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Abstract. The purpose of this paper is to give an explicit expression to
the basic relative invariants of a homogeneous cone in terms of the polynomials
introduced by Vinberg in 1963. We present a closed formula that exhibits how we
obtain the basic relative invariants at one time. We also factorize the determinant
of the right multiplication operators of the corresponding clan V' by giving an
explicit expression to the exponents of the basic relative invariants in terms of
the data of V.
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Introduction

Homogeneous convex cones in Euclidean vector spaces containing no entire lines
(homogeneous cones for short in what follows) correspond in a one-to-one way, up
to isomorphisms, to certain non-associative algebras called clans with unit element
by Vinberg [8]. Homogeneous cones provide many examples of non-reductive
prehomogeneous vector spaces (see [6] for prehomogeneous vector spaces), and
as such the associated basic relative invariants are indispensable objects. Here
the groups that we consider for the relative invariance are the split solvable Lie
groups acting simply transitively on homogeneous cones. In this paper, we study
the basic relative invariants of a homogeneous cone €2 by focusing on an inductive
structure of the corresponding clan V. During the inductive arguments, there
arise naturally representations of clans in the sense of Ishi [4]. The crucial step
is to assign an orbit O in the closure € of Q to every representation . This is
done by using some of the results of Graczyk and Ishi [1], and Ishi [2] (see below
for details).

Let us describe the contents of this paper in more detail. Let V' be a clan
of rank r with unit element ey . The product in V is denoted by A. Fix an
inner product (-|-) of V' and a complete system ¢y, ..., ¢, of orthogonal primitive
idempotents. Then we have the corresponding normal decomposition of V' written
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as V = €D, jcp<, Vaj- Thespace b := {L,; v € V'} of left multiplication operators
L, is a split solvable Lie algebra, and we denote by H the corresponding connected
and simply connected Lie group. The H-orbit in V' of ey is a homogeneous cone
2 on which H acts simply transitively. The transpose of the left multiplication
operators with respect to (-|-) defines another clan structure ¥ in V', which
we call the dual clan of V. In order to describe the inductive structure of V
mentioned above, we put E =@, , Vi1 and W = ®1<j§k§r Vij- Then

General elements = of V are denoted by Aey +&+w (A€ R, £ € E, we W)
without any comments. We note that W is a subclan in both structures (V,A)
and (V, V). When we consider the clan (W, A), we usually write simply W for
it in the following. We also note £V W C E, and this enables us to consider the
representation (¢, E) of (W, V) defined by p(w)§ = & V w (Proposition 2.1). Let
() be the bilinear map associated with ¢ (see (1.10)), and ¢ the lower triangular
part of ¢ (see (1.8)). Then, by putting y = ucy + 1 + v, the product A in V is
described as

Ay = Mp)er + (1€ + 50 + e(z)n) + (Q(&,n) + w A ).

We know by Ishi and Nomura [5] that the irreducible factors of the determi-
nant of the right multiplication operators are the basic relative invariants. This is a
key to studying the basic relative invariants by the above inductive structure. We
calculate Det R, (x € V') in Proposition 3.2 for the right multiplication operators
R, of V to obtain

1+dim E—dim W w
Det R, = AT Det(R/\wf%Q[g]) (xeV),
where RY denotes the right multiplication operator of W and Q[¢] := Q(&,¢€).

Then we see in Theorem 3.4 that the basic relative invariants AY (x),..., A (z)
of V' are described by the basic relative invariants AY (w), ..., A" (w) of W as

Al(z) =X, AV(z) =X9AYAw-1Q[¢]) (1=2,...,7), (0.2)

where g, ..., q, are non-negative integers.

To determine the column vector @ := *(aw,...,a,) with «; in (0.2), we
need to look at representations of clans more closely. In this paper we do this
in a general setting. Let (p, E) be a selfadjoint representation of the dual clan
(V,V), anew. By using some of the results on Riesz measures in Graczyk and
Ishi [1], and on Gindikin-Riesz distributions in Ishi [2], we can assign, to ¢, an
H-orbit in the closure Q of . On the other hand, Ishi [2, Theorem 3.5] tells
us that the H-orbits in Q are described as Hec., where ¢ := e1¢1 + -+ + £,¢,
with € = “(e1,...,&,) € {0,1}". In this way, we attach € to ¢, and call ¢ an
g-representation.

Applying the above procedure to the representation (¢, E) of (W, \/) aris-
ing from the decomposition (0.1), we take € = *(eq,...,e,) € {0,1}7! so that ¢
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is an e-representation. Then Theorem 5.1 shows that « is described by using the
multiplier matrix oy, of W (see (1.4) for definition of the multiplier matrix) as

where 1 = %(1,...,1). Moreover the multiplier matrix oy, of V is written as

o = (levs ;;) . (0.3)

The formula (0.3) enables us to determine o, inductively. For any k =
1,2,...,7 =1, let VI¥ and EI¥I be the subspaces of V respectively defined by

V= @B Via, EW =D Vi
k<l<m<r m>k
Then V¥ are subclans of (V, V) and ElFl 7 VIl ¢ EI¥ | By the latter property,
we have representations R defined by RI¥(2*)¢k = ¢F 7 2 of VIH on EF . We
put elfl .= e(RM) € {0,1}77%, and define an r x r matrix &, by
Ip,_1 O 0
=10 1 o0 (k=1,...,r—1).

0 el Iy

Then oy, is described in Theorem 6.1 as
oy =& 12+ &

Now that the multiplier matrix oy, is determined, we are able to have an explicit
expression of the basic relative invariants AY(x). Introducing the polynomials
Dy(z),...,D,(z) defined by Vinberg [8, the formula (25), p. 385] (see also Ishi
[3]), we obtain in Theorem 6.2

D;(x)
Vi Vi J -
Al (z) = Di(z), Al(r)= I, Dy (z) i tonen s (J=2,...,7).
Our final objective is to give an expression to the positive integers nq,...,n,

appearing in the formula
Det R, = Ay(x)™ - Ap(z)™ (xeV).

The row vector n := (nq,...,n,), called the basic index of V' in this paper, is
expressed as (Theorem 6.5)
n=moy',

where m = (my,...,m,) is a row vector the entries of which are positive integers
coming from the normal decomposition of V' (see (6.6) for definition).

We organize this paper as follows. Section 1 collects definitions and facts
about clans and homogeneous cones. In Section 2, we study an inductive structure
of a clan V. Section 3 is devoted to expressing the basic relative invariants
of V' with non-negative integers «; as in (0.2). In Section 4, we introduce e-
representations. The non-negative integers «; in (0.2) are determined in Section
5. In the last section, Section 6, we present the multiplier matrix oy explicitly,
and consequently we obtain an explicit expression of the basic relative invariants of
V' by the polynomials introduced by Vinberg. We also give an explicit expression
to the basic index.
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1. Preliminaries

Let V be a finite-dimensional real vector space with a bilinear product /A. For
x € V, we denote by L, the left multiplication operator L,y = x Ay (y € V).
The pair (V,A) (or simply V') is called a clan if the following three conditions are
satisfied:

(C1) (V,A) is left-symmetric: LyL, — LyL, = Lypy—yn, forall z,y € V,
(C2) there exists s € V* such that s(z A y) defines an inner product in V,
(C3) for each x € V, the operator L, has only real eigenvalues.

Linear forms s with the property (C2) are said to be admissible. We denote by R,
the right multiplication operator R,y =y Ax (y € V). In this paper, we always
assume that a clan has a unit element.

Let V be a clan with unit element ey . The rank of V' is denoted by r.
This means that there is a complete system of orthogonal primitive idempotents

c1,...,¢ with ¢; +--+ 4+ ¢. = ey such that we have the following decomposition
of V:
V= &P Vi, (1.1)
1<j<k<r

where Vj; =Re; (j=1,...,7) and
ij = {:1: € V, Lcix = %(5” + 52k>I, Rcix = (SijJI (Z = 1, e ,T)} (] < k)

The decomposition (1.1) is called the normal decomposition of V' associated with
Ci,...,¢.. The multiplication rules are

Vii A Vi C Vi or Vi; (according to j > k or j < k). '

By (C1) and (C3), the space b := {L,; v € V} of left multiplication
operators forms a split solvable Lie algebra. We note here that b is linearly
isomorphic to V. Let H := expbh be the connected and simply connected Lie group
corresponding to f. We denote by €2 the H-orbit in V' through ey. We know
that {2 is a proper open convex cone in V', and H acts on 2 simply transitively.
For every € := Y(eq,...,¢,) € {0,1}", we put ¢ := €1¢1 + -+ - + &.¢,. Then we
have c. € , the closure of Q, and let O, := Hec. be the H-orbit of ¢.. Note
that O; = Q, where 1 = %(1,...,1). By Ishi [2, Theorem 3.5], the H-orbit

decomposition of Q is described as
Q= || o.
ee{0,1}7

By introducing the lexicographic order among the subspaces Vj; in (1.1),
we see that every L, (z € V) is simultaneously represented by a lower triangular
matrix. Then for each h € H, there exist unique hj; > 0 (j = 1,...,r) and
v € Vij (1 < j < k < r) such that by setting Tj; := (2loghj;)L., and
Lj =73 4s; Ly, , we have

h = (expThi1)(exp L1)(exp Toa) - - - (exp L,—1)(exp T}r). (1.3)
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This expression of h is useful for our later inductive arguments.

A function f on € is said to be relatively invariant under the action of
H if there exists a one-dimensional representation y of H with which we have
f(hz) = x(h)f(z) for all h € H and x € §2. To each such y, there corresponds
an r-tuple 7 := (7y,...,7.) € R" so that

x(h) = (h11)*™ -+ (hyy)®™  (for h as in (1.3)).

We call 7 the multiplier of a relatively invariant function f and write x = x.

Theorem 1.1 (Ishi [3]).  There exist irreducible relatively H-invariant polyno-
mial functions Ay, ..., A, by which any relatively H-invariant polynomial function
p on V s written as

p(z) = (const)-Aq(x)™ - A, (x)" ((nl, co,ny) € Z;O).
Moreover ) is described as

Q={zecV; Ai(z) >0,...,A,(z) > 0}.

The polynomials Aq(z),...,A,(x) are called the basic relative invariants
of the cone (2. They are also called the basic relative invariants of the clan V'
in this paper. We assume that the numbering of the basic relative invariants is
given by the procedure of Ishi [3] according to ¢y,...,¢.. For j = 1,...,r, let
a; = (0j1,--.,0j) be the multiplier of the basic relative invariant Aj(z), and we
place them in an r X r matrix as

o= | i | = (050, (1.4)

o,

In this paper, we call oy, the multiplier matriz of the clan V. We note that by
the procedure of Ishi [3], the matrix oy is lower triangular with all o, € Z>¢ and
o;; =1 (j=1,...,r). In particular, oy is invertible. We also note that the basic
relative invariants are homogeneous polynomials, and we have by definition

degAj:crjl—i—---—i—ajj (j:17,7") (15)

Now we assume that the inner product (-|-) of V' is given by an admissible
linear form sy. Let us define a bilinear product VV in V' through

(zVylz)=(ylzLz) (z,y,2€V). (1.6)

Then it turns out that the product \V defines a clan structure in V. The clan
(V, V) is called the dual clan of (V,A). The linear form sy is also an admissible
linear form for (V, V). In fact, we have so(z Vy) = (z Vyley) = (y|z).
Moreover it is easy to see from (1.6) that ey is also a unit element of (V, V). The
cone corresponding to (V, V) is the dual cone Q* of ) with respect to the inner
product (-|-), where

Q :={zeV; (z]y) > 0foraly e Q\{0}}.
Let LY:V 3y x V y be the left multiplication operator by x € V' of (V, V).



1018 NAKASHIMA

Proposition 1.2.  The following relationships hold between /\ and /.
(1) For z,y € V, we have xt Ay+xzVy=yAzx+yV .
(2) Fori=1,...,r, one has L] = L, .

Proof. (1) For any z € V', we have by (C1)

(zhy—yAz|z)=s((tDhy—yAa)Az) =so(z A (yLz)—yA(zAz))
=(zlyLz) —(ylzLz) = <ny—xVy\z>.

Hence, the assertion is proved.
(2) Suppose xy; € Vi; (j < k). Then for any y € V', we have

1
(¢; Vagly) = (mpjle; Ay) = (apsle Dywj) = 5(6ij+5ik)<$k;j|y>,

where yy; is the Vi;-component of y. Thus we get L x;; = %((51']'—1-(5@']@):6@- = L, Tk;
for any xy; € Vi;. This shows L; = Le,. m

Proposition 1.2 (2) shows that ¢i,...,¢, form also a complete system of
orthogonal primitive idempotents of the dual clan (V, V). We denote by R the
right multiplication operator of (V, V) by x € V. By (1) and (2) of Proposition
1.2, we get R xy; = dpay; for any xp; € Vi (j < k) and i =1,...,r. Thus we
have

Vig={z €V; Lix=3(6; 4+ o)z, Rix =z (i=1,...,7)}.

This implies that the decomposition (1.1) also serves as a normal decomposition
of (V, V) relative to ¢y, ..., ¢, with the multiplication rules

VeV Vi = {0} (5 # k0D, ViV Viy € Vi

Vii V Vij C Vjior Vi (according to i < j or i > j). (1.7)

For later sections, we give here the definition of a representation of the
clan (V, V). Let E be a real Euclidean vector space with inner product (-|-)g.
We denote by L(F) the vector space of all linear operators on E. For a linear
map ¢: V — L(F), let ¢ and @ be the “lower triangular part” and the “upper
triangular part” of ¢ associated with c1, ..., ¢, respectively given by

ol@) = 5 S apeles) + 3 wler)plens)eles),
j=1 i<k

- (1.8)
Pla) = 5 D wele) + 3 eler)plon)elen)

where we write x € V' as @ = ) xj;¢;+ >, Tx; according to (1.1). A linear map
p: V. — L(F) is called a selfadjoint representation of the clan (V, V) if ¢(x) is a
selfadjoint operator for every x € V' and if the following condition is satisfied:

o Vy)=2@)e(y) +ey)elr) (r,yeV). (1.9)
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We always require that ¢(ey) is the identity operator. In this paper, we only
consider selfadjoint representations, and often drop the adjective selfadjoint for
simplicity. Associated with ¢, we define a symmetric bilinear map @Q: Ex E — V
through

(p(@)€n)e = (QEn)|z) (EnekE, zeV). (1.10)
From now on, we put Q[¢] := Q(§,¢) and Q[E] :={Q¢]; € € E}.

2. Inductive structure of a clan

Vinberg [8, Chapter II, Section 4] tells us that any clan has an inductive structure.
In this section, we present the inductive structure explicitly by using a represen-
tation. Let V be a clan of rank r with unit element e;,. We keep to the notation
used in Section 1. By the normal decomposition (1.1), we put

E=PVi, W= P W,

k>1 1<j<k<r
Then, we have
V=Rg®EDW. (2.1)
We denote general elements z of V' by
Ay+E+w (ANeR, (€ E weW) (2.2)

without any comments. Inner products of £ and W are taken respectively as
the restrictions of the inner product (-|-) of V. The multiplication rules (1.2)
and (1.7) tell us that W is a subclan in both structures (V,A) and (V, V) with
unit element ey := ey —¢;. When we consider the clan (W, A), we usually write
simply W for it in what follows. We have E SV W C E again by (1.7), and this
enables us to consider the linear map ¢: W — L(F) defined by

pw)=EVw (weW, £ €E). (2.3)
Proposition 2.1.  The pair (¢, E) is a selfadjoint representation of (W, /).

Proof. Let £ € E and w € W. The multiplication rules (1.2) yield { Aw = 0.
Thus we have by Proposition 1.2 (1)

P =¢Vu=wA{+wVE{=(Ly+ Ly (2.4)

Since L) = (Ly)* by (1.6), we see that ¢(w) is selfadjoint. Furthermore for all
w,v € W and £ € E, we have by (C1) and (2.4)

pwVu)E=wV(EVo)+(EVw—-—wVEVu
=wV(EVv)+ (wAE V.

Taking the lower and the upper triangular part of ¢(x) in (2.4), we see that
p(w) = L, and p(w) = L,,. Then the last term of (2.5) is equal to

(B(w)p(v) + p(v)p(w))E.

(2.5)

Since (e ) is obviously the identity operator, the pair (p, E') is now a selfadjoint
representation of the clan (W, V). ]
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Let ) be the symmetric bilinear map associated with ¢.

Proposition 2.2.  The product A in V' is described as

r Ay = (Ap)er + (€ + 320+ @(2)n) + (Q(E, 1) + w Aw),

where we set y = ucy +n+v €V as we do for x in (2.2).

Proof. By definition of F, we have ¢; An = %n and £ Acp = &. Next, the
multiplication rules (1.2) imply that

01AW:WA01 :EAW:{O}

By the proof of Proposition 2.1, we obtain w An = ¢(w)n. Moreover, we have for
all we W

(&, [w) = (pw)¢|n) = (Vwln) = (w|{An).
Thus @ is described as
Q& n)=E8An (§n€EE). (2.6)
Since the product A is bilinear, the proof is now completed. |

We now describe the action of H on V' with respect to the decomposition
(2.1). Let by, := {Ly,; w € W} be the Lie algebra of left multiplication operators
of W and Hy, := expby, the corresponding Lie subgroup of H. Let h € H and
we write h as in (1.3). Then putting

§h=va+--+va €L, hw=explypexpLy---expT,, € Hy,

we have h = (expT11)(exp L, )hw , where Th; = (2log hy1)Le, (h11 > 0).

Lemma 2.3. Let y=puci+n+veV. Then
1
hy = p(hi1)’cr + hat (pén + hwn) + (éﬂQKh] + Q(&n, hwn) + hwv) :

Proof.  We first note that the multiplication rules (1.2) tell us that
hwey =c1, hwne E, hyvell.
Next we have again by (1.2)
R.|lw=1idw, EAECW, EAW ={0},

so that recalling (2.6), we obtain

(exp Lg,)er =1 + & D ey + %fh AN De)=c+&, + %Q[ﬁh],
(exp Lg,)n =1+ Q(&n,m),  (exp Lg, )v = v.
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Finally,
(expTir)er = (ha1)’cr,  (expTin)n = hun, (expTi)v =wv.
These observations yield that

hey = exp Ty (01 +& + %Q[fh]) = (hn1)?c1 + huén + %Q[th

hn = exp T11 (hwn + Q(En, hwn)) = harhwn + Q(En, hwn),
hv = hyv.

Hence we arrive at the formula in the lemma. [

3. Inductive description of basic relative invariants

In this section, we study the basic relative invariants by considering the right
multiplication operators of clans. The reason for this is the following theorem.

Theorem 3.1 (Ishi-Nomura [5]).  The basic relative invariants are the irre-
ducible factors of the determinant of the right multiplication operators.

Let V be a clan of rank r and we decompose V as in (2.1). We keep to
the notation of the previous sections. By Proposition 2.2, the right multiplication
operators R, by x € V of the clan V' are described as

A0 0
R,= |1 Ndp Re |,
0 Re RY

where RY is the right multiplication operator of 1, and we note that R¢(W) C E
and R¢(E) C W. As in [7, Proposition 4.1], we have the following proposition.

Proposition 3.2.  For x € V', one has

_ y1+4+dim E—dim W w
Det R, = A Det (R, _10/)-

Let AY (w),..., A% (w) be the basic relative invariants of W, where the
labeling 2,...,r is in accordance with the complete system of orthogonal prim-
itive idempotents cs,...,c, of W. Noting that the basic relative invariants are

homogeneous polynomials, we denote by d; the homogeneous degree of A‘;-V(w).
Theorem 3.1 and Proposition 3.2 tell us that the basic relative invariants of V/
are exhausted by the polynomial A and the irreducible factors of AV (Aw — 1Q[¢])

(j=2,...,7).

Proposition 3.3.  For each 7 =2,...,r, the only possible factor of the polyno-
mial AW (Aw — 3Q[E]) is A% for some non-negative integer a; < d;.

Proof. We put
Py(e) == A (o — 3QIE) (G =2,....1)
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Since r = Acy + €+ w — dw — %Q[S] is a quadratic map, the polynomial P;(x) is
a homogeneous polynomial of degree 2d;. Moreover, in each monomial of Pj(x),
the degrees of A\ and w are the same. In particular, since AY (Aw) = A5AY (w),
the degree of the polynomial P;(x) with respect to A is d;, and the coefficient of
A% is the irreducible polynomial AV (w). Hence Pj(x) is written as

Py(x) = XA (w) + A5 1pP (w, &) + -+ + pi™ (w, €),

(k)

where each p; (w, &) is a polynomial of w and & of degree d; + k, and its degree

with respect to w is strictly lower than d;. Since A" (w) is irreducible, Pj(z) is
factorized as

Pi(a) = A% (A5~ 5 AW (w) + A5~ 1D (w, €) + -+ i (w,€)), (3.1

J

where «; is the maximal non-negative integer such that p] dj=ey) # 0. Thus
A~% Pj(z) is irreducible. The proof is now completed. ]

Propositions 3.2 and 3.3 immediately give the following theorem.

Theorem 3.4.  The basic relative invariants A (x) (j = 1,...,7) of V are

given by
’ ATAY (= 3Q[E]) (G=2,...,7). '

4. e-representations

In order to determine the non-negative integers «; in Theorem 3.4, we need to
investigate the relationship between representations of clans and the range of
the corresponding quadratic maps. Let V be a clan of rank r and (¢, E) a
representation of (V, V). We maintain the notation in Section 1. We begin with
the following lemma.

Lemma 4.1. Forx €V and {,n € E, one has
(exp Lz)Q(&,1) = Q((exp ¢ ()¢, (exp p(a))n).

Proof.  Recalling the definition of ¢(x) in (1.8), we have ¢(z)* = p(r). Thus
for any y € V' we have by (1.9)

(LQ(&m)y) =(QEn) |V y) =
= (2(z)p(v)E + ¢(y)
= (p(y )ﬁ! ( ) B +<s0(y)£
= (Q(& ¢(x)n) + Qe(x)é,n) |y

This equation yields
LoQ(&,n) = Qe(x)6,n) + Q& ¢(x)n) (x €V, {ne k).

Thus we obtain the lemma. n
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Corollary 4.2.  Q is Q-positive, that is, Q[¢] € Q\{0} for all £ € E\{0}.

Proof.  For each x € Q*, we take zy € V such that (exp L} )ey = . Since
L], = (Lg)*, we have by Lemma 4.1 and (1.10)

(QIE]|z) = ((exp Ly )Q[E] [ ev) = (Ql(expp(0))€] | ev) = [l(exp p(x0))&l5 = 0,

where ||£||% = (£]|€)g is the norm of E. Hence Q[¢] € Q. Moreover, since
exp (o) is invertible, we see that Q[¢] = 0 if and only if £ = 0. Thus the
corollary is proved. [ ]

Let (¢, E) be any representation of (V, V) and @ the corresponding bilin-
ear map. The Riesz measure i associated with the quadratic map Q[¢] is, by
definition, the image of the Lebesgue measure d§ on E by Q[{] (cf. Graczyk and
Ishi [1]). In other words, we have for any measurable function f on V

/ f (@) oldz) = / F(QIENde.
\%4 E

Since () is 2-positive by Corollary 4.2, the Riesz measure f is supported
by Q. We now show that to ¢ we can assign an H-orbit O, in Q (e € {0,1}").
In this case, we say that ¢ is an e-representation.

Now Lemma 4.1 and (1.10) yield that for any x € V and h € H

Det ¢(h*z) = Det(h*p(x)h) = (Det h)* Det ¢(z).
Thus Det¢(z) is a relatively H-invariant polynomial and its multiplier I =
Yy, ... 1) € 2%, satisfies
Det o(Arer + -+ Mep) = (M) - (W) (A, A €R)
with [, = dime(¢;)E (j = 1,...,r). Let #Zs (s € R") be the Gindikin-

Riesz distribution defined in Ishi [2] (in that paper, it is simply called the Riesz
distribution). Then, by [1, (3.29)], we have

g = T ER g . (4.1)

Since g is a positive measure, so is %;/. Let = be the Gindikin-Wallach set,
which is the set of s for Zs to be a positive measure (see Ishi [2, Theorem 6.2]).
Thus by (4.1), we obtain 1/2 € =. Putting dy; :=dim Vj; for 1 <j <k <r, we
define 1Y) € R” (j =1,...,r) inductively by IW:=land fori=1,...,r—1,

l(z’+1) — l(l:) o t(Oa cee >Oadi+1,iv S »dri) if lz() >0,
=90 if 19 < 0.

7

7

Further we define (¢) = (eq,...,&,) € {0,1}" by

Then by [2, p. 183], %> is a measure on Ogy. Using Proposition 3.10 and
Theorem 3.13 of [1], we see that the support of %/ is equal to O(,), the closure
of Og(. These observations together with (4.1) give the following proposition.

Proposition 4.3. ¢ is an e(p)-representation.
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5. Calculation of «;

In this section, we determine the non-negative integers ao, ..., a, that appeared in
Theorem 3.4. To do so, we return to the representation (¢, E) of (W, V) defined
by (2.3). In particular, the orbits which we consider are the Hy,-orbits in W.
Let e := ey be the unit element of W. Let (y, be the Hy,-orbit of e in W.
Then €2y, is the homogeneous cone corresponding to the clan (W, A). Let us
put € = e(p) = (eg,...,&,) € {0,1}77! so that ¢ is an e-representation. The
corresponding quadratic map Q[¢] satisfies Q[E] = O, where O, is the Hy -orbit
through ¢, := 3¢9 + - - - + €,¢, in the closure QW of Q.

Let us consider the polynomials AV (Aw —w.) (A € R, w € W, w. € O).
If w € Qy,, then putting w = he with h € Hy;,, we have by the relative invariance

AY (dw — we) = AV (w)AY (e — h™ w). (5.1)
For j=2,...,r, we put

Pewe) == AV (e —we) = A + 25710 (w) + - + ¢\ (we), (5:2)

(1

where ¢;” (k = 1,...,d;) is a polynomial function on O, of degree k. By the

J

coefficient comparison of (5.1) with (3.1) relative to A, the polynomials qj(-k) (we)

are the zero-polynomials on O, for k = d; —a; +1,...,d;, and the polynomial

VRl
q§dj_aj ) (we) is non-zero. In particular, A=%P5 (A, w,) is an irreducible polynomial.

By (5.1), we see that A\™* A (Aw — w,) is also irreducible.
We put
Q2 dy
a:=|:|ezy), d:=|:|ez (5.3)
a, d,

Let oy = (0jk)1<jk<r be the multiplier matrix of V. We note here that by
comparison of the degrees in (3.2) the multiplier matrix o, is described as

oy = (dia a(iv) (5.4)

where oy, is the multiplier matrix of W. Thus oy, is equal to the (r—1) x (r—1)
matrix Ow = (O-jk>2§j§kgr-

Theorem 5.1. [t holds that o = oy, (1 —€) with € = Y(eq,...,¢,) as above. In
other words,

a=> oull—e) (G=2....r) (5.5)

Moreover, the multiplier matriz oy, of V 1is written as

oy = (levs Of;) . (5.6)
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Proof. =~ We shall prove the theorem by induction on the rank r of V. We
consider the polynomial PS(A,we) (A € R, we € O) defined in (5.2). First,
we assume that r = 2. In this case, we have W = Rey and E = V3. For
the case g5 = 0, we have O, = {0} and hence P5(\,0) = A. If e; = 1, then
Ps(\, we) = A — we does not have the factor A. Thus in both cases we have
oy = 1 — e9. Next we assume that r > 3, and that the theorem is true for clans
of rank r — 1. Let us put W’ = @2<j§k:§r Vij and E' = @, ., Vio. Then

W=Rc,®FE oW (5.7)

Applying Proposition 2.1 to this decomposition, we see that the following linear
map ¢': W' — L(E') is a representation of (W', V):

P =& vuw WeW, ek

We write general elements w € W as w = wgcs + & +w' (wye € R, { €
E', w' € W) without any comments. We put e’ := e — ¢y, which is the unit
element of W’. Let AY'(w'),...,A%'(w') be the basic relative invariants of
W'. The equation (5.4) for oy, tells us that the multiplier matrix oy, of W’
is equal to the (r — 2) x (r — 2) matrix oy, = (0jk)s<jr<r. We consider the
Lie algebra §' = {L,; w' € W'} of the left multiplication operators of W’ and
the corresponding Lie group H' = expl’. Let € := H’e’ be the homogeneous
cone associated with (W’  A). For each § = %(d3,...,0,) € {0,1}""2, we put
s = 03¢3 + -+ + d,¢,. Then 5 € ' and let Of := H'cy C . Moreover, for
j=3,...,m,let o’ {0, 1}"=? — Z>¢ and polynomials Pf()\,yg) ANeR, ys € O_g)
be

&(8) = ol —6), Pihuys)=AV (A —ys) (j=3,....1). (58)

By the induction hypothesis, there exist irreducible polynomials ﬂ§(A,y5) (j =
3,...,r) such that

Pl ys) = ANTOF (N ys) (NER, ys5 € Of). (5.9)

In order to know what power of A is factored out from 75; (A, we), it is
clearly sufficient by continuity that we argue by restricting the variable w, to O.
Thus we assume w, € O, and take h € Hy, such that w. = hc.. We note that
h is decomposed as h = (exp Ty)(exp &))h', where Toy = (2log hgy) L., with some
has >0, &, € E" and b’ € H'. Let (' be the symmetric bilinear map associated
with ¢’ and we put

e =el)=1]:1]¢€{0,1}2

so that ¢’ is an €&'-representation. By Theorem 3.4 applied to W with the
decomposition (5.7) and by the induction hypothesis, we have

AV (w) = was, AV (w) = (w) AV (wapw' — 1Q'[¢]) (5 >3).  (5.10)
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Let us put € = (e3,...,¢&,) € {0,1}"72. Applying Lemma 2.3 to the clan W with
(5.7) for y = c., we obtain

We = hee = e9(hag)’ca + e2hanl), + <h/ A Q [@J)

Putting y. = h'c,, we have
2 / / €2 et
)\6 — We = ()\ — EQ(th) )CQ — Eghggfh + <)\6 — ye — EQ [fh]> . (511)

(i) The case j = 2. In this case, we have PE(\ we) = A — e3(has)?. If &5 = 0 then
Ps(\, we) = A, and if 5 = 1 then PE(\, w.) does not have the factor A. Hence in
both cases we have ap = 1 — 9. Since oo = dor (k= 2,...,7), we obtain (5.5)
for ay.

(ii) The case j = 3,...,r. (a) We first assume that e, = 0. In this case, (5.11)
reduces to A\e —we = Acz + (Ae’ — y;). Let d; be the homogeneous degree of

AV (w') (j=3,...,r). Using (5.10) and (5.9), we obtain

AY (Aez + (A’ —yp)) = xa’-<€’>AW’(A(Ae' —ye)) = ATGEFEDE )
=\ +d’ +a;(€) f&()\’ yg)-

Here the induction hypothesis for (5 6) says 0jo = > ;_5 0jke}. By using (1.5) for
d;, we can rewrite 0y as 0jo = —a(€’) + d;. Thus we get

Oéj—O'JQ—i—Oé Zaﬂk 1—¢r) (J=3,...,7).

(b) Next let us consider the case €5 = 1. We assume that A is in a small open
neighborhood Uy of 0 and hsgs in a small open neighborhood U; of 1, so that
putting ay := —(\ — (ha2)?), we have ay > 0. Then by (5.10) and (5.11)

AY (Ne —we) = (=ax) DAY ((—ar) A — ye — 3Q'[6]) — 3Q'[h226])

(—ax) AT (= Aaxe’ + 3Q[E]) + aryz).

Since ay > 0 and Q'[¢§},] € OL C ', we have aye' + 2Q'[¢}] € @ for any A € Uy
and hgs € U;. Thus for each such A and hqo, there exists a unique gy € H' so that
g = axe’ + 1Q'[¢,]. The one-dimensional representation associated with A?V/

being X/ , we have X, (gr) = A‘;V'(a,\e’—i—%Q’[f,Q]). Using the relative H-invariance
of A?// and (5.9), we obtain

AY (e —we) = (—an) " AY (< Agre’ + arye)
= (=)~ X (9) AT (=2’ + argy 'y2)
(1?5 (=ax) AT (—ar)e — Q&) AT (Ae' — angy'y2)
= A" ;(E)f (—an, QQ [fh]) O‘ axgy ye)
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To continue, we introduce a rational function ]?g(A, we) defined by
Fr(hwe) = XOPIN we) = FF (—ax, 3Q' 1) F (A axgy 've)-

We shall show that .7?]-e (A, we) is actually an irreducible polynomial. Since 73]‘7’ (A, we)
is a polynomial, it is sufficient to prove the existence of a non-zero limit of ]-"J»e()\, We)

as A — 0. Since both of .7-"]‘-':' and .7-? are polynomial functions, and since the map

g: Uy A — g;l € H’ is continuous as well as A — ¢,, we obtain

lim .7-" (N we) = .7-7/(—(10, %Q/[SL])}?(O» aogy e)-

A—0

In order to see that this limit is non-zero, we put hgy = 1 and &, = 0. Then we
have ag = 1 and goe’ = €', that is, go € H' is the identity operator. By (5.9) and
(5.8), we have

e’ - —a’ (e pe’ . d.—ao' (e
“’T_.j <_170) - (_1) ]( )P] (_LO) - <_1) ’ J( )
On the other hand, since ]-"jg()\,yg) does not have the factor of A, we can take
2z € O% such that ]—"jg(O, zz) # 0. Thus we obtain
F5(0,00+ 22) = F5 (—1,0)F5 (0, 22) = (—1)5~ % F(0, 22) # 0.

Hence ]t"]‘?: (A, we) does not have the factor of A. Since U, and U; are open sets
and since we now know that j-:je()\, we) is a polynomial, the function f]‘-':()\, we) 18
extended to R x O, and does not have the factor of A\. Therefore 75]5 (N we) =

A% (E)]ﬁ-:js()\, we) is an irreducible factorization. This shows

8 =) op(l—c) (j=3....7m)

It remains to show (5.6). Since o = o, (1 — €) and d = oy, 1 by (1.5) for
AW, we have d — a = oy,e. Hence (5.6) follows from (5.4). n

Remark 5.2. If we put we := >, _, ex ecr (A > 0) in (5.2), then we have

r

Pidwe) = [J(A = eedi) s = A== TT (A = Ap) 7™

k=2 é‘k:1

But this only implies that a; <> _ _ o, = Y p—o0jk(1 — &), since, in general,
the restriction to a lower dlmenswnal set of an irreducible polynomial need not be
irreducible.

6. Main theorems

In this section, We determine the multiplier matrix oy, of V. For k =1,2,...,r—1,
let V¥ and E¥ be the subspaces of V' defined respectively by

V= @B Viu, EW =D Vi

k<l<m<r m>k
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We note here that VI and Bl are W and E in (2.1) which we have worked with
in the previous sections. Then analogously to that situation, we see that V¥ is a
subclan of (V, V) and E k7 VIH c El . The latter property allows us to define
RIF: VIE 5 £(EWM) by

RI(zhYek = ¢b 7 oh (zF e VI ¢k e BM and k=1,2,...,r —1).

Then similarly to Proposition 2.1, each (R, El¥]) is a representation of (V¥ 7).
Thus we put ¥l := ¢(R¥)) € {0,1}7~*, and consider the 7 x r matrix & defined
by

=1 0 1 0 (k=1,...,7r—1).
0 eM 1.,

Theorem 6.1.  The multiplier matriz oy, of the clan V' is given by

Oy = 57,,1((,},2 cee 81.

Proof.  We shall prove the theorem by induction on the rank r of V. Let us
decompose V' as in (2.1), and let ¢ be the representation of (W, V) in (2.3). By
the induction hypothesis, the multiplier matrix oy, of W is described as

I 5 0 0
0 el I,

Let us put € = e(y¢). Applying Theorem 5.1 to V', we have by (6.1)

(10N (1 0N[(1 0\ _ (1 0\ (1 0\[(t 0
V= \ope op) N0 o) \e 5,.1) T \0 €, 0 &)\e I,.,)
By noting Sk:((l) EE‘)’) (k=2,3,...,r—1), the proof is completed. [

k

We are now able to describe the basic relative invariants AY (z), ..., AY (z)
of V. To do so, we introduce the polynomials D;(z) (j = 1,...,r) defined by
Vinberg [8, the formula (25), p. 385] (see also Ishi [3, p. 158]). Let ||-|| be the norm
on V defined by ||z||* := (z|z) (z € V). Given z € V', we introduce elements

V) = Zx,(jgck + Z Xfrj”l e vl (Gj=1,...,m Vviol.— V)
k=j

m>k>j

inductively by 2 :=z and, for i =1,...,r — 1,

4 N 1 ,

i+1 i) (¢ ) (]2 .
A ael) - O Gk
ngl) = ng)XT% —x AX,E? (i<k<m<r).

Then the polynomials D;(z) are defined by

Dj(x) = x%) eER (j=1,...,r).
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The polynomials D;(x) appear in the solution h € H of the equation hey = z
for a given = € Q. In fact, Vinberg [8, Chapter III, Section 3| tells us that the
numbers hj; > 0 for Tj; in (1.3) are given by

By = Dia), B2 =Dy@) ™o Dya(2) ' Dyl) (G =2.....7).
Using these hj;, we have AY () = (h11)** - - - (hj;)** by definition of ojj. From
these observations, we obtain the following theorem, which tells us explicitly by

what powers of Dy(x),...,D;_1(z) we have to divide D;(z) in order to obtain the
irreducible factor AY(z).

Theorem 6.2.  The basic relative invariants A‘j/(x) of V are written as

D;(x)
H.<. D’L (I)_O—ji+0—jﬂi+l+"'+0'jj
1<J

AY(z) = Dy(), A‘J/(x) = (j=2,...,r). (6.2)

Remark 6.3.  Let us verify that the power of D;(z) in the denominator in (6.2)
is non-negative. Indeed, thanks to (5.4), it is sufficient to consider the case i = 1.
By (5.6), we have oj1 = > 1 _, 0k, so that

J
_Uj1+0-j2+...+ajj:Zgjk(—€k+1> >0 (j=2,...,7).
k=2

Example 6.4. (1) Let Q be an irreducible symmetric cone of rank r > 3. The
corresponding clan is V' = Herm(r, K) (K = R, C,H) with the product A defined
by © Ay = xy + y(x)*. In this case, the polynomials D;(x) are calculated as

detVz: (j=1,2)
D;(z) = - - . . Y 6.3
(@) {(detmx)zj *(detPlz)? .. (detlU-Az) (detVlz) (5 > 3), (6.3)

where det*lz (k = 1,...,r) are the left upper corner principal minors of .

Since it is clear from a glance at (6.3) that the basic relative invariants A;(z)

of Q) are equal to detV! () (j = 1,...,7), we can verify the formula (6.2). Put

d = dimg K. Since we have dim Vj; = d (j < k), a straightforward computation

yields el* = *(1,0,...,0) € {0, 1}7»—: (k =1,...,7 —1). Thus the multiplier
1

matrix o of Visgivenby o= ( :-.  |. Then —0ji+0j;41+-+05; =j—i—1,

i1
and we have for j > 2

Aj(x) = Dj(z) (D1<x)j—2D2(x)j—3 . Dj_g(x)l)_l = detVlz.
(2) We fix a positive integer p. Let ©° be the homogeneous cone defined by

0 x_ M, &Y\ XeR, ¢e Mat(r xp,K), x € Herm(r, K)
T -\ & =z )’ X is positive-definite '

In this case, Theorem 5.1 gives a quicker computation now that we have the
previous example. The corresponding clan V' has the decomposition (2.1) with

E = Mat(r x p,K), W = Herm(r, K).
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The representation ¢ of (2.3) is given by ()€ = x€ (v € V, £ € E), where the
product on the right hand side is the ordinary matrix multiplication. We have

1,...,1,0,...,0) (1<p<r),

H1,...,1) (p>r)

by definition, and ¢ is an &(p)-representation. By the preceding example, we
know oy;,. Thus Theorem 5.1 yields

{0,...,0,1,2,...,r—p) (1<p<r),
N——
a=oy(l-e(p) = »
‘0,...,0) (p>1),
and hence we obtain the formula for the basic relative invariants of V' by Theorem

3.4. This e is computed in the previous paper [7] in a direct way. We note that
the representation ¢ is regular if and only if p > r.

We conclude this paper by considering the actual factorization formula
for Det R, (x € V). More specifically, we will determine the positive integers

ni,...,n, with which we have by Theorem 3.1
Det R, = AY (z)™ --- AV (2)™  (z € V). (6.4)
We set n := (ny,...,n,) in the form of row vector. We call n the basic index of

V', and are now going to express n in terms of dy; = dimVy; (j < k).
Considering the degrees in (6.4), we have

dimV =n;deg A +--- +n,deg AV. (6.5)
Let
m =Y dimVy (k=1,...,7), (6.6)
1>k
and we put them also in the form of row vector as m := (mq,...,m,). We note

that mp =1 +dim EM for k=1,2,...,r—1, and m, = 1.

Theorem 6.5. One has n = ma;l.

Proof.  We shall prove the theorem by induction on the rank r of V. Let us
decompose V' as in (2.1). We denote by A% (j = 2,...,r) the basic relative
invariants of (W, A), and by n’ the basic index of W. By (6.5) applied to W, we
have dim W = n'd, where we recall (5.3) for d. Since W = P, ;;, Vi; is the
normal decomposition of W, we have mj, := >, dimVj, =my, for k=2,...,r.
Let (¢, E') be the representation of (W, V) in (2.3) and @ the symmetric bilinear
map associated with ¢. Now Proposition 3.2 together with (3.2) gives

Det R, = \ltdimE-dimW AW (/\w _ %Q[ﬂ)né e A‘;V()\w — %Q[g})";

— A\{'($>1+dimE7Q’(dfa)A¥(m)n’2 . A\;'(‘r)n}
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This tells us that
n=(1+dmFE—-n(d—a),n)=(m —n(d—-a), n). (6.7)
Then by the induction hypothesis n'oy, = m’, we obtain by (5.4) and (6.7)

1 0

oy = (= ifld =)o) (4L
w

> = (my, m') = m.

The proof is now completed. u

Remark 6.6. The equation (6.7) tells us that n; = 1 +dim E —n/(d — ). Let
us verify here that we actually have ny > 1. We first note that Ishi [2, Lemma
3.3 (ii)] implies that for O, = Hy,c. we have dim O, = m’e. Then the fact that
Q[E] = O, together with Theorem 6.5 applied to W gives

dim £ > dim O, = m'e = n'oye =n/(d — ),

where the last equality follows from (5.6) and (5.4). Hence we obtain n; > 1.
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