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Abstract. Let .4 be a two step nilpotent Lie algebra endowed with non-
degenerate scalar product (-,-) and let A4 =V @&, Z, where Z is the center
of the Lie algebra and V its orthogonal complement with respect to the scalar
product. We prove that if (V,(-,-)y) is the Clifford module for the Clifford
algebra Cl(Z,(-,-)z) such that the homomorphism J: C1(Z, (-,-)z) — End(V)
is skew symmetric with respect to the scalar product (-,-)y, or in other words
the Lie algebra .4 satisfies conditions of general H-type Lie algebras [6, 13],
then there is a basis with respect to which the structural constants of the Lie
algebra .4 are all £1 or 0.
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1. Introduction and definitions

We denote by (-, )y areal valued symmetric non-degenerate bi-linear form defined
on a real vector space V' and call it a scalar product. If the form is positive definite,
we denote it by (-,-) and call an inner product. We use the notation |[-,-| for
commutator, or in other words for a skew symmetric bi-linear vector valued form.
The H-type Lie algebras were introduced by A. Kaplan in [18] and were widely
studied, see, for instance [5, 9, 11, 19, 21]. In works [6, 8, 13] a generalisation of
classical H-type Lie algebras were introduced and studied.

Definition 1.1. A 2-step nilpotent Lie algebra .4 endowed with a scalar
product (-,-) is called a general H-type algebra, if

1. /' =V @, Z, where Z is the center of the Lie algebra .4, which is non-
degenerate subspace of the scalar product vector space (A, (-,-)), and V
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its orthogonal complement,

2. the skew symmetric map J: Z — End(V') defined by
(Jou,v) = (2, [u, v]) (1)

satisfies the orthogonality condition

(Ju, J,v) = (z,2){u,v), forall z€Z wuvelV. (2)

Conditions 1 and 2 imply

J2 = —(z,2)ldy (3)
see, for example, [6, 13, 23].

Due to (3) the space V' becomes a Cl(Z, (-, ) z)-module, where (-, ) is the
restriction of the scalar product (-,-) onto the center Z. So, from the definition
we see that any general H-type algebra 4" defines a Cl(Z,(-,-)z)-module V.
Moreover, the module V' is endowed with the scalar product (-, -)y , obtained by
the restriction of (-,-) on V| such that the representations .J, are skew symmetric
with respect to the scalar product (-,-)y for any z € Z.

If, from the other side, we assume that V' is a Clifford module for some
Clifford algebra CI(Z, (-,-)z), and V carried a scalar product (-,-)y such that (2)
holds, then J is skew symmetric with respect to (-, )y :

(Jou,v)y = —(u, Jv)y. (4)

Therefore, one can define the Lie bracket [-,:]: V XV — Z by using (1) with
the scalar product (-,-) = (-,-)v + (-,-)z and show that the Lie algebra AN =
Ve, Z[,],{(-,) is a general H-type algebra, see [6, 9, 13, 19].

In general, among the conditions (2), (3), and (4) any two of them imply
the third one. We say that a Cl(Z, (-, )z)-module V is an admissible module,
if there is a scalar product (-,-)y defined on V such that the representations
J.: CUZ,(-,-)z) — End(V), satisfy the skew symmetry condition (4) for any
z € Z. The scalar product (-,-)y will be called an admissible scalar product.

In the case of a positive definite scalar product (-, -)z for every irreducible
Clifford module V' of the Clifford algebra Cl(Z, (-, -)z) it is always possible to
find an inner product (-,-)y on V such that, the representations J, satisfy the
orthogonality condition (2). The Lie algebra A4 =V &, Z, where the Lie bracket
is defined in (1) by making use of skew symmetric maps J, and the inner product
on .4 is the sum of inner products on V and Z, is the H-type algebra introduced
by A. Kaplan in [18]. We call such an algebra a classical H-type Lie algebra.
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Let Cl(Z,(-,-)z) be a Clifford algebra generated by an indefinite scalar
product (-,-)z. It was shown in [6] that given a Cl(Z,(-,-)z)-module V' there
always exists a scalar product (-,-)y on V (or on V & V'), such that the map
J.: Z — End(V) (or a modified map J.: Z — End(V & V) satisfies (2), or
equivalently (4), for an arbitrary z € Z. As a consequence, we obtain that for
any Clifford algebra ClI(Z,(-,-)z) there exists an admissible module (V,(-,)v)
(or (V& V., (-, )vev)). Moreover, the admissible module (V,{(-,-)y) (or (V &
V, (-, )vev)) will be necessarily a neutral space, see Proposition 2.1 and [6]. The
corresponding 2-step nilpotent Lie algebra satisfies Definition 1.1 and is called
general H-type algebra.

Now, let N be a simply connected, nilpotent Lie group and I' its discrete
subgroup such that the quotient space I'\ NV is compact. Then the group T is called
lattice and quotient I'\ NV is called a compact nilmanifold, see, for instance, [12, 20].
Nilmanifolds, as a generalization of higher dimensional tori, play important role
in study of the sub-Riemannian geometry, the Riemannian geometry with singu-
larities, hypoelliptic operators, and spectral properties of differential operators of
the Grushin type, see for example [2, 3, 4, 15, 17, 28]. Compact sub-Riemannian
manifolds coming from simple Lie groups were studied in [1, 7]. According to the
Mal’cev criterium [25] a nilpotent Lie group N admits a lattice if and only if the
corresponding Lie algebra of N has a basis with rational structure constants. Not
all, even 2-step, nilpotent Lie algebras admit such a basis. In the work [10] it was
shown that classical H-type Lie algebras .4 have integer structure constants, or
more precisely, there is a basis {vy,...,v,} of V and a basis {z1,...,2,} of Z,
such that [va,v5] = > p_; A¥ 2, where the numbers AF; equal 0, or £1. So it
is be natural to ask whether general H-type algebras have such a basis too. In the
present work we show the following statement.

Theorem 1.2. Let (A =V @ Z,[-,-](-,-)) be a general H -type algebra.
Then there is an orthonormal basis {vy,...,Vm, 21, ..., 20} of V&1 Z such that
(e, vs] = D oh_y AR g2k, where the coefficients AL, are equal to £1, or 0.

Denote by (-,-)y and (-,-)z the restrictions of the scalar product to the
subspaces V and Z, and assume that the scalar product space (V,{(-,-)y) and

thus (Z,(-,-)z) are nondegenerate. Let v} = (vn,va)v, a=1,...,m and v =
(2K, 26)z, k = 1,...,n be the corresponding indices. Let J,, : C(Z,(-,-)z) —
End(V) be representations of orthonormal generators z,...,z, of CI(Z, (-, )z).
We write

k=1

(Vo V5] = ZAZBZ’C and  J,, v, = Z B 4v3. (5)
B=1
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Then, as a consequence of (1) and (5), we obtain
(JonVa, Ug)v = (2 [V, vsl)z = vy Bag = vi AlLg. (6)
Therefore the result of Theorem 1.2 can be reformulated as follows.

Theorem 1.3.  Given a scalar product space (Z,(-,-)z) with an orthonormal
basis z1,...,z, there is an admissible Clifford CU(Z,{-,-)z)-module (V,{-,-)v)
of minimal dimension with representations J: Cl(Z,(-,-)z) — End(V) and an
orthonormal basis vi,...,v, on (V,{(-,-)v), such that J, satisfies (2), (3) and
moreover,

(JopVasvg)y = £1, or0, forall k=1,....,n, a,f=1,...,m. (7)

In the following we always use the identification Cl, = CI(Z,(-,-)z),
arising from the isomorphism (Z,(-,-)z) = R"*. Here R"* = (R""* Q,..), with
Qrz(x) = 22:1 x} - Z:i;:& 3.

We call Cl, ;-modules, satisfying Theorem 1.3 admissible integral modules
and the corresponding orthonormal basis {v,} integral basis. The existence of
admissible integral Cl, o-modules was shown in [10]. The admissible integral Cl, -
modules lead to the presents of a lattice on classical H-type groups. Notice also,
that in the work [12], the existence of a rational structure constants on classical
H -type algebras was shown by realizing its Lie algebra as a direct sum of the space
R™ and the center Z, given as a Lie triple system of so(m).

In the present work we construct explicitly an orthonormal basis of any
minimal dimensional admissible Cl, s-module with respect to which the structure
constants A’;B defined in (5), or equivalently in (6), equal to £1 or 0. There
are several methods of construction of such an integral basis. To be able to use
the Bott 8-periodicity it is necessary to construct 64 admissible integral modules
of minimal dimension. We use the isomorphism Cl, ;.1 = Cl;,41 that preserves
the integral basis, we take the tensor products with Cly4-module or with Cl ;-
module, we construct Cl,;-module from Cl,y-module and reduce the number
of required modules to 12. To explain the main idea for the construction of
the integral basis in the remaining cases we recall the terminology. A vector
v € V is called spacelike if (v,v)y > 0 or v = 0; timelike if (v,v)y < 0; null
if (v,v)y = 0. A linear map P: V — V is called involution if P? = Idy and
anti-involution if P? = —Idy,. We say that a bijective linear map T:V — V
is an sometry if (Tv,Tv)y = (v,v)y, and it is an anti-isometry if (Tv,Tv)y, =
—(v,v)y for all vectors v € V. The principal method for the construction of
integral bases starts by picking up a maximal number of mutually commuting
isometric involutions together with “complementary” isometries or anti-isometries
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satisfying some commutation relations with the original involutions. These choice
of involutions and complementary operators give an orthogonal decomposition of
the representation space for the Clifford algebra. Choosing a common spacelike
eigenvector of the original involutions we construct an integral basis by means
of Clifford multiplication. There are several differences in the construction of
orthogonal decompositions of the representation spaces by those involutions and
complementary operators. The purpose of the present work is, not only to show
the existence of an integral structure for all Cl, ;-modules, but also to present
several possible methods for such kind of constructions, especially for the cases of
low dimensions.

The structure of this paper is as follows: Section 2 is an auxiliary section
where we collected the information about properties of admissible modules and
auxiliary technical lemmas. In Section 3 we prove that the isomorphism between
Clifford algebras Cl, 41 and Clg,4; preserves the admissible integral modules.
This isomorphism reduces significantly the number of the Clifford modules where
we need to construct integral basis before we are able to apply the Bott periodicity.
In Section 4 we construct a minimal admissible module of Cl,; with an integral
basis basing on the existence of integral basis for the algebra Cl,,. Section 5
devoted to the construction of integral structures on admissible Cl, ;-modules for
0 <rs <8 with r+ s < 8. In Section 5 we actively develop a method of the
simultaneous orthogonal decomposition of eigenspaces for a collection of mutually
commuting isometric involutions. We also exploit results of Sections 3 and 4. In
Section 6 we prove some theorems that allow to use the Bott periodicity of Clifford
algebras for construction of integral bases. We also construct admissible modules
with integral basis for Cl,;1 41 and Cly, 2 based on the admissible module of
Cly; and Clyo. This method shows that the tensor product representation with
some modification gives us an admissible module with integral basis, but it need
not be a minimal. It remains to decompose this admissible module into minimal
one’s together with an integral basis. Section 7 deals with integral structures on
admissible Cl, ;-modules for 7 + s > 9. In the last Section 8 we make some
observations about the presented constructions.

2. Properties of admissible Cl, ;-modules

We recall the basic properties of admissible Cl, ;-modules when s > 0. We say
that W is an admissible sub-module of an admissible module (V, (-,-)y) if W is a
Clifford sub-module of V' and the restriction of (-,-)y, on W, denoted by (-, -)w,
is an admissible scalar product. There are decompositions of a given admissible
Cl, s-module, s > 0, into non-admissible sub-modules. In the following proposition
we give conditions that ensure a decomposition of an admissible Clifford module
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into admissible sub-modules.

Proposition 2.1.  Let (V,(-,-)v) be an admissible Cl, ;s-module with s > 0 and
Ju, kK =1,...,7 4+ s, representations of the orthonormal generators zi, ..., 245
of the Clifford algebra Cl, 5.

(1) Then the scalar product space (V,{(-,-)v) is neutral, i. e. the maxi-
mal dimension of subspaces where the restriction of (-,-)y is positive or negative
definite coincide and, particularly, the dimension of V' can be only even.

(2) If W is an admissible sub-module of a Clifford Cl, ,-module, then W+ is

also an admissible sub-module. Hence, we have the decomposition of an admissible
Cl,.s-module (V,(-,-)v) into admissible sub-modules.

Proof. The proof of the first statement can be found in [6]. For the second
statement we note that if W is an admissible sub-module of a Clifford Cl, ,-
module, then the action of each J,, leaves invariant the orthogonal complement
W+ . Since the scalar product restricted to W+ is non-degenerate, W+ is also an
admissible sub-module. [ ]

Further we show the existence of a non-trivial scalar product satisfying
two conditions (consequently all three) among (2), (3), and (4) for Clifford Cl, -
modules with s > 0.

Lemma 2.2.  Let V be an irreducible Cl,4-module: J: Cl,, — End(V), J? =
—(z, 2)grsldy , with a symmetric bilinear form (-,-)y: V XV — R which satisfies
(Jv,wyy + (v, J,w)y =0 for any z € R™ and any v,w € V. Then the scalar
product (-, -)v is non-degenerate or identically vanishes.

Proof. Let N={veV | (v,w)y =0 for any w € V}. Then for any z € R"*
and v € N one obtain (J.v,w)y + (v, Lw)y = 0, and (v, J,w)y = 0, for all
w € V. Hence (J,v,w)y = 0, which shows that N is invariant under J. So if
v €V with (v,v)y # 0 then N must be the trivial space {0} or entire V' due to
the irreducibility of the module V. u

As was mentioned above, in the case of classical H-type algebras, there
is an admissible inner product for any Cl, o-module, particularly, any irreducible
module can be an admissible module with an inner product. However, for s > 0
not all irreducible Cl, ;-modules can be admissible modules. For instance, the
Clifford algebra Cly is isomorphic to the algebra R(2) of (2 x 2) real matrices,
and the irreducible module is 2 dimensional, whereas the admissible Clj 2-module
of minimal dimension is isomorphic to R*?. However the following property is
still hold.
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Proposition 2.3.  (see [6]) Let V be a Cl,s-module, then there is a scalar
product on V' or on V&V with respect to which the resulting Cl, s-module is an
admissible module. The representation on V&V should be redefined in an obvious
way.

Corollary 2.4.  An irreducible Cl, s-module can be either an admissible module
of minimal dimension or the double of the irreducible module is the admissible
module of minimal dimension. As a result, a general H -type algebra constructed
from the minimal dimensional admissible module is unique up to isomorphism.

Any irreducible Cl, ;-module V' can be generated by a non-zero vector
v € V by the subsequent actions of J,, z € R™ (or Clifford multiplication by z).
Similarly, we have the following statement.

Proposition 2.5.  Any minimal dimensional admissible module is generated by
a non-null vector.

Lemma 2.6.  Let Cl, 4 be a Clifford algebra with orthonormal generators {z;},
i=1,....,r+s and (V,(-,-)v) an admissible Cl,,-module with an orthonormal
basis {va}amV . Then J. v # £J.0s for i #j.

Proof.  Let us assume that J,v, = +J,0,, @ # j and v, be an element
of the orthonormal basis of V. The assumption gives J.,1. v, = 0 and hence
inizjva = —(zi £ 2, zi £ 2j)rraUq = 0, which implies that (z; £ zj,2; & 2j)rrs =

0 = (2, zi)rrs + (25, 2;)rrs. S0, one of z; or z; is spacelike, and the other is
timelike. The assumption also implies that J.,J. v, = £v,, which leads to

<:l:?)a, :i:va>V = <JZ¢JZjUa7 Jzi JZjUa>V = <Zi7 Zi>R""S <Zj7 Zj>RT,s <Ua7 Ua>V = _<Ua7 Ua>V-
This is a contradiction since v, is a non-null vector. [
Corollary 2.7.  Under assumptions of Lemma 2.6 if we additionally assume

that each operator J,, permutes the basis {vy} up to sign, that is J, v, = £uvg
for any i, and some (3, then with the given orthonormal generators {z;} of the
Clifford algebra the basis {vy, z;} of the general H -type Lie algebra V @&, R™ has
structure constants A’oi’ﬁ equal £1 or 0.

In fact, in the present work we show that for any minimal dimensional
admissible module (V(-,-)y), one can find a vector w € V with (w,w)y = 1 such
that the 2"*5-vectors

w,le,...,JrJrsw, Jngw,...,JHs,lJst, JZ Jl Jzkw, ...Jng--‘Jst,
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satisfy the property that any two vectors J;, J;, - - - J;, w and J;, Jj, - - - J;,w coincide
up to sign or orthogonal and therefore we can select an orthonormal basis of V'
produced from w € V' by action of J; = .J,,. Moreover J,,, i =1,...,7+s, act on
the obtained basis as permutations up to sign. Hence we prove that any general
H-type Lie algebra have an integral basis according Lemma 2.6 and Corollary 2.7.

Further we collect auxiliary technical lemmas, that will be used later. We
say that a linear operator 2: V' — V on a scalar product space (V,(-,-)y) is
symmetric if (Qu,w)y = (v, Qu)y for all v,w € V.

Lemma 2.8.  Let (V,(-,-)y) be an admissible module, Q: V — V' a symmetric
anti-involution. Then for any w € V' with (w,w)y =1 there is A € R such that
W =w+ AQ(w) satisfies: (w,Q)y =0, and (0, W)y = 1.

Proof.

Note (Quw,Quw)y = (Q®w,w)y = —(w,w)y. Let w € V be such that
(w,w)y = 1 and assume (w,Quw)y = a. If a = 0, then we choose A = 0.
Thus, we can assume that (w,Qw)y = a # 0. Then, by solving the equation

(0, Q)yy = —(aX? +2X\ —a) =0, we find A = =2 &+ /14 % for a # 0 and get

(W, Wy = 2)\% # 0. If @ > 0 then we choose A = —1 + /1+ % > 0 and if

a < 0 then we choose \ = —% —4/1+ a% < 0. This choice makes the product

(w,w)y strictly positive. Normalizing, @ we get (0, w) = 1. [
The next lemma is a generalisation of the previous one.

Lemma 2.9. Let (V,{-,-)y) be an admissible module, Qy,...,Q symmetric

linear operators on V' such that 1) Qf = —Idy, k =1,...,1; and 2) QQ; =

—Q;Q, k,j=1,....1. Then for any w € V with (w,w)y =1 there is a vector
w eV satisfying:

<1D,Qk121>\/:0, and <1IJ,’£ZJ>V:1, ]{3:1,,[

Proof. Notice that symmetry of operators and property 2) imply
(Qpv, Qu)y =0 forany velV. (8)

We choose w € V', (w,w)y =1 and apply Lemma 2.8 to w and ; and construct
wy € V such that
(wi,wi)v =1,  (w, Q) = 0. (9)

Then we define we = wy + M Qyw; and find that for suitable Ay € R we have
(wa, wa)y =1, (wq, Qows)y = 0. Moreover, (wq, Qws)y = 0 by assumptions of
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Lemma 2.9 and properties (8) and (9). Now, applying Lemma 2.8 we assume
that the vector w, = wr_1 + \eQpwi_1, 2 < k < [, is chosen and satisfies
(W, wr)y = 1, (Qpwg, wg)y = 0, where it was shown that (wy_1,wg_1)v = 1,
(Wg—1, Qjwg_1)y = 0, for j = 1,...,k — 1. Then (wy, Quwi)y = 0 for any
j =1,...,k—1 by (8) and assumption on operators €2;. Denoting the last
vector w; by w, we finish the proof of Lemma 2.9. (]

Corollary 2.10.  Let (V,(-,-)v) and linear maps Q1,...,$ satisfies the con-
ditions of Lemma 2.9. Let P be an involution on V such that Py = Q. P,
kE=1,...,0l. If w eV satisfies Pw =w and (w,w)y = 1, then for the vector w
constructed in Lemma 2.9 iholds: Pw = w.

Proof. Let w € V satisfies Pw = w and (w,w)y = 1. Then for the vector
w; = w + M Qw we calculate Pw, = Pw + APQqyw = w + XQ Pw = w;. Thus,
we proceed further by induction and proof the Corollary. [ ]

One of the principal parts in our construction is a presence of an operator
having orthogonal eigenspaces. The following lemma describes some of them.

Lemma 2.11.  Let (V,(-,-)v) be a neutral scalar product space. Assume that
an involution P:V — V s either symmetric or isometric operator. We denote
its eigenspaces By = {v e V | Pv =v}, E_. ={v €V | Pv = —v}. Then the
decomposition P = E, @ E_ is orthogonal with respect to (-, -)y .

Proof. Let w € E. and v € E_ be arbitrary vectors. If involution P is
symmetric then we argue as follows (w,v)y = (Pw,v)y = (w, Pv)y = —(w,v)y.

Let P be an isometry. Then (w,v)y = (Pw,Pv)y = —(w,v)y, where
in the first equality we used the isometry property of P and in the second the
definition of eigenvectors. [ ]

We fix the notation E. for eigenspaces of an involution P corresponding
to eigenvalues +1.

Lemma 2.12.  Let (V,{-,-)v) be a neutral scalar product space and P: V — V
be an isometric involution. Then we have the following cases.

1) If a linear map T:V — V is an isometry such that PT = —TP, then the
restriction of (-,-)v on each of Ey is non-degenerate neutral,

2) If a linear map T:V — V is an anti-isometry such that PT = —TP, then
the restriction of (-,-)v on each of Ey is non-degenerate neutral or sign
definite,
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3) If a linear map T:V — V is an anti-isometry such that PT = TP, then
the restriction of (-,-)y on each of EL is non-degenerate neutral.

Proof. To show the first statement we observe that T': £, — E_ is an isometry.
Since the eigenspaces E. are orthogonal, the scalar product (-,-)y restricted to
each of F. is non-degenerate. If the scalar product restricted to E, would be
positive definite, then the scalar product restricted to F_ would be also positive
definite, since the map 7T is an isometry that contradicts the assumption that
space (V,(-,-)v) is neutral. The same arguments shows that the restriction to
E, could not be negative definite. So the scalar product restricted to E, and
therefore to E_ should be neutral.

In order to prove the second statement, we observe that since 7': £, — E_
is an anti-isometry, the restriction of (-,-)y to E, can be sign definite and
the restriction of (-,-)y to E_ will have opposite sign due to neutral nature of
(‘/a < ) >V) :

In the third case since the eigenspaces F. are invariant under 7' but
contains spacelike and timelike vectors, they are decomposed into subspaces of
equal dimensions where the restriction of (-}, sign definite but of opposite
signs. [

Note that assumptions made in Lemma 2.12, item 2), do not guarantee the
existence of w € V' with

Pw = w, (w,w)y = 1. (10)

The following lemma contains a benchmark example for our work, describing one
of possible solutions of this problem.

Lemma 2.13.  Let (V,(-,-)v) be an admissible Cl,s-module, 21, ..., 245 or-
thonormal generators of the Clifford algebra Cl,s, and J,, € End(V), i =
1,...,7+ s are representations for the Clifford algebra. Assume that the operator
P lel lez ‘]213 Jzz4 i1 # 19 # 13 # 14, 1S an isometric involution and T:V — V
15 an anti-isometry such that PT = —TP. Then there is w € V' satisfying (10)
or P can be modified to other isometric involution P such that (10) holds for P.

Proof. First we notice that operator P = J,, JZZQ JZZS le , 11 F g F i3 F iy
is also symmetric. We apply Lemma 2.12, item 2) If the restriction of (-,-)y
on FE, is positive definite or neutral, then we are done. If the restriction is
negative definite, then we define the operator P = J,, J, J. J, and denote
by E. its eigenspaces corresponding to eigenvalues £1. Thus, if w € F, , then

Pw = —Pw = —w and therefore w € E_. Continuing to argue in the same way,
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we conclude that £, = E_ and E_ = E+. So, we change the operator P and

its eigenspaces F1 to the operator P and the corresponding eigenvectors E+ to
satisfy (10). u

To ensure existence of w € V satisfying (10) for a general isometric invo-
lution P we need to have one more operator commuting with P. More precisely
we state the following generalisation of Lemma 2.12.

Lemma 2.14.  Let (V,{(-,-)y) be a neutral scalar product space. Let P be
an 1sometric involution and assume that there are two anti-isometric operators
T,:V — V, i =12, such that T'P = —PTy, and ToP = PT,. Then the
eigenspaces Ey of P are non-trivial and the scalar product (-,-)y restricted to
each of E4 is non-degenerate and neutral.

Proof.  The presence of the operator T} ensures that the restriction of (-,-)y
to E. is neutral or sign definite and non-degeneracy follows from Lemma 2.12.
Actually the restriction of (-,-)y to E, can not be sign definite. Indeed, since
T, preserves E, and it is an anti-isometry, the space . contains both spacelike
and timelike vectors forming subspaces of an equal dimension, see the proof of
Proposition 2.1. The same arguments, applied to E_, finish the proof. ]

Definition 2.15. Let P,..., P, be isometric mutually commuting involu-
tions defined on a neutral scalar product space (V,{(-,-)y). Then the collection

Ty, ..., Ty, To1 of linear operators on V' is called complementary operators to
the family Py, ..., P, if

PT, = -T\P,, PTo=TyP, ... P
PTy = —ToPs, ... P

Tm - Tmpla Ple+1 - Tm+1P17
Tm - TmP27 PQTm—H - Tm+1P27
Pme = _TmPrru Pme—H = Tm+1Pm-

Remark 2.16. In some of situations the operator T},,; can be omitted, but
we still call the system of operators Ti, ..., T, complementary to Pi,..., P,.

Based on Lemmas 2.12 and 2.14 we construct an integral structure by
giving an explicit simultaneous eigenspace decomposition of a given admissible
module by a family of isometric involutions and their complementary operators.
Simultaneously, we calculate the dimension of the minimal admissible modules for
all cases.



990 FURUTANI, MARKINA

3. Isomorphism preserving admissibility

There are several types of isomorphisms between Clifford algebras. Among them
the periodicity with the period 8

Clr+8,s = C1r+4,s+4 = Clr,s ® R<16>7 Clr,s+8 = Clr+4,s+4 = Clr,s ® R(16)

are basic and used to construct an integral basis for all the cases Cl, ; after we prove
the existence of the integral basis for Cl, s of 0 < r, 5 < 8, see Theorems 6.1, 6.2
and 6.3.

Not all isomorphisms of the Clifford algebras lead to the isometric admissi-
ble modules, for instance, the isomorphism Cl, 544 = Cl; 14 does not preserve the
admissibility in general, since in particular, the isomorphism Cly 4 = Clyy does not
directly give us a required scalar product from the positive one for Cly-module
to a neutral one for Cly4-module. In this section we show that the isomorphism
Cl, 541 = Clg 41 preserves the admissibility.

We recall an isomorphism between Cl, ;4 and Clg,1;. It is given as fol-

lows: let 21,..., 2., C1,...,Cs+1 be the orthonormal generators of Cl, ;41 with the
property (z;, zj)rrs+1 = 1, ((j,(j)rrs+1 = —1. Likewise let aq,...,as,b1,...,0,41
be orthonormal generators of Cl;, 1 with (a;,a;)gsr+1 = 1, (bj, b;)gsr+1 = —1.

We define a correspondence ®: R™*+! — Cls 41 by

21— bibyyy, G — a1byyq,
2y > babyy1, T

. ) Cs — asbr-i-la
Zp > brbr—‘rla CS+1 — br-‘,—l-

Then we have ®(z;)? = —1, ®(¢;)? = 1. Moreover {®(z;), ®({;)}i; anti comute
and are linearly independent. Thus, one can extend the isomorphism to an
isomorphism of the Clifford algebras Cl, ;41 and Clg ;4.

Theorem 3.1.  Let (V,(-,-)v) be an admissible Clg 1 -module and J: Clg, 411 —
End(V) its representation. Then the Clifford module (V,(-,-)v) with the repre-
sentation J o @: Cl, 411 — End(V) is admissible.

Proof.  The skew symmetry condition (Jo(.,v, w)v + (v, Jor,w)y = 0 for any
v,w € V holds by the following

<J¢)(Zi)v7w>v = <‘]binT+1U’w>V = _<Jbr+1v’ Jbzw>v

= (v, Jp, . I w)v = — (v, Jp, Iy W)y = —(v, Jopw)y  for @ <

The rest of the cases can be shown in a similar way. ]
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Corollary 3.2.  If an integral basis for an admissible Clg, 1-module satisfies
the assumptions of Lemma 2.6 and Corollary 2.7, then it is also an integral basis
of the admissible Cl, 511 -module.

Proof. Indeed, let {v,} be an integral basis for Cl,,;-module, then

(Jo(2)Vas V8)v = (o, Jbr 11 Va, V) v = —(Jb, 11 Va, o, )y = £1 or 0,

since the vectors Jy, , v, and J,vg are also basis vectors up to sign by the
assumption. [

4. Integral structure on admissible Cl, ;-modules

In this section we show the existence of an integral basis for Cl, ;-modules based
on the existence of those for Cl, g-modules. Let (V,(-,-)y) be an admissible Cl, ;-

module. Denote by J; = J,,, ¢ =1,...,7 + 1 the representations of orthonormal
generators of the algebra Cl,; such that J? = —Idy, ¢ = 1,...,r, J2, = Idy.
Let U be a subspace of V' invariant under the action of J;, + = 1,...,r, and let

U =span{uy,...,u}, be a basis such that
o {uy}'_, is an orthonormal basis of U;
e maps J; = J,,, i =1,...,7, permute the basis {u,}!_, up to sign;
o (Jiug, ug)y = =£1 or 0.

Denote i, = Jrp1ua, @ = 1,...,1, and the vector spaces U = span {1, ..., %},
and W = span{uy,...,up,Uy,...,U}.

Theorem 4.1. In the notations above if the decomposition W = U & U is
orthogonal with respect to (-, )y, then (W, (-, -Yw ), where (-, )y is the restriction
of (-,-)v onto W is an admissible integral Cl,,-module. If U has minimal
dimension, then W is a minimal admissible integral Cl, ; -module.

Proof. Observe that the restriction of (-,-)y to U will be positive definite
or negative definite since (Jiuq, Jita)v = (2, 2i)rrt (U, Ua)y = (Ua, Ua)y, © =

1,...,7r. Let us assume that it is positive definite. Then U = span{y, ..., %} is
isomorphic to U and the restriction of (-,-)yy on U is negative definite since
<ﬂaaﬂ'a>v - <J7‘+1uoc7 Jr+}vua>\/ = <Z7‘+17 zr+1>Rrvl <uaauoc>\/ - _<uomuoc>\/' We

conclude that J,;1: U — U defines an anti-isometry with respect to restrictions of
the scalar product (-, )y onto spaces U and U and the space (W, (-, )w ), where
W =U®a&U and (-,-) is the restriction of (-,-);; onto W is neutral.
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The space W is invariant under the action of J;, ¢ = 1,...,r + 1, and
all maps J;, permute the basis {va,0,},—; up to sign. We conclude that the
sub-module (W, (-, )y ) is admissible integral and has a minimal possible dimen-
sion if the space U has minimal dimension. Note that the orthogonality of the
decomposition U & U can be achieved by applying Lemmas 2.8 and 2.9. [ |

Corollary 4.2.  The dimension of the minimal admissible Cl, 1 -module is twice
of the Cl,o-module.

Corollary 4.3.  Combining Theorems 3.1 and 4.1 we conclude that Theorems 1.2
and 1.3 are true for Clys-modules, s > 0 and the corresponding general H -type
Lie algebras.

5. Integral structure on admissible Cl, ;-modules with r + s < 8

We show the existence of an admissible integral Cl, ;-module for r +s=2,...,8
by direct construction. In these constructions we start from an admissible mod-
ule (V,(-,-)v) and find an orthonormal set {v,},_; such that the sub-module
(W, (-, Yw), where W = span{vy,...,v;} and the scalar product (-,-)y is the
restriction of (-,-)y onto W, is an admissible integral and has the minimal pos-
sible dimension. In some cases W is not an irreducible sub-module. The cases
not presented in Section 5 can be obtained by applying Theorems 3.1 and 4.1.
Through the present section let z;, © = 1,...,r 4+ s be orthonormal generators of
the Clifford algebra Cl, with (z;, z;)grs =1 for i =1,...,7 and (z;, z;)grs = —1
for ¢ = r+1,...,s. The scalar product space (V,(-,:)y) be an admissible
Cl,s-module, and J? := J2 = —(z,z)re=Idy = —Idy for i = 1,...,r and
J? = in = —(z;, z))rrsldy = 1Idy for i =r+1,...,s.

AN INTEGRAL BASIS ON ADMISSIBLE Cl;-MODULE. The existence of
the integral basis follows from the isomorphism Cl, 411 = Cloo = Clj; = Cls,11
by Theorem 3.1, but we prefer to give a direct construction, since we use this
construction further. The Clifford algebra Cl; ; is isomorphic to the space R(2)
of (2 x 2)-matrices with real entries. Choose w € V' such that (w,w)y = 1. Then

v =w, vy=Jyw, wv3=Jow, v4=JoJjw (11)

is an orthogonal basis satisfying (v, v1)y = (ve, o)y = —(v3,v3)y = — (v, V)y =
1. It is easy to see that the admissible module is integral. The admissible module
is not irreducible.

AN INTEGRAL BASIS ON ADMISSIBLE Cl; 5-MODULE. The Clifford algebra
Cl; 2 is isomorphic to the space R(2) @ R(2). Consider the isometric involution
P = JyJsJ;. The operator P commutes with the anti-isometry 7" = Jy. Thus
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the eigenspace F, of P is a neutral space by Lemma 2.12; item 3). We pick up a
vector w € V' such that Pw = w and (w,w)y = 1. It gives the linear dependent
vectors Jyw = —JoJsw, Jow = JiJsw, Jsw = JyJow. In this case we choose the
basis

v =w, vy =Jjw, v3=Jow, wv4=Jsw,

that is orthogonal with (vy,v1)y = (va,ve)y = —(vs,v3)y = —(v4,v4)y = 1. The
basis is integral due to the orthogonality of generators, skew symmetry of J, and
the condition J;JoJsw = w. The admissible integral module is not irreducible.

AN INTEGRAL BASIS ON ADMISSIBLE Cly5-MODULE. The Clifford algebra
Cly is isomorphic to the space R(4). We consider the isometric involution
P = JiJyJ3Jy and the isometry T = J;. Thus PT = —TP. We choose
w € V such that Pw = w and (w, w)y = 1 by Lemma 2.12, part 1). The
linear dependence relations listed in the case of Cl; o-module still hold up to sign.
We write the basis

v = W, vy = Jyw, vy = Jow, vy = J1Jow,
vy = Jsw, vg = Jyw, vy = J1Jsw, vg = JiJaw.

It is orthonormal and (v, va)y =1, @ =1,2,3,4, (vy,va)y = —1, @« =5,6,7,8.
Since J;, i« = 1,2,3,4, permute the basis up to sign the sub-module W =
span {vy,...,vs} isintegral. The constructed module is not irreducible because the
dimension of an irreducible module is 4 and with any choice of a non-null vector
v € V the five vectors v, Jiv, Jov, J3v, Jyv are already linear independent.

We give an alternative construction of an admissible Cls-module. As it
was mentioned the +1-eigenspaces EL of P have equal dimension. Consider two
operators jl = J;Jy and jg = JiJ3. Since they commute with P they leave
invariant E,. Moreover J? = —Idg, , JZ = Idg, , JiJy = —JyJ;. Thus, the
algebra generated by Ji and J, in End(FE,) is isomorphic to the Clifford algebra
Cl;; and the representation is admissible, since, for example,

<j1U,U>E+ = <J1J2U7U>E+ = —<J2U, J1U>E+ = <U, J2J1U>E+

= _<u7 J1J2U>E+ - _<U, j1’U>E+.

The same arguments valid for E_. Because dim(F,) =4 and E, L E_, we have
an integral structure on V = E. @, E_ inherited from that of Cl ;.

AN INTEGRAL BASIS ON ADMISSIBLE Cl32-MODULE. The Clifford algebra
Cl; 5 is isomorphic to the space C(4). We choose mutually commuting isometric
involutions P, = JyJ3J4J5 and P, = JyJ3J3 and complementary isometries T =
Jo and Ty = JoJy, satisfying the relations

P1T1 - _T1P17 P1T2 - T2P1 PQTQ - —TQPQ. (12)
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We pick up a vector w € V such that Piw = Pyw = w and (w,w)y = 1, which
existence is guaranteed by Lemma 2.12; item 1). The orthonormal basis is

v = W, vy = JJw, v = Jow, vy = Jyw,

vy = Jaw,  vg=Jsw, vy =JoJyw, g = JaJsw,
with (va,va)y = 1, @ = 1,...,4 and (v,,v4)y = —1, @ = 5,...,8. In this
case we have enough linear dependent relations, defined by Piw = Pow = w, and
showing that action of J;, ¢ = 1,...,5, permutes basis vectors up to sign. The

constructed module is admissible, integral, and irreducible.

AN INTEGRAL BASIS ON ADMISSIBLE Cly 3-MODULE. The Clifford algebra
Cly 3 is isomorphic to the space R(4) & R(4). We fix two mutually commuting
isometric involutions P, = JiJyJ3Jy and P, = JiJyJ5 and two complementary
isometries 77 = J; and T, = J;Jo which satisfy (12). The common eigenspaces
of P, and P, are neutral spaces by Lemma 2.12, part 1). So we find a common
eigenvector w € F1y N By, C V such that Plw = Pyw = w with (w,w)y = 1.
We have the simultaneous eigenspace decomposition of the representation space
V by P, and P, with mutually orthogonal eigenvectors, see Table 1. It gives the

Table 1: Eigenspace decomposition: Cly 3 case

Involution Eigenvalue
P +1 -1
Py +1 | -1 +1 | -1

’ Eigenvectors | w, J1Jyw ‘ Jsw, JiJow | Jyw, Jqw \ Jow, Jgw

orthonormal basis

v = w, vy = Jjw, vy = Jow, vy = J1Jow,

vy = Jaw, vg = Jyw, vy = Jsw, vg = J1Jyw,
with (U, va)v =1, a=1,...,4 and (v,,v,)y = —1, @ =5,...,8. Asin previous
cases we can show that J;, + = 1,...,5 permute basis vectors up to sign. The

constructed module is admissible integral, but not irreducible because we know
that with any choice of non-null vector v € V the 6 vectors v, Jyv, Jov, J3v,
Jyv, Jsv are linearly independent but the dimension of the irreducible module
is 4.

AN INTEGRAL BASIS ON ADMISSIBLE Cly2-MODULE. The Clifford algebra
Cly 2 is isomorphic to the space H(4). We fix two mutually commuting isometric
involutions P, = J1.JoJ3Jy and P, = J1JoJ5Js. Then we have two complementary
isometries T} = J;, Ty = JoJ3 which satisfy relations (12). So, the simultaneous
eigenspace 1, N By, of P and P, is neutral by Lemma 2.12; part 1). Hence we
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find a common eigenvector w € V' satisfying Piw = Paw = w with (w,w)y = 1.
It gives a simultaneous eigenspace decomposition of the representation space V,
generated by Clifford multiplication of w, and which is presented in Table 2. We

Table 2: Eigenspace decomposition: Clyo case

Involutions Eigenvalues

P +1 -1

P +1 —1 +1 -1

FEigenvector w, Jy Jow Jsw, Jgw Jsw, Jqw Jiw, Jow
J1J3J5U),J2J3J5w J1J3’LU,J1J4U) J1J5U),J1J6’w J3J5w,J4J6w

choose the orthonormal basis

v = w, v9 = Jiw, v3 = Jow, vy = J3w,

vs = Jyw, ve = J1Jow, vy = JiJsw, vg = JiJJyw,
Vg = J5U), V1o = JG’UJ, V11 = J1J5U), V12 = J1J6w,
vig = J3J5w, vy = JyJsw, vis = J1J3J5w, vig = JoJ3J5w

with (va,va)y = 1, a = 1,...,8 and (v4,v,)y = —1 for @« = 9,...,16. The
vectors can be made orthogonal if we apply Lemma 2.9 to operators .J;J3.J5 and
JoJsJs. The relations Piw = Pow = w show that all other relations will be
made also orthogonal and that the operators J;, j = 1,...,6, permute the basis
up to sign. Hence we constructed a minimal admissible integral sub-module of
Cly 2-module of the dimension 16, which is irreducible.

AN INTEGRAL BASIS ON ADMISSIBLE Cl3 3-MODULE. The Clifford algebra
Cl; 3 is isomorphic to the space R(8). We consider isometric mutually commuting
involutions P1 = J1J2J4J5, P2 = J2J3J5J6, P3 = J1J2J3. The table of com-
mutation relations with the generators J; help to construct the complementary

operators. By T(+ — +) we denote the isometric and T(+ — —) is denote the
anti-isometric operator.

Involutions\Generators | Jy | Jo | J3 | Jy | J5 | Jg
P = J1JoJ4J5 alalclalalec
Py = JyJ3J5J6 clal|lal|clala
Py = Ji1JoJ3 clcl|lclalala

Involutions\Comp. op. | J1(+ — +) | Js(+ = +) | JiJa(+ — —)
P1 = J1J2J4J5 a C C

P2 = J2J3J5J6 a
Py = J1JaJ3
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The tables show that the common eigenspace E;, N Fy. of operators P;
and P, is neutral scalar product space by Lemma 2.12, item 1). If the restriction of
(-, on Ei1y N Ey, NE;, is negative definite, we apply procedure of Lemma 2.13
and change the operator P3 = J;J5J3 to the operator Pg = JyJi1J3. So we can find
a vector w € Fy, N FEy, N E3, CV with properties Piw = Pow = Pyw = w and
(w,w)y = 1. Then we obtain Table 3, expressing the simultaneous eigenspace
decomposition by the involutions P;, P, and P;. It allows us to choose the

Table 3: Eigenspace decomposition: Cls 3 case

Involutions Eigenvalues

P +1 -1

P +1 —1 +1 -1
Ps +1] -1 [+#1 ] 1] +1[-1]+41]-1

’ Figenvector \ w \ J1Jqw \ J3w \ Jgw \ Jiw \ Jyw \ Jow \ Jsw ‘

orthonormal basis (13).

v = w, v = Jiw, vz = Jow, vy = J3w, (13)
vs = Jyw,  vg=Jsw, vr=Jew, vg=J1Jyw,
with (U, va)v =1, a =1,...,4 and (v,,v,)v = —1 for a =5,...,8. Relations
Piw = Pow = Psw = w leave only 8 linear independent vectors and shows that
operators J;, j = 1,...,6 permute the basis up to sign. The minimal admissible

integral Cls 3-module is of dimension 8 and it is irreducible.

AN INTEGRAL BASIS ON ADMISSIBLE Cl;5-MODULE. The Clifford algebra
Cls 2 is isomorphic to the space H(4) & H(4). The isometric involutions P, =
Jidodsdy, Py = J1 o JgJr, P3 = Js5JgJ7 mutually commute and the complementary
isometric operators are 17 = J;, T = JoJ3. Here we present the table of their
commutation relations that can be obtained from the table analogous to (5).

Involutions\Comp. op. | Ji(+ — +) | JaJ3(+ — +)
Py = J1JyJ3dy a c

Py = J1JaJed7 a

Py = JsJsJ7

Since there is no a complementary isometric operator with the property that it
commutes with P, and P, and anti-commutes with P; we use the property that
isometry P3; commutes with P; and P, and we change P3 to Py if it is necessary.
We find a vector w € V such that Piw = Pow = Pyw = w and (w,w)y = 1. This
relations give the orthonormal basis and show that J; acts by permutation on this
basis. The eigenspace decomposition is presented in Table 4. The basis is given
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Table 4: Eigenspace decomposition: Clso case

Involutions Eigenvalues

Py +1 —1

Py +1 [ —1 +1 [ —1
Py +1 [ —17] +1 [ -1 [ +1] —1 [ +1 ] —1

’ Eigenvector

w, Jsw ‘ ‘ Jew, J7w ‘ ‘ ‘ Jzw, Jgw

Jiw, Jow
JyJzJgw, J1 JzJrw Ji1Jsw, Jy Jgw J1Jew, J1 Jrw JzJgw, J3Jrw

in (14).
v = w, vy = Jyw, v3 = Jow, vy = Jsw,
vs = Jyw, vg = Jsw, vy = J1J3w, vg = JyJyw, (14>
vg = Jsw, v19 = JsWw, vy = JiJsw, v12 = J1Jrw,
vz = Ja3Jw, vy = J3Jyw, vis = JiJzJsw, vig = JiJzJrw

with (v, va)v =1, a=1,...,8 and (v,,v,)y = —1 for a =9,...,16. Finally,
since the vectors w and J;J3Jsw and .J;J3J;w need not be orthogonal, we apply
Lemma 2.9 to change the vector w to w. We constructed an integral basis in the
admissible sub-module, which is irreducible.

AN INTEGRAL BASIS ON ADMISSIBLE Cly 3-MODULE. The Clifford algebra
Cly 3 is isomorphic to the space C(8). We use the mutually commuting isometries
P = LJodsdy, Py = J1JodsJg, P3s = JyJsJgJ;. We start from the common
eigenvector w € V: Piw = Pow = Pysw = w, (w,w)y = 1. The existence of
such a common eigenvector w is guaranteed by Lemma 2.12, part 1) and presence
of three complementary isometries T} = Jy, Ty = JoJs and T3 = J;Jo with the
commutation relations

Involutions\Comp. op. | Ji(+ — +) | JoJs(+ = +) | Jido(+ = +)
P1 = J1J2J3J4 a C C
P2 == J1J2J5J6 a &
Pg == J2<]3J6J7 a

Then we have simultaneous eigenspace decomposition of P; showed in Table 5.
The eigenvectors listed in Table 5 form a basis. Since w and J;J3Jgw are not
necessarily orthogonal, we apply Lemma 2.8 to make them orthogonal. The
relations Piw = Pow = Psw = w show that J;, ¢ = 1,...,7, permute the basis
vectors up to sign. The constructed Clys(w)-module is admissible, integral, and
irreducible.

AN INTEGRAL BASIS ON ADMISSIBLE Cl;4-MODULE. The Clifford algebra
Cl; 4 is isomorphic to the space R(8) ®R(8). We fix mutually commuting isometric
involutions P1 = J1J2J4J5, Pg = J2J3J5J6, P3 = J1J2J6J7, P4 = J3J4J5, and the
complementary operators T} = J;, Ty = J; and T3 = J; having the following
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Table 5: Eigenspace decomposition: Cly 3 case
Involutions Eigenvalues
P +1 —1
Py +1 -1 +1 -1
Ps +1 -1 +1 —1 +1 —1 +1 -1
FEigenvector w Jrw Jsw Jew Jyw Jaw Jiw Jow
JiJsJegw | JiJow | J1Jqw | J1Jsw | JiJsw | JiJgw | JzJgw | JiJ7w
commutation relations.
Involutions\Comp. op. | J1(+ = +) | Js(+ = +) | J7(+ — —)
Py = J1J2J4Js5 a c c
Py = JyJ3J5J a c
Py = J1J2JsJ7 a
Py = JsJyJs

Since there are no complementary isometric operator with the property that it
commutes with P, and P, and anti-commutes with P;, we only know that the
simultaneous eigenspaces of P, and P, are neutral spaces by Lemma 2.12, item 1).
The complementary anti-isometry 73 = J; and Lemma 2.12, part 2) guaranties
that the space FF = Eq1;4 N Esy N Es, either neutral or sign definite. We consider
both possibilities.

Let the restriction of (-,-)y on E be neutral, then we find w € V such
that
(15)

In this case we can directly proceed further and construct an othonormal basis.

Pw=Pw=Pw=Pw=w and (w,w)y = 1.

Let the restriction of (-, -}y on E be negative definite, then we change P;
to ]53 = JoJ1JgJ7, that will make the space E= Ei NEy N E;H positive definite
space.

If the restriction of (-, -}y on E is positive definite, we do nothing.

Thus, from now on we can assume that the restriction of (-,-)y on E =
E1 . NFEy NEs, is positive definite. Hence it can happen only two cases for w € E:

(1) (w+ Pyw,w + Pyw)y = 0, that is Pyw = —w. We change the operator
P, = J3J4J5 to the operator B, = JyJ3J5, then the vector w is a com-
mon eigenvector of all four involutions P; with the eigenvalue 1, i. e. w
satisfies (15).

(w+ Pyw,w+ Pyw)y > 0. In this case we get the eigenvector @ = w + Pyw
of P, with the eigenvalue 1. Normalising the vector w we obtain that w
satisfies (15).
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So in both cases the admissible Cl;4-module is 8 dimensional and decom-
posed into 8 common eigenspaces as shown in Table 6. The orthogonal basis is

Table 6: Eigenspace decomposition: Cls 4 case

Involutions Eigenvalues

Py +1 -1

P, +1 -1 +1 -1

Py +1| -1 | 41 | =1 | +1 | =1 | 41 | —1
Py +1| -1 +1 | -1 +1 | -1 ] +1 | —1

Eigenvectors ‘ w ‘ Jrw ‘ J3w ‘ Jew ‘ Jyw ‘ Jiw ‘ Jsw ‘ Jow ‘

given in
V1 = W, vy = JLw, v3 = Jow, vy = J3w, (16)
Vs = J4w, Vg = J5U}, Uy = J6w, Vg = J7w,

with (v, va)v = 1, a = 1,...,4 and (va,va)y = —1 for a = 5,...,8. The

relations (15) show that J;, j = 1,...,7, permute the basis up to sign. The
module is admissible integral, and irreducible.

AN INTEGRAL BASIS ON Clg 2-ADMISSIBLE MODULE. The Clifford algebra
Clg 2 is isomorphic to the space H(8). We consider the three mutually commuting
isometric involutions P1 = J1J2J3J4, PQ = J1J2J5J6, and Pg = J1J2<]7J8, and
four complementary operators: 17 = Jy, Ty = Js, 13 = J, and Ty = J1J3J5J7.
Then we have commutation relations between involutions P; and complementary
operators T}.

Involutions\Comp. op. | Ji(+ = +) | Js(+ = +) | J7(+ = —) | JiJ3IsJ7(+ = —)

Py = J1J2J3Js

a

C

C

Cc

Py = J1J2J5J

a

C

Cc

P = J1JaJ7J3

a

C

These relations imply the common eigenspace E1NFsy, of the first two involutions
is neutral space by Lemma 2.12; item 1). Then we use Lemma 2.14 and conclude
that the common eigenspace FEj, N Eyy N E3y of all three involutions F; is a
neutral space. So, we may find an element w such that Piw = Pow = Psw = w,
and (w,w)y = 1. The eigenspace decomposition presented in Table 7. By a
direct calculations, we know that each 4 vectors belong to a common eigenspace,
especially the vectors w, JyJow, JiJ3JsJ;w, and J;J3J5Jsw are in the comon
eigenspace with eigenvalue of 1. First two are spacelike and orthonormal and also
last two are timelike and orthonormal. Unfortunately, first two and last two need
not be orthogonal, so we need to apply Lemma 2.9. Since the operators J;J3J5J7
and J;J3.J5J3 are anti-involutions and anti-commute each other, they satisfy the
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conditions of Lemma 2.9. Hence we can obtain a new common eigenvector w:
Pl’lz} = PQ’LI) = PgUN) = UNJ, such that <1I},J1J3J5J7’LZJ>V = <1IJ,J1J3J5J8U~}>V = 0.
The linear dependence relations arising from Piw = Paw = P3w = w shows
that all other vectors presented in Table 7 become orthogonal and moreover J;,
j =1,...,8, permute them up to sign. The vectors listed in Table 7 form an
integral basis of 32 dimensional admissible sub-module of Clgs-module. The sub-
module is irreducible.

Table 7: Eigenspace decomposition: Clgo case

Involutions Eigenvalues

2] 1 1

Py +1 [ —1 +1 [ —1

P3 +1 [ —1 | +1 [ -1 +1 [ -1 [ +1 ] —1

Eigenvectors w Jrw Jsw J1Jsw Jzw J1Jsw JyJrw Jiw

J1Jow Jgw Jew JyJqw Jaw J1Jew JyJgw Jow

J1J3Js 7w JaJ3Jsw Jo J3JJrw Js JJrw J1JsJrw J3Jrw J3Jsw J3Js JJrw
J1J3J5Jgw JaJ3Jegw JoJ3JJgw Js JJgw J1Js Jgw J3zJgw J3zJgw J3J5 Jgw

AN INTEGRAL BASIS ON ADMISSIBLE Cl; 3-MODULE. The Clifford algebra
Cls 3 is isomorphic to the space H(8). We consider the three mutually commuting
isometric involutions P1 = J1J2J3J4, PQ = J1J2J6J7, and P3 = J2J3J7J8. In this
case, we choose four complementary operators: 17 = J;, Ty = J1J3, T3 = Jg, and
T, = J1J3J5J7. Then we have commutation relations between involutions P; and
complementary operators 7).

Involutions\Comp. op. | Ji(+ — +) | JiJs(+ — +) | Js(+ = —) | JiJsIsJ7(+ — —)
P1 = J1J2J3J4 a C C C
P2 = J1J2J6J7 a C C
Pg = J2J3J7J8 a C

The common eigenspace Fj, N Fy, of the first two involutions is neutral space
by Lemma 2.12, part 1). Then we use Lemma 2.14 and conclude that the common
eigenspace 1. N Eyy N E3y of all three involutions F; is a neutral space. So, we
may find an element w such that Piw = Pow = Psw = w and (w,w)y = 1. The
eigenspace decomposition presented in Table 8. We need to apply Lemma 2.9 to

Table 8: Eigenspace decomposition: Cls 3 case

Involutions Eigenvalues

Py T1 1

Py +1 [ —1 +1 [ —1

P3 +1 [ —1 | +1 [ —1 +1 [ —1 | +1 [ —1

Eigenvectors w Jgw Jew Jrw Jaw Jzw Jiw Jow

Jsw J1Jow J1Jaw J1Jsw J1Jegw J1Jrw J1Jsw Jy1Jgw
J1Jo Jgw JsJgw JsJgw Js Jrw JyJsw J3Jsw JzJrw JoJsw
J1J2Js Jgw J1 Ja Jsw J1JaJsw J1J3Jsw J1Js5 Jew J1Js5 Jrw J3J5 Jrw J1Js5 JJgw

operators €}y = J;JoJg and €y = J;JoJ5J3 to make the vectors in £y NEy N E3,



orthogonal. It also makes all other vectors orthogonal by relations Piw = Pyw =
P;w = w. The same relations show that J;, j =1,...,8 permute the basis up to
sign. It proves that basis listed in Table 8 is integral. The constructed sub-module
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is irreducible, since its dimension is 32.

AN INTEGRAL BASIS ON ADMISSIBLE Cly 4-MODULE. The Clifford algebra
Cly 4 is isomorphic to the space R(16). Choose mutually commuting isometric
involutions P1 = J1J2J3J4, Pg = J1J2J5J6, P3 = J2J3J5J7, and P4 = J1J2J7J8,
and four complementary operators T} = Jy, Ty = JiJ3, T3 = J1J5, and Ty = Js.

1001

Here are the tables of the commutation relations complementary operators:

Involution\Comp. op. | Ji(+ — +) | JiJs(+ — +) | JiJa(+ — +) | Js(+ — =)
P1 = J1J2J3J4 a & C Cc
Py = J1JyJ5J6 a c c
Py = JyJ3J5J7 a c
Py = Ji1JoJd7Jg a

We can choose a vector w € V satisfying (15) by Lemma 2.12, part 1) and
Lemma 2.13. Hence, by the relations (15) we have a simultaneous eigenspace
decomposition of a subspace in V' spanned by the 16 common eigenvectors that

form the basis listed in Table 9. The relations (15) shows that J;, j =1,...,8

Table 9: Eigenspace decomposition: Cly4 case

Involutions Eigenvalues

P +1

P +1 -1

Ps +1 -1 +1 -1
Py +1] -1 41 [ 1] 41 ] -1 [ 41 ] -1

Eigenvectors ‘ w ‘ Jsw ‘ J1Jow ‘ Jrw ‘ Jew \ J1Jsw \ Jsw \ Ji1Jsw ‘

Involutions Eigenvalues

P -1

P +1 -1

Ps +1 -1 +1 -1

Py +1] -1 [+ ] -1 +1 [ -1 ] +1 | 1

’ Eigenvectors ‘ Jyw ‘ J1Jgw ‘ J3w ‘ J1Jsw \ J1Jsw \ Jiw \ J1Jrw \ Jow ‘

permutes the basis up to sign. The 16 dimensional admissible module of Cl,4 is

minimal, irreducible, and integral.
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6. Admissible modules obtained by tensor product

6.1. Bott periodicity and admissible modules of dimensions r + s > 8.
In this section we present theorems that allow to use the Bott periodicity

Clr+8 s — Clr+4 s+4 — Clr s & R(16) Clr ,5+8 — C1r+4 s+4 — Clr s & R<16)

of Clifford algebras in order to prove that Cl, ;-modules are integer for r +s > 8.

Theorem 6.1.  Let us assume that (V,(-,-)y) is an admissible integral Cl, -
module and (U, (-,-)u) is an admissible integral Clys-module, where the represen-
tations J,, € End(U) permute the integral basis of U up to sign for all orthonormal
generators y; of the Clifford algebra Clyg. Then the tensor product vector space
(V U, (-, (-, )U) is an admissible integral Cl, s s-module.

Proof. Let (z1,...,2:C,...,(s) be orthonormal generators of the Clifford
algebra Cl,; with the quadratic form Q,s(a) = > ,a? — Y7 _,ai for a =

'le

Y@z + Y g arCe.  Let {yl,...,yg} be orthonormal generators for Clyg

with quadratic form Qug(b) = z] L 07 for b = Z? 1 bjy; and, finally let
LA ,C5+8 be orthonormal generators for the Clifford algebra Cl, 5

with quadratic form Qy..ig(c) =S 2 =302 for e = S0 %+ 30 ol
We know that the minimal admissible Clog module (U, (-,-)y) is isomor-
phic to R®® with quadratic form Qgg(u) = 325 | u? — 2;69 u? for u=3;° we;,
where e;, i = 1,...,16 is the standard basis in R®*®. This module is also irre-
ducible. Then the endomorphisms J,, € End(R*®) are such that J; = Idgss,
J=1,....8, JyJy, = =Jy,Jy, for i #j.
Now one needs to find £ € End(R®®) satisfying conditions

B, =—Jy B, j=1,..8 [E*=Idgs,
(17)
(Eu,u')gss = (u, Eu')gss for wu,u’ € R®®

where the scalar product is defined by the quadratic form Qgg. Define £ =

H?:1 Jy; to be a volume form for the Clifford algebra Clyg. Then it is easy to

check that E satisfies conditions (17).
Denote V =V @ R*®, (- ) = (-, )y (-, )rss and notice that the scalar
product (-,-)i is non-degenerate. Set
R> 5z ). =J. ® E€End(VQR®), i=1...r
R85 o Jp = Jo, © B € End(V@RY), k=1,...,s,
R™*8 5 (o jzsﬂ- =Idy ® J,, € End(V @R, j=1,...,8,
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where J.,,J;, € End(V), ¢ = 1,...,r, k = 1,...,s, such that J2 = —Idy,
J?k = Idy, and J,; € End(R®®), j =1,...,8, such that J;j = Idgss. Then, it is
easy to see that (7521 =—Idy fori=1,...,7, jgk =1Idy for k=1,...,s+8. The
direct calculation shows that jz and jCk mutually anti-commute if the indices are
different.

The next step is to verify that the scalar product (-, )y = (-, )v (-, " )rss

satisfies (J:0, )y + (0, J:0 o =0. We write Z=a+0b, a € R, b € R™®, and
t=v®u, v =v @ for v,v' €V, u,u € R¥®. Then

(Jo0,8)p + (8, J:0)p = (JaB, @)y + (10, 0}y + (8, Ju¥)g + (8, i)y

= (Jov ® Bu,v' @ u)p + (v @ u, J,u' @ Eu')y

+ (v @ Jyu,v' @ u')y + (v @ u, v @ Ju')y (18)
= (Jou, V" )y (Bu, u)gss + (v, J,0" )y (u, Eu')gs.s

+ (v,0")y (\(Jbu, u)gss + (u, Jbu’>Rs,sj> =0.

-~

=0

To show that the resulting Cl, ;4s-module is integral we assume that both
modules (V, (-,-)y), (R*® (-, -)gss) are integral. Then, if {v,}31" and {e,}.%,
are integral bases for V' and R®® respectively, we denote by {0, = v, ® ep}16d‘mv
the basis of V. We assumed that the maps J,., j=1,...,8, permute the basis
{ep °, up to sign. Then the map E also permutes the basns {ep . We have

(Jzzvn,vm) = (Java ® Eep,vp @ eq) v = (JzVa,Vp)v (Eep,eq>Rs,s = +1 or 0,
for all i = 1,...,r and <J Up,Um)y = *lor 0, for k = 1,...,s and n,m =
1,...,16dim V. Analogously

(Je,,,Un Um) i = (Va ® Jy,€p, 08 @ €q)jp = (Va, vg)v - (Jy,€p, €q)rss = £1 or 0,
forall j=1,....8 and n,m=1,...,16dim V. ]

Theorem 6.2.  Let us assume that (V,(-,-)v) is an admissible integral Cl, ;-
module and (U, (-,-)u) is an admissible integral Clgo-module, where the represen-
tations J,, € End(U) permute the integral basis of U up to sign for all orthonormal
generators y; of the Clifford algebra Clgo. Then the scalar product vector space
(VU (-, )v(-,-)v) is an admissible integral Cl,g,-module.

Proof.  Let (z1,...,2,,...,(s) be orthonormal generators of the Clifford alge-

bra Cl,, {91,...,ys} orthonormal generators for Clgo, and Z1, ..., Z4s,C1, .- -, s
be orthonormal generators for Cl,;g,. The minimal admissible Clgg-module
(U, (-, ")) is isomorphic to R®Y = R!® and it is irreducible. The endomor-

phisms J,; € End(R') satisfy J7 = —Idgw, j = 1,...,8, Jp,Jo; = —Jy; Jy, for
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i # 7. Define & = H?Zl Jy; to be a volume form for Clgy. Then & satisfies the
conditions &J,, = —J,,&, j =1,...,8, &> =1d, and (Eu, v )ris = (u, Eu/)p1s
for all u,u’ € R%. Denote V = V ® R and non-degenerate scalar product
(.9 =, v, )re. Set

R+ 3% J. =J, & cEnd(VQRY), i=1,...,r

R85 G o = Jo, ® 6 € End(VOR™), k=1,...5s

R 355, J:  =ldy® Ju, € End(V QRY), j=1,....8,

Zr+j
where J.,,Jo, € End(V), i = 1,...,r, k = 1,...,s, such that J2 = —Idy,
J<2 Idy, and J,, € End( 6, j=1,....8, such that Jgj = —Idgis. Then, we
finish the proof as 1n Theorem 6.1. u

Theorem 6.3.  Let us assume that (V,(-,-)v) is an admissible integral Cl, ;-
module and (U, (-,-)y) is an admissible integral Cly 4-module, where the represen-
tations J,, € End(U) permute the integral basis of U up to sign for all orthonormal
generators y; of the Clifford algebra Clys. Then the tensor product vector space
(V QU (-, v, )U) is an admissible integral Cl, 14 5+4-module.

Proof. Let (z1,...,2:,(,...,(s) be orthonormal generators of the Clifford al-
gebra Cl, 5, the collection {x1,x2,xs, T4, Y1, Y2, Y3, ya} orthonormal generators for
Clya, and let zi,..., Z 44, 51, e ,§S+4 be orthonormal generators for the Clifford
algebra Cl,44414. The minimal admissible Cly4-module (U, (-,-)y) is isomorphic
to R®® and it is irreducible. The endomorphisms J,,,.J,, € End(R®®) satisfies
J?2 = —Idgss, Jgj = Idgss, j =1,...,4, and mutually anti-commute.

We define the endomorphism &£: R®® — R®8 by the volume form &£ =
[Ty Jo I1;_1 Jy,- Then £ =Idgss, EJy, = —Jo,&, EJ,, = —J, €, i=1,2,34,
and (Eu,u)pss = (u,Eu')gss. Denote V =V @ U = V @ R and (-, =
(-, v (-, )rss. Set also

J:, =J, @& k=1,...r J:=J,®E, 1=1,...s,

Nzk 9 9 sy ,\gl
Sy, =ldy®@J,, 1=1,2,3,4, J§s+j =ldy®J,, j=1234
Then it is easy to see that (73 = —Idy, i = 1,...,r + 4, ‘742] = Idy for j =

1,...,s+4. It can be shown as in Theorem 6.1 that all j; jgj mutually anti-

commute and the module V =V @ U & V @ R8® is admissible integral Clyyasia-
module. ]

Proposition 6.4.  If the admissible integral Cl, s-module (V,(-,-)v) in Theo-
rems 6.1, 6.2, and 6.3 is of minimal dimension then the resulting Cl, s;s-module
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(V@RS’S, < s >V< s '>R8,8) ; CIH_&S -module (V@Rw, < s >V( s -)Rw) 5 and C1r+475+4—

module (V @ R®®, (-, )y (-, )rss) are minimal admissible integral modules.

Proof. The admissible integral Clyg-module (R®® (- -)gss) is of minimal di-
mension equals 16. Since admissible and irreducible modules has periodicity 8 the
resulting Cl, s4g-module V' will have minimal dimension equals 16 dim V'. Similar
arguments used in the cases of Cl, g, and Cl,;4 s44-modules. [

6.2. Twisted tensor product.

In this subsection, we give two methods of construction of an admissible
module from a given admissible module of lower dimensions by making use of
tensor product. We show two cases, that is a construction of an admissible module
for Clg 4o from that of Cl, o and Clys. Another one is the construction of an
admissible module of Cl, 41 441 from that of Cl,s and Cl; ;. Both methods also
give us the integral structure from those of the lower dimensions. Note that these
constructions not always give the minimal dimensional resulting module, even if
the initial admissible modules Cl,, o (or Cl, ;) and Clys (and Cl; ;) are of minimal
dimensions. The resulting module can exceed the minimal dimension two or four
times.

Theorem 6.5.  Let us assume that (V,(-,-)y) is an admissible integral Cl, -
module and (U, (-,-)u) is an admissible integral Clyo-module. Then the scalar
product vector space (V®U, (-, ), >U) s an admissible integral Cly 12 -module.

Proof. Let (z,...,2,) be orthonormal generators of the Clifford algebra Cl,,,
{y1,y2} orthonormal generators for Cly ., and, finally let 2, ..., Z,42 be orthonor-
mal generators of Clg,+2. The map

Zirr 2 Q@uiye, it i=1,....n, Zny1 = 1 ®y, Znyo — 1 @ yo.

defines the isomorphism between the Clifford algebras Cly 12 and Cl, o ® Clgs.
The minimal admissible Clyz-module (U, (-, -)y;) is isomorphic to R?*?. Then the
endomorphisms J,, and J,, from End(R??) are written in the standard basis
{e;}}_, as follows

0010 0 0 0 1
0001 0 0 —-10
T = 1 000 Ty = 0 -1 0 0
0100 10 0 0

We have Jy21 =1d, J;Q =1d, Jy,Jy, = —JpJy, and J,, Jye1 = e, Jye1 = e3,
Jye1 = eq. We need to find F € End(R??) satisfying conditions

Fly, = —J, F, Fly, = —Jy, F, F? = —Id, (19)



1006 FURUTANI, MARKINA

(Fu,u/Vpe2 = (u, Fu')ge> for wu,u’ € R*% (20)
Conditions (19) imply that the matrix for F has the form

a b c d

b a d -—c . a? - - —d*=-1
¢ —d —-a —b WIth b0 be=0, bd=0.
—d ¢ b —a

Checking the condition (20) we find that b = 0. Denote V =V ®R2 and
<' ’ >‘~/ = ( ) >V< s '>]R2’2 . Set

Jr =0, F, i=1,...,n, Jz,, =ldy ® Jy,, and Jz ., =Idy @ Jy,,

where J,, € End(V), i = 1,...,n,such that J2 = —Id. Then, it is easy to see that
jz% = Idy for i = 1,...,n+2 and the representations anti-commute. To verify that
the scalar product (-,-)y = (-,)v - (-, -)r22 satisfies ({7517,17’)‘7 + (0, jgﬁ’>‘7 =0,
we write 2 = a + b, where a € R™?, b € R%? and 0 = v ®u, ¥ = v @« for
v,v' €V, u,u’ € R*?. Then we argue as in (18).

To show that the resulting Cly,+2-module is integral we assume that both
modules (V, (-,-)v), (R*% (-, -)ge2) are integral and choose special form of the
map F, for instance we set a = d = 0 and ¢ = 1. Then, if {v,} and {e,} are
integral bases for V' and R*? respectively, then for 0, = v, ® €,

<jgi17n,15m)‘7 = (JVa ® Fep, 18 ® €q) ¢ = (2100, V8)v - (Fep, €g)r22 = £1 or 0.

Note that F # +J,,J,,. n

Theorem 6.6.  Let us assume that (V,(-,-)v) is an admissible integral Cl, ;-
module and (U, (-, -)u) is the minimal dimensional admissible integral Cl; 1 -module,
then (V QU (-, v, >U) is an admissible integral Cl,41 s11-module.

Proof. Let (z1,...,2,(,...,(s) beorthonormal generators of the Clifford alge-
bra Cl, s, {z,y} orthonormal generators for Cl; 1, and let (21, ..., Z41, G, ,58“)
be orthonormal generators for the Clifford algebra Cl, ;1 s41. It is known that there
is the isomorphism between Cl, ;.11 and Cl,. s ® Cly ; given by the following re-
lation between the generators zi, ..., Z.41, (~1, - 75s+1 of Cl,41 5+1 and generators
of Clr,s (%9 Cll,l:

Zi =@y, 1=1,...,1, 5j2(i®a:y,j:1,...,s, 521z, (i 210y

The admissible Cl; ;-module (U, (-,-)y;) is isomorphic to R*?. Then the endo-
morphisms J,, and J,, from End(R??) are written in the standard basis {e;}}_;



FURUTANI, MARKINA 1007

as follows
0 -1 0 O 0010 0 0 0 1
1 0 0 0 0001 0O 0 -1 0
Jo = 0 0 0 1 Jy = 1 0 00 Ty e = 0O -1 0 0
0 0 —-10 0100 1 0 0 0

Then Jg = —IdR2,2, ‘]5 = IdRQ,Z, Jny = —Jsz, and Jwel = €9, Jy61 = e3,
JyJze1 = eq. We need to find the endomorphism F': R?? — R?*? such that

F? =1dpe2, FJ,=—-J,F, FJ,=—J,F, (Fu,u)ge2 = (u, Fu')gse

for all u,u € R*»2. Checking these conditions, we find that the matrix for F' has
the form

a b c d

b —a d -—c with A+ —-22—-d*=1
—c —d —a, —b bc = ad.
—d ¢ =b a

Denote V =V ® R*? and the scalar product (-,-)o = (-, )y - (-, -)g22. Set also

J.=J,@F i=1,...r Jo=J,®F j=1,...s
J2r+1 :IdV@Jw, (]534-1 :IdV®Jy

We finish the proof as in Theorem 6.5, choosing the map F' with the matrix having
the entries a =1 and b = ¢ =d = 0. Observe that .J,J, # £F since if we choose
d = £1, then a or b must be different from zero. [ ]

7. Integral Cl,,-modules with » +s > 9

To get the integral structure on Cl72-module, we obtain the integral structure on
Cl; g-module by Theorem 6.1 and then use Theorem 3.1 and Corollary 3.2. For
Clg 3-module we exploit the isomorphisms Clg 3 = Cls 2 ® Cly ; and Theorem 6.6.
Counting dimensions, we conclude that Clgs is of minimal dimension. We use
Theorem 6.3 and show the existence of integral basis due to the isomorpfisms

Cls 4 = Cly® Clyg, Clys = Cly; ® Clyg.

For the rest of cases we use Theorems 3.1, 6.1, 6.2, and 6.3, and Corollary 3.2.
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8. Final remarks

(1) The constructed admissible integral modules show that the corresponding
general H-type Lie algebras admit integer structural constants. The natural
question arises: how many different Lie algebras are behind the general H-type
Lie algebras if we discard the presence of the scalar product? Having in hand
the integral basis, it is easier to answer this question. Both of the Lie algebras
based on spaces RM @ R%! and R?° @ R, corresponding to Cli - and Cly ;-
modules, are isomorphic to the three dimensional Heisenberg algebra, although
the metrics are different. The 6-dimensional Lie algebras based on vector spaces
R* @, R*Y R*?2@; R%? related to Cly - and Clgz-modules, are also isomorphic,
but not isomorphic to the Lie algebra based on the space R*?@ | RY | arising from
Cly ;-module. This can be proved by making use of the above constructed integral
basis. In general, the isomorphism Cl, ;1 = Cl; 41 preserving the admissibility of
modules, does not imply that the resulting general H-type algebras are isomorphic.
The details including these and more general relations between R¥* @ R™ is
treated in a forthcoming paper, see also [26] and [27] for the classification of low
dimensional nilpotent Lie algebras.

(3) Although we used the results in [10] for the classical cases for the sake
of simplicity, applying our method for the construction of the integral basis on
Cl, o-modules, it can be shown that our method not only gives the integral basis
but also detects the possible signature of the scalar product on the admissible
module. Remind that for Cl, g-modules the scalar product is positive definite, but
for the rest of cases is neutral.

(4) The integral admissible Clj s-modules could be also found by using The-
orem 6.5. In this case the resulting Cl3- and Clj 5-modules would be of minimal
dimensions, but Clys-modules for r = 2,4,6,7,8 would exceed the minimal di-
mension twice.

(5) The table that can be found in arXiv:1305.6814 shows the Clifford
algebras, where the circled Clifford algebras has admissible modules of double
dimension comparing with irreducible modules. It is also easy to see the symmetry
of Clifford algebras with respect to the axis » — s = —1 that allows to use
Theorem 3.1.
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