).

Note that if G = M and the infinitesimal action A is the canonical inclu-
sion g < Vec(G) of the right-invariant vector fields, then x is a flat chart for
the distribution D with respect to (D, G, M, e, id), x and 1 coincide (on their
common domain of definition) and (%) is equivalent to the associativity of the
multiplication .

Let

Uy = (7 x idp) o (idg X 1) o (T x idp) o (idg X )
and
Wy = (x " x ida) 0 (idg x 1) o (x x idp).

The underlying maps are Wi(g,h,p) = (g,h, p(g,5(h,p))) and Wy(g, h,p) =
(g, h,&(gh,p)). The open subsupermanifold of G x G x M on which both mor-
phisms ¥; and W, are defined is exactly the open subsupermanifold which is the
common domain of definition of ¢ o (1 x idy) and o (idg x ¢). A calculation
shows Ty oW = po(idg X ) and mr oWy = @o(uxidy) and the commutativity
of the above diagram directly implies ().

To show the equality of ¥; and W,, we consider the distribution Dygy on
G x (G x M) associated to the infinitesimal action 1 ® A : g — Vec(G x M),
X = (idg ® A(X)), of G on G x M and show that ¥, and W, are locally both
flat charts for this distribution.

Let Dg be the distribution on G x G x M which is spanned by vector fields
of the form X ®id;®id), for X € g. The distribution Dy, is spanned by vector
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fields of the form X ®id; ® id}, +idg ® idg ® A(X). For X € g and writing 1
for idg or id},, we have

() (X @1 ®@1) = (7 x idpg)«(idg x 1) (T x idag).(idg X ¥)(X @ 1 @ 1)
= (7 xidp)u(idg X V), (1@ X ®@1) = (T X idy)« (1 X @1+ 10 1 AX))
=X®11+1®11 AX),

where the fact that ¢ is a flat chart for the distribution D associated A is
used. Similarly, using the fact that x,(X ® 1) = (X ® 1 + 1 ® X), we get
(V) (X ®1®1)=X®R1x1+1®1®A(X). Hence, ¥; and ¥y both transform
Dg into Dﬂ@)\, i.e. (\Pl)*(Dg) = Dﬂ@)\.

Remark that 7g o W) = g =g o Uy if 1g : G X G x M — G denotes the
projection onto the first component. Now, let 19*M : G x M — {e} x G x M C
GxGxMand (M: M — {e} x M C G x M denote the inclusions. Then a

calculation shows

Uy 0 9M = Moy and Wy o09M = 9*Moy)

since 1 o M = M and (y x idy) 0 (9M = 1 9*M using that e is the identity

element of G and the definition of x. This shows that ¥; and Wy are both locally
flat charts in e.

In order to check that ¥; and W, coincide everywhere, the special form
of the sets in {U,}aca is important. Let (g,¢',p) € G x G x M such that ¥4
and WU, are defined on a neighbourhood of (g, ¢’,p), i.e. such that (¢,p), (9¢',p),
(9,9(g,p)) € W. Then by definition of ¢, there exists U, € {U,},ca containing
g, aneighbourhood V,, of ¢ = ¢(¢’, p) in M and a flat chart ¢, : U2 XV, — GxX M
with respect to (D,U2 V,,e,id) and with ¥|y «xv, = ¥alv.xv,. Furthermore,
choose Ug € {U,},eca containing ¢’ and g¢’ and a neighbourhood V3 of p in
M such that there exists a flat chart g : Z/{g x Vg — G x M with respect to
(D, UBQ, Vﬁ, €, ld) and with ¢|U{3XVB = ¢ﬂ|U5><V5-

Shrink Vs and choose a neighbourhood U of ¢’ in G with U C Ug such
that ¢(U x V) C V,,. By the special choice of the neighbourhood basis {U,},ca
of e in G either U, C Ug or Ug C U, is true.

First, let U, C Ug. The map ¥, is defined on U, xU xVj and the restriction
of ¥y to U, x U x Vp is a flat chart with respect to (Digr, Ua, U X V3, e,7).
Moreover, we have i(Uy x U) = U, -U C U and thus Wy 3 = (x " X iday) o (idg X
Yg) o (x x ida) is also defined on U, x U x V3 and a flat chart with respect to
(Digx, Ua, U x Vg, e,1). By the uniqueness of flat charts, ¥; and W,z coincide
on U, x U x Vj so that ¥y = ¥y near (g,¢',p) € Uy, x U X Vj.

Consider now the case Ug C U,. The map

\111@ = (T X ldM) o (ldg X wa) o (T X ldM) o (ldg X 77[))
is defined on U2 x U x Vj3 and is a flat chart with respect to (Dygy, U2, U x Vs, e,1).
The set Uz(g')~! contains e and g. Since Us(g')™ C Ug-Ugl = Uz C UZ, the map
U, , may be restricted to Us(g')~ x U x Vj and is then a flat chart with respect
to (Dren, Us(g') ™', U x Vs, e,1). After possibly shrinking U, we may assume
i(Us(g") " xU) = Us(g')""-U C Uj. Then W, is defined on Us(g')~" x U x Vj and
is a flat chart with respect to (Dygx, Us(g') ™", U x Vs, e,1). Again, the uniqueness
of flat charts implies W; = W, near (g,¢',p) € Us(g')! x U x V3. m
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Proposition 4.15.  The infinitesimal action
Ay 1 g — Vee(M), X — (X (e) ®@id},) o ¢
induced by the local G-action ¢ is .

Proof. Since the map v is locally a flat chart, ¢ is a local diffeormorphism,
g o1 = mg and ¥ o, = t.. Moreover, we have locally ¥.(Dg) = D. Therefore
the vector field ¥,(X ®id},) on G x M belongs to the distribution D for each
vector field X € g. We have

V(X @idiy)omy =@ ) o (X ®@idy) oy oms = (") o (X ®id}y,) o
:(w—l)*oﬂ'éoX:ﬂéoX: (X ®@id},) o 7.

Let Xy,..., Xk be a basis of g and a4, ..., ary; local functions on G x M such

that
-+l

U (X @idyy) =Y ai(X; @iy, +idy @ A(X))),
i=1
which is possible since 1.(X ® id},) belongs to D. Then, combining the above,
we have

k+1
(X ®id),)oms = (Z a;(X; ®@id) +idg ® )\(Xz))) o TG

=1

k+l1
— ((Z aiXi> ®id;A> o,
=1

which implies X = Zfill a; X;. Since X € g and X,..., X4 is a basis of g, the
a;’s are all constants and hence

(X ®id)) = X ®id), +id; @ M(X).
Therefore,

3o(X) = (X(6) @ idy) 0 9 = 12 0 (X @ id}) 04" 0 73,
=t oyt o (X @idyy) oy = (Pore)” o (X @idjy +idg @ A(X)) oy
=10 (04, 0 ANX)) = AX). [

5. Globalizations of infinitesimal actions

After we proved the existence of a local action of a Lie supergroup G on a
supermanifold M with a given induced infinitesimal action A : g — Vec(M),
it is natural to ask in which cases this extends a global G-action on M.

A simple way to obtain examples of a local action which is not global
is to start with an action on a supermanifold M’. This action then induces a
local action, which is not global, on every non-invariant open subsupermanifold

Mc M
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The aim of this section is to characterize all infinitesimal action which
“arise” in the just described way from a global action. These infinitesimal actions
are called globalizable.

In the classical case (see [Pal57], Chapter III), Palais found necessary and
sufficient conditions for an infinitesimal action to be globalizable, allowing the
larger manifold M’, a globalization of the infinitesimal action, to be a possibly
non-Hausdorff manifold.

In this section, similar conditions for the existence of globalizations of in-
finitesimal actions of Lie supergroups on supermanifolds are proven, and differences
to the classical case are pointed out. It is also shown by an example that an in-
finitesimal action on a supermanifold may not be globalizable even if its underlying
infinitesimal action is.

In analogy to the classical case (cf. [Pal57], Chapter III, Definition II), we
define the notion of a globalization of an infinitesimal action.

Definition 5.1. A globalization of an infinitesimal action A : g — Vec(M) of
a Lie supergroup G on a supermanifold M is a pair (M’ ¢’) with the following
properties:

(i) M’ is a supermanifold, whose underlying manifold M’ is allowed to be a
non-Hausdorff manifold, and M is an open subsupermanifold of M’, and

(i) ¢ : G x M’ — M’ is an action of the Lie supergroup G on M’ such that
its infinitesimal action restricted to M coincides with A, and

(ili) @'(G x M) = M’

If there is no chance of confusion the supermanifold M’ is also called a globaliza-
tion. The infinitesimal action \ is called globalizable if there exists a globalization
(M’ ¢") of .

Definition 5.2. The domain of definition W = (W, Oy) of a local G-action
¢ : W — M is called maximally balanced if W, = Wsu,)h = {gh|g € Wanp }
for all (h,p) € W, where again W, = {g € G| (g,q) € W} for any ¢ € M.

Remark 5.3. In [Pal57] a maximally balanced domain of definition of local
action is called maximum (see Definition VII in Chapter III, [Pal57]). Here, the
term maximally balanced is used instead in order to avoid any confusion with
maximal domains of definition.

In the classical case, the following theorem states necessary and sufficient
conditions for the existence of a globalization of an infinitesimal action.

Theorem 5.4 (see [Pal57|, Chapter III, Theorem X).  Let A : g — Vec(M) be
an infinitesimal action of a Lie group G on a manifold M. Then the following
statements are equivalent:

(i) The infinitesimal action X is globalizable.
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(ii) There ezists a local action ¢ : W — M of G on M with infinitesimal action
A whose domain of definition W is maximally balanced; this local action with
a mazximally balanced domain of definition is then unique and any other local
action with the same infinitesimal action \ is a restriction of ¢.

(i1i) Let D be the distribution on G X M associated to the infinitesimal action A
and ¥ C G x M any leaf of D, i.e. a maximal connected integral manifold.
Then the map wg|s : ¥ — M is injective, where mg : G X M — G denotes
the projection onto G'.

Remark 5.5. If ¢/ : G x M’ — M/’ is a globalization of the infinitesimal action
A, then the underlying action ¢’ : G x M' — M’ is a globalization of the reduced
infinitesimal action A : gy — Vec(M). Therefore, a necessary condition for an
infinitesimal action to be globalizable is the existence of a globalization M’ of the
reduced infinitesimal action.

Univalent leaves and holonomy Throughout the rest of this section, let
A g — Vec(M) be a fixed infinitesimal action of a Lie supergroup G and let
D be the associated distribution on G x M. In the following, conditions for the
existence of a globalization of \ are studied.

Trying to generalize the classical result (Theorem 5.4) to supermanifolds,
the question of an appropriate formulation of condition (ii7) arises since integral
manifolds do not uniquely determine a distribution on a supermanifold (cf. Exam-
ple 3.17). For that purpose the notion of a univalent leaf ¥ C G x M, extending
the classical notion, is introduced.

Then occurring holonomy phenomena of the distribution D are studied
and a connection between absence of such phenomena and the notion of univalent
leaves is established.

Remark 5.6.  The infinitesimal action A : g — Vec(M) induces an infinitesimal
action A : go — Vec(M) of the classical Lie group G on the manifold M, where
the Lie algebra of G is identified with the even part gy of g. For any vector field
X € go(C g) we define A(X) to be the reduced vector field ¥ of ¥ = A(X).

Lemma 5.7. Let \: go — Vec(M) denote the induced infinitesimal action of
G on M and Dj the associated distribution on G x M. Then we have D = Dj,
where D denotes the distribution on G x M induced by D (cf. Remark 3.12).

Proof. For any odd vector field Y on a supermanifold we have Y = 0. Since
X +A(X) has the same parity as X if X is homogeneous, the reduced distribution
D is spanned by vector fields of the form X + A(X) for X € go. These vector
fields also generate Dj and thus D= Dy. ]

As a corollary of the identity D= Dy, we get the following relation between
integral manifolds of the involutive distributions D on G x M and D5 on G x M.

Corollary 5.8.  Every integral manifold N C G x M of the distribution D5 is
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the underlying manifold of some integral manifold N' C G x M of the distribu-
tion D and conversely the underlying manifold of every integral manifold of D is
an integral manifold of D5 .

In the following, by a leaf ¥ C G' x M a leaf, i.e. a maximal connected
integral manifold, of the distribution D5 = D is meant. By the preceding corollary
every leaf 3 is as well the underlying manifold of an integral manifold of the
distribution D.

The involutiveness of the distribution Dj guarantees the existence of a leaf
through each point (g,p) € G x M. This leaf is denoted by X, ).

Definition 5.9. A leaf ¥ C G x M is called univalent (with respect to D) if for
every path 7 : [0, 1] — ¥ C G'x M there exists a flat chart ¢ : U xV — Gx M with
respect to (D, U, V,~v5(0),id), for v¢ = ng o : [0,1] — G, such that QZ(U x V)
contains ([0, 1]).

The infinitesimal action A is called univalent if all leaves ¥ C G x M are
univalent.

Remark 5.10. By Remark 4.6, a leaf ¥ is univalent if for every path ~ :
[0,1] — ¥ there exists a flat chart ¢ with respect to (D, U, V,7¢(0), p) for some
p or equivalently, after shrinking, for any p, with ([0, 1]) C ¥(U x V).

Remark 5.11.  In the definition of a univalent leaf 3. it is enough for the defining
property to hold true for closed paths 7 : [0,1] — ¥ because for any path +' the
composition (y')71-4" of 4/ and (7/)7t, (7/)71(t) = v'(1—1), is a closed path with
7'([0,1]) = ((v)~" - ¥)([0,1]).

Remark 5.12. If A is univalent, then so is the induced infinitesimal action
At go — Vec(M).

In [Pal57], an infinitesimal action (in the classical case) is called univalent
if the restriction of the projection 75 : G X M — G to an arbitrary leaf ¥ C
G x M is injective. The above defined notion of univalent infinitesimal actions on
supermanifolds extends this definition:

Proposition 5.13.  In the case of classical manifolds G = G and M = M,
an infinitesimal action is univalent if and only if the projection mgls : X — G s
imjective for each leaf ¥ C G x M .

Proof. Let XCGxM be any leaf, x = (g,p), vy = (9,q)€X, and v: [0,1] =X a
path from x to y. Since A is univalent, there is a flat chart v : U x V — G x M
with respect to (D,U,V,g,id) with v([0,1]) € ¥(U x {p}). We have (g,q) =
(1) = ¥(g.p) = (9,p) because 7g o) = 7¢.

Assume now that |y is injective for each leaf ¥ C Gx M. Let ¥ C Gx M
be a leaf and v : [0,1] — ¥ a path. Using the compactness of v([0,1]) there are
0=ty <...<t,=1 and flat charts ¢, : U; xV;, = Gx M, 1=0,...,k—1, with
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respect to (D, U;, Vi, va(ti),1id) such that the intersection U; N Uj is connected for
all 4,5 and y([t;, tiy1]) C Y(U; x V;).

Set 1 = 1y and, after possibly shrinking V5, inductively define flat charts
Wi U x Vo — G x M for i > 1 by composing ; and a local diffeomorphism of the
form (id x p;) such that ] and ], coincide on (U;NU;1) xVp for i =0,...,k—2
and y([ti, tit1]) C ¥j(U; x Vp) holds. We have v (Uy x {p}) C X(gp) for g :=5(0)
and any p € Vp, and then by induction ¢j(U; x {p}) C ¥y for any i. Therefore,
Y; = ¢ on (U;NU;) x Vy since ’/Tg‘g(g’p) is injective and 7g o ¢ = g for any
flat chart . Consequently, we can define a flat chart ¢ : U xV — G x M,
U = Uf;ol Ui, V = Vp, with respect to (D,U,V,g = ~(0),id) by setting
Y|, xvy = ¥i. The map ¢ satisfies ([0, 1]) C (U x V') by construction. ]

Proposition 5.14.  The infinitesimal action X is univalent if and only if for
any two flat charts ¥; : Uy x V; — G X M with respect to (D,U;, Vi, g,p:), i = 1,2,
and p1 = py on Vi NVy we have ¥y = ¥y on their common domain of definition.

Remark that by Proposition 4.10 any two flat charts coincide on their
common domain of definition (U; NUs,) x (V4 NV3) if U; NUs is connected.

Proof. Let A be univalent and 1); flat charts with respect to (D, U;, Vi, g, p;)
and p; = py on Vi NV,. Let (h,p) € (U NUy) x (V1 NV3). Since 1y and 1)y
are flat charts, ¢ (U; x {p}) and (U x {p}) are both contained in the leaf
Y = X)) = S(gpmp)- Lhe univalence of the reduced infinitesimal action A
implies that 7gly @ ¥ — G is injective and thus zﬁl(h,p) = 1/;2(h,p). Let
v :[0,1] = Uy U U, be a closed path with v(0) = (1) = g, 7([0,3]) C U,
v([3,1]) € Us and (1) = h. Then

hi(2(0).), <
$r(1(0),0), >

is a closed path. As A is univalent, there is a flat chart ¢ : U XV — G x M with
respect to (D, U, V, g,id) with +/([0,1]) = 1 (v([0, 3]) x {p})Uha (v([5, 1]) x {p}) C

(U x V). Then, after possibly shrinking Vi, ¢ o (id x p;) is a flat chart with
respect to (D, U, Vi, g,p1). By Proposition 4.10 the flat charts ¢ o (id x p;) and
¢y coincide on a neighbourhood of ([0, 1]) x {p}. Moreover, ¢ o (id X p;) and

1, coincide on a neighbourhood of v([3,1]) x {p} since p; = p» on Vi N Vs. In

particular, we get 1 = 170 (id x p1) = ¥ near (h,p) = (1(2),p).

Suppose now that any two flat charts v; with respect to (D,U;, Vi, g, pi),
t = 1,2, with p; = py already coincide on their common domain of definition.
Assume that there is a leaf ¥ C G x M which is not univalent and let v : [0,1] — X
be a path for which there is no flat chart ¢ : U x V — G x M with ~([0,1]) C
(U x V). Define I to be the set of points ¢ € [0,1] such that there exists a flat
chart ¢ : U x V — G x M with ~([0,#]) € ¥(U x V). The set I is open and
I # (0, 1] by assumption. Let s be the minimum of [0, 1]\ /. There is a flat chart
Y11 Uy x Vi — G X M with respect to (D, Uy, Vi, ma(7(s)),id) with y(s) € ?ﬁl(Ul X

V1). By the choice of s there is ¢t € [0,s) with y([¢,s]) C ¢1(U; x V}) such that
there is a flat chart ¢ : Us X Vo — G x M with respect to (D, U, Vo, m(7(0)), id)

NI

70,1 = X, () = {
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with v([0,#]) € (U x V3). Then h = ng(y(t)) € Uy N U, and after possibly
shrinking V5 there exists a diffeomorphism p such that ¢ o (id x p) is a flat chart
with respect to (D, Uy, Va, h, p’) and 1, with respect to (D, Us, Vo, h, p') for some
P Vo — M. Therefore, 1)1 o (id x p) and 19 agree on their common domain
of definition and they define a flat chart ¢ : (Uy UlUs) x Vo — G x M with
7([0, s]) € P((Uy UU,) x V4), contradicting the definition of s. ]

The preceding proposition allows us to glue together flat charts in the case
of a univalent infinitesimal action. This also implies the next corollary.

Corollary 5.15.  The infinitesimal action A is univalent if and only if for any
compact subset X' of a leaf ¥ C G x M there exists a flat chart ¥ : U XV — Gx M
with ¥ C (U x V).

In the following the structure of the distribution D associated to A is
investigated further. Let ¥ C G x M be a leaf, (g,p) € ¥ and 7 : [0,1] — X
a closed path with v(0) = v(1) = (g,p) and let 7¢ = mg oy. We now want
to associate a germ of a local diffeormorphism of M around p measuring the
“holonomy” along the path ~.

To doso, let 0 =ty < ... <ty =1 beapartition of [0, 1] such that there are
flat charts ©; : Uy xV — Gx M, i =0,..., k—1, with v([t;, tis1]) € Us(Us x {p}),
such that ; and ;1 coincide on their common domain of definition and such
that 1 is a flat chart with respect to (D, Uy, V, g,id). We have 1/~11(UZ x{p}) X
for any ¢. By Lemma 4.9 there is a diffeomorphism p : V — M onto its image
such that ;1 is a flat chart with respect to (D,U_1,V,g9 = 75(1),p). Since

(9.p) = (1) € -1 (U1 x {p}), we have (g, p(p)) = ¥r-1(g,p) = (9,p) and thus
plp) =p.

Define ®(7) to be the germ of the local diffeomorphism p in p. The local
uniqueness of flat chart implies that ®(y) does not depend on the actual choice
of the flat charts v, : U; x V; — G x M. Let Diff ,(M) denote the set of germs of
local diffeomorphisms x : V; — Vs in p € M, where V; = (V;,Opy), @ = 1,2, are
open subsupermanifolds of M with p € V;. Then ®(v) is an element of Diff,(M)
for each closed path v : [0,1] — 3 with v(0) = v(1) = (g, p).

In the case complex supermanifolds and holomorphic maps Diff,,(M) should
be replaced by Hol,(M), the set of germs of local biholomorphisms x : Vi — Vs.

Proposition 5.16.  The germ ®(vy) only depends on the homotopy class [v]
of the closed path ~ with v(0) = (1) = (g,p). Therefore, the assignment

(V] = @([7]) = () defines a maps

P =Py = (I)g’(gvp) : 7T1(2, (g,p)) — DIEP<M)

Proof.  Let v :[0,1] = X, s € [0,1], be a continuous family of closed paths
with 75(0) = v5(1) = (g,p) and 79 =. Let so € [0,1], 0 =% < ... <t =1 and
Vi Ui x Vi = Gx M, i=0,.... k—1, flat charts with ~,,([t;, ti11]) C ﬁl(UZ x V)
and such that vy is a flat chart with respect to (D, Uy, Vo, g,id) and ; and ;44
coincide on their common domain of definition. Then ,_; is a flat chart with
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respect to (D, U_1,Vik_1,9,p) for some local diffecomorphism p around p and
D (7s,) is the germ of p in p. Since all intervals [t;,t;11] are compact there exists
an open neighbourhood J C [0,1] of s¢ such that ~s([t;, tir1]) C @Z(Ul x V;) for
i=0,...,k—1 and all s € J. Therefore, ®(vs,) = (7s) for all s € J and the set
{s € [0,1]| (vs) = ®(7)} is open and closed. Since v = vy we get ®(vs) = P(v)
for all s € [0, 1]. ]

Remark 5.17.  The definition of ® implies that it is a group homomorphism:
If 7 is a constant path, then ®([v]) is the germ of the identity id : M — M and
we have ®([v1] - [12]) = ®([m1]) o ®([72]) for the composition v; - v2 of two closed
paths v; and 5.

Remark 5.18. By Lemma 4.7 and Remark 4.11 the morphism ® does not
depend on whether its construction is done with respect to the distribution D on
G x M associated to A or to the distribution Dy on G x M associated to the
infinitesimal action Ao = Alg, -

Remark 5.19. Due to the connectedness of the leaves ¥ the map ®yx (4, is
trivial for some (g,p) € ¥ if and only if @y (4 is trivial for all (h,p) € X.

The triviality of the map ® = &y = ¥y (,,) can be viewed as a sort of
absence of holonomy for the leaf ¥.

Example 5.20. Let G = S', with coordinate ¢, and M = R%?, with coordi-
nates 61,0y. Let X = 91% and consider the infinitesimal S*-action A : Lie(S1) &
R — Vec(M), A(t) = tX. The unique leaf of the distribution D on S' x M,
spanned by 8%—i—X,is Y =8 x{0}=5'"x M. Let ¢p € S* and r: Q2 — R be
a local inverse around 1 € Q C S* of R — S', ¢+ ¢, Then

V5 (¢,01,05) = (¢, p"(01), 9" (62)) + (0,0, 7(0~")p"(61))

defines the pullback of a flat chart ¢ with respect to (D, U, V, ¢y, p) for V.= {0} =
M, U cC 8" with ¢g € U and Uy ' C Q and a diffeormorphism p : R°? — RO,
For any ¢f € U the map ® is also a flat chart with respect to (D, U, V, ¢, p’) for
P RO? — RO? with pullback

()" (61,02) = p* (01, 02) + (0, r(¢p00 ) p*(601))

= p*(01,02) + (O, (/j6 1d¢)p*(91)> ,

where the integral might be taken along any path in Q. In particular (p')*(6;) =
p*(0h).

A calculation shows that the map ® : (X, (¢o,0)) — Diffo(R%?) =
Diff(R%?) is given by

O([v])* (64, 62) =id* (64, 62) + (0, (/71d¢>01> = (91,02 + (L1d¢)01)
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for any v : [0,1] — S* =2 2, 4(0) = (1) = ¢¢. Thus, identifying (%, (¢, 0))
and Z, we get

® : 7 — Diff(R%?), ®(k)*(6y,602) = (61,05 + 27k0);).

We now establish an equivalence between univalent infinitesimal actions and
infinitesimal actions with univalent reduced infinitesimal action and leaves without
holonomy.

Proposition 5.21.  The wnfinitesimal action A is univalent if and only if the
reduced infinitesimal action X : go — Vec(M) is univalent and for all leaves 3 the
map Py is trivial.

Proof. If the infinitesimal action A is univalent, then the reduced infinitesimal
action A is univalent as a direct consequence. Moreover, for any closed path
v :[0,1] = X there is a flat chart ¥ : U x V — G x M with ([0, 1]) € ¢(U x V)
and thus ®([y]) = id.

Now, suppose that ) is univalent and @y, is trivial for all leaves ¥ C Gx M.
We need to show that any two flat charts ¢; : U; x V;, - G x M, + = 1,2, with
respect to (D,U;, Vi, g,p;) with p1 = py coincide on their common domain of
definition (cf. Proposition 5.14). By replacing v; by ; o (id x p;~') it is enough
to show 11 = 1)y in the case of p; = ps = id.

Let (h,p) € (Uy x V1) N (Uy x V1) = (Uy NUz) x (ViNVz) be arbitrary. We
have ¢;(h,p) € ¥i(U; x {p}) C E(yp) and thus ¢i(h,p) = ¥a(h,p) since mgls, ,
is injective. After shrinking V5 there is a diffeomorphism p : Vo, — M such that
o0 (id X p) is defined and coincides with ¢ near (h,p). Note that p(p) = p since
U1 (h,p) = y(h,p). The composition 1, o (id X p) is a flat chart with respect to
(D,Us, Va,g,p). Let a2 [0,1] = X, be a closed path with a(0) = a(1) = (g,p),
a(z) = ¥i(h,p) = Ua(h,p(p)) = va(h,p) and a([0,3]) € ¥u(U1 x {p}) and
a([3,1]) C ¥a(Us x {p}) = ¢o((id x p)(Uz x {p})). By the definition of & = P50
we have ®([a]) = p. The triviality of ® then gives p = id so that ¢; and v,
agree near (h,p). [

Corollary 5.22.  The infinitesimal action X s uniwvalent if and only if its
restriction Ao = A|g, is univalent.

Proof. The statement follows from the preceding proposition and the obser-
vation formulated in Remark 5.18. [ |

The action on G x M from the right and invariant functions In this
paragraph, the action R : G x (G x M) — G x M of the Lie supergroup G
on the product G x M from the right, which is in the classical case given by
(g,(h,x)) — (hg™ ', x), is introduced. Its behaviour with respect to the distribu-
tion D associated to A : g — Vec(M) and in particular D-invariant functions is
studied.

Definition 5.23. Let OngM be the sheaf of D-invariant functions on G x M,
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i.e.
Og () = {f € Ogum()|D - f =0}
for any open subset 2 C G x M.

Remark 5.24. For any D-invariant function f on G x M, the underlying
function f is constant along the leaves, and in the classical case every such function
is D-invariant.

Moreover, if ¢ : U x V — G x M is a flat chart and f is D-invariant,
then ¢*(f) is Dg-invariant since ¥,(Dg) = D. The Dg-invariant functions on
UXYV C Gx M are of the form fyy = 1 ® fa for fay € Om(V) so that
V*(f) =1® fu for an appropriate f.

We have the following identity principle for D-invariant functions on G x M

Lemma 5.25. Let W C G x M be open, ¥ C G x M be a leaf with > C W
and let f1, fo € OF \(W). If fi = fo on an open neighbourhood of some x € I,
then f1 and fy coincide on an open neighbourhood of the leaf .

Proof. Define ¥’ C ¥ to be the subset of points y € ¥ such f; and f, are
equal on some open neighbourhood of y. The set ¥ is open and contains x by
assumption.

For any flat chart ¢ : U x V — G x M with (U x V) € W we have
V*(fi) = 1® fam, for appropriate faq; by Remark 5.24. Therefore, fi = fo near
(U x {q}) if and only if fu1 = fue near ¢ € M. It follows that the set X' is
also closed and thus equal to X. [ |

Definition 5.26. Let p: G x G — G denote the multiplication of G, +: G — G
the inversion and 7 : G x G — G X G the morphism which interchanges the two
components. Then define the action of G on itself from the right as r : G x G —
G, r=poro(txid), whose underlying action is given by (g, h) — hg~'. Define
now a G-action on G x M by

R:Gx(GXM)—=GxM, R=rxid.

Lemma 5.27.  For every right-invariant vector field X on G we have
(id"® (X @id"+id* @ A(X))) o R* = R" o (X ® id" +id" ® A(X)).
Proof. The right-invariance of X is equivalent to p*o X = (X ®id") o u* and

a short calculation yields (id*® X)or* = r*o X, which directly implies the desired
equality. [ |

Corollary 5.28.  We have

R* (ng/\/l) C R*«Qé%gx/\/l)?

where 1 ® D is the distribution on G X (G x M) spanned by vector fields of the
form id* ® Y for vector fields Y belonging to D and Oé%’w denotes the sheaf
of 1 ® D-invariant functions.
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Proof. Using the preceding lemma, we have
(i[d"® (X @id*+id"@A(X)))(R*(f)) = R o(X®id*+id*®@ A(X))(f) = R*(0) =0

for any D-invariant function f on G x M and X € g. Thus, R*(f) is 1 ® D-
invariant. n

Definition 5.29. For g € G, let r; : G — G denote the composition of the
action r and the inclusion G — {g} x G C G x G, and define

Ry:GXM—=GxM, Ry= (ry xid).

. . . . . —1 —1 _
Since r is an action, r, and Ry, are diffeomorphisms, (r,)™" =7, and (Ry)~" =
Ry

Lemma 5.30.  For each g € G the map R, : G x M — G x M satisfies
(i) (Ry).(Dg) = Dg, and
(ii) (R,).(D) =D.

Proof.  Property (i) can be directly obtained from the definition of R,. Prop-
erty (i) follows from the fact that (r,).(X) = X for every right-invariant vector
field X', and therefore (R).(X + MX)) = (14)«(X) + M(X) = X + A(X) so that
(R,).(D) = D. .

The composition of flat charts and maps of the form R, exhibits a special
behaviour as specified in the following lemma.

Lemma 5.31. Let g € G and let ¢ : U XV — G X M be a flat chart with
respect to (D,U,V, h,p). Then the composition

W' = Ry-1 0 0 (Rylugxy) : Ug x V — G x M

is a flat chart with respect to (D,Ugq,V, hg,p) where Ug = {uglu € U} and
Ug = Uy, Oglu,)-

Proof. = We have (¢/).(Dg) = D using (R,)«(Dg) = Dg and (R,).(D) = D.
Moreover, direct calculations show 7g o ¢’ = mg and ¢’ 0 1y = tpg 0 p. [

Corollary 5.32.  The underlying classical Lie group G acts on the space of
leaves X C G x M by (g,%) — Ry(X). For (h,p) € G x M we have Ry(X ) =

E(hg‘l,zo) .

Proof. Since R, preserves the distribution D, Rg maps leaves diffeomorphi-
cally onto leaves. We have Ry(Xnp) = S(ng-1,p) because (hg™',p) = Ry(h,p) €

Ry(Xhyp)) - -
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Remark 5.33. ) If there exists an action ¢ : G x M — M with infinitesimal
action A, then RQ(Z(&p)) = 2(9—17])) = 2(6’55(97;0)) for any p € M:
Let ¢ = (id x p) o (diag x id) : G x M — G x M. The map 1 is a flat chart

(E}f. Lemma 4.1~2) and (G x{p}) = S(ep)- We have (e,@(g9.p)) = Ry(g,¢(9,p) =
Ry(1(g9,p)) € Ry(¥(G x {p})) and thus Ry(E(cp)) = L(g-1) = Se,(gm) -

Proposition 5.34.  The infinitesimal action A : g — Vec(M) is univalent if
and only if every leaf of the form Y., for p € M is univalent.

Proof. If X is univalent, then all leaves are univalent, in particular each leaf
of the form X ,). Assume now that all leaves X)) are univalent. Let ¥ be an
arbitrary leaf and let (g,p) € . We have Y., = Ry(Spp) = Be(X). If Q C
¥ = ¥y, is arelatively compact subset, then R,(Q) C Y(e,p) 1s relatively compact
and the univalence of ¥, yields the existence of a flat chart ¢ : U xV — G x M

with R,(Q) C ¥(U x V). By Lemma 5.31 the map
Ry1o0voR;:UgxV —Gx M

is a flat chart and

Q =R, 1(Ry(Q) C Ry (W(U x V) = (Ry1 0th o R,)(Ug x V). n

Globalizations of infinitesimal actions on supermanifolds We now study
conditions for the existence of globalizations. The main result is the following;:

Theorem 5.35. Let A : g — Vec(M) be an infinitesimal action. Then the
following statements are equivalent:

(i) The infinitesimal action X is globalizable.
(11) The restricted infinitesimal action Ao = Ny, s globalizable.
(i1i) The infinitesimal action X\ is univalent.

(iv) The reduced infinitesimal action \ is univalent, i.e. Tals is injective for an
arbitrary leaf ¥, and all leaves ¥ C G x M are “holonomy free”, i.e. the
morphism Py, s trivial.

(v) There exists a local action ¢ : W — M with induced infinitesimal action A
whose domain of definition is maximally balanced.

The equivalence of (iiz) and (iv) is the content of Proposition 5.21 and
once the equivalence of (i) and (ii7) is established the equivalence of (i) and (i)
is a consequence of Corollary 5.22. The other equivalences shall be proven in the
following: The implication (iii) = (i) is the content of Proposition 5.44, (i) = (v)
follows from Proposition 5.47, and (v) = (4i7) is proven in Proposition 5.48.

Remark 5.36 (see [Pal57]|, Chapter III, Theorem IV and Theorem V).  In the
classical case, Palais shows that for a univalent infinitesimal action the space of
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leaves 3 C G x M of the distribution D, which is denoted by M* = (G x M)/~
carries in a natural way the structure of a possibly non-Hausdorff manifold, the
action of G on G x M by g- (h,p) = (hg™*, p) induces an action on the quotient
space M* and M — M*, p > X p) is an injective embedding.

A similar construction is also important in the case of supermanifolds.

Definition 5.37. Let M\ be an infinitesimal action of G on M and D the
associated distribution on G X M. Define
M*= (G x M)/~

to be the space of leaves > C G x M and denote by @ : G x M — M*,
7(g,p) = X(g,p), the projection. Now endow M* with the quotient topology and
define the sheaf Op« of Zy-graded algebras on M* by setting

Om- = 77r*(OEXJ\/()’
Le. Op=(2) = OF, (77 1(2)) for any open subset Q C M*, where OF, ,, denotes
again the sheaf of D-invariant functions on G x M. Define the ringed space

M* = (M*,Op)

and let 7 = (7*,7) : G x M — M*, where 7 : Opp — To(Ogxr) is given by the
canonical inclusion Ore(Q) = OF, v (77HQ)) = Ogxm(7~1(2)) for any open

subset 2 C M*.

Definition 5.38.  For any open subset VC M,V = (V,Oupm|v), and g € G we
define a morphism of ringed spaces

tyg:V = M by iy, =mou,
where ¢, : V — {g} X V C G x M denotes again the inclusion. The reduced map
of 1ty is given by p+ X, ,). For g =e and V = M, let

LM:LM@IM—)M*, Lpmf = T O Le.

Remark 5.39. Let v : U xV — G x M be a flat chart with respect to
(D,U,V,g,id) and let mr = mpq|uxy : U X V — V denote the projection onto the
second component. As ¢, : V — U x V is a section of mp and 9 oty = ¢4, the
diagram

uxv$g></\/t

Wi lﬂ

1% M

v,g

1S commutative.

We will see later on that M* carries the structure of a supermanifold and
tym 2 M — M* is an open embedding if and only if the infinitesimal action A is
globalizable. In this case M* is itself a globalization of A and the G-action on
M* is induced by the G-action R on G x M.
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Remark 5.40. The topological space M* only depends on the underlying
infinitesimal action A : go — Vec(M) since D = Dj (cf.Lemma 5.7). Hence, the
map 7 is an open map as in the classical case (cf. [Pal57], Chapter I, Theorem III,
or [HI97], § 2, Proposition 2).

The topological space M* fulfills the second axiom of countability because
7 is an open quotient map and G x M a manifold.

Lemma 5.41.  The space M* = (M*,On-) is a locally ringed space.

Proof.  For f € Ou-(Q) = OF, \((771(Q)) with ¥ € Q C M* denote by [f]s
the germ of f in the stalk (Ox+)s. We can define the ideal
my = {[f]s] f(£) = 0} < (Oumse)s

for any leaf ¥ € M*. Assume that my is not a maximal ideal in the stalk (Opa)s.
Then there is a proper ideal I < (Op+)y which is not contained in my. Let
[f]s € I\ my. Then we have f (3) # 0 and the continuity of f gives the existence
of an open neighbourhood € of ¥ € M* such that f is defined on 771(Q), i.e.

€ Om:(Q) = OG m(771(2)) € Ogum (7)),

and f(z) # 0 for all z € #1(Q). Consequently, there exists g € Ogyup (7 1(Q))
with gf = fg = 1. The function ¢ is also D-invariant since

0=Y(1)=Y(gf) =Y(g)f + (=D gY (/) =Y(9)f +0=Y(g)f

for all vector fields Y belonging to D and thus Y(g) = 0. Therefore, g defines
an element in Onp-=(Q2) and [g]n[f]ls = [¢9fls = 1 € I which contradicts the
assumption I # (Opnp)s. n

Lemma 5.42.  The action of G on G x M from the right R : G x (G x M) —
G x M induces an action x of G on the space M*, i.e. a morphism of ringed
spaces satisfying the usual action properties, such that

G x (G xM)LE~gx M

Ml i

g X M ——— M*
commutes. In particular, if M* is a supermanifold, then x is an action of the Lie
supergroup G on M*.
Proof. The underlying action y of G on M* is given by
X Gx M = M, (9,S0p) = Bo(Sinp) = Sing10-

and continuous since 7 o R = ¥ o (idg x 7).
If f is any D-invariant function on G X M, then R*(f) is (1®D)-invariant
(see Corollary 5.28). Therefore,

(w0 R)*(f) € (OgGu ) (7 0 B)™H(Q)) = (Og@OG, 1) (7 0 B) ()
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for any f € Op=(Q) = OF, (771(Q)), @ C M*, and (7oR)* induces a morphism
X* 1 Oae = Xa(Ogxarr) with R*orr* = (id xm)*ox*. The map x defines an action
of G on M* since R is an action and y inherits the respective properties. |

The infinitesimal action
Ay 0 g — Vee(M™), A\ (X) = (X(e) ®id") o X~

on the ringed space M* extends the infinitesimal action A on M in the following
sense:

Lemma 5.43.  For any X € g we have
AMX) ot = ta o A (X).

Proof.  Let Q C M* be open and f € Opm+(Q2). Then 7*(f) is D-invariant on
771Q) € G x M and thus (id* @ \(X))(7*(f)) = —(X @ id*)(7*(f)) for X € g.
Consequently, we have

AX) o ta™)(f) = (MX) 0 2e") (" (f)) = 1" ((id" @ AX))(7*(f)))
= —((X(e) @1d™)(7*(f))-

A calculation using the identities 7o R = x o (id x m) and Ro (id X ¢.) = (¢ x id)
gives tp* 0 A\ (X) = ((—X(e)) ®1d™) o * so that AM(X) oipm™ =t oA (X). =

Proposition 5.44.  Let A be univalent. Then M* is a supermanifold, with a
possibly non-Hausdorff underlying manifold M*.

Moreover, the morphism tpq : M — M* is an open embedding, the
infinitestimal action A, induced by x extends the infinitesimal action of A on
M 2= (I (M), Opn+ i), and we have G- iy (M) = X(G X ipq(M)) = M*.

Thus M* is a globalization of A and the infinitesimal action A is globaliz-
able.

The proof of the proposition makes use of the next lemma.

Lemma 5.45.  Let A\ be univalent and W C G x M an open connected subset.
For any f € OF (W) there exists a unique extension

f € OF i (FHFW))) with flw = f.
Proof. Note that the open set

lEw) = U =
Y leaf
SNW#D

is again connected and by Lemma 5.25 a D-invariant extension f of f is unique.
Let X be aleaf with XNW # 0, i.e. ¥ € 7(WW), and let ¥/ C ¥ be relatively
compact. Since A is univalent, there exists a flat chart ¢ : U x V — G x M with
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> C (U x V) and ¢(U" x V) € W for some open subset U’ C U. The function
(¥]g-1w))*(f) is Dg-invariant and thus of the form (¢[;-1y)*(f) =1 ® fa on
U’ x V C =Y (W) for some far € Op(V). Now, 1 ® fuy is already defined on
U x V and we define f on DU x V) by

Flawsry = @) 1@ far).

This yields a well-defined function f on #*(7(W)) due to the uniqueness of flat
charts following from the univalence of A (see Proposition 5.14). Moreover, f is
D-invariant by construction and f|y = f. |

Proof of Proposition 5.44.  We prove that in the case of a univalent infinites-
imal action the morphism ¢y, : V — M* defines a chart for M* if there is a
flat chart ¢ : U x V — G x M with respect to (D,U,V, g,id). Due to the local
existence of flat charts this implies that M* is a supermanifold.

By Proposition 5.21, the restriction 7gls : ¥ — G of the projection
g : G x M — @G is injective for all leaves ¥ C G x M. Therefore, we have
g(P) = Xgp) = B(gq) = lvg(q) ifand only if p = ¢. The map Iy, is open because
for any open subset V' C V the set iy (V') = iy (7am(U x V') = 7#((U x V)
is open in M™* using that 1 is a local diffeomorphism and 7 an open map.
Consequently, iy, is a homeomorphism onto its image.

To show that ¢y ,* is injective, let Q@ C M* be open and fi, fo € Oa=(92).
If v *(f1) = tvg"(f2), then also

(1) = 7 (g (1) = T (" (f2) = 97 (77 (f2)).

Since m* : Oppe = T (O 1) = T(Ogxm) is the canonical inclusion, 7*(f;) and
fi can be identified. If o*(fy) = 1¥*(f2), then fi = f, on (¢~ (#71(Q))) and
thus f; = fo by Lemma 5.25.

For any fy € OM|V(Z§19(Q)) we have

1® fy =1 (fv) € 05U x Iy, (Q) = 0%

(WM EH).
Thus (¢ !)*(1® fy) is a D-invariant function on Q/J(UXV)HTF

HQ) =d(W (7).
By Lemma 5.45 there is a D-invariant extension f € ngM(W Q) = O (Q) of
()" (1@ fv) and we have wy,,*(f) = fy since ¥*(x*(f)) = " ()" (1® fv)) =

*

1 ® fy. Consequently, ¢y 4
The morphism ¢ = taq,e is an open embedding since the univalence of A
implies that 7, is injective with the same argument as for iy, and locally ¢ is of
the form ¢y . such that there exists a flat chart ¢ with respect to (D,U, V., e,id).
By Lemma 5.43, the infinitesimal action A, induced by x extends the
infinitesimal action of A on M = (Ta((M), Opg+ | (ar)) - Since

is also surjective and thus ¢y 4 is a chart for M*.

g Bep) = x(9, E(e,p)) = Rg(z(e,p)) = X(g-1p)

for any p € M and iy(M) consists exactly of those leaves which intersect {e} x M,
we have G - ipm(M) = X(G x im(M)) = M*. |
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Lemma 5.46. Let o : W — M a local action with induced infinitesimal action
A and mazimally balanced domain of definition. Then we have &(pr{p}) = Y(ep)
for any p € M and ¢ = (id x ¢) o (diag x id) : W — G x M, which is locally a
flat chart.

Proof. The lemma follows from the analogous classical result (see [Pal57],
Chapter II, Theorem VI) since ¢ : W — M has a maximally balanced domain of
definition if and only if the domain of definition W of the reduced local action is
maximally balanced. u

Proposition 5.47.  Let ¢’ : G x M" — M’ be a globalization of A. Then there
15 a local action ¢ : W — M with maximally balanced domain of definition and
finitesimal action X.

Moreover, ¢ : W — M is the unique mazimal local action with infinitesimal
action A. Any two local actions p; - W; — M, i = 1,2, with infinitesimal
action A coincide on their common domain of definition and define a local action
X WL UW, = M with x|w, = 1 and x|w, = ¢2.

Proof.  Theset (¢')"*(M)N(Gx M) is open in G x M and contains {e} x M.
Let W, be the connected component of e in {g € G|@'(¢9,p) € M} for p e M
and define
w=J W, x{p}.
peEM

The set W C G x M 1is open and the largest domain of definition of a local
action included in (¢')~'(M)N (G x M) (cf. [Pal57], Chapter II, Theorem I). Let
W = (W,0y) and define ¢ = ¢'|yy : W — M. The map ¢ is a local action
of G on M. A direct calculation shows that the domain of definition W of ¢ is
maximally balanced. By the preceding lemma we have @E(Wp x {p}) = X(ep) for
any p € M, where ¢ = (id x ¢) o (diag x id) : W — G x M.

Let x : W, — M be any local action with induced infinitesimal action A
and set ¢, = (id x x)o(diag xid) : W,, = Gx M. For any p € M, '(;X(WXW x{p})
is contained in the leaf %, ). Since %, = (W, x {p}), we get

W = 160 (Wi X {P})) € 16(S(ep) = 76 (9(W, x {p})) = W),
which implies W, € W. The uniqueness of local actions with a given domain of
definition (see Corollary 4.13) yields ¢ = x on W,. [

Proposition 5.48.  Let ¢ : W — M be a local action with maximally balanced
domain of definition. Then its induced infinitesimal action is univalent.

Proof.  Let ¢ = (id X ¢) o (diag x id) : W — G x M be the locally flat chart
associated to the local action ¢. By Lemma 5.46 we have ¢(W, x {p}) = Z(cp)
for any pe M.

Let € C X, be a relatively compact connected subset. By Lemma 4.12
there are subsets U C G and V C M, p € V| such that ¢|yxy is a flat chart and
QC @(U x V). Consequently, ¥ ) is univalent for any p € M and hence X is
univalent by Proposition 5.34 [ |
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Example 5.49. Let M = (C\ {0}) x C°2, with coordinates z,60;, 0, and let
a: C\ {0} — C be a holomorphic function. Consider the even holomorphic vector
field 5

Xa = (1 + 04(2)6182)E
on M. We now examine for which « the infinitesimal C-action \,, A\, (t) = tX,,
generated by X, is globalizable.

Let D, be the distribution spanned by % + X, on C x M. The leaves
¥ C Cx M of D, are of the form ¥ =3 .) = {(t +s,2+5)|s € C\ {—z}} for
(t,z) € C x (C\ {0}). Each leaf ¥ is therefore biholomorphic to C\ {0}.

The reduced vector field X, = % always generates a globalizable infinitesi-
mal action and a globalization of M = C\ {0} is M* = C with the usual addition
as C-action. If A, is globalizable, then the globalization M}, = (M*,fr*Og;“M)
is a complex supermanifold of dimension (1|2). Every complex supermanifold
N with underlying manifold C is split since C is Stein (see [Oni98], Theorem
3.4). Moreover, N is isomorphic to C!" for some n € N since all holomorphic
vector bundles on C are trivial. Therefore, M? is isomorphic to C'? if it is a
supermanifold.

An element f = f() + f101 + f292 + f126192 S O(CXM((C X M) is D, -invariant
if and only if there exist holomorphic functions ¢, : C — C, i = 1,2, 3, with

fit;2) = gi(z = 1)

and fio is locally of the form

fia(t, z) = —A(z) (%fo) (t,2) + gr2(z — 1),

where A is a primitive of o and ¢12 a holomorphic function. There are two
different cases:

(i) If « has a global primitive A : C\ {0} — C we have
O (M)

0 )
= {90 + g101 + g202 + (912 - A&go> 0102| 9o, 91, 92, G12 holomorphw}
= (9((:1|2 ((C)

and it turns out that ), is globalizable with globalization M = C!2,
where C acts on C'? by the extension of the usual addition on C, i.e.
(2,01,02) — (2 +t,0,60;). Moreover, the open embedding ¢y : M — M
can be realised as

ir s C\ {0} x CR 5 C'2) 10" (2,601, 0,) = (2 — A(2)6164, 601, 6).
(ii) In the case where v does not have a global primitive A on C\ {0}, we get
Oy (M7) = {A + g101 + gobla + g126102| A € C, g1, g2, g1» holomorphiC} :

which is not isomorphic to Og1j2(C). Therefore, the ringed space M is not
a supermanifold and A, is not globalizable.
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For any «, a flat chart ¢ with respect to (D,, U, V, to, p) is given by the pullback

w*(t, Z, 91, 92)
:(t,p*(z, o, 92)) n (o, (t — to) + (A((2) + (t — o) — A(3(2))) 0" (6262). 0, o),

where U C C and V C C\ {0} need to be open subsets such that there exists a
primitive A of « on U +p(V)={t+z|t € U,z € p(V)} Cc C\ {0}.

We shall now explicitly describe the morphism ® = @y, (, .y : 1 (3, (s, 2)) —
Hol,(C\ {0} x C%?) for a leaf ¥ C C x M with (s,2) € ¥. First remark that if
1 is a flat chart with respect to (D,, U, V, to, p) and t; € U, then 1) is also a flat
chart with respect to (D,, U, V,t;,p') for

(p/)*(2791702)
= p*(2,01,02) + ((t/o —to) + (A(p(2) + (t — to)) — A(p(2))) p"(6162), 0, 0)

= (2,005 + (/j 1dt + (/t:goz(ﬁ(z) +(t - to))dt)p*(9192),0,0> ,

where the integrals do not depend on the path if contained in U since a has a
primitive on U + (V). If ¢’ is another flat chart with respect to (D, U’, V', t;, p')
with VNV’ # () and tj € U’, then ¢ is also a flat chart with respect to
(D, U, V' g, p") for

(pﬂ)*('zv 017 02)

— (2,01, 0,) + (/t:g 1dt + </t:goz(,6(z) bt to))dt)p*(9182),0,0> ,

where the integrals need to be taken along appropriate paths. For any closed path
70,1 = 3, A(r) = (n(r),72(r), ¥(0) = 7(1) = (s, 2), we consequently get

O([v])*(2,61,02) = (z + (/V1 oas,zdt> 9192,91,92)

for a . (t) = a((#—s)+t). Thus, ® is trivial if and only if o has a global primitive
on C\ {0}. Using Theorem 5.35 this shows again that A, is globalizable precisely
if o has a global primitive.

1

In the special case of a(z) = 27", we have for example

® : 7 — Hol,(C\ {0} x C°?), ®(k)*(2,61,05) = (2 + 2mik016, 01, 65)

for any leaf ¥, identifying the fundamental group of 3 = C\ {0} with Z.

6. Actions of simply-connected Lie supergroups

In this section a few consequences of the characterization of globalizable infinites-
imal actions of simply-connected Lie supergroups, i.e. Lie supergroups G whose
underlying Lie group G is simply-connected, are given.
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If G is simply-connected and acts on the classical manifold M, the leaves
Y C G X M of the distribution associated to the infinitesimal action are all isomor-
phic to G and thus simply-connected. This yields consequences for the existence
of globalizations of infinitesimal actions of simply-connected Lie supergroups since
there are no holonomy phenomena, i.e. the morphisms @y : m(3) — Diff,(M)
are all trivial, if the reduced infinitesimal action is global.

Definition 6.1. An infinitesimal action A : g — Vec(M) is called global if
there is a G-action on M which induces .

Remark 6.2 (cf. [Pal57], Chapter II, Section 4).  Let G be a Lie group acting
on a manifold M. Then the leaves 3 C G x M of the distribution D5 associated
to the infinitesimal action A induced by the G-action are all isomorphic to G.

As a consequence we obtain the following theorem.

Theorem 6.3. Let G be a simply-connected Lie supergroup and X\ : g —
Vec(M) an infinitesimal action of G such that its reduced action X\ : go — Vec(M)
15 global. Then the infinitesimal action X\ is globalizable, and M is the unique
globalization.

Proof. Let D denote again the distribution on G x M associated to A. By
Lemma 5.7 we have D = Dj and by definition the leaves of D are the leaves of
D;. By the preceding remark all leaves > C G x M are isomorphic to G' and con-
sequently simply-connected. Therefore, the morphisms ® : (%, (g,p)) = {1} —
Diff,(M) are all trivial. Since )\ is global and thus in particular globalizable,
is univalent. This implies that A is globalizable using the equivalent characteriza-
tions of globalizability formulated in Theorem 5.35. Let M’ be a globalization of
A and 1 : M — M’ the open embedding. Then M’ is a globalization of A and
because M’ is the unique globalization of A (cf. [Pal57], Chapter III, Theorem
XII,(4)) we have M = M’ and i = idys. Since ity is an open embedding, this
implies ty = idyg and M’ = M. [

If the assumption on the simply-connectedness of G is dropped in the above
theorem, there exist counterexamples to the statement, see e.g. Example 5.20.
Also, as e.g. illustrated in Example 5.49, it is not enough for A to be globalizable.
We really need that X is global.

Definition 6.4. Let A\ : g — Vec(M) an infinitesimal action. The set of points
p € M such that there exists an even vector field X € gy with A(X)(p) # 0 is
called the support of A.

Remark 6.5. The definition of the support of an infinitesimal action A implies
that the support of A coincides with the support of the underlying infinitesimal

action \.

In the classical case, we have the following two theorems on actions of
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simply-connected Lie groups.

Theorem 6.6 (sce [Pal57], Chapter III, Theorem XVIII).  Let G be a simply-
connected Lie group and X : gy — Vec(M) an infinitesimal action of G on a
manifold M . If the support of A s relatively compact in M, then A s global.

In particular, any infinitesimal action of a simply-connected Lie group G

on a compact manifold M is global.

Theorem 6.7 (see [Pal57], Chapter IV, Theorem III).  Let A : go — Vec(M) be
an infinitesimal action of a simply-connected Lie group G on M. Suppose there
exists a set of generators {X;}icr, Xi € @0, of the Lie algebra gy such that the
flow of each vector field S\(Xz) is global. Then the infinitesimal action \ is global.

Applying Theorem 6.3, these results in the classical case can be directly
carried over to the case of infinitesimal actions of simply-connected Lie supergroups
on supermanifolds.

Corollary 6.8. Let G be a simply-connected Lie supergroup and \ : g —
Vec(M) an infinitesimal action whose support is relatively compact in M . Then
the infinitesimal action X is global.

In particular, any infinitesimal action of a simply-connected Lie supergroup
on a supermanifold with compact underlying manifold is global.

Corollary 6.9. Let A : g — Vec(M) be an infinitesimal action of a simply-
connected Lie supergroup G such that there exists a set of generators {X;}ier,
X; € 9o, of go such that each vector field N(X;) has a global flow. Then the
infinitesimal action \ is global.

A slightly weaker version of this corollary, in a formulation for DeWitt
supermanifolds, has been proven, in a different way, in [Tuy13]. The assumption
there is that all even vector fields have global flows, and not only a set of generators.
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