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Abstract. Let G be a complex reductive group, B be a Borel subgroup
in G, n be the Lie algebra of the unipotent radical of B, and n* be its dual
space. Let ® be the root system of G, and let ®* be the set of positive roots
with respect to B. A subset of ®T is called a rook placement if it consists of
roots with pairwise non-positive inner products. To each rook placement D one
can associate the coadjoint orbit Qp of B in n*. By definition, p is the orbit
of fp, where fp is the sum of root covectors corresponding to the roots from D.
We find the dimension of Qp and construct a polarization of n at fp. We also
study the partial order on the set of rook placements induced by the incidences
among the closures of orbits associated with rook placements.
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1. Introduction and the first main result

1.1. Let G be a complex reductive algebraic group, 7' be a maximal torus in G,
B be a Borel subgroup in G' containing 7', and U be the unipotent radical of
B. Let ® be the root system of G' with respect to 7', ®* be the set of positive
roots with respect to B, A be the set of fundamental roots, and W be the Weyl
group of ® (see [Bu], [Hul] and [Hu2] for basic facts about algebraic groups and
root systems). Denote by F = G/B the flag variety and by X,, C F the Schubert
subvariety corresponding to an element w of the Weyl group W. Let g, b, n
be the Lie algebras of the groups G, B, U respectively, n* the dual space of
n. The group B acts on n by the adjoint action; the dual action of B on n* is
called coadjoint. We will denote the result of this action by b.A, b € B, A € n*.
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According to the orbit method discovered by A.A. Kirillov in 1962, orbits of the
coadjoint action play a key role in representation theory of B and U [Kil], [Ki2].

Denote by <p the Bruhat-Chevalley order on W. This order plays a fun-
damental role in a multitude of contexts. For instance, it describes the incidences
among Schubert subvarieties of the flag variety &, i.e., X, C X,, if and only if
v <p w. An interesting subposet of the Bruhat—Chevalley order is induced by
the involutions, i.e., the elements of order 2 of W. We denote this subposet by
I(W). Activity around I(W) was initiated by R. Richardson and T. Springer
[RS], who proved that the inverse Bruhat-Chevalley order on I(Ss,+1) encodes
the incidences among the closed orbits under the action of the Borel subgroup of
the special linear group on the symmetric variety SLo,11(C)/SOsg,+1(C). (Here
Sy, denotes the symmetric group on n letters). The poset of involutions was also
studied by F. Incitti [Inl], [In2] from a purely combinatorial point of view. In
particular, he described the covering relation of this poset.

To each involution w € I(W) one can assign the coadjoint B-orbit §2,, C n*
be the following rule. The involution w can be canonically expressed as a product
of pairwise commuting reflections [De], [Sp]:

w = HSﬁ, D C o,
BeD

(Since sp’s commute, D is a strongly orthogonal subset of ®*.) The root vectors
o, a € ®T form a basis of n. Denote by {e}, o € ®*} the dual basis of n*. By
definition, €2, is the orbit of the element

fw = ZGZ’

BeD

It was shown in [Igl] that the Bruhat-Chevalley order on I(S,,) encodes the
incidences among the closures of such orbits for G = GL,(C). Namely, Q, C Q.
if and only if ¢ <p 7. These results are in some sense “dual” to A. Melnikov’s
results [Mel], [Me2]. In [Ig2], similar results were obtained for G = Sp,,(C).
Using results of A. Panov [Pa], the first author proved in [Igl] and [Ig2] that for
GL,(C) and Sp,,(C), dim, equals [(w), the length of w. Further, in [Pa,
Panov constructed polarizations at the elements f,, w € I(S,). (Polarizations
play an important role in the orbit method [Ki2].) In [Ig3], [Ig4] similar results
were obtained for other reductive groups. The goal of the paper is to generalize
these results to the case of orbits associated with rook placements in the root
system A, ; see the next Subsection for precise definitions.

The paper is organized as follows. In the next Subsection, we define rook
placements in root systems. We also define a certain partial order on the set of
rook placements in A, and describes connections of this poset with the B-orbit
closures for G = GL,(C). Our first main result is Theorem 1.5. In Section 2,
we formulate and prove our second main result, Theorem 2.4 (see Subsection 2.1).
Precisely, we construct polarizations at some linear forms on orbits associated
with rook placements and compute the dimension of the orbit associated with
a rook placement in purely combinatorial terms. We also give an upper bound
for the dimension in terms of the Weyl group. Finally, in Section 3, we describe
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the covering relation of the poset of rook placements. Our third main result,
Theorem 3.3, is formulated in Subsection 3.1 and proved in Subsections 3.2, 3.3.

1.2. Here we give precise definitions and prove our first main result.

Definition 1.1. A rook placement is a subset D C ®* such that («, 3) <0 for
all o, p € D.

Example 1.2. Let G = GL,(C) be the general linear group, so ® = A,,_;. As
usual, we identify ®* with the set

{Ej—El‘, 1§j<z§n}CR",
where {¢;} ; is the standard basis. For instance, if n = 8, then
D ={e1 —e€3, €a— €, €3 — €7, €4 — €5, €6 — €3}

is a rook placement. Here we draw this subset on the lower-triangular chessboard
using the following rule: the (i,7)th box is occupied by a rook if and only if
€6 —¢6 €D.

1 2 3 4 5 6 7 8

b2

0 N O O ks W N
®

®

Note that the definition of a rook placement guarantees that rooks don’t hit each
other.

To each rook placement D C ®* one can assign the B-orbit Qp C n* by

putting
Jp = Z 62

BeD

and Qp = B.fp. (Clearly, if D is an orthogonal subset, then Qp = Q,, for
w = [[zepsp.) Further, if &: D — C* is a map, then we put ©p¢ = U.fpg,

where
fpe = Zf(ﬁ)ez-

BeD

We say that the orbits 2p and ©Op¢ are associated with the rook placement D.
In fact,

Qp= |J Onpg¢
£ D—CX

for G = GL,(C), see Lemma 1.3 below (cf. [Kol, Theorem 2.5], [Mel, Corollary
3.3] and [Igl, Lemma 2.1]). Note that almost all coadjoint U-orbits studied up
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to now are associated with certain rook placements, see, e.g., [Anl], [An2], [AN],
[Ki3], [Kol], [Ko2] and [Pa].

From now on, let G be the general linear group GL,(C), so W = S, | the
symmetric group on n letters. Denote by B the group of all invertible upper-
triangular matrices, then U is the unitriangular group, i.e., the group of all upper-
triangular matrices with 1’s on the diagonal, and n is the space of all upper-
triangular matrices with zeroes on the diagonal. We identify &+ = Al | with the
set

{(4,j)) e NxN|1<j<i<n}

by sending
€; — € — (Z,])

Now, if a = (i,7) € ®* is a root, then the root vector e, is an elementary matrix,
namely, e, = e;;. Using the trace form

(\z)=trdz, Aen’, xen,

one can identify n* with the space n' of all lower-triangular matrices with zeroes
on the diagonal. Under this identification, e}, = e€;;, so

(Fo)es = {1, if (i, §) € D,

0 otherwise.

Note also that the coadjoint action has the simple form
b= (bAb Y)iow, b€ B, A €n”,

where X, denotes the strictly lower-triangular part of a matrix X € Mat,,(C).

Denote by 1" the group of invertible n x n diagonal matrices. Recall that
B is a semi-direct product of U and T', B = U xT'. In particular, for any g € B,
there exist w € U, t € T such that ¢ = ut. Denote by 1, the n X n identity
matrix. Finally, suppose

D= {(i17j1)a S (is7js)}>
u>g, 1 <...<Js,is arook placement. Then put
w = (il,jl)...(is,js) € Sn. (1)

In other words, w = s, ...ss,, where 5, = (i,7;). We need the following simple
Lemma (cf. [Igl, Lemma 2.1]).

Lemma 1.3.  Let D be a rook placement. Then Qp = ng pocx O

Proof. Let {: D — C* be a map. Suppose D = {(i1, 1), .., (is,7s)}. Let w
be the permutation defined by (1). One can express w as a product of disjoint
cycles:

w=(ay,...,q)...(a},....a}),
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al < ... <a2i for all 1 < < k. It is easy to see that

k  b;

D = JUJl(a}, @)}

i=1j=2

Then define t to be the diagonal matrix such that

A T &alal )Y ifp = a’; for some 1 <i <k, 1 <7<,
PP 1 otherwise.

For instance, if n = 8 and D = {(3,1),(6,2),(7,3),(5,4),(8,6)}, as in Exam-
ple 1.2, then
w=(1,3,7)(2,6,8)(4,5),

and so

t = dia, {1 1 L 1 L L ! ! }
B s 7 75(371)7 75(5’4)75(672)’§(371)’5(773)75(672)'5(876) '

One can trivially check that ¢.fp¢ = fp, hence Op¢ C Qp.

On the other hand, let g be an element of B. Then there exist u € U,
t € T such that g = ut, so g.fp = u.fp,, where x(ir, Jr) = Girir/9jrjr, L <17 < 'S,
Thus, g.fp € Op,y - [

To discuss the incidences among the closures of orbits associated with rook
placements, we need some more notation. By Z we denote the Zariski closure
of a subset Z C n*. Given X, Y € Mat,(Z), we write X <Y if and only if
X;; <Y, forall 7,7. To each rook placement D C &t we assign the matrix Rp
by the following rule:

tkm; ;(fp), ifi>j
R id = s3J ) )
(F)i; {O otherwise,

where 7; j(X) denotes the lower-left triangular part of a matrix X € Mat,,(C). In
other words, (Rp);j, @ > j, is just the number of rooks situated non-strictly to
the South-West of the box (i,7). Finally, we put D < D" if Rp < Rp.

Example 1.4. Let n =8 and D be as in the previous example. Then

&y
N
I

0 N O Ut = W N

[ea) Nenj Hev) Hen) Nan) Nl B E=2 1
(o) Real N BE S R V] Reol Hen) | V)
OO OO |w
SN WO OO O
O[NNI OO OOt
= B\ V] k=) vl Heol Hen) Nen) Han) (o
RO OO OO OO
[ev]l el Hen) Nen) Nen)l Hewl Hew) e} (0]
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Our first result is as follows (cf. [Igl, Theorem 1.10], [Me2, Theorem 3.5]).
Theorem 1.5. Let D, D' be rook placements. If Qp C Qpr, then D < D'.

Proof. Using Lemma 1.3, one can repeat literally the proofs of [Igl, Lemma
2.2] and [Igl, Proposition 2.3] to obtain the result. Namely, we claim that

k7 ;(A) = (Rp)i;

for all A € Qp, 1 < j <7 < n. Indeed, Lemma 1.3 shows that it’s enough to
check that if w € U, f € n*, then

rk 7T,-7j(u.f) =rk 7Ti7j(f)

for all 1 <7 < < n, because

rkm; j(fpe) = (Bp)ij

for all maps £: D — C*.
To do this, pick an element u € U. It’s well-known that there exist o;;; € C

such that
u= [T @),

(i,j)ed

where z;;(a;;) = 1, + a;,e;; (the product is taken in any fixed order). Hence we
can assume u = ,,;(a) for some (i,j) € &7, a € C. Then

fistafis, fr=jand1<s<j,
(- frs = fri —afr;, fs=iandi<r<n,

frs otherwise.

Hence if r > j and s < 4, then m.s(u.f) = m5(f). If r < j (and so
s < r < j < i), then the jth row of 7, s(u.f) is obtained from the jth row of
7rs(f) by adding the ith row of 7, ¢(f) multiplied by «. Similarly, if s > ¢ (and
so r > s >4 > j), then the ith column of m,s(u.f) is obtained from the ith
column of 7, (f) by subtracting the jth column of 7, (f) multiplied by «. In
both cases, rkm, s(u.f) = rkm, s(f), as required.

Now, suppose 2p C Qp, but D # D'. This means that there exists a root
(i,j) € ®* such that (Rp/);; < (Rp)i;. Denote

Z=A{fen |tkm(f) < (Rp).s for all (r,s) € ®}.

Clearly, Z is closed with respect to Zariski topology. We proved that Qp C Z,
hence Qp C Z. But fp ¢ Z, hence Qp SZ Z , a contradiction. ]

Remark 1.6. i) It follows that Qp = Qp if and only if D = D’. Indeed,
assume 2p = Qp. Then Qp C Qp and vice versa, so Rp < Rp and Rp < Rp.
Hence Rp = Rpr. One can easily deduce from this fact that D = D’.
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ii) In [Sm], E.Yu. Smirnov studied B-orbits on the direct product of two
Grassmanninans. They are indexed by the set of rook placements on certain Young
diagrams. As one can see from [Sm, Theorem 3.10], the partial order on this set
induced by the incidences among the closures of such orbits is closely related to
the partial order defined above. It would be interesting to investigate any deeper
relations between the situation considered by Smirnov and our situation.

iii) Note that if D and D’ are orthogonal subsets of ®*, then D < D’
implies Qp C Qp. But in general this is not true. For instance, let n = 4,
D =1{(3,2),(4,3)}, D' ={(2,1),(3,2)}. Clearly, D < D’. On the other hand,
one can easily check that

AapAo1 + AgzAz 1 =0

for all A € Qpr, so fp & Qpr.

iv) Finally, note that the closure of the orbit associated with a rook place-
ment is not a union of orbits associated with rook placements. For instance, if
Dy = {(n,1),(n — 1,2),...}, the maximal element with respect to <, then the
closure of €1p, coincides with n*.

There is a corollary of Theorem 1.5 in terms of the Bruhat—Chevalley order
on the set of so-called Kerov involutions [Ke]. To each rook placement D C &
one can assign the involution op € Sy, o by the following rule: if

D = {(ilvjl)v SRR (isajs)}y
then, by definition,
op = (21 —2,2j; — 1) ... (24, — 2,25, — 1).

Example 1.7. Let n = 8 and D = {(3,1),(6,2),(7,3),(5,4),(8,6)}, as in
Example 1.2. Then

(12 3 45 6789 10 11 12 13 14 cs
42 10 1 12 6 8 79 3 14 5 13 11 14-

Corollary 1.8.  Let D, D’ be rook placements. If Qp C Qpr, then op <p opr.

Proof. Denote by 5, D' the orthogonal subsets of Aj . corresponding to
the involutions op, op respectively. It follows from [Igl, Theorem 1.10] that
op <p op is equivalent to Rz < Rp,. But the last inequality is equivalent to
RDSRD/,i.e., DSD/ |

2. Polarizations and dimensions of orbits

2.1. Our next goal is to compute the dimension of Qp. To do this, we need
some more definitions. If A € n*, then a subspace V' C n is called A-isotropic
if M([z,y]) = 0 for all z, y € V. Recall that a subalgebra p C n is called
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a polarization at A if it is a maximal A-isotropic subspace. Polarizations play a
key role in the construction of the irreducible representation of U corresponding to
a given coadjoint orbit [Ki2]. It is known that if © = U.\ is the coadjoint U-orbit
of X\, then

dim © = 2 - codim ,p.
Let 1 <k <n. It is very convenient to put
Ri={(k,s) € ®d" |1 <s<k}, C.={(rk)ed" |j<k<n}
Definition 2.1. The sets Ry, C. are called the kth row and the kth column

of ®* respectively. We will write row(a) = k (resp. col(a) = k) if a € Ry (resp.
a € Ci). Note that if D C &7 is a rook placement, then

IDNRi| <1land |[DNCy| <1lforalll <k <n. (2)
Example 2.2. Let n = 6. On the picture below boxes from R5 UCy are grey.

1 2 3 4 5 6

S U R W N =

Let D be a rook placement. Suppose D = {1, ..., s} and denote

iT = I'OW(ﬁT), jr = COI(ﬁr)a 1 <r<s.

Without loss of generality, j; < ... < j5. Put also jo =0, M;, = & and

r—1
M, ={ v @) € Ri, 1>y and (a.5) ¢ (] M}
P, ={(p,jr) €C;. | p < i, and (ir,p) € M, } forall 1 <r <s.
We put also M = J_; M;, and P =J’_, P;,. Clearly, |IM; | = |P;.| for all r.
Example 2.3. Let n =8 and D be as in Example 1.2. Then

M, = {(37 2)}7 M,y = {(674)7 (675)}7 Ms = {(774
(

, (7,5
P = {(27 1)}7 Py = {(47 2)7 (5?2>}7 P3 = {(47 3)7 (

), (7,5), (
5,3), (6,3)}, Py=Ps=2.

On the picture below boxes from M are marked by —’s and boxes from P are

) 776)}7 M4:M6:®7
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marked by +’s.
1 2 3 4 5 6 7 8

®|+]+
®[+]+]+
|
|

®

0 N O O ks W N

Denote by p the subspace of n spanned by all e;;, (i,7) € T\ M. Recall
the definition of w from (1): if D = {(i1,1),..., (is,Js)}, then

w = (ilajl) Ce (is,js) S Sn

Let I(w) be the length of w in S,, as a Weyl group. Our second result is as follows
(cf. [Pa, Theorems 1.1, 1.2], [Ig3, Theorem 1.1, 1.2], [Ig4, Theorem 0.2], [Igl,
Proposition 4.1], [Ig2, Theorem 3.1]).

Theorem 2.4. Let D be a rook placement and &: D — C* a map. Then

i) p C nis a polarization at fpg,
ii) dim@p,g =2- |M| S l(w) - |l)|7
i) dimQp =2 M|+ |D| < I(w).

The proof is given below, see Propositions 2.6, 2.7, 2.9 and Corollaries 2.8, 2.11.

Remark 2.5. Note that if ¢ > j, then w(j) =i if and only if (i,5) € D. It
follows from [Pr] that if D, D’ are rook placements, w, w’ are the corresponding
permutations and w <g w’, then D < D’. But the converse statement is not true
in general. Tt is true if D and D’ are orthogonal subsets [Igl, Theorem 1.10]. On
the other hand, let n =4, D = {(2,1),(3,2),(4,3)} and D' = {(3,1),(4,2)}. One
can easily see that D < D', but wp and wp are incomparable in the Bruhat—
Chevalley order.

2.2. Let D be a rook placement and &: D — C* a map. Recall the
definition of p from Subsection 2.1. In this Subsection, we prove that p is a
polarization at fpg¢, cf. [Pa, Theorem 1.1] and [Ig3, Theorem 1.1].

Proposition 2.6.  The subspace p is a subalgebra of n.

Proof. By definition, p is spanned by e;;, where (i,7) € @\ M. Suppose
that p is not a subalgebra. Then there exist j < k < ¢ such that (i,k) and (k, j)
belong to ®*\ M, but (i,j) belongs to M. We call such a triple {7, k,j} non-
admissible. We can assume without loss of generality that j is minimal among all
such triples.
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Since (i,7) € M, there exists s < j such that (i,s) € D and (i,j) € M;.
But (i,k) ¢ M, so (k,s) € M. Further, (i,j) € M, means that (j,s) € Ps,
hence (j,s) ¢ M. Thus, {k,j,s} is a non-admissible triple. This contradicts the
choice of j. The proof is complete. [ |

Proposition 2.7.  The subspace p is a mazimal fp¢-isotropic subspace of n.

Proof. Denote f = fpe. If

T = E Ti €50, Y = E Yr,sCs,r

(i,5)€®T (r,s)€®+

and f([z,y]) # 0, then there exist j < k < ¢ such that (i,j) € D and, say,
Tig # 0, yp; # 0. If z,y € p, then (4,k),(k,j) ¢ M. This contradicts the
definition of M. We conclude that f([z,y]) = 0 for all z,y € p, hence p is an
isotropic subspace of n.

Now, assume that

xr = Z J]i’jej’i
(1,5)edt

does not belong to p, but p+ Czx is an isotropic subspace of n. Since z ¢ p, there
exists a root (i,7) € M such that z;; # 0. We can assume that j is minimal
among all such roots. It follows from (7, j) € M that there exists (i,s) € D such
that (i,j) € M. Note that (j,s) € Ps, hence e, ; € p.

We claim that f([es;,z]) # 0. Indeed,

s> ¥ = @i jles, €jq] + Z Tap|€s.jr Cbal
(a,b)ed@t, b>j, a#i

= Z;€s; + E La,j [es,j’ ej,a]
(av.j)€¢+7 a’;él

= T;j€s; + E Lq,j€s.a-
(a,7)€®TF, a#i

If a # 1, then (a,s) ¢ D, so f(esq) =0. Thus, f([es;,z]) =&(4,j)x;; # 0. This
contradiction shows that p is a maximal isotropic subspace of n, as required. =

Corollary 2.8.  The dimension of the orbit ©p¢ does not depend on & and
equals
dim@D,g =2 |M|

Proof. Since p is a maximal fp¢-isotropic subspace, dim©p, equals 2 -
codim p. [ |

2.3. Recall the definition of w € S,, from Subsection 2.1. In this Subsec-
tion, we show that dim©p ¢ < l(w) — |D| and, consequently, dimQp < I(w), cf.
[Pa, Theorem 1.2], [Ig3, Theorem 1.2], [Ig4, Theorem 0.2], [Igl, Proposition 4.1]
and [Ig2, Theorem 3.1].
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Proposition 2.9.  Let D be a rook placement and £: D — C be a map. Then
dim@D@ S l(w) — |D|

Proof. Put © = Op,. We will proceed by induction on n (the base is
evident). If D NC; = @, then the required inequality holds by the inductive
hypothesis, so we may assume that D N C; = {(i1,1)} # @. Suppose that
(i1,1), (i2,41), ..., (ik,ig—1) € D and DNR;, = &. Denote iy = 1 and consider
the set ® = £&+ where

k

I+ = o\ (U(Ria‘ UCij)> :

j=0

_We can identify ® with the root system A,_j_1 by the obvious rule. Put
also D = D N®*" and
o= [] .5

(i,j)eD
Let 7(117) be the length of w in the Weyl group of ®. Denote by U the subgroup of
U generated by z;;(c;,), (i,7) € T, a;; € C. Denote also by n the subalgebra

of n generated by e;;, (i,7) € ®* . Finally, denote by © the U-orbit of the linear
form

f= Z (i, j)ei; €.
(i,j)€D
By the inductive assumption, dim o <l(w)— |Z5| . Let p be the polarization
of m at f constructed by the rule described in Subsection 2.1. Clearly,

p=p® @ €j,is

(i,5)€(@H\&+ )\ M/

where

w= s, = U J i}

r=1 \ j=i,_1+1
Using Corollary 2.8, we obtain
dim©® =2 M| = dimO + 2 - | M|
~ i ~ (3)
=dimO©+2-» (i, — i,y — 1) = dim© + 2i;, — 2k — 2.
r=1

Our goal now is to compare [(w) with [(w). Recall that a pair {a,b} is
called an inversion in w if a > b and w'(a) < w™'(b). It is well-known that the
length of w equals the number of inversions in w. Denote X = {ig = 1,41,...,4x},
then

l(w) = (w) + #{{a,b} | {a,b} is an inversion in w and {a,b} N X # &}.
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Note that w has the form
_<1 R R PSR 77 S 1A O 1% )
w=|. . . : : .
11 ... g ... 13 ... U1 ... U ... 1 ...
In particular, if w™'(a) < i, then {a,1} is an inversion in w, hence

(w) > 1(@) + i — 1.

Furthermore, put Y, = {i, 1 + 1,4, 1+ 2,...,4, — 1}, 1 < r < k. Pick
a number y € Y. If w(y) > ix_1, then {it,y} is an inversion in w. On
the other hand, if w='(y) < is_o, then {y,ix_1} is an inversion in w. Finally,
suppose i, o < w'(y) < ix_1. Then there exist y; < yo» < ... < y, such that

w(yr) = yo, w(y2) = Y3, .., w(ys—1) = ys, w(ys) =y and y = y; for some 7, see
the beginning of the proof of Lemma 1.3. In this case, {ix,y;} is an inversion in
w, because i, >y > y;. Thus,

l(w) > 1(@) + i, — 1+ |Va.
Arguing by the similar way, we obtain
o~ k o~
l(w) > @) +i, — 1+ Y _ |V =1(@ —i—zk—l—l—z =g —1)
r=1
l( )+Zk—1+(k—1) k:l(w)+21k—k—2
Using (3) and the inductive assumption, we conclude that
dim © = dim © + 2; — 2k — 2 < (@) — | D| + 24 — 2k — 2
= (@) + 2ix — k — 2) = (|D| + k) < l(w) — |D|.
The proof is complete. [ |

Remark 2.10.  Suppose D is an orthogonal subset of AT | and £&: D — Cis a
map. In this case, dim Op¢ = [(w) — |D|, see [Pa, Theorem 1.2]. In general, this
is not true. For example, let n =6 and D = {(3,1),(5,2), (4, 3),(6,4)}:

1 2 3 4 5 6

_|_
®_

® —_
&

S Ut R W N =
+
®

Then, by Corollary 2.8, dimQp, = 2 - |M| = 4. At the contrary, w =

123456
(3 54 6 2 1>’hencel(“’)=10 and [(w) — [D| =10 —4 =6 > 4.
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Corollary 2.11.  Let D be a rook placement. Then
dimQp =2 M|+ |D| < l(w).

Proof. Denote by & the map from D to C* such that &(i,j) = 1 for all
(t,7) € D, and ©g = Opg,, so fp € Op. Let Z be the stabilizer of fp in B (cf.
the proof of [Igl, Proposition 4.1]). Then

dim Qp = dim B — dim Z.

Recall B = U xT. Suppose g = ut € Z, where uw € U, t € T, then g.fp =
u.(t.fp) = u.fpe, where £(i,7) = t;;/t;; (cf. the proof of Lemma 1.3).

Hence g.fp € Op¢. But [Anl, Theorem 1] shows that Op¢, = Opg, if and
only if & =&, so £ = &y and, consequently, g.fp = fp. This means that map

Z — Zy X Zp: ut — (u,t)

is an isomorphism of algebraic varieties, where Z;; (resp. Zr) is the stabilizer of
fp in U (resp. in T'). Thus, dim Z = dim Zy + dim Z7.
But t € T belongs to Zp if and only if ¢;;/t;; =1 for all (i,5) € D, hence

dim Zy =dimT — |D| =n — |D|.

On the other hand, dim©y, = 2 - M| < l(w) — |D| by Proposition 2.9 and
Corollary 2.8, thus

dim Zy = dim U — dim O
=dimB—-n—2-|M|>dimB —n—Il(w)+|D|.

We see that dimZ =dim B — 2 - |M| — |D| > dim B — [(w), and so
dimQp =2 M|+ |D| < l(w),

as required. The proof is complete. [ |

3. The covering relation of the set of rook placements

3.1. Our third result describes the covering relation of the set of rook placements
with the partial order < defined above. Denote this set by R. To a given D € R,
we will describe the set

L(D)={D'" € R | D' < D and there are no D" € R such that D' < D" < D}

in the spirit of [Igl].
There exists a natural partial order on ®*: o < § if  — « is a sum of
positive roots. In other words, (a,b) < (¢,d) if @ < c and b > d. Let D be a rook

placement. Denote by M (D) the set of minimal elements of D. Put
M(D) ={(i,j) € M(D) | DN Ry, # @ and DNCy, # @ for all j < k < i},
N™(D) ={Dy;) (i,j) € M(D)},
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where D =D\ {(i,7)}.
Let (i,j) € D. Denote
m=min{k | j <k <iand DNC, =T}

Suppose m exists. Further, suppose there are no (p, q) € D such that (i,j) > (p, q)
and (i,7) # (p,q). Then put

@ = (D\A{G D U{Em)}.
Similarly, suppose
m=max{k | j <k <iand DNRy =}
exists and there are no (p,q) € D such that (i,7) > (p,q) and (m,j) # (p,q).

Then denote
Dii gy = (D\ {0, 7)1 U {(m. )}

Now, denote by By; j)(D) the set of (a, 3) € D such that (o, 8) > (4,7) and there
are no (p,q) € D satisfying (i,7) < (p,q) < (o, 8). If (o, B) € B j)(D), then put
D)) = (D\A(E.9). (. H)Y) U{(E.5). (o)}

We set

_ T (a,8)
N0 = U (Dl fu U {P() (@9 € Bay(D)}-

(3,5)€D (i,5)€D

Example 3.1. Let n = 8 and D = {(3,1),(6,2),(7,3),(5,4),(8,6)}, as in
Example 1.2. Then M (D) = M(D) = {(3,1),(5,4),(8,6)} and (6,2) € B4 (D).

On the picture below we draw D), D((g i)) D(T 2) and D(7’3).

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8

(6.2)
» Dl

0 J O U =W N =
®

0 N O Ot = W N
®

— -
(6,2) — (7,3) —

O N O Ot = W N
b2y

0 J O Ot =W N
&
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Now, suppose (i,7) € D and («, ) € Z X Z. Assume that ¢ > 5 > a > j,
DNRy=DNCs =0, DNRy # I, DNC, # @ for all @« < k < § and if

(p,q) € D, (i,7) > (p,q), (o,7) # (p,q), then (i,8) > (p,q). Further, assume
that if o # 3, then DNRg # @ and D NC, # . Denote the set of such pairs

(o, B) by Cuj (D). If (o, B) € Cpijy(D), then we put
D = (DA, ) U {(i, B), (e 5)}-
We also set

NHD) = | {Dg:f),(a,ﬁ)EC(iJ)(D)}.

(3,5)€D

Example 3.2. Let n = 6 and D = {(4,1), (6 2),(5,4)}. Then (3,3) €
Cl6,2)(D). On the picture below we draw D and D3

(6,2)"

1 2 3 4 5 6 1 2 3 4 5 6

1 1

2 2

3,3

D=3 D(62):3 &®

4l ® 4| ®

5 & 5 ®

6 & 6 &

Finally, we denote
N(D)=N"(D)UN°D)uUNT(D)
(cf. [Igl, Subsection 2.2] and [Me2, Subsections 3.7-3.14]).

Theorem 3.3. Let D € R be a rook placement. Then L(D) = N(D).

The proof is given below. In Subsection 3.2, we check that N(D) C L(D).
In Subsection 3.3, we prove that L(D) C N(D), so N(D) = L(D).

3.2. Let D € R be a rook placement. Recall the definitions of N~ (D),
N°(D), NT(D), N(S) and L(D) from Subsection 3.1. Note that

IT| = |D| £ 1 for all T € N*(D), A

|T| = |D| for all T € N°(D). (4)

Theorem 3.3 claims that L(D) = N(D). To prove this, we need some more
notation. Namely, put

L D)={TeR|T<D, |T|<|D|land if T'< S < D then S =T},
LYD)={TeR|T <D, |T|=|D|andif T < S < D then S =T},
L*(D)={TeR|T <D, |T|>|D|and if T < S < D then S =T},
L (D)={TeR|T <D, |T|<|D|andif T < S < D, |S| < |D|, then S = T7},
(D)
(D)

LXD)={TeR|T <D, |T|=|D|andif T < S < D, |S| <|D|, then S =T},

N~(D) ={Dy.(i,j) € M(D)}.
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Clearly, N~(D) € N=(D), L=(D) C L~(D), L%(D) C L°D) and L(D) =
L=(D)U LY(D)U LT(D). Our strategy is to prove that

N=(D) = L~(D), N°(D) = L°(D), N*(D) = L*(D).

In this Subsection, we will prove that

N~(D) € L™(D), N°(D) € L(D), N*(D) € L*(D).

Definition 3.4. A subset Y C ®* is called an ideal if it follows from (a,b) € Y,
(¢,d) € | (¢,d) > (a,b) that (¢,d) € Y. One can easily see that if D, D" € R
are rook placements and Y is an ideal, then

YND=YND (RD)i,j = (RD’)i,j for all (Z,j) ey (5)

Now we are ready to prove that N=(D) C L™ (D) (cf. [Me2, Lemma 3.8],
[Igl, Lemma 3.2]).

Lemma 3.5. Let D€ R. One has N~(D) C L~(D).

Proof. Suppose T = D .. € N~(D) for some root (i,j) € M(D) By (4),

(4.9)
IT| = |D| -1 < |D|. Put

Y ={(p,q) €@ | (p.q) £ (i,5)},

then T=Y NT =Y ND. Assume that there exists S € R such that T <S5 < D
and |S| < |D|. By (5),

YNT=YNS=YnND,
so |S| < |T| = |D| —1. Thus, |S| = |T| and S = T. This means that
T e L (D). ]

Second, let us show that N°(D) C L°(D) (cf. [Me2, Lemmas 3.11-3.14],
[Igl, Lemma 3.3]).

Lemma 3.6. Let D € R. One has N°(D) C L°(D).

Proof. Let T € N°(D). By (4), |[T| = |D|. First, assume T = D(T j for some
(4,7) € D. (The case T = D7) is completely similar.) Suppose T\ D = {(m, j)}.
Put Y =YyUY; and Y = &\ YV, where

Yo ={(p,q) € 2" | (p,q) £ (i
Vi={(pq) € <I>+!( )S( y>}-

Then (Rp)rs = (Rp)ns for all (r,s) € Y. Note that Yy and Y U'Y, are ideals.
For example, let n =8, i =7, 7 =2, m = 5. On the picture below boxes from
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Yy are filled by 0’s, boxes from Y; are filled by 1’s, and boxes from Y are grey.

1 2 3 4 5 6 7 8

0 N O Ot s W N
jen) Hen) Hen)l Heo) B}l Hen) Ben}
—

010{0]0(0]0

Now, assume that there exists S € R such that " < S < D. By
(5), it is enough to check that (Rg),s = (Rr).s for all (r,s) € Y, because
(Rp)rs = (Rr)rs = (Rg)ys for all (r,s) € Y. Note that

(RT)T,S = (RD)T,S -1

for all (r,s) € Y. Moreover, by definition of DZJ-, DNY ={(i,)} and TNY = 2.

It follows from 7' < S < D that there exists (k, j) € S such that m < k <.
We claim that SN (Y \R;) = @. Indeed, assume there exists (p,q) € SN (Y \Ry).
Then m < p < i. By definition of DZJ-, DNYyNR, # @. Since DNY, =TNY, =
SNYy, we obtain SNYyNR, # &. But (p,q) € Y, hence |ISNR,l > 2. This
contradicts (2). Thus, SN (Y \ R;) = @. In particular, either k =i or k =m. If
k =1, then

SN(YUYy)=DnN (Y UY).

By (5), S = D, a contradiction. Hence k =m, so S =T, as required.
Second, assume that 7" = Dgfj’f) for some (i,7) € D, (a,B) € B (D).
Suppose S € R and T < S < D. Arguing as in step (ii) of the proof of [Igl,

Lemma 3.3], we deduce that S = T'. The proof is complete. [ |

Finally, we will check that N*(D) C L*(D) (cf. [Igl, Lemma 3.4]).
Lemma 3.7. Let D € R. One has N*(D) C L™(D).

Proof. Let T = Dgf) € N*(D) for some (i,5) € D, (o, ) € C; (D). By

(4), |T| = |D|+1. Here we put Y =Y, UY; and Y = &\ Y, where

Yo={(p,q) € @ | (p,q) £ (i,7)},
Vi ={(p.q) € 2" | (p,q) < (o, j) or (p,q) < (i, 8)}.

Then (Rp)rs = (Rr)ys for all (r,s) € Y. Note that Yy and Y UY, are ideals. For
example, let n=8,1=7, =2, a =4, 8 =5. On the picture below boxes from
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Yy are filled by 0’s, boxes from Y; are filled by 1’s, and boxes from Y are grey.

1 2 3 4 5 6 7 8

1
0{0]010(0]O0

O N O Ut b W N =
[eo) Hewll e}l Hev) Nen) Nav) Raw]

Now suppose there exists S € R such that T < S < D. By (5), it is
enough to show that (Rg),s = (Rr),s for all (r,s) € Y. Note that

(Br)rs = (Rp)rs — 1

for all (r,s) € Y. Moreover, by definition of Dz.’f), DAY = {(i,j)} and TNY = &.
Since T' < S < D, there exists (k,j) € S such that a < k <. If k =1,
then N N
SNYUYy) =Dn((YUYy).
By (5), S = D, a contradiction. Hence o < k < . Similarly, there exists (i,1) € S

such that 7 < 1 < 8. We claim that either [ < « or [ = . Indeed, assume
a <1< B. By definition of D), DNYyNC, # @. Since DNYy = TNY, = SNYo,
we obtain SNY,NC # @. But (i,l) € Y, hence |S NG| > 2. This contradicts
(2). Thus, either | <« or [ = f.

Assume | = «o. If &k > «a, then (Rs)ka > (Rp)ka, which contradicts
S < D, hence k = a. If a < 3, then, by definition of D

(i)
SNYoNCyo=DNYyNC, # 9,
so |SNC,| > 2, a contradiction. Hence o = =k =1,s0 S =T, as required.

If | <a,then (Rg)g; > (Rp)ky, because k > «. This contradicts S < D,
so [ = (. Similarly, £k = «, hence

SN(YUYy) =TnN (Y UY).

By (5), S =T, as required. [

3.3. In this Subsection, we will show that

L~(D) € N~(D), L'(D) € N°(D), L*(D) € N*(D).

Combining this with the results of the previous Subsection, we see that

N~ (D)= L™ (D), N°(D) = L°D), N* (D)= L"(D).
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Using Lemma 3.5 and the fact that N=(D) = L~(D), one can mimic the proof
of [Igl, Lemma 3.8] to show that N~ (D) = L~ (D), hence N(D) = L(D). This
concludes the proof of Theorem 3.3.

The proofs are much more complicated than the proofs in the previous
Subsection. Note that

Dy ={(n,1),(n—1,2),...,(n —ng+1,n0)},

where ng = [n/2], is the maximal element of R with respect to the partial order
< on R. N
First, we will prove that L™ (D) = N~ (D) (cf. [Igl, Lemma 3.5]).

Lemma 3.8. Let D € R. One has L~ (D) = N~ (D).

Proof. By Lemma 3.5, it is enough to check that L~ (D) C N~ (D). We must
show that
if T <D and |T| < |D|,

~ 6
then there exists S € N~ (D) such that T'< S < D. (©)

We will proceed by induction on n (for n = 1, there is nothing to prove). The
proof is rather long, so we split it into five steps.

i) One can easily check that if D = Dg, then (6) holds. Therefore, we may
also use the second (downward) induction on the partial order < on R.

ii) Let D < Do, D ={(i1,j1),---,(is, Js)}, asabove, T = {(p1,q1),-- -, (Pt, @) },

D> q, < qu1, T'< D and t < s. Consider the following conditions.

a) There exists k < n such that iy = jp + 1 or k = |D|.

b) There exists d < k such that either g1 > ji or d = |T.
)iy > dpyq forany 1 <1< k—1.
d) py > pyg forany 1 <1< d—1.
e) iy >p forany 1 <[ <d.
f) p=1forany 1 <l <kand g =1forany 1 <l<d.

o

We claim that

if (6) holds for all D, T satisfying (7), .
then (6) holds for all D, T' € R. (®)

To prove this, we need some more notation. Given A € R, we denote
A, = AN (U<, C1) - Clearly, to prove (8), it is enough to show that if (6) holds
for all D, T satisfying (7), and D,, T, do not satisfy (7) for some r, then (6)
holds for D, T'. We will proceed by induction on r (the base r = 1 is clear).
Evidently, we may assume that 7" € Z‘(D).

iii) Suppose 1 < r < s and D,,T, satisfy (7). To perform the induction
step, we must prove that either D, 4, 7T, satisfy (7), or (6) holds for D, T'. This
is trivially true if ¢, = k + 1 for D,, so we may assume that C; N D # {(I + 1,1)}
forall 1 < <r.
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First, consider the case C,.1 N D = @. (And, consequently, C;N D = & for
any k+1<[1<r+1.) Given a = (i,7) € * and 1 < a < n, denote

aa:{(erl), ifj<a, )
a, if 7 > a.

Given A € R, denote by [A], (resp. by [A]*) the subset of ®T defined by
[A], = {a®, a € A} (resp. by [A]” ={a € &T | a® € A}). Suppose pg > d+1 for
T.. Then [T); and [D]; are rook placements with no rooks in the first column,
[Tk < [D]r and t = |[T]g] < s = |[D]g|. (Note that if C, NT # &, then
Ces1 NT = @.) By the inductive assumption on n, there exists S; € N~ ([D];)
such that [T], < S;. One can easily see that S = [S;]* € N=(D) and T < S,
hence we are done.

On the other hand, suppose p; = d+ 1. (And so C,NT = @ for any
d+1<I1<r.)PutT"=T\{(d,d+1)}. Then [T"];, [D]; are rook placements,
[T"x < [D]x and t — 1 = |[T"]x| < s = |[D]x|. By the inductive assumption on n,
there exists S = ([D]i); ;) € N™([Dlx) such that [T']; < S1. If (i, ) # (@d,d),
then S = [S1]F € ]V‘(D) and T' < S, hence we are done. Finally, if (i, j) = (i4,d),
then D' > T’ where D' = D\ {(iq,d)}. Thus, [T']4, [D']4 are rook placements,
[T"q < [D']qg and t =1 = |[T"]4] < s — 1 = |[D']4]. By the inductive assumption

on n, there exists Sy = ([D'la)(,; € N~=([D]) such that [T"] < S;. Note that
b>d, thus S = [S5)4 U {(ig,d)} € N~(D) and T < S, as required.

iv) Second, consider the case the case C,;1 N D # @. If C, N D = @ (and
so (N D = forany k+1 <1 <r), then we can argue as on the previous step.

Let C,ND #@,ie., k=r for D,. Assume ,,1 > i,. Then put

D = (D\A{(ir,7), (g1, 7 + DY) U {(irg1,7), Gy + D}

Evidently, D > D > T and s = |D| >t = |T|. By the inductive assumption on
<, there exists S = (~)Fj) € N=(D) such that T < S. Note that j > r+ 1. If
j>r+1,then S=D;, € N=(D) and T < S, as required.

If j=r+1and TNC, = &, then S = D(;M) > T, as required. If
j=r+1and TNC, # @, then put D' = D\ {(i,7)}, T = T\ {(p-,7)}.
We see that D' > T’ [D'], and [T"], are rook placements, [D'], > [T"],, and
t—1=|[T"],]| < s—1=|[D],]. By the inductive assumption on n, there exists
St=([D':) s € N~=([D'],) such that [T"], < S;. Since b > r, we conclude that
S =1[5]"U{(i,,r)} € N°(D) and T < S, so we are done.

On the other hand, assume that i, 1 <i,. If TNC,1y = &, then D,11, T, 41
satisfy (7). £ T'NCr1 = {(p,r +1)} # @, but TNC, = &, then T' < Ty < D and
Ty =t < s=|D|, where T} = (T\{(p,r+ DY U{(p,r)}. Hence T ¢ L~(D), a
contradiction. Now, suppose TNC, # @& (so d =1 for T,) and TNCpyy # 2. If
Pri1 > pr, then denote

fQ _ {(T \ {(pT7T)7 (pr-i-lar + 1)}) U {(pr-&-br)a (pr,r + 1)}, 1f]9r >r+ 1,
(T \ {(T + 1,7“), (pT+17T + 1)}) U {(pvdrl’r)}; ifpr =7r 4+ 1.
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One can check that T < Ty < D and |Ty| <t < |D| = s, s0 T ¢ L~(D). Thus,
(8) is proved.

v) From now on, we may assume that D, T satisfy (7). Note that (ix, k) €
M(D). If ix, > k+ 1 (and so k = s), then D NCxy = @, hence we can
argue as on step (iii). Suppose iy = k+ 1. If TNC, # &, then d = k and
pr =i = k+ 1. Applying the induction hypothesis on n to the rook placements
(D', [Tk, where D' = D\ {(k+ 1,k)}, T" = T\ {(k+ 1,k)}, we conclude
that there exists Sy = ([D']x); ;) € N~=([D')},) such that [T"];, < S;. Since j > k,
S =[S U{(k+1,k} e N (D) and T < S. Finally, if T NCy = @, then

S = D(_k+1,k) > T'. The proof is complete. [ |

Second, we will prove that L°(D) = N°(D) (cf. [Igl, Lemma 3.6]).
Lemma 3.9. Let D € R. One has L°(D) = N°(D).

Proof. By Lemma 3.6, it is enough to check that L°(D) C N°D). Since
L°(D) C L°(D), this is equivalent to LY(D) C N°(D). In other words, we must
show that

if T'< D and |T| = |D|,

~ 10
then there exists S € N'(D) = N~ (D) U N°(D) such that T < S < D. (10

We will proceed by induction on n (for n = 1, there is nothing to prove). For
convenience, we split the proof into five steps.

i) One can easily check that if D = Dg, then (6) holds. Therefore, we may
also use the second (downward) induction on the partial order < on R.

ii) Let D < Do, D = {(i1,71),---,(,30)}, T =4{(p1,¢1),---,(pe,q)} and
T < D. Consider the following conditions.

a) There exists k < |D| such that ¢, > j;+ 1 forany 1 <1 <k —1.
b) There exists d < k such that i, > p; for any 1 <[ < d.
c) If d < k, then either iy, = jp + 1 or k = |D|. i
d) If d < k, then either g1 > ji or d = |T|; if d = k, then p; = d + 1.
e)p > p forany 1 <1 <d-—1.
fyjj=1forany 1 <l <kand ¢ =1forany1<1I<d.

We claim that

if (10) holds for all D, T satisfying (11),

then (10) holds for all D, T € R. (12)

Clearly, to prove this, it is enough to show that if (10) holds for all D, T satisfying
(11), and D,, T, do not satisfy (11) for some 7, then (10) holds for D, T". We will
proceed by induction on r (the base r = 1 is clear). Evidently, we may assume
that 7 € L(D).

iii) Suppose 1 < r < s and D,, T, satisfy (11). To perform the induction
step, we must prove that either D,,q,7T,.; satisfy (11), or (10) holds for D, T.
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This is trivially true if i = 55 + 1 for D, or py = d+ 1 for T, so we may assume
that (I4+1,1) ¢CN(DUT) forall 1 <[ <r.

First, consider the case C,.1 N D = @. (And, consequently, N D = &
forany k+1 <1 <r+1.) Then [T|; < [D]; and t = |[T]x| = |[D]x|. (Note
that if C, N'T # J, then Ck+1 NT = @) If [T]k = [D]k, then T = D(_z;,k) S
NY(D). Suppose [T]x < [D]ix. By the inductive assumption on n, there exists
S, € N'([D];) such that [T], < S;. Then S = [S1]* € N'(D) and T < S, hence
we are done.

iv) Second, consider the case the case C,y1 N D = {(i,r + 1)} # @. If
DNC, =@ (andso GGND =@ for any k+1 <1 <r), then we can argue as on
the previous step. Assume DNC, # @, ie., k=r. f C,;yNT =@, then D,,q,
1,11 satisfy (11). Suppose C,41 NT = {(p,r+1)}. Further, assume d = |T,| =r.
Since T, does not satisfy (11), p, < p. Put

T = (T\A{(pr,7), (por + D} U{(p,7), (7 + 1)}

Obviously, T'> T and |T| =t =|D|. If T < D, then T ¢ L°(D). If T = D, then
(ip,r) = (p,r) €D, (pp,r+1)=(i,r+1) €D and S=T = DE;’;J)A) e N°(D), so
we are done.

But if T % D, then 4, < i. In this case, we put

D = (D\A{(ir,7), (i,r + 1)) U{(,7), (i, + 1)}

Then D > D and D >~T , so, by the inductive hypothesis on <, there exists

S1 € N'(D) such that T' < S;. On can check that this implies an existence of
S € N'(D) such that T < D. (In fact, S is obtained from D by the “same”

operation as S; from D.)

Now, assume d < r. Here we put T = (T\{(p,r +1)}) U {(p,7)}.
Evidently, T > T and T # D. If T < D, then T ¢ L°(D), so T £ D. It
follows that i, < i. Put

D = (D\AGr,7), (6,0 + 1) }) UL, ), (i, + 1),

then D > D and D >~f. By the inductive hypothesis on <, there exists
Sy € N'(D) such that T < Sy. On can check that this implies an existence
of S € N'(D) such that 7' < D. (In fact, S is obtained from D by the “same”
operation as Sy from D.) Thus, (12) is proved.

v) From now on, we may assume that D, T satisfy (11). First, consider the
case pg > d+ 1. If ip = jy+ 1, then S =D . € N°(D) C N'(D) and T < S,
hence we may assume that i > j. + 1. If ¢ > j;, then, arguing as in the second
paragraph of step (iii), one can prove that either 7€ N°(D) or T ¢ L°(D). On
the other hand, if ¢; = j; = t, then [D];, [T]; are rook placements of the same
length ¢, and [D]; > [T];. The inductive assumption on n shows that there exists
S1 € N'(D) such that [T]; < S;. It is easy to see that S = [S1]" € N'(D) and
T < S, as required.

Second, consider the case py =d+ 1. Put TV = T(;z Ld)-

Lemma, there exists S; € ]V‘(D) such that 77 < S;. If T < Sy, then we are

By the previous
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done. If T« Sy, then (ig,d) € M(D) and Sy = D"= D, ;. Denote T = [T"]4,
D" = [D')y4, then T < D". If T = D", then (d+ 1,d) ¢ D, because T # D.
Hence DN Ry =92, S = D(Tm d) is well-defined and T' < S

Now, suppose T” < D”. By the induction hypothesis on n, there exists
Sy € N'(D") such that T" < Sy. If SoNR;, = &, then S = [S]¢ U {(ig,d)} €
N'(D) and T < S. At the contrary, assume (iq,j) € Sy for some j. If j < d,
then Sy = (D”)vaj) for some x. Since x > 44, we obtain (z,j) € B e (D),

S = Dgidjc)l) € N°(D) and T < S. Finally, if j > d, then S, = (D”)gx’j) for some
(z,7) € D. In this case, T = D\ {(z,5)} > T and |T| =t —1 <t = |D|, so

T ¢ L°(D), a contradiction. The result follows. n
Finally, we will prove that LT (D) = NT(D) (cf. [Igl, Lemma 3.7]).

Lemma 3.10. Let D € R. One has LT (D) = N*(D).

Proof. By Lemma 3.7, it is enough to check that L*(D) C N*(D). We must
show that

if T'< D and |T| > |D],

then there exists S € N”(D) = N~ (D) U N°(D) U N*(D) such that T < S < D.
(13)

We will proceed by induction on n (for n = 1, there is nothing to prove). For
convenience, we split the proof into five steps.

i) One can easily check that if D = Dy, then (13) holds. Therefore, we may
also use the second (downward) induction on the partial order < on R.

11) Let D < D07 D = {(ilajl)wua(isujs)}a T = {(p17QI)7"‘7(pt7QS)}7
s<tand T < D. We claim that

if (13) holds for all D, T satisfying (11),

then (13) holds for all D, T' € R. (14)

Clearly, to prove this, it is enough to show that if (13) holds for all D, T satisfying
(11), and D,, T, do not satisfy (11) for some 7, then (13) holds for D, T". We will
proceed by induction on r (the base r = 1 is clear). Evidently, we may assume
that T e LT (D).

iii)-iv) The induction step can be performed similarly to steps (iii)—(iv) of
the proof of the previous Lemma, so we may assume without loss of generality
that D, T satisfy (13).

v) If pg > d+1, then, arguing as in the first paragraph of step (v) of the proof
of the previous Lemma, we obtain the result, hence we may assume p; = d + 1.
Put T"=T,,, 4 First, consider the case |[D| = s =¢—1=[T"|. By the previous
Lemma, there exists S; € N'(D) such that 7" < S;. If T < Sy, then the result
follows. Thus, we may assume that 7' £ S; (clearly, T # Si). If Sy € N°(D),
then S; = D7, », 80 ig > d. Denote S; N'R;, = {(ia,m)}, then one can find a

such that d < a < m and (o, m) € Cf;, 4 (D). Hence S = D((Zl’%) € N°(D) and
T < S, as required.
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Next, suppose S; € N*(D). This means that (i4,d) € M(D) and S; =
D'=Dg, o Denote D" = [D']q, T" = [T"]q, then D" >T" and [D"| =s—-1<
|T"| =t — 1. The inductive hypothesis on n says that there exists Sy € N”(D")
such that 7" < S,. If Sy € N'(D”), then one can argue as in the last paragraph
of step (v) of the proof of the previous Lemma, so from now on we may assume
that S, € NT(D").

If S, = (D”)Ejf; for some (i,j) € D", then automatically ¢ > i4. If
j>d, then S = D7, >T (in fact, S = (D\{(4,5)}) U (2, 8)). Butif j <d,

then (i,j — 1) € Bg,a(D) and S = D7V > T, 1t 8, = (D") for some
(1,7) € D" such that j — 1 < d, (i,7 — 1) > (ig,d), but (ig,d) £ (a,j — 1)
and (ig,d) £ (4,0), then d +1 = pg < pj-1 < a < i3 and f > d. Hence
T = (D\{(ig,d)}) U{(c,d)} > T and T ¢ L*(D), a contradiction. In all other
cases, S = [So]tU{(iq,d)} > T.

Second, consider the case |D| = s <t —1 = |T"|. Suppose there exists a
root (a, ) € T such that a < iy and 8> d+ 1. Let 8 be the minimal among all

such roots, then D > T > T, where

T=(T\{(d+1,d),(a, 8)}) U{(e, d)}.

Thus, T' ¢ LT(D). On the other hand, if such («, 8) does not exist, then define D',
T', D", T" as above. By the inductive hypothesis on n, one can find Sy € N”(D")
such that S, > T If Sy € N'(D”), then one can argue as in the last paragraph of
step (v) of the proof of the previous Lemma. But if Sy € N*(D”), then, arguing
as in the previous paragraph, we conclude the proof. [ ]
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