Journal of Lie Theory
Volume 24 (2014) 1115-1160
(© 2014 Heldermann Verlag

Tulczyjew’s Triplet for Lie Groups I:
Trivializations and Reductions

Ogul Esen and Hasan Giimral

Communicated by P. Olver

Abstract.  All semidirect product and functorial trivializations of first order
and iterated bundles over a Lie group are presented. For cotangent bundles, sym-
plectic reduction is applied to obtain coadjoint orbit symplectic structure. All
ingredients of Tulczyjew’s triplet namely, iterated bundles, symplectomorphisms
and special symplectic structures, for a Lie group are realized in trivializations.
Symplectic reductions of iterated bundles by right invariance results in Tulczy-
jew’s triplet for reduced manifolds. Results for left invariance are summarized
in an appendix.
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1. Introduction

Tulezyjew’s triplet consists of three iterated bundles

IM

Q.

over a smooth manifold M and two special symplectic structures on T7T*M
each of which results in the same, namely, the Tulczyjew symplectic structure
on TT*M. Special symplectic structures are induced from canonical symplec-
tic spaces T*T*M and T*T M by means of the symplectomorphisms o, and
Q. v, which also carry Lagrangian submanifolds therein. When M is the con-
figuration manifold of some mechanical system, Lagrangian and Hamiltonian for-
mulations become Lagrangian submanifolds of Tulczyjew symplectic space TT* M
with respect to two different special symplectic structures. This geometrizes the
Legendre transformation as a change of realization of a Lagrangian submanifold
[59, 60, 61, 62, 63]. See Appendix A for a more detailed discussion on Tulczyjew’s
construction.

When the configuration manifold M is a Lie group G the kinematical
symmetries reduce Lagrangian dynamics on T'G to the Lie algebra g of G with
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Euler-Poincaré equations and, Hamiltonian dynamics on T*G to the dual space g*
of g with Lie-Poisson equations [1, 3, 23, 39, 43]. In this case, Tulczyjew construc-
tion is expected to provide a Legendre transformation between reduced dynamics
as well. The purpose of this series of papers is to give an explicit construction
of Tulczyjew triplet for Lie groups and make relations between Lagrangian and
Hamiltonian formulations precise at various levels of trivializations admitted by
iterated bundles over G'.

In the present work, we will focus on trivializations of bundles and repre-
sentations of vector fields and one-forms on trivialized structures. Our treatment
will be based on global trivializations of T'G' and TG as well as their group struc-
tures. The latter can be realized as semidirect product groups G®g and G®g*,
respectively. The trivializations of iterated bundles can be achieved in several ways
which are discussed in subsection 1.2. We shall adapt the one on which iterated
bundles are trivialized as tangent and cotangent groups of semidirect products
G®g and GOg*.

Our motivation comes from the plasma dynamics as described by Poisson-
Vlasov equations [14, 25]. The configuration space is the group Dif feun(T*Q) of
canonical diffeomorphisms of the particle phase space T*Q on which the motion
is generated by left actions [40]. The kinematical symmetries are generated by the
right action and the well-known Lie Poisson formulation is obtained by reduction
with this symmetry [47, 49, 50, 51]. Right invariance of Eulerian dynamics is
also the case for incompressible fluid with configuration space being the group
Dif fuo(Q) of volume preserving diffeomorphisms [4, 42]. On the contrary, rigid
body dynamics is left invariant [43, 54]. In this case, the configuration space
is the group of rotations SO (3) and, the reduction by left action results in
the usual formulation of rigid body dynamics, that is the one with body or
convected coordinates. Thus, we shall adapt and proceed by right actions in
order to obtain a geometric set up for right invariant dynamics over G. In other
words, the dynamics will not feel the trivializations performed for the purpose
of Tulczyjew construction for Lie groups. Within the right invariant geometric
set up obtained, we shall perform reductions of dynamics generated by the left
action. Inevitably, our notation will have some differences from those familiar
in the literature [1, 2, 3, 4, 23, 39, 43, 46]. For the sake of completeness, we
shall present, in Appendix B, trivializations of Tulczyjew’s triplet for left invariant
dynamics as well, namely, the construction by left action and left trivialization.

In the literature, various analysis and generalizations of Tulczyjew’s triplet
can be found. To cite some examples, we refer to [8, 11, 17, 18, 19] for construction
for field theories using jet bundles, to [7, 20, 21] for constructions in the framework
of Lie algebroids, to [55] and [24] for k— cosymplectic and presymplectic structures,
to [22] for double groups, and to the recent preprint [16] for the Marsden-Weinstein
reductions of Tulczyjew triplets.

1.1. Notations.

G is a Lie group and, g = Lie (G) ~ T.G is its Lie algebra. The dual of g
is g* = Lie* (G) ~ TG . Throughout the paper, we will denote arbitrary elements
of certain spaces by specific letters. We will adapt

g.heG, &nceg, pr,Aeg (2)
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A superscript R will stand for right invariance. For example,
& =T.Ry(§) € T,G, plt:=T Ry (n) €T,G (3)

are right invariant vector field and one-form on GG over g translated from £ € g
and pu € g*, respectively. Similarly, a superscript L will show the left invariance.
More generally for an arbitrary manifold M, we will use the following notation

U,U € M, vu, Uu € TuM7 Oé’UJ/BimfyU € T;M <4)

to denote vectors and one-forms over specific points. This will also hold for a vector
space W . For vectors and one-forms which are either right or left invariant, we
adapt letters V, U and a, 3, respectively. For example, V, € T,G and o, € T;G
will have arbitrary invariance properties. The diagonalization map

DM->MxM:v— (v,v) (5)

will be used in writing trivializations in a coordinate invariant form.

1.2. Trivializations.

The tangent T'G and the cotangent TG bundles of a Lie group G carry
canonical group multiplications. The requirement that the trivialization maps
be Lie group isomorphisms, results with semi-direct product structures G(©g
and G®g* on the trivialized spaces, respectively. The decomposition of iterated
bundles TTG, TT*G, T*TG and T*T*G, into the products of G, g and g*, can
be achieved by replacing the first order bundles TG and T*G by their semi direct
product trivializations G®g and G@g*, respectively. This reduces the problem to
decompositions of T'(G®g), T (GOg*), T* (G®g) and T* (G®g*). To write the
iterated bundles in terms of products of algebra and its dual, the remaining step
can be taken in several ways. The first way is to consider T'(G®g), T (GOg*),
T* (G®g) and T* (G®g*) as tangent and cotangent groups of semidirect products
and express them as semidirect products of base group with its Lie algebra and
dual of the algebra, respectively. This will result in trivializations of the first kind

T(GOg) ~ (GOg)®Lie(GOg)
~ (GBg)®(s®g) =: 'TTG
T(GOg") ~ (GOg")®Lic(GOg")
~ (GOE)O(90g") = 'TT*G
" (GOg) ~ (GOg)®Lie" (GOg)
~ (GEy)®(¢" xg") = 'T"TG
T (GOg") ~ (GOg")®Lic" (GOg) (6)
~ (GOg)O®(g" xg) =: TG

which induce multi-semidirect product group structures on iterated bundles. The
second way is first to distribute functors 7" and 7™ to G®g and G®g*, obtain
product of first order bundles and then trivialize each factor involving the product.
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This gives trivializations of the second kind

T (GOg) ~ TGOTg~ (GO ®(gxg) = *TTG
T (G®g") TGOTg" ~ (GOg)® (g x g*) =: *TT*G
T* (GOg) ~ T'GOTI"g~ (GOF)®(gxg") = *T"TG
T* (GOg*) ~ T*GOT*g" ~ (GOg")®(¢" x g) = *T*T"G, (7)

where we use the identifications TW =W x W and T*W = W x W* for vector
spaces g and g* with the assumption of reflexivity. In trivializations of first and
second kinds, all maps are Lie group morphisms. In trivializations of the second
kind, the orders of fibrations are mixed up in an unusual way. For our purpose
of investigating dynamical structures, we shall prefer studying trivializations of
the first kind. However, for the sake of completeness, we shall also present results
for trivializations of the second kind. Some other trivializations are also possible
but they usually do not satisfy requirements of being Lie group morphisms. For
example, two other immediate ways to make trivializations can be achieved by
replacing semidirect products with direct products. For example, the third and
the fourth kinds of trivializations of 7™ (G®g) can be given by

T" (GOg) =~ (GOg) x Lie* (GOg)
~ (GOg) x (¢" x ¢") = °T*TG (8)
T (GOg) ~ T'GOT'g~(Gxg)®(¢" x¢") = "T'TG. (9)

12

The trivializations in Eqs.(6), (7) and (9) are based on identifications of
first order bundles with their semidirect product trivializations. Alternatively, the
group structures on trivializations of TG and 7T*G can be given in direct product
form TG ~ Gxg and T*G ~ G x g*. This reduces the problem of trivializations to
decompositions of T'(G x g), T(G x g*), T* (G x g), T* (G x g*) which can be
achieved either by regarding this as a cotangent group or, by functorial way, with or
without semidirect product structures. As an example, we choose T (G' x g) and
list yet another four trivializations of T*T'G in addition to above four trivializations
of T% (G x g)

T (G xg) ~ (Gxg)x Lie" (G xg)
(G x g) x (g" x g*) = "T*TG
TG x T*g ~ (G x g*) x (g x g*) =: °T*TC@
(G x g)®Lie" (G x g)
~ (Gxg)®(g" xg")= "TTG
T (G xg) ~ T"GxT'g~ (GOg") x (g x g*) = ¥T*TG.

i
QaQ
X
e=]
R R

The fifth and sixth approaches that takes TG = G x g and T*G = G x g* with
direct product group structure and then trivialize iterated bundles with the same
understanding have already been considered in [46] and [16].

1.3. Content of the work.
In the next section, we shall start by reviewing the right adjoint and coad-
joint actions of a Lie group on its tangent and cotangent spaces. Then, semidirect
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product structures and their representations on tangent and cotangent spaces will
be studied. The left and right trivializations of tangent group 7T'G and cotangent
group T*G will be established. Various actions and lifts of group operations to
their tangent and cotangent spaces will be computed. It will be shown that, the
trivialization of T*G is a symplectic manifold with an exact symplectic two-form
Qcepe = Waepg- - A symplectic reduction will be applied to trivialized symplectic
manifold GOrg* and Kostant-Kirillov-Souriou symplectic form on the coadjoint
orbit in g* will be rederived.

In section three, we shall start with trivializations of iterated tangent bundle
TTG. A canonical involution on the trivialized space 'TT'G will be derived. Triv-
ializations of cotangent bundles T*TG ~ T* (G®rg) and T*T*G ~ T* (G®Org")
will be introduced. The symplectic structures on trivialized bundles T*T'G and
'T*T*G induced from those of T*T'G and T*T*G will be presented. The left group
actions of G on 'T*T'G and 'T*T*G are Hamiltonian actions with ad-invariant
momentum mappings. Marsden-Weinstein symplectic reduction theorem will be
applied to both. Finally, we shall present trivializations of Tulczyjew’s symplec-
tic space TT*G ~ T (G®g*). Over the trivialization 'TT*G, we shall have two
potential one-forms '6; and !0, whose exterior derivatives coincide and give Tul-
czyjew’s symplectic two-form 2 1pp+g. A symplectic reduction will also be applied
to Tulczyjew’s symplectic manifold 7T*G. The reduced manifolds obtained
by the reductions of 'T*TG, YI*T*G and 'TT*G will all be expressible as
products of the Lie algebra g, its dual g* and and the coadjoint orbit gj but
with different orders. The reduced symplectic structures are the products of the
canonical symplectic structure on g* x g, as a trivialized cotangent space, and
Kostant-Kirillov-Souriou symplectic structure on coadjoint orbit.

In section four, trivialization of Tulczyjew’s triplet for Lie groups will be
established by the diagram

1 ‘oG 1QbG®g*
™G <«—— T —= TG (10)

where the symplectic diffeomorphisms ' and 1ch©g* will be defined through
compositions with trivialization maps. This triplet will contain two special sym-
plectic structures for TT*G. The rest of this section will be devoted to the
reduction of Tulczyjew’s triplet by right invariance under G, and a triplet dia-
gram consisting of reduced symplectic manifolds will be obtained.

Appendix A contains a brief summary of construction of Tulczyjew’s triplet
for an arbitrary manifold, general definitions of special symplectic structures,
derivations on differential forms and, Morse families. In appendix B, we shall
present results of almost all constructions of the main body for left representa-
tions and reductions. To each section, we shall place an introduction where we
summarize contents in more technical terms.

2. The First Order Bundles

In the literature, adjoint and coadjoint representations of GG on its Lie algebra g
and dual g* are usually defined in terms of left representations, see for example
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[1, 3, 43, 39, 23]. We shall use right representations in the main body of this work.
So, in the first subsection we shall review basic ingredients of right representations
of G on its tangent and cotangent spaces. In the second subsection, we will
particularly focus on the right representations of semidirect product groups. In
the third subsection, we shall identify the tangent bundle T'G' with the semidirect
product group G®rg, calculate tangent and cotangent lifts of group multiplication
on GO®rg and representations of GEgrg on Lie algebra g®rg and its dual g* x g*.
Here, subscript R in the semidirect product symbol (§) indicates that, the group
structure on G@®gg and Lie algebra structure on g®rg are derived from right
representation of G on g. In the third subsection, we shall trivialize the cotangent
group T*G into G®grg*. Tangent and cotangent lifts, adjoint and coadjoint
representations of G©®grg" will be presented. In order to have definitions of
canonical and symplectic forms on G(Sgrg which are invariant under trivialization,
Jacobi-Lie bracket of right invariant vector fields on G©grg* will be derived. An
exact symplectic structure on G®grg* which is symplectomorphic to the canonical
symplectic structure on 7T*G will be constructed. By construction, this structure
will be invariant under dynamics generated by left actions (e.g. fluids and plasmas),

2.1. Representations.

Right representation of a Lie group G on a vector space W is a map
p: WxG — W satisfying the condition pjop, = pgp for g, h € G [15]. Here, p, is
an automorphism on W obtained from p by fixing g € G, that is, p, : W — W.
The dual map is defined by

p; W — W, <p; (Oéu> ) Vv> = <05vvpg (Vv)> )

where V, € T,W =W and «, € T,W* ~ W*. By fixing v € W, we obtain the
orbit map
po:G—=W:g—p(g,v) (11)

and the image of p, is called orbit of v in W. Tangent and cotangent lifts of p,
are

Typy : TyG— W, Trp, : W* — TG, (12)
respectively. By taking g = e, the infinitesimal right action
T.p:Wxg—W

of g on W is obtained. In other words, over the identity e € GG, we obtain the
induced Lie algebra homomorphism T.p : g — End(W) into the space of linear
continuous maps of W . That is, fixing a Lie algebra element & € g, we arrive at
the tangent map and its dual

Tep£ W — W, T:pg W — W (13)
Since p is linear with respect to its second argument, the tangent map of p, is

Topg (Vo) = pg (Vo) = p (9, Vo) = pv,, (9), (14)

We denote left and right multiplications on G' by L, and R, respectively.
The inner automorphism

IV =Ly 0R, (15)
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satisfies I gR ollt=1 ,?g and is a right representation of G on G. The right adjoint
action Ad_ff = TelgR of G on g is defined as the tangent map of right inner
automorphism at the identity e € G. The infinitesimal adjoint representation

adfn = €]} (16)

is defined as the derivative of Adf at identity and is a right action of g on itself.
Distribution of Adf on ad® is given by

Ad (e, n)F = [AdRe, Adfn}f. (17)
A right invariant vector field £ on G can be obtained by right translation
& = TeRy€ (18)
of £ € g for each g € G. The identity

€.l = [¢%0"],, (19)

gives the isomorphism between g endowed with the bracket in Eq.(16) and, the
space X (G) of right invariant vector fields endowed with the Jacobi-Lie bracket.
The coadjoint action Adf* of G on the dual g* of the Lie algebra g is a right
representation and is the linear algebraic dual of Adf_l, namely,

<Adf*,u,f> = (u, Adf_1§> (20)

holds for all £ € g and i € g*. The infinitesimal coadjoint action ad?* of g on g*
is the linear algebraic dual of ad?. Note that, the infinitesimal generator of the
coadjoint action Adg* is minus the infinitesimal coadjoint action adf*, that is, if
¢! C G is a curve passing through the identity in the direction of £ € g, then

d
pr Adft*,u = —ad?*u. (21)
=0

The distribution law in Eq.(17) leads a commutation relation for ad¢* and Ad[*
given by
Ad}™ o ad* = adlf (o Ad;

or in an alternative form

adf™ o Adl* = Adl* o adﬁ;g_lg. (22)

Remark 2.1. The definition of inner automorphism in Eq.(15) differs from
the one given, for example, in [1, 3, 23, 39, 43]. This definition of the inner
automorphism is the most crucial for the present work, see for example, the
representations of G on g and g* in Eqs.(17) and (20), respectively, which are
right representations.
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2.2. Semidirect product structures.
For an arbitrary right representation p : G x W — W, define the group
multiplication

LE oy (h,v) = R, (g, u) = (9,u)(h,v) = (gh,u+ p(g~",v)) (23)

that endows S = GEOW with a semidirect product group structure with the
identity and inverse elements

(e,0), (g,u)™' = (97" —p(g,u)), (24)

respectively. Since the group structure is defined by right representation of G
on W, we shall denote this semidirect product by S® = G®zW . We remark
again that, our formulation of semidirect product structure may contain differences
with those in [9, 27, 28, 38, 44, 45, 53], formulations in these references use left
representation of the group over the vector space. The simple relation p, — p,—1
sends a left representation to a right one, hence, establishes a link between Eq.(23)
with formulations left representations.
The tangent and cotangent spaces over the point (g,u) € S are

TS = {(Vy, Vo) :V, € T,G and V,, € T,W =W}
ThwS = {lag,an)ay € T°G and o, € T;W = W*} (25)

and, over the identity (e,0), we shall use (£, Vo) € T(c0)S and (ae, ag) € T(; ;)
The derivative of left and right actions give the respective left and right actions of
S on T(gju)SR

T Ligay (Vi Vo) = (TuLgVi, (g7, V2)) (26)
T(Q,U)ng)(vgvvu} = <T9thg7vu+Tg‘1pv (Vg‘l))v
where Typ, is defined as in Eq.(12) and, TL,V,-1 = —TR,-1V,. The inner
automorphism

I(};,u)(hav) = (g7u>_1(h>v)(gau) = (]th’pg (U — U+ pp-1 (u)))

is a right representation of S on itself. The adjoint action of S on its Lie algebra
T(e,0)S™ = ™ and the infinitesimal action of s® on itself are given by

Adf, (Vo) = (AdJE, pgVo — pg o Tepu (€))
(€0), T = (&1 Tepun () = Tepra () (27)

where £,n € g, Vo, Uy € ToW = W and we used the identities in Eq.(14). Denoting
uv = u+ p(g~t,v) for brevity, the lifted left and right actions of ST on T*S% are

T(Z,U)L@,u)(%h» au) = (TyLg (agn) >p;fl(0‘uv)) € T(Z,U)SR (28)

T(Z,U)Rgb,v)(agm Oém,> - (Tg*Rh (agh) -1 (Lgf1 o Rgfl) ) T;—lpv (Oém)> ,Oém,),
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where (agp, ayy) € T(Zh uv)SR. Adjoint actions of S and s on the dual space

s are

Ad(y (na0) = (AdgEip =T py o py () , P}y ()
ad(fy) (1, 0) = (ad*p =T py, (o), T; pe ()
where (i, ap) € g* x W* and we used the notation in Eq.(13).

2.3. Tangent Group.
The tangent bundle T'G of a Lie group G is also a Lie group with the
induced multiplication

wra (Vg, Uh) = TthVg + TthUh, (29)

where V, € T,G, Uy, € T),G and wr¢ (V,, Uy) € TG 26, 35, 52, 69]. The identity
element of T'G is the zero vector in 7.G' and the inverse of V; is

(V)" = =Ty (Ry-1 0 Ly-1) Vy € TysG, (30)

1

which is a vector starting at ¢~ and in the reverse direction of V. The mappings

trie = (16,TyRy1) 0D : TG — G x g:V, — (9,T,R,;~1V,) (31)
trie = (16, TyLly-1) 0D TG — G xg:V, = (9,T,L,1V,), (32)

are called right and left global trivializations of the tangent bundle T'G, respec-
tively [12, 46, 54]. Here, © is the diagonalization map defined in Eq.(5). We can
define two Lie group structures (tTIEG)* wrg and (tr%G)* wrg on G x g. The pull
back (trjlf”G)* wre by the right trivialization gives the group operation

i &) (h'7 77) = Rﬁz,n) (ga 5) = (gha S + Adffln) (33)

on G x g. The operation in Eq.(33) is an example of the semidirect product in
Eq.(23) with V = g, p = Ad" and T.p, (§) = [£,n]F. The tangent group with
this structure will be denoted by G®grg. The identity is (e,0) and the inverse is

(975)_1 = (gila _Adfg) .

The Lie algebra Lie (GErg) consists of two pairs (£1,&2) € g®rg with the
semidirect product Lie algebra bracket

[(£1,&2) (11, m2))qne = (adfm, adfing — ad) &) . (34)

The actions of the group G®gg on itself and to tangent spaces are

Ifi e (hyn) = (Ih, AdJ (n — € + AdjE.€))
T Ly e) (Vi Vi) (ThLyVi, A\ V)
T(g,ﬁ R (‘/ga V{) (T Rh‘/;]a va Ad 177,TR —1V] ) (35)
Ad(g o (0,¢) = (Adgn, Adg (¢ —[n.€]g)) (36)
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where (Vi, V) € Tinym) (GORrg) and (Vy, Vi) € T4 (GOrY). The cotangent lifted

actions are
o R * Rx*
Ty Lig.e (agn, agy) = (TthOégh,Adg a@)

T(’;@ng) (agh, gy) = (T;Rhagh + T, Ry-10 ad}(%z:dR_ln) Q. O‘En)
g

where ag;, € TypG and ag, € T7g ~ ¢* and, {n = &+ Adl"1n. The dual of g®rg
is the product g* x g* of two copies of g*. Coadjoint actions of G®grg and g®rg
on the dual space g* x g* are

Adfle (v,p) = (A (v —ad{p) , Adl 1) (37)
d(&n (v,p) = (ad?*l/+adff*p, ad?*,u), (38)

where (v, ) € g* x g*. These are obtained by dualization of the adjoint actions
Adf} o and adf}, in Eqs.(36) and (34), respectively, and the identity in Eq.(22)
is used in calculation of Adffg)-

A vector field X“®r8 on G@rg is a section of the tangent bundle T (G®rg) .
Since the tangent bundle T (G®gg) is isomorphic to TG x T'g as a vector space,
we take X“®r in coordinates as

XG@RB (g,f) = (XG (9,5) ,Xg (975)) 5

where X9 : (G®rg) — TG and X9 : (GOrg) — Tg. A right invariant vector
field can be defined by the right translation of a Lie algebra element (7, () € g®rg,
that is,

XG99, 8) = Tiewy R o) (0,C) = (TeRgn, ¢ + [€,m)Y) - (39)

By replacing G with G®rg in Eq.(19) and making necessary modifications, we
arrive at the following result.

Proposition 2.2.  The Jacobi-Lie bracket of two right invariant vector fields,
in the form of Eq.(39), on G®grg is given by

[XG©R9 XG®RQ] <g 5) _

G®Rry9
(m1,m2)? “(C1,62) X[(WLTD)»(CMC?)]E&@RB (g’ 5)

== (TeRg [7717 Cl]fa [7717 CZ]? - [Cl; 772]5 + [57 [7717 Cl]g]gR) )

where, in the first line, the bracket designated the Lie algebra element associated
to the vector on the right hand side is the Lie algebra bracket in Eq.(34).

2.4. Cotangent Group.
The cotangent bundle T*G of G is a Lie group with the group multiplication

Wr*Q (Oég, 6}1) = T*thqozg —f- T;thfl /Bh (40)

g

for ay € TG and 3, € T;G [26, 35, 52]. Note that wr-g (o, Bn) € Ty, G. Here,
1™ R, stands for the cotangent lift of the right translation R, on G, that is, 77, R,
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is the pointwise dual of the tangent mapping T,,,. The identity element is the
zero covector at e, and the inverse is

(a9>71 = —T" (Lgo Ry) oy
The trivialization maps
tri.g = (1q,TFLy) o® : T*G — G x g* — (9,1 Lyay) , (41)
trite = (1a,T'R) oD :T*G = G x g* : ay — (g, T, Ry,) (42)
of T*G into G'x g* are defined by the assumption that the natural pairing between
T;G and T,G is right, respectively, left invariant. Here, © is the diagonalization

map. If we require that the right trivialization of T*G be a Lie group isomorphism,
then we obtain the group multiplication

L{ . (hov) = R,y (9,1) = (9, 1) (h,v) = (gh, p+ Adjfv) (43)

on G®grg*. This is a particular case of semidirect product structure in Eq.(23)
with V = g*, p = Ad™ and T.p, (§) = —adp. The identity element is (e, 0) and
the inverse of an element (g, u) is

(g.) " = (97", —Ad"pn) . (44)

The tangent space to GQrg* at the identity is the underlying vector space for the
Lie algebra g@Rg*. We calculate the following actions

= (IFh, AdY (v — p+ Ady )
= (Adl'n, Adl" (v + ad* 1)) (45)
adft y (0.v) = (1) 0 0)yopg = ([ 1)7 - adi* i~ adfv) (46)

w (V)
)
v)
T Loy Ve, Vo) = (TLIV,, AdJ*\ V)
)
v)
)

gu) (n, v

T(hz/)L( (%ha%v g (agn) , Ad O‘W)

(ThL
T RE ) (Vi Vi) = (TR Vi, Vi, + AdR, 0 adBs 1th> (47)

T(h u)R( (O‘hgv Qup T"Ry (ang) — T" L1 0 adfzhawu, avu) (48)

where Vj, € T),G and V, € T,g* ~ ¢*, o, € T}, 0" ~ g and, vy = v + Adl* .

We take the dual of the Lie algebra g@Rg to be g* x g by assuming the
reflexivity condition g** ~ g. Coadjoint actions of GOrg* and g®grg* on the
dual space are

Adgy () = (AdS” (v + ad"p) , Adyn) (49)
adft,y () = (adfv = ad*p, [0 €)7) | (50)

where (v,n) € g* xg. Define a mapping s that changes the order of direct product

s:gtxg—=gxg (v — @0, (51)

which is an involution, that is, s? is the identity. The following proposition

establishes the link between the adjoint and coadjoint actions.
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Proposition 2.3.  The adjoint and coadjoint actions of G®rg* on g®rg* and
9" x g, given in Eqs.(45) and (49), respectively, satisfy

Ad(gu) 0§=580 Ad(gu)’

where s is the involution in Eq.(51). The infinitesimal adjoint and coadjoint
actions of g@grg" on itself and its dual g* X g, given in FEqs.(46) and (50),
respectively, satisfy

R o Rx
adig,) 05 = —s0ad(c,).
A right invariant vector field on G®gg* is defined by

XEOR (g, 1) = T Rl ) (6, v) = (TR, v + adf™ pr) (52)

which is the right translation of the Lie algebra element (£,v). The following
proposition defines a Lie algebra structure on right invariant sections of the tangent
bundle T (G®grg*) — GOrY".

Proposition 2.4.  Jacobi-Lie bracket on GQgrg* of two right invariant vector
fields X(i%*g and X(ngfg in the form of Eq.(52) is
G G G
X, XOSeo ] (9:1) = Xme Myape (97 H) (53)

_ ( g([g,n]g) dR*y—adR*)\—f—adR*]Ru)

A right invariant one-from on G®grg* follows from translation of an element
(v,€) of the dual g* x g of the Lie algebra by (g, u)

0 (9, 18) = T(y y Rig (1.6) = (T"Ry-iv + T* Lyr 0 AdL™ 0 adf 1, €)

where we used the identity in Eq.(22). Note that, the pairing of a right invariant
vector field X G®fg and a right invariant one-form G(Gy@gfg is

<9G©g Xﬁ% > (g, 1) = (v,n) + (N, &)

which is independent of (g, ) and hence a constant function on G®rg*.
Trivialization of the canonical symplectic structure: Being a cotan-
gent bundle, T*G carries an exact symplectic two-form Qr«g = dfr«o. We refer
to Appendix A for definitions of these canonical forms. We carry O« and Qp«g
to G®g* by push forward with the right trivialization map ¢rf.,. We consider
a (not necessarily right invariant) vector field X9®r" (g, 1) = (V,,V,) on G®g*
and pair with Ogg e = (tr%G)* Or-c to obtain the explicit expression for Oggg-
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At the point (g, ), we compute

<9G®Rg* ) XG®R9*> (ga N)
= ((tr.q), Or-c, XY (g, 1)
= <9T*Ga (757“7@*0)* XG@RQ*> (TeRgM)

= (o (irfo) ™ T (irfg) ™ 0 X905 ) (g, )
_ <TT*G o (trf.) ™ o X TrgoT (try) ' o XG©R9*> (9, 1)
= <T*Rg*1:uv Vg> = </L7TR9*1VQ> (54)

where (tr]T%*G)fl (9, 1) = Ty Rg-1pu is the reconstruction [43]. Note that, if X(Gg%w*
is a right invariant vector field generated by (&,v), that is V, = T, R,¢, then the
value of the canonical form fggg- on X gf})’%g* is the linear function (u,&). Hence,
the value of the two-form Qg e = dceper on two right invariant vector fields
X g%fg* and X 57 ’@ifg* can be computed using invariant definition of the exterior

derivative operator
(Qaone: (X, X555 ) (9:1)
= X <<90®9*7X37,@i?g*>) (9.1) = X5 <<9G®Rg*7X<Gg,@3?*>> (g, 1)
= <9G@Rg*a [Xé’%”*, Xﬁf?ﬂ*“*} > (9. 1)
= X () = XG0 (11:€)) = (Pesmas Xy ) (9210
= (vHadum) — A+ ad &) = (. [€,m)
= () =N+ <u7 [£7n]f> : (55)

where in calculating the value of 0 ,q+ on the Jacobi-Lie bracket of X g@jRg* and

)
X(?? @ig{g , we used Eq.(53). Since push forward is a natural operation, Q¢gpq-

is closed and (weakly) non-degenerate, hence defines a symplectic structure on
G®prg* invariant under the left action. In other words, trf. . is a symplecto-
morphism between the symplectic manifolds (T*G, Qr+¢) and (GOrg*, Leeng) -
Musical isomorphism €’ maps vector fields to the one-form sections and it is de-
fined by

(2 (X),Y) = (2(X,Y)).

For Qggpe in Eq.(55), the musical isomorphism is computed pointwise to be
QbG’®Rg* (g, 1) - Tig,u) (GOrg") — T(Z,u) (GOrg") (56)
(TeRgf, v+ adg,u) — (T;Rgfl v, —f)

for the right invariant vector fields. We summarize the results of this subsection
in the following proposition.

Proposition 2.5. GQ®gg" is an exact symplectic manifold with the potential
one-form

<9G©RE* ) X(i%)]%g*> (ga :U) - <M7 f)
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and the symplectic two-form

(Qsmers (XE X505 ) ) (0.00) = (wom) — (&) + (€l

where XG®)Rg and XG©;29 are right invariant vector fields in the form of Eq.(52).

The musical isomorphism induced by Qe g 5

Vg (9:1) = Tigp (GOF) = T(; ) (GOg")
(Ve Vi) = (T Ry (Vi = adiy 1), ~TRy1V,) . (57)
Left action and symplectic reduction of G©®p%g : The group G is
a subgroup of the trivialized cotangent group G@grg* with multiplication as in

Eq.(43). The embedding of G into G®grg* leads us to define the trivialization of
lifted left action of G on T*G given by

G x (GORrY") — GOrY" : (h; (g, 1)) — (hg, Adj-1p1) . (58)

The infinitesimal generators of this action are the right invariant vector fields
X g%)’*g generated by (£,0) € g®rg*. It is immediate to see that the mapping

g — X" (GOrg") : £ — Xg%)}"'g*

from g with the Lie algebra bracket |, ]5 to the space X®(G®rg*) of right
invariant vector fields with the Jacobi-Lie bracket in Eq.(53), is a Lie algebra
homomorphism.

The action in Eq.(58) is a symplectic action with the momentum map

Jogre  GOrg" — ¢
oo (9:1):8) = (Bosur XEo ) = (1,€)

(c.f. Eq.(136) in Appendix A) where, 0cg,q+ is the potential one-form in Eq.(54).
JGepg+ is thus the projection

Ja@re (9, 1) = 1

to the second factor. The inverse image J 5%5)Rg* (u) € GORrg" of a regular value
p € g* consists of two-tuples (g, ) for ¢ € G and fixed p € g*. Hence, we may
identify J&%@Rg* (u) with the group G.

The isotropy group G, of the coadjoint action is

GM:{QEG:Adfflu:u}. (59)
The quotient space J aé)Rg* (1) / G, is isomorphic to the coadjoint orbit

={Ad"peg :geG} (60)
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through the point p € g*. Note that, the identification G/G, +— O, is given
by [g], «— Adfflu. We have the reduction

JG1©Rg () =G : GOrg*
XG®Ro* Poops*
Iohg (1) /G =0,

where, ¢ is the inclusion of Jaé)Rg* (1) into GORY*, Xcong and Deepe are the
surjective projections

XG®rg* - JG©Rg (1) = G@Rg /G ([g]M — Adf,*llu)
pG@Rg* : G@Rg — ON . ( g, ) — Ad?jllu

According to the Marsden-Weinstein symplectic reduction theorem (c.f.
Subsection 2 in Appendix A), the reduced space O, in Eq.(60) is a symplectic

manifold [41, 48]. We denote the reduced symplectic two-form on O, by QG@R
which is the Kostant-Kirillov-Souriou two-form [31, 32, 33, 34, 36, 37 58]. The

reduced symplectic two-form QG@ g+ 18 defined by

* G *
(Yaone)" g = (16one")” Lsong (61)

where Qgg,ge+ 1S the symplectic two-form on G®grg* in Eq.(55). To obtain an
explicit expression for Qgé@Rg*, we observe the followings: the second entry of a
tangent vector on J 5(1@ o (1) must vanish in order not to encounter any movement

over . Hence, it is in the form of X (G®R a5 1) (g9,1t), and the push-forward

(XGors*). X (Gﬁ’fi%m) (9, 1) = adp = & (n)

is obtained by deriving Ad 1 at the identity in the direction of £. In other

words, the infinitesimal generators of the coadjoint action Ad®* of G on g* are
tangent vectors on O,. The definition in Eq.(61) gives the value of QgéRg* (p) on
gg* (VJ) » Mg (:u) < Tuou as

<Qg\@Rgn (59*,779*)> (n) = — <u> I3 n]f> (62)

which is the well-known expression of the coadjoint orbit symplectic two-form.

3. Iterated Bundles

Throughout, we shall refer trivialization of the first kind (denoted by superscript
1) to the semidirect product decomposition of an iterated bundle and trivialization
of the second kind (denoted by superscript 2) to the functorial decomposition.



1130 ESEN AND GUMRAL

In the first subsection, trivialization of T7TG ~ T (G®g) into the product
of G and three copies of its Lie algebra g will be presented. A canonical involution
Re on T (G®g) and its dual 5 will be defined. In the second subsection,
trivialization of cotangent bundle T*T'G ~ T*(G®g) and group structure on
trivialized space 'T*T'G will be presented. Symplectic two-form on '7T*TG
will be derived and the Marsden-Weinstein symplectic reduction theorem will be
applied with symplectic action of the group G on T*TG. In the third subsection,
T*T*G ~ T* (GEg*) will be treated similarly. In the last subsection, trivialization
of the Tulczyjew’s symplectic space TT*G ~ T (GSg*) will be presented. Special
symplectic structures will be defined and the symplectic reduction theorem will be
applied to T'T*G for the canonical left action of G.

3.1. Tangent bundle of tangent group.

There are two possible ways to decompose TTG ~ T (G®g) into a semidi-
rect product of G and three copies of g. The first trivialization uses the tangent
group structure on 7' (G®g). We decompose T (G®g) as a semidirect product of
the group (G®g) and its Lie algebra g®g

trrceg @ T(GOg) — (GOg)® (9®g) = 'TTG
(Vi Ve) = (aq (Vi Ve) s TRy 1 (Vi Vo))
(Va, Ve) = (9,6, TRg1 Vg, Ve = [§, TRy V) (63)
where we apply the procedure in Eq.(31) by replacing G with G®g, [6, 65]. To

obtain the second trivialization, we distribute the tangent functor 7' to the tangent
Lie group G®g and then apply the operator (trpg X id) to the product TG x T'g

tr%(G(@Q) : T(G©g) ~ TG x Tg — G x gxgXxg=: 2TTG
(VY97 VE) — (tTTG (‘/g> ) ‘/E) = (g, TgRgﬂ‘/g, 57 VE) (64)

which results in an interchange of second and third projections. Namely, the
tangent bundle projection

*Taxg: “TTG = G x g:(9,1m,&¢) = (9,€)

makes the diagram

2
U (Gxg)

T (G®g) 277G

2
TGxg TGxg

G Xxg

commutative.

Canonical involution: T7TG has two different fibrations over TG [1, 64,
56]. The first one is obtained by considering TT'G as the tangent bundle of TG
with the canonical tangent bundle projection 7r¢. The second one, denoted by
T'7q, is obtained by lifting the projection 74. This double vector bundle structure
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of TT'G is known as dual tangent rhombic. This structure implies the existence of
a canonical involution kg on TTG satistying T'7¢ = 7rg o ke [62], or equivalently,
makes the diagram

TTG = TTG (65)
Tra e
TG
commutative. We shall use the diagram
TTG = TTG
Ttrra Ttrra
T(C®g) — =T (CSy)

to define the canonical involution kg on T (G®g).
To this end, we first need a characterization of elements of T (G®g).
Consider g = g (t,€) for real parameters ¢t and ¢, such that ¢ (0,0) = ¢g and

are elements of T,G. Using trivialization in Eq.(31), we trivialize these two vectors
as

og(t) — (g(t), &), &(t) = TyumyRy-110g(t),
g (e) (g(e),n(€), n(e) =TyeyRy1(69 (€)

and will denote £ (0) = ¢ and 7 (0) = n. Note that, the derivatives of the curves
(g(t),&(t)) and (g (e),n(€)) on G®g give the following vectors

i

G 60.c0) = (38) eTuo (G0
% {g(9,nle) = (99,0m) € Tigm (GS) (66)

respectively. It follows that, the difference of derivatives

a
dt],—

d
f(t)—% )

n (6) = - [nag]g )
0
is the Lie bracket [9, 10, 29, 43, 46], and we have

on=E&+ €, (67)
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Proposition 3.1.  [46] The canonical involution kg on T (GOg) is defined as
to satisfy
kg o Ttrrq = Ttrrg o Ka,

where kg is the canonical involution defined by the commutative diagram (65). In
terms of trivializations in Eqs.(66), ke is given by

Tige) (GO) = Tig (GOg) : (g,é) — (dg,0n) = (59,5 + [mfh) . (68)

Eq.(67) is very well known as the reduced variational principle on g [43, 10].
The compositions of kg with trivializations tr}F(G®g) and tr%(G(@g) give the same
canonical involutions

YEa  (9,6,m,¢) — (9,77,5,6+ [f,n]g) (69)

on 'TTG and *TTG, respectively [46].

Existence of the endomorphism %g in Eq.(68) leads to an isomorphism &g
from T (G®g*) to T* (GOg). To obtain o we first define, following reference
[60], a pairing ( , ) between T'(G®g*) and T (G©g) as tangent lift of the pairing

((9,1),(9,8)) = (1, 8),

between G®g* and G(©g, where the pairing on the right hand side is the one
between g* and g. In coordinates, for (V,,V,) € T(y,) (GOg*) and (U, Ue) €

Ti4.6) (GOg), the pairing (, ) is defined by
(Ve Vi) U Ug)) = {1, Ug) + (Vi €) - (70)
Proposition 3.2.  The dual 65 of the map kg is defined by
Viiig (U)) = (o6 (V),U),
for Uyge) € Tige) (GOg) and Vig .y € Ty (GO*). In coordinates,

oc : Tigw (GOF") = Ty (GOg)
(Vg Vi) = (T Ry (Vi — adip) , 1) (71)

where TyR;-1Vy=¢§ €9, and p € Tig~g".

3.2. Cotangent bundle of tangent group.

Regarding T* (G®g*) as a cotangent group, we trivialize 7" (G®g*) as the
semidirect product group of G®g* and the dual T7, (GOg*) = g* x g* of its Lie
algebra. This trivialization of the first kind gives

trecey @ 7 (GO — (GO O (9" x ¢°) = 'T*TG
(g, a¢) = (mcon) %vaf T Ras (g, ac))
(ag, o) (9 TR —i—adgag,ag) (72)
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where T(geg) is the cotangent bundle projection of the fibration 7™ (G®g) —
(G®g) and T7, o Ry4,¢) is the cotangent lifted right multiplication in Eq.(48) whose
image lies in the dual space g* x g*. Here, a¢ is a cotangent space element on g,
that is, ag € Tyg ~ g".

Alternatively, we distribute the cotangent functor 7* to the product (GSg*)
and obtain the trivialization of the second kind

trivceg © T7(GOY) ~ TG x T'g — (GOF*) x g x g" = *T*TG,
(ag,a¢) = (9, TT Ry (ag) , &, xe) - (73)
For trivialization of the first kind in Eq.(72), we have a group structure
similar to the cotangent group operation in Eq.(43) where the underlying group is

G®g in place of G and the dual space, in place of g*, is g*©g*. This time the
coadjoint action is the one given in Eq.(37). Then, the group multiplication on

'T*TG is

(.9757“17#2) (h'7777V17V2) (74)
_ (gh,g + Ady 1, + Ad]- (m + ad*Adggy2> s + Ad;,lyg)

from which the following subgroup structures follow.

Proposition 3.3.  The embeddings

G — 'T"TG:g— (g,0,0,0)
Go®g — 'T"TG:(g9,£) = (9.£,0,0)
G®g" — 'T*TG: (g,11) — (9,0, 1,0)
GO®gxg) — 'TTGC:(g9,&p) = (9,6 1,0)

define submanifolds G, G®g and G® (g X g*) of 'T*TG, respectively. Here, the
group structure on G®g is the one in Eq.(33), the group structure on GEg* is in
Eq.(43), and the group structure on G® (g x g*) is

(9:&, 1) (h,n,v) = (gh, &+ Adg-rn, pu+ Adyy1v) . (75)

Symplectic structure: To calculate canonical symplectic structure on
'T*TG, we shall first derive right invariant vector fields on T*T'G. For an
explicit expression of a right invariant vector field, we shall proceed as follows.
Take H = GOg, h = g®g and h* = g* x g*, and recall the definition of right
invariant vector field on trivialized cotangent bundle in Eq.(52). This gives

1= *
X @& 1v) = (TeoRige (0,€), (i, A2) +adyy o) (1,v))
- (TeRgn7 C + [57 77]: AL+ ad:;/i + adZV, A2 + CLd;;V)

as a right invariant vector field over the cotangent group

Xiin Gy (9,6, 11,v) € Ty ) (GOZ)S(g" % g7)) -
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Here, the coadjoint representation ad&m) is the one in Eq.(38) and the tangent
mapping 10 R, is in Eq.(35). This, of course, can be obtained as infinitesimal
generator of the left action on TG with multiplication given by Eq.(74).

From the definition of canonical one-form in Eq.(54) over the trivialized
cotangent bundle, we compute the value of canonical one-form

(0 1776, X Ear G (95 €, 11, v) = (1, v), (0,Q)) = (o) + (n,C) (76)

which is a constant function on G®g. Using Eq.(55) for the value of canonical
symplectic structure on two right invariant vector fields we obtain the value of
symplectic two form € 1p«pg = db 177 on two right invariant vector fields

<Q IT*TG5 (X(;CZAYJGAQ)aX(;TC:;TlG;\z)>> (9,&,1,v)
= <<)‘17 )\2) ) (7_77 <_)> - <(5\17 5\2) ) (7]7 C>> + <(N7 V) ) [(7]7 C) ) (777 E)}g®g>
= <)‘17 ﬁ> + <>‘2; €> - <5\17 77> - </_\27 <> + <:U’7 [7]7 ﬁ]> + <V7 [7]’ C_] - [7_]’ C]> 7(77)

where [, | g, is the Lie algebra bracket in Eq.(34).

Proposition 3.4.  The trivialized bundle 'T*TG is an exact symplectic man-
ifold with the potential one-form 6 \p-pq as given by Eq.(76) and the symplectic
two-form Q 1pe7q defined by Eq.(77). The mapping

treeg © Ttrog - (TTG, Qperg) = (('TTG, Qirerc)
is a symplectomorphism, where T*tr}é is the cotangent lift of the inverse

trre : (9,6) = ToRyE (78)

of trre in Eq.(31) and tr%*(G©g) is the trivialization in Fq.(72).

Left action of G and symplectic reduction: From the multiplication
in Eq.(74), we find the lifted left action of G on T*T'G to be

G x 'T*TG — 'T*TG : (g; (h,n, p,v)) — (gh,Adg-ln,Ad;,l,u,Ad;,ly) . (79)

The infinitesimal generator of this is given by the right invariant vector field
X(;EES which, in turn, is generated by the Lie algebra element (1,0,0,0) €
Lie ('T*TG). Note that, we have the Lie algebra homomorphism 7 — (n, 0,0, 0)
from the Lie algebra g into the algebra of right invariant vector fields X% ( 'T*TG).

Each orbit of the action in Eq.(79) is isomorphic to the product

G\('T"TG) ~gx g* x g". (80)
The action in Eq.(79) is symplectic and has an Ad*—equivariant momentum
mapping J ip«pe defined by

<J IT*TG (ga 57 12 V) 777> - <0 IT*TG> X(ﬁ%jO%?) = <,LL, 77>
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(c.f. Eq.(136) in Appendix A), is given by the projection
Jiperg s TG — g* 2 (9,&, 1, v) = 1

to the second factor in the trivialization IT*TG. Assuming p € g* is a regular
value, the inverse image J 7} vpere (1) of p becomes a submanifold of "T*T'G which
can be identified with G x g x g* by the embedding

tirrg G Xgx gt = I ihrg (1) (9.6 v) = (9,6, 1,v). (81)

The isotropy group G, in Eq.(59) of u acts on Ji. TG( ). Under the assumption
that this action is free and proper, we arrive at the fact that the quotient

G\ pepe (1) 2 G\ (G xgxg") =(G,\G)xgxg-=0,xgxg" (82
has a manifold structure. The reduction diagram is

Upxpg

e (83)

It (0) ~ G x g x g*

X1p*pg 1
T*TG

Jl%TG< ) /G =0, xgxg"

where 2 17«7 is the inclusion in Eq.(81), and the projections
pipre - TTTG — Ouxgxg (9,8 pv)— (Ad;,l,u,f, V) (84)
X irerG Gxgxg*ﬁ@uxgxg*:(g,f,y)%(Ad;_l,u,f,u)
make the diagram commutative. The Marsden-Weinstein symplectic reduction
theorem defines the reduced symplectic two-form Q?\T*Tc on O, x g xg* by
(x 1T*TG)* ch\T*TG =(2 1T*TG)* Qipera, (85)

where Q 17+7¢ is the symplectic two-form on 'T*T'G in Eq.(77). A direct calcu-
lation proves the following proposition.

Proposition 3.5.  The reduced space O,, x g X g* in Eq.(82) is a symplectic

manifold with the reduced symplectic two-form 04 1T*TG’ whose value on two vectors

(g (1) , ¢, A) and( (),C,/\) over O, x gxg* i
Q% rg (g (1), GA) s (T (1), CA)) = (A = (A Q) = (I, (86)

3.3. Cotangent bundle of cotangent group.

For trivialization of the first kind, we first decompose T* (G®g*) into a
semidirect product consisting of the group (G©Qg*) in Eq.(43) and the dual g* x g
of its Lie algebra g®g*

tr%*(G(@g*) T (GOg") —» (GO ) O (g" x g) = G
(g, ) — (7TG©9* (g, avy) 7T(*e,0)R(g,u) (ag, O‘u))

(g o) = (9,10, Ry (0g) = ad i) (87)
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where mggge @ T (GOg*) — (GOg*) is the cotangent bundle projection, and

Tt 0yR(g. 1s the cotangent lift of the right multiplication given in Eq.(48). « is

in the cotangent space of g, that is, o, € Tj;g" ~ g. Alternatively, distribution
of the functor T™* leads to trivialization of the second kind

tr%*(G@)g*) T (GO ) ~T'GxT'g" -G xg'xg xg
(aga au) — (gu T:Rg (ag) y Ky a,u) . (88)

On the trivialization T*T*G in Eq.(87), we have the group structure with
multiplication

(gnua )‘1751) (ha v, A27§2) (89)
_ <gh, p+ Ady v, M+ Ady g — adly e €+ Adg_lgz) .

Direct calculations prove the following proposition.

Proposition 3.6.  The following embeddings

G — M*T*G:g— (g,0,0,0)
G®g" — 'T*T*G:(g,1) = (9,11,0,0)
GOy — 'T*T*G:(g,€) = (9,0,0,¢)
GO®(gxg) — 'TT°G:(g,&p) — (9,0,1,€)

define submanifolds of YT*T*G with multiplication in Eq.(89). The group struc-
ture on GO (g X g*) is the one in Eq.(75).

Symplectic Structure: We shall compute the canonical one-form 0 1p«p«g
and the symplectic two-form Qip.p.c on T*T*G. To this end, we take H =
G@®g* and 'T*T*G becomes HEb* with h* = g* x g being the dual of the Lie
algebra h = g©@g* endowed with the bracket in Eq.(46). At the point (g, u, v, £),
using Eq.(52), we obtain the right invariant vector field

Xohinsty = (TR (M), (M, Q) + adf, 5, (v:€))
= (TRgn, A1+ adyp, A + adyy — adg Ay, €+ [€, 77]) (90)

on 'T*T*G, where TRy (n, A1) is the right translation and, is the coadjoint
representation. The definitions in Eqgs.(54) and (55) of canonical forms over
trivialized cotangent bundle lead to the value

(0 17-16, Xy humat)) = (1, A1), (1,€)) = (m,) + (A1, €) (91)

of O 1pepec; on X (JKIT)Q% and, the value of symplectic two form  1p«rg = df 177

on two right invariant vector fields is given by
. T T*G r1*G
<Q TG (X(m)\l,)\mé")’ X(ﬁ ,’\175\2@)) ><gv K, Y, f)

(02,0, (1.21)) = {(A2: Q) . (. M) >+<us> (.24 (2. 3)] o)
= <)\2,77>+<C 1, €], 5\> <)\2,77>+< C>\1>+ NURIE (92)
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Proposition 3.7.  The trivialized bundle YT*T*G is an exact symplectic man-
ifold with the potential one-form 0 \psp+q in Eq.(91) and the symplectic two-form
Q1 in Eq.(92). The mapping

tris o) © Ttrpeg  (T°T*G, Qrer-q) = ('T*T*G, Qiperec)

is a symplectomorphism. Here, T*tr;!, is obtained from the cotangent lift of the
inverse of trp«q, tr%*(G@)g*) is the trivialization in Eq.(87).

Left action of G and symplectic reduction: It follows from Eq.(89)
that the left action of G on 'T*T*G is

(97 (h7 v, )‘27 52)) — (gh7 Ad;—lyv Ad;—l)\Qa Adg*1§2) (93)
el
1,0,0,0)
in Eq.(90) generated by (n,0,0,0) for n € g. This action is symplectic with
Ad*—equivariant momentum map J iy« defined by

1k
(Japerea (g, 11, v,€) ,m) = 0 1pepeg (X(HE,O,T(])(;) =(n,v),

(c.f. Eq.(136) in Appendix A) which is the projection

with the infinitesimal generator X ( being a right invariant vector field as

Jigepeg s 'T*T*G — g% : (g, 1, v, €) — v

to the third factor in 'T*T*G. For a regular value of v € g*, the inverse image
J le*T* o (v) is an embedded submanifold of 'T*T*G defined by the inclusion

e (V) 1 (951, 6) = (g, 1,1, 6) -

The isotropy group G, acts on J le*T* o (v) and the quotient is

I iperegW)) Gy = Gx g xg/G,=G/G,xg" xg=0,xg"xg  (94)

ZlT*T*GIGXg*Xg—)J

where g, is the coadjoint orbit of v in Eq.(60). We have the following commutative
diagram which summarizes the reduction

J_lé"*T*G (V) =G % g* X g U pxpx g 1T*T*G (95)

X1p*1g
Ir*xrxg

I g (V) /Gy = O, x g X g
where the projections are

Pirsrxg (gvlu“v v, 5) — (Ad;*lynuag) (96)
X ir=T*G - (gnuag) — (Ad;*ly7/L7€) :
According to the symplectic reduction theorem, g x g x g* has a symplectic

structure Q?}F*T*G defined by

(7T 1T*T*G)* QGl;“*T*G = (/l 1T*T*G)* Q LT*T* G (97)

with Q 1«7 being the symplectic two-form in Eq.(92). Direct calculation gives
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Proposition 3.8.  The reduced space O, x g x g* in Eq.(94) carries the sym-

plectic two-form 0 with values

1T*T*

Qperec (I ). 0,0 (B (), 2,0)) = (C2) = (LX) = ). (98)
on two elements (ng (v),\,¢) and (7g (v), A\, C) of TO, x g x g".

3.4. Tangent bundle of cotangent group.
For TT*G ~ T (G®g*), trivialization of the first kind as tangent group
results in a semidirect product of G®g* and its Lie algebra g©®g*

trrceey - T (GOFY) = (GO ® (90g*) = 'TT*G
(Vi Vi) = (921 Tl Rogg+ (Vs Vi)
(Ve Vi) = (9,1 TRy Vg, Vi — adi _it) . (9)

where T, ) R, -1 18 the tangent mapping in Eq.(47). Trivialization of the second
kind with tangent functor results in

tr%(GC@E*) T (G®g*) ~ TG X Tg* — G x g X g* X g* = 2TT*G
(Vo Vi) = (9: Ty Ry=1 Vg, 11, Vi) - (100)

The semidirect product group multiplication on TT*G is

(ga 1, gla Vl) (ha )\7 527 VQ)
_ (gh, i Ady o\ &+ Ady o, + Ads v — adyy g, u) (101)

and some embedded subgroups of 'TT*G follows.

Proposition 3.9.  The embeddings

G — 'TT*G:g— (g,0,0,0)
G®g — 'TT°G:(g,€) — (9,0,,0)
G®g* — 'TT*G:(g,1) = (9,4,0,0)
GO xg) — 'TT*G:(9,&v) — (9,0,&v)
define subgroups G, G®g, GOg* and GO (g x g*) of TT*G with group struc-

tures on G®g, GOg* and G® (g x g*) defined by Fqs.(33), (43) and (75), re-
spectively.

A right invariant vector field X(;Tg; P sy o0 'TT*G can be obtained by
tangent lift of the group multiplication in Eq.(101), that is, by right translation of
a Lie algebra element (&, 19, &3, 1v3) as follows. We replace G, g and g* in Eq.(39)

by H=G®g*, h = g®g* and h* = g* x g, respectively, and obtain

X(ﬁzTg;*és v3) (97 &, V) (102)
= (TRQSQ, vy + adg,p, &3 + [§, 52]9 vz + adg,v — ad2y2> .
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A right invariant vector field X7(¢®8") on the tangent group T (G®g*) can be

pushed forward to a vector field X QZT,,TQ *53 vy) ONL its trivialization by the mapping
1TT*G

tTT(G@g*) in Eq.(99). Conversely, a vector field Xty fors)
tr;(G@g*). Using the latter, we compute the following relations

can be pulled back by

1 * G
TT(G®g*) © (tr;%(G@g*)) X(szT,uTz,sg,us (91,6 v) = X(g% (9, 1)

1 * G
TTG@E* © (tr%(G©g*)) X(ﬁzil,ﬂg;,ﬁg,ug (ga K, 57 V) - X(g?i) (g’ M) : (103)

relating vector fields on trivializations 'TT*G and G@®g*.

Tulczyjew’s symplectic structure: Applying the derivation i to Qggg-
(c.f. Eq.(137) in Appendix A) we obtain the one form irQggy = 61 on T (GOg*).
The pull-back of the one-from irQggy to trivialization 'TT*G of the first kind
will be denoted by 10 .

Proposition 3.10. At the point (g, p,&,v), the one-form

01 = (trrceg)), i1 (104)

takes the value
<1817 X(gl;?:g,ys)> (97 H, 5) V) = <V7 §2> - <V2’ §> + <,u, [é.a 52]g> (105)

on a vector field X TT°G in form of Eq.(102).

(€2,v2,€3,v3)
To prove this, at the point (g, u,&,v), we need compute
1 ITT*G _ 1 ITT*G
< 01, X(€2 va 53;”3)> - (trT(G®g*))* <91’ X(§27V2 537V3)>

1 * v TG
= <91>(”“T<G®g*>) X(sz,uz,ag,u3>>’ (106)

where the one-form 60, = i7{Q0gg,- is obtained by the derivation of the canonical
symplectic two-form Qg on GOg*. The value (c.f. Eq. (138) Appendix A) of

the one-form ir{lggg- over the vector field (tr%(G@g*))*X (ggTW 63vs) €quals to the
value of Qggg+ over the projections 7r(geg+) and T7aeg: of (trygge) X (;Tg; o )

given in Eqs.(103) at the point (g,u). That is,

: 1 rr*G _ GOg* +GOg*
<ZTQG©9*7 (trT(G®G*)) X(§2,V27§3,V3)> - <QG®9 ) <X(E V)g 7X(§2,52)>>
(v,62) — (2, ) + ([, €2l )
Application of the derivation i7 to the canonical one-form gy« in Eq.(54)

gives a function on 7' (G®g*) and the push-forward of the latter by the trivializa-
tion tr%(G(@g*) gives the function

flg, & v) = (&),

on TT*G. Exterior derivative of f is a one-form on '7TT*G and its value on
the right invariant vector field X, TT°G in Eq.(102) is

&2,12,€3,13)

(f, X romts v)) (951165 0) = (12, €) + (1, &) (107)
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We now define the one-form !0, as 6, + df by its value on the right invariant

watel
vector field X (€2,02,63,03)

(15, X eTEE ) = (o) + (0, 62) + (6,60 ) - (108)

Above two step construction of 6, is the same as the push-forward of drOceg-
with the trivialization map tr},(G@g*). The following proposition indicates that

the exterior derivatives of '6; and !0, are the same and it is the Tulczyjew’s
symplectic two-form on TT*Q.

Proposition 3.11.  The space 'T'T*G with coordinates given as in Eq.(72) is
the trivialized Tulczyjew’s symplectic manifold with the Tulczyjew’s symplectic two-
form Q 1pp-c and with two potential one-forms 10, = i7€dcee+ and 19, = drOceg-
obtained by deriving Qceg and Oagg-, respectively. At a point (g,p, &, v) €
'TT*G, the values of 0 and 0y, on a right invariant vector field on *TT*G,
are

(0L X8 ) = (&) — (&) + (. [6 &, ) (109)
< 9 Xﬁlglsz&ﬂ/s)) = <:ua€3> + <l/, §2> + <,U7 [5752]g> , (110)

and the value of the symplectic two-form Q 1« at (g, 1, &,v) is

. rT*@ ITr*G
(@ i1 (X G vy X)) (111)

= (o) + (10,65 — (70, 65) — (0, ) + (v, [62,60], )
+ <,u, [53752]9 + [52753}9 + [57 [52,52]9} > .

Commutation property of the derivation dr and the exterior derivative d
shows that d '0; = d '6,. Hence, to obtain the symplectic two-form € 1p7+¢ on
'TT*@, it is enough to take the exterior derivative of one of the one-forms '6; or
19, . The calculation

] e TT*G
(Qirpeg (X(sz,ug,ss,us)’x(gg 2 fs,vs)>>

_ 1 . ITT*G ITT*G
- <d ( 61) ! (X(£2,V2753,V3)’ X(£27172,53753)>>
_ TG 1 TG _ ITT*G 1 TT*G
o X(&Q,V%SB,VS) < 01’ X(52,92753,173)> X(.fg llg,ff; Vg) < 61’ X(§2)V27€3,V3)>
ITT*G
< 917 |:X(§2,V27€3,V3) X<52,92,g3793):| >

t (g, 1, &, v) results in the required explicit expression in Eq.(111).
The musical isomorphism leTT*G maps the tangent bundle of 'TT*G to
cotangent bundle of 'TT*G. At a point (g, 4,&,v) € 'TT*G, Oy, maps a
right invariant vector field X .77°¢ in Eq.(102) to

(&2,v2,€3,v3)

leTT*G(X(gI;,FIZTg Vg)) (T Ry ( V3 — adZVQ) y — (53 + [5752]9) , Vo + adgu, —52>
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which is an element of T*

e (TTG).

Left action and reduction of Tulczyjew’s symplectic space: In the
explicit expression of the symplectic two-form Q 1p7+q, given in Eq.(111), the base
component g € G does not exist. This gives that the left action

(g; (h,\, &, v)) — (gh,Ad;_l/\,Adgflf,AdZ_lu) (112)

of G on 'TT*G is a symplectic action. The infinitesimal generators of this action

are right invariant vector fields X (;ggjo(f in the form of Eq.(102). The momentum

map J iy« is

<J ITT*G (9;%5;7/) 777> = < 191,X(;,€,€joc);> = < 192,X(;,€,€j0?> (113)

where '6; and !0, are the potential one-forms on T'T*G given in Eqgs.(109) and
(110), respectively (c.f. Eq.(136) in Appendix A). In coordinates the momentum
mapping J 17« reads

J 177G - 1TT*G — 9* : (gnuaga V) — VJradZ”

The inverse image J7 for a regular value A = v + ad;p € g*

17T+
T (V) = TTG/ ~= (GO ® (s85"))/ ~a
= GO(g"xgxg)/ ~x.

We may consider J 5. .. (A\) as an embedded submanifold of 'TT*G by the
inclusion

virpea G X (g5 % 8) = I g (N) = (9, 11,6) = (91,6 N —adip) . (114)

The isotropy group G of A € g* acts on J7... (A) and the quotient is

(TG . = Th. (V) G~ G x (5" x g)/ Gy
~ G/Gyx(g8xg) ~0\xg Xag. (115)
The reduction diagram becomes
Iiprg (V) = GO (g" x g) —¢ TG (116)
Xirr*g
lrr*G

I ipreg N /Gr= Oy x g" x g
where the projections are
pirreg : TFTG — Oy x g* xg:(g,1,&v) — (Ad;,l)\,u,g) (117)
Xirra @ GO(g" x @) = Oxxg" xg:(9,1.6) = (Adgi A, p,€) . (118)

According to the Marsden-Weinstein symplectic reduction theorem the
quotient O, x g* X g is a symplectic manifold with the symplectic two form 04
satisfying

1TT*G

(X 1TT*G ) Q 1>1T* (Z 1TT*G)* Q 1TT*G- (119)
This definition and a direct calculation proves the following proposition.
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Proposition 3.12.  The reduced symplectic two-form Q?}T*G on

I e N/ Gr=g5xg"xg (120)
is defined by its value

Qe (O V), 2:0) (g V), 7,0)) = (1 Q) = (7, ) + Ay, (121)

on two vectors (ng- (N),v,¢) and (7fg- (A),7,C) in TAOy X g x g*.

In obtaining Eq.(121) we take the derivative of the constraint A\ = v+ ad;u

and obtained

v + adg,v + adg, o adgp + adg, pp = 0,
and used this in the definition of X(ggg; *g,ug) to define elements of the tangent
space of J70.o (A).

4. Tulczyjew’s Triplet

We have so far established the trivializations of first order bundles TG and T*G
as well as iterated bundles TTG, T*T*G, T*TG and TT*G. The symplectic
reduction theorem has been applied to the trivializations of T*G, T*T*G, T*TG
and T'T*G under the symplectic left actions of the group G. In this section, we
shall conclude all the discussions made so far by drawing two Tulczyjew’s triplets,
one for the trivializations of iterated bundles and the other for their reductions by
G. This, we shall do by trivializing symplectomorphisms in the construction of
the triplet and constructing trivialized special symplectic structures.

4.1. Trivialization of the Tulczyjew’s triplet.
We start by recalling the musical isomorphism ch,@g* given in Eq.(56).
Define the trivialization Q.. of Q.- by the relation

10b 1 1 b
QG@Q* O trT(G@g*) = trT*(Gc@g*) O QG@G*’

where tr}(a@*) and tr}*(G@g*) are in Eqs.(99) and (87), respectively. More ex-
plicitly, we have

1QI7G®9* : 1TT*G — IT*T*G : <g7 /1’757 V) — (gu w, v + adZ/L, _£> . (122)
Similarly, the trivialization
o TG — "T'TG : (9, 1,&,v) = (9,6 v + adip, ) (123)
of the mapping 7 in Eq.(71) is achieved by the relation
1~ 1 gl _
0G o trpaee) = U+ (ceg) © 7G:

where 7. g, 18 in Eq.(72).
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Proposition 4.1.  The diffeomorphisms 1QG®Q* and 'Gg satisfy

( QG@Q ) 9 1T=T*Gq — 191, ( 15’@)*9 1T=7q — 192,
where '0vpep-g and  '0vperq are canonical one-forms in Eqs.(91) and (76),
whereas 0y and '0y are in Eqs.(109) and (110), respectively. Hence, Qg
and 1Gq are symplectic diffeomorphisms satisfying
( QG@Q ) Q 1T = Q 177G
(1_ ) Quiperg = Qarrea,
where Q 1pepg, Qipepg and Q 1 are symplectic two-forms given in Eqs.(77),

(92), and (111), respectively.

To prove the identities involving IQE®Q* , We observe

1 PTG _ yatel
< 91,X(£27,,2,£37,,3)> B <( or)” 91T*T*G7X<52,u2,53,u3>>
1 *
- <0 IT*T*G5 ( IQbG@)g*)* X(§2Tl£7g,l/3)>

and for A3 = v3 + ad, i1 — adv, the relation

10b ITT*G _ IT*T*@ *
T(g,u,{,l/) ( QG’@Q*) © X(§2 v2,63,03) X(E2,V2,>\37—§3) (g’ p v+ adﬁ'u’ _5) :

Then, the definitions of '0; and 6 17:p-¢ in Eqs.(109) and (91) prove the first
assertion. The commutation of the exterior derivative and pull-back operation
proves that 192@9* is a symplectic diffeomorphism. For the identities involving
154, we note the relations

Bt lrr*G
< 02, X(§2 V27§37V3)> - <( ) 0111, X(§2,V2 63,V3)>
_ 1= ITT*G
- <(9 TG ( UG)* X(€2,V27€3,V3)>
iTT*G o Ir*Tq *
T(Qyuy&V) ( UG) © X(£2,V27§3,1/3) - X(£27£3,V37V2) (g,é, v+ adﬁﬂ“u’) :

Similar to the first case, the definitions of !¢ and €17.7¢ in Eqgs.(110) and
(76) prove the first assertion and the commutation of the exterior derivative and
pull-back operation proves that 'Gg is a symplectic diffeomorphism. We shall
now construct trivialized special symplectic structures associated with trivialized
iterated bundles.

Proposition 4.2. 'TT*G admits two trivialized special symplectic structures
('TT*G, "raeg, 'T*T*G, 01, "Qgy-) (124)
('TT*G, 'Trg, 'T*TG, '6, '5¢), (125)

where potential one-forms 0 and 0y are asin Eqs.(109) and (110), respectively,
and the projections are

17@@9* : lTT*G — G@Q* : (gv 1, 57 V) — (97 M)
'Trng = 'TT*G — GOg: (9,1,&v) — (9.€).
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The following diagram summarizes the construction of Tulczyjew’s triplet
for a Lie group G via trivialization of the first kind

10
QG@s

'T*TG 'TT*G TG (126)

TG@B 7"G©g
ﬂg©g 1Tre

4.2. Reduction of Tulczyjew’s triplet.
Recall the reductions of symplectic manifolds

(GOg", Qegg) — (OM QG@G )
( 17‘!*7“G’7 9] lT*TG) — (0)\ X g X g Q 1T*TG>

( 1T*T*G,Q 1T*T*G) — ((9)\ X g* X g,Q 1;-,*,11* >

(TG, Q ippeg) — (OA X g x g. 0% .. )

with the left actions of G, where the reduced manifolds are described by Egs.(60),
(82), (115) and (94), and the symplectic two-forms are given in Egs.(62), (86),
(98) and (121), respectively.

We will obtain the reduced symplectic isomorphism 165 \
following commutative diagram

making use of the

oG

guse ITT*G (127)
Pipxpag P 1pr*g
156\
O\ X g xg* O\ xgxg"
where the fibrations p ip«pg and p ipp«g are given in Eqs.(84) and (117), respec-
tively, and !¢ is the symplectic isomorphism in Eq.(123). Then, (16(;)G\ is
1G5\ L Oaxg xg—Oyxgxg
(Adzfl)‘a 1, 6) — (AdZ*1A7 57 /’L) . (128)

Similarly, the reduced musical isomorphism ( IQbG@)g*) A is defined by requiring
commutativity of the diagram

Mg
I1TT*G LT T*G (129)
P iprxg P 1pxpxg
IQb N G\
kag*xg(c@vg) O\ xg'xg
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where, 1QbG®g* is the trivialized symplectic isomorphism in Eq.(122). The explicit

G\

expression for ( 1QbG®g*) is then

(IQE@Q*)G\ Oy xg'xg—0yxg-xg
(Ad;,l)\,,u,ﬁ) — (Ad;,l)\,u, —5) (130)
and a direct calculation proves the following proposition.
G\

Proposition 4.3.  The diffeomorphisms 155\ in Fq.(128) and ( 19%,@9*) in
Eq.(130) are symplectic and they satisfy

(1ag\>*QG\ _ %

IT*TG ITT*G)
1y G\\" G\ _ G\
(( QG@Q*) ) Q IT*T+G T Q ITT*G"

Thus, we arrive at the Tulczyjew’s triplet for a Lie group G reduced by its
left action

Oy xgxg* Oyxgxg Oyxg'xg (131)
G\
1TG®9*
G G G
IWGCEDQ 1T7TG\ 17rG(\®g*
g g

with the projections

"Memg 1 Oaxgx g =g (AdiN Ep) = €

ITas\ 1 Oy xgixg—g: (Ad} X, &) — €

L Oax gt xg— g s (A €)= p

G * * *
e 1 Oax gt x g g s (A 1, €) =
5. Summary and Conclusions

The structure of Tulczyjew’s triplet inherits symplectic diffeomorphisms between
iterated bundles

b

T* (6Og) —° T (GO — " - T+ (GOy") (132)

where the diffeomorphism ¢ in Eq.(71) results from double vector bundle struc-
ture of T (G®g), and QbG@)g* in Eq.(56) is defined due the canonical symplec-
tic structure on G®g*. The triplet also contains two special symplectic struc-
tures due to the existence of two potential one-forms for the symplectic manifold
(T (G®g"), Urceg)) - We have trivialized the triplet (132) using the trivializa-
tions of the iterated bundles T* (G®g), T (GOg*) and T* (G®g*) in Eqs.(72),
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(99) and (87), respectively. By properly trivializing the diffeomorphisms 7o and
ch@g*, we have been able to obtain

10b
3¢ Q5@

G RNE! TG LT+ (3 (133)

where 64 and 1QbG©g* are trivialized symplectic diffeomorphisms in Egs.(123)
and (122), respectively. Two special symplectic structures (in Eqgs.(124) and (125))
for the exact Tulczyjew symplectic manifold ( 'TT*G,$Q 1pp+g) have been derived
by trivializing the ones for (T (G®g") , Urceg)) -

We have applied the Marsden-Weinstein symplectic reduction theorem to
the trivialized symplectic manifolds GQg*, T*TG, 'T*T*G and TT*G for the
left symplectic action of the underlying group G, and obtained trivialized reduced
symplectic spaces. These reductions have been substituted in the triplet (133) and
the reduced and trivialized Tulczyjew’s triplet

SO (0hper)

O\ X g xg—2 O\ xg"Xg (134)

O\ xgxg

has been obtained.

We are now ready to investigate the dynamics on the triplets (133) and
(134), [13]. Reduced and trivialized Tulczyjew’s triplet is well-suited for a general-
ized Legendre transformation between Euler-Poincaré and Lie-Poisson equations.
Relations between unreduced equations may result from other levels of trivializa-
tions. With the present geometric framework, it is also possible to study implicit
Euler-Poincaré and Lie-Poisson equations [30, 70, 71, 72, 73| by considering trivi-
alizations of the Pontryagin bundle TG x T*G.

A. Tulczyjew’s Triplet

In this appendix, we shall review the construction of the Tulczyjew’s triplet over an
arbitrary manifold M. Special symplectic structures and derivations on differen-
tial forms will be defined in a general setting. The Marsden-Weinstein symplectic
reduction theorem will be presented.

A.1. Special symplectic structures.

A symplectic structure 25, on a manifold M is a closed, non-degenerate
two-form [1, 2, 3, 39, 43, 66]. The cotangent bundle M = T*Q is canonically
symplectic. The Liouville one-form 0r-o on 7%(Q is defined by

<9T*Q7 XT*Q> = <TT*Q o} XT*Q, Tﬂ'Q O XT*Q> y (135)

where Xp-g is a vector field on T*Q, 7r+¢ : TT*Q — T*(Q is the tangent
bundle projection and T'mg is the tangent map of the cotangent bundle projection
o 1 T"Q — Q. The canonical symplectic two-from is Qp«g = dfp-q.

A special symplectic structure is a quintuple (P, 7, M, 0p, ©) where 7, :
P — M is a fibre bundle, #p is a one-form on P, and ¢ : P — T*M is a
fiber preserving diffeomorphism such that ¢*07«r = 6p. ¢ can be characterized
uniquely by the condition

(p(2), Xm(x)) = (Op(2), Xp(2))
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for each z € P, 7 (z) = z and for vector fields Xy and Xp satisfying
(7@7\),,)* Xp = Xu. Here, (P,dfp) is the underlying symplectic manifold of the
special symplectic structure.

A.2. Symplectic reduction.

Let (M, Qn = dfr) be an exact symplectic manifold and assume that
there is a symplectic action of a Lie group G on (M,Q). Then, there is an
Ad*-equivariant momentum map Jp : M — g* defined by

(I (@), €) = (O Em) (9) (136)

where the pairing on left hand side is the one between g* and g, and the pairing
on right hand side is the one between T M and T, M, [43]. Assume, in addition,
that p € g* is a regular value of J and isotropy group G,, of u with Ad* action
acts freely and properly on ij (). Under these circumstances, the Marsden-
Weinstein theorem [41, 48] establishes the reduction of the symplectic structure

(M, Qi = dfrg).

Theorem A.l.  The reduced manifold M = Iy (u)/ G, has a unique
symplectic structure Q,, satisfying x;$%, = 1,0, where x,, is the surjection
I () = I (0)/ G, and v, is the injection Iy (p) < M.

In the main text, we refer to this theorem through the following reduction
diagram

T (1) = M

M = Ty (1)) G,

where py is the projection from M to the reduced space M\ and defined by
means of the commutation of the diagram.

A.3. Derivations.

Introduce two derivations iy and dp which maps exterior algebra A (M)
on a manifold M to the exterior algebra A (TM) on its tangent bundle T'M
[60, 61, 62, 63]. The action of iz on a p-form w? € AP (M) is a (p— 1)-form
irw? € AP71 (T M) defined by

irw? (XTM, X = wP (trag 0 XTM, Trago XTM, L T - XY (137)

where X7™M, ...,XpTM are vector fields on T M. Here, 7pp : TTM — TM is the
natural projection and T'7y : TT M — T M is the tangent mapping of the natural
projection 7oy : TM — M. Using the derivation ir and exterior derivative d,
define degree 0 derivation dr : A (M) — A(TM) by dr = ird + dip. It follows
that, d and dr commutes. In particular, if f, 6, and df,, are a function, a
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one-form and an exact two-form on M, then

drf = irpdf, drOpm = ipdOyp + dipb,
drdOy = dirdOy = ddrOay

are a function, a one-form and a two-form on T'M, respectively.

A.4. Tulczyjew’s triplet.
Tangent bundle of a symplectic manifold (M, Q) is a symplectic manifold
(TM, Q) [60]. Here, the symplectic two-form Qrpyg on T M is obtained by the
application of the derivation dy on ., that is Qpay = d7Qy. In particular, for
M =T7Q, Qr-g leads to an exact symplectic structure Qpp-g with two potential
one-forms
V1 = irQpg, Vo = dpbp-g = irQp-g + digbrq (138)

forming two different special symplectic structures

(TT*Q, 770, T*Q, V1, V. ), (139)
(TT*Q,Tmg, TQ, Vs, ag) (140)

on the Tulczyjew’s symplectic manifold (77*Q, Qrr+g). Here, Q?p*g is induced
from Qp«g and ag is a diffeomorphism constructed as a dual of canonical involu-
tion kg of TTQ. They satisfy

(Qgﬂ*g)* QT*T*Q == 191, OZ*QQT*TQ == 192, (141)

where Op«r«g and fp«rg canonical one-forms on 7*7T*Q and T*T'Q, respectively.
The Tulczyjew’s triplet is the diagram

b
QT*Q

T*TQ ae TT*O T*T*Q
T™rQ TWQ 7& %"‘Q
TO T°Q
Q

which contains two special symplectic structures in Eqgs.(139) and (140) [59, 60, 61,
63]. The triangular diagrams on left and right define special symplectic structures
on TT*Q.

B. Left Trivializations

In this appendix, we shall summarize the results for the case of left actions and left
representations. We shall trivialize first order and iterated bundles and derive the
canonical mappings between them. The symplectic two-forms on the trivialized
bundles G®rg*, T*TG, *T*T*G and FT*T*G will be written and under
Hamiltonian right action of G, the symplectic reduction will be applied to these
symplectic manifolds. Hence, both of the left trivialization and the left reduction
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of Tulczyjew’s triplet will be obtained. We will continue to obey the notations in
Egs.(2), (3) and (4).
B.1. Tangent and cotangent groups.

Left representation o of a Lie group G on a vector space V satisfies
0g © On = 0Ogn, for all g,h € G. Inner automorphism, given by Ith = ghg!
and both of the adjoint actions

d d
L _ L 0 __
Adgg - dtjght‘t 0’ h™=e, %ht|t0 §
d
.¢ly = dLs——Ad &y o= gl =

of G and its Lie algebra g on g, are left actions. Here, g,h € G and 1, € g. We
will use the superscript L to remark that the action is left. A left invariant vector
field is defined by X} = T,L,¢ and the identity

(X, XE],, () = [&, &y

implies that §& — X; L is a Lie algebra homomorphism. The action Adé* of G on
dual space g* is the hnear algebraic dual Ad _,, whereas infinitesimal action adsL*

of g on g* is linear algebraic dual of ad5 We note an important commutation
rule
Lx L Lx* Lx*
ad§ @) Adg—l — Adg—l (@) adAdg£7
which is valid for ¢ and €.
We recall the left trivialization map

trie TG — G xg:Vy— (9, T,Ly1V,)

in Eq.(32). The pull-back of group structure wrq, in Eq.(29), on TG by the left
trivialization map trk, defines a semi-direct product group structure

G (hom) = RG 1 (9,€) = (gh,n + Ady€)

on the product G' x g and we will use the notation G®rg. The identity element
is (e,0) and inverse of an element (g,&) is (g7, —AdL¢). the Lie algebra of the
group GO g is g®rg. The dual of the Lie algebra g®.g is g* x g*. We have the
following list of actions:

) = (Irh,Adl (n— €+ Adj.€)),
) (TwLgVi, Viy + [Ady &, T Ly Vi)
Tga Rm,) (Ve Vo) = (T, RhVQ’Adh Ve,
T(h,n)L(g,g)(O‘ghv agy) = Ly (agn) +T; L1 0 ad%jﬁ_lgo‘ﬁm Qen),
)
)
)

T Rh (Oégh) AdL Oégn)

(T
T(Z,u)R(th)(Oégh,Oégn (1,
Ady g (1,C) = (Adbn, Adk (C+[6n)F)).
dLg*E (u,v) = (AdL*( —adZu),Adﬁi‘ly),
068, 1. Olye = (Denly bx.cly = In€ly)

adL* y (1) = (adi*u—i—adf*v,adi*v),
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where (V},, V) € T;”7 (GOLY), (g, agy) € Ty ¢,y (GOLY), and En = n+Adl_ €.
The bracket [, ] 0©rg 18 the Lie algebra structure on g®rg. A left invariant vector
field on G®)rg is

XG0 (9,€) = Te) Lise) (1,C) = (TeLgn, ¢ + [€,m)) -

We pull the group structure wyp«o, in Eq.(40), back to G x g* by left
trivialization map

trig TG — G x g* - ag — (g9, T Lyay)
and obtain a semi-direct group structure

(ga N) (h‘7 V) (gh v+ Adh 1“) L(g,.ﬂ) (h7 V) = R(h”’) (Qaﬂ) ) (142)

on G x g*. With this group multiplication, we denote the product by G©rg*.
The identity is (e,0) and the inverse of (g,u) is (97, —Adﬁ*u) . Lie algebra of
GOrg* is g©rg* and the dual of g®,g* is g* x g, where we assume the reflexivity
condition g** ~ g. We have the following list of actions

](gu (h,v
T(hz/ L (Vha v
T(gu)Rhu (‘/QJV

= (IFh, AdY (v — p+ AdPap))
= <ThL Vh, V + Adh 10 a’d’%}}h—lvh’u) ’
= (T,RyV,, Ad™,V,)

( RhOégh,AdhOélw) s
AdL ) (v (AdLn, dL* (V—I—adL* ),
dL* (A€ (Adl (X + ad{*p) , Adg)
(€ ), 1) gnge = (16 adl s — ad"v),
adg,y (N Q) = (adg™X —adg™p, [¢,€)7) -

where (V4, V) € Tin,) (GOLEY), (agn, o) € T’;hw (GOLY"), o € T8 ~g,
w = v+ Adh,l,u. By recalling the involution s, in Eq.(51), we arrive

)
)
)
Ty Ly (g ) = (TiLyargn = TRy o adie, 1)
17, )R(h,j (atgh, ) T
)
)

AdL* = so AdL
ad(é 1) = 780 ad(& 1)
A left invariant vector field on G@©,g* is in form

XGOS (g, 1) = TeoyLiy py (6 v) = (TeLoé, v + adg™p)

and the Jacobi-Lie bracket of two such vector fields are

G®Lg* GOLg*| _ yvGOrg”
[X(sm X }_X[@,m,(n,u)]j@%*‘
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If we let the left trivialization map trk., be a symplectomorphism, we arrive a
canonical one-form 0gg), + and a symplectic two-form (gg,q+ on GO®rg*. The
values of these forms on right invariant vector fields are

<90@L9*7X<C§%g*>(g,u) = (1,¢)
(Qane (XET XEXT) ) 0m) = (mom) = ) + (w6, mE) - (143)
Right action
(GOLE") x G = GOLY" : (g, 1 h) = (gh, A% 1)
of G on G@rg* generated by the vector field X Cg(z))w . This is a Hamiltonian
action with Ad“*-invariant momentum mapping Jeg, o (9, ) = p. Quotient of

the preimage Jog . (1#) = G to the the isotropy group G = {g P Adl = u}
is the coadjoint orbit OF = {Adgflu 1g € G} . The value

(Ul o) ) (1) = = (s €18

of the reduced symplectic structure QG® o on &g (1) M- (1) € 1,0}
B.2. Lifts of group actions.

We give the list of actions of a Lie group G to its tangent and cotangent
bundles and to their trivializations. Left and right actions of G on its tangent
bundle are

GxTG — TG : (g, Uh> — TthUh

TGxG — TG:(Vy h)—T,R,V,,
respectively. Using trivializations, we arrive actions of G' on the right G®grg and
left G®rg trivializations

G x (GOrg) — (GOrY) : (g, (h,n)) — (gh, Ad)1n)
G x (GOLg) — (GOvLg): (9, (h,n)) — (gh,n)
(GORrg) x G — (GOr9) : ((9,§) k) = (gh,§)
(G®Lg) xG — (G®Lg) : ((gaf)v ) (gh,Adﬁ—1€) ;
which are called right lift of left action, left lift of left action, right lift of right
action and left lift of right action, respectively. Left and right actions of G' on its
cotangent bundle are
GxT'G — T°G:(g,8n) = T,,Lg1 B
T"GxG — T'G:(aygh) = TR0y,
respectively. Similar to the tangent bundle case, we calculate actions of G on the
trivializations as follows

G x (GOrg") — (GOrg") : (g, (h,v)) — (gh, Ad*v)
G x (GOLg*) — (GOLY") : (g,(h,v)) = (gh,v)
(GOrg") x G — (GORr") : ((g,1) ,h) = (gh, 1)
(GOLE") x G — (GOLYY) : ((9,€),h) = (gh, Ady ) .
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B.3. Trivializations of iterated bundles.

We list the left trivializations of iterated bundles TTG ~ T (G®.g),
TT*G ~ T (GOLg*), T*TG ~ T* (G®rg), T"T*G ~ T* (GOrg*) (and use the
superscript L to denote the trivialized spaces):

ey © T (GOLE) = (GOLE)Or (6@19) = "TTG

(Vo) > (BE Ty L Vi Ve [ETL VY, (144)
trf%‘(G@Lg*) . T(GOLg") = (GOLY") O (4®,9") = "TT*G
(Voo Vi) = (90 Ty Lo iV, Vi = adby ), (145)
tr%*(G(S)Lg) . T (GOLg) — (GOLe) ®r (g" x g*) = *T*TG
t (ag,a¢) — (g,f,Te*Lgag + adgL*ag, ag) , (146)
tric oy T (GOLEY) = (GOLE) @1 (9" x g) = "T"T*CG
(g, ) = (g, w, T Lyo, — adéiu, a#) , (147)

where o, € T);g" ~ g. The canonical involution on the iterated tangent bundle
TTG ~ T (G®g) is given by

Re : Tige (GOP) = Tl (GOu)
(Vs Vo) = (Uys Vi) = (U, Ve + n,JE ) (148)

where Ty L1V, =n and T,L,U, = £. Note that, the structure of this mapping is
the same with Fg in Eq.(68) but the definitions of the brackets [, ]  are different.

Using the paring (, ) between T (G®g*) and T (G®g), in Eq.(??), we define
the dual of kL as

56 Tigw (GOLEY) — Tlye) (GOLY)
(Vg Vi) = (TyLg—1 (Vi — adg™p) , 1) - (149)

After the trivializations of the iterated bundles, we arrive the trivializations of k%
and 7% as

L "TTG — "TTG : (9,¢,1,¢) — (g,n,§,<+ [&n]ﬁ)

e
Ll TT"G — *I"TG : (g, 1,&,v) — (g,f,y + adgL*pJ,,u) . (150)

The musical isomorphism QbG®L o+ associated with the symplectic two Qg ¢+,
in Eq.(143), is

Vg, T(GOLE) = T* (GOLY)
(V,, V) — (T* Ly (Vu . ad?ng_lvgu) ,—TLg_lvg) . (151)

After the trivializations of the domain and image spaces of QE®L9*, we arrive the
trivialization

"Vogpe » TTTG = "T°T°G (g, v) = (9,1 v + adyp,—n) . (152)
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B.4. Symplectic two-forms and their reductions.
The trivialized bundle “T*T'G is a symplectic manifold with the canonical

one-form 6 vp.pg and symplectic two-form Q rpepg. At a point (g,&, pu,v) €

LT*T@G, a left invariant vector field X ;? )\T(f\ ) on LT*TQqG is

L* " N .
X(niﬁig) = (TLgn,C+ [é,n]gL,)\l + ad{; =+ adf v, Ao + adﬁ 1/)
and the value of the canonical one-form over a left invariant vector field is

Lpx
(01076, Xy EotGy ) = (o) + (1., (153)

whereas the value of the symplectic two-form on two left invariant vector fields is

(€ sreras (X EG X(1505,))) = i + (. 0)
= (wmy = Qo) + (e Inly ) + (v [} =[Gl )
The right action of G on LT*TG is
"T'TG x G — "T*TG : ((9,&,1,v) s h) = (gh, Ady &, Ady*ap, Ady*av)

which is generated by X(iigBT[f);. This action is a Hamiltonian action with a,

momentum mapping

J LT*Tq - LT*TG — 9* : (97€7M7 V) - #’

The symplectic reduction is

(“T'TC,Q iperg) = (Tipege (1) /G i) (154)
where the reduced space is

J 1

LT*TG< )/GH:Oﬁxgxg*

and reduced symplectic two-form /¢ takes value

Lr=1Q

(s (17,00 (17,8 20))) = (o ) = (o, Q) = (s, 7))

over (ng, ¢, A2), (g, ¢, A2) € T, 0% x g x g*.

The trivialized cotangent bundle “T*T*@G is a symplectic manifold with a
canonical one-form 6 rp.p.c and a symplectic two-from € rp.p«. At the point
(g, 1, v, &), the value of the one-form is

L sk
(0rrr0. X B 5E) = ) + (0, ©) (15)
where X ($§1T\2GC) is a left invariant vector field

L e * *
X%y = (TLgn, M+ ady p, My + ad)y'v — adf* My, ¢ + [€,n]y) -
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The value of the symplectic two-form on two left invariant vector fields is
L s ik L s rpx
(@ 165 (X by X(,—,TxlTxfg)>> (A2, 1) + (A Q)
—</_\2, > <)\1, >—|— <V 7,7y >—i— <adL*)\ — adL*)\l,§>
The right action of G on IT*T*G is
"G x G — PTG 2 ((g, 1, v, €) 1 h) = (gh, Adytp, Adyiv, Ady—€)

which is generated by the vector field X(gigBTJ)G. The action has a momentum

mapping
J LT*T*@G (gvlua V?é) -V

The symplectic reduction theorem
(‘T TG Qi) = (Voo ) /G Vi) (156)
gives the reduced symplectic manifold

J- 1

Lr=T+G

(v) /G, =0y xg" xg
and the reduced symplectic two-form

(e (19 0.0) L (19, 0.0))) = (A €)= (0 €)= (Il
for (ng, A, ¢), (Mg, A, ¢) € T,OF x g* x g.

o On ITT*G, at the point (g,u,&,v), a left invariant X(&{Zé}m) vector
eld is

X8 = (TLgba,va + adfy 1, & + [€, &5 vs + adlv — adf*vs) .

E2,02,63,v3)

Tulczyjew’s symplectic two-from €2 rpp« takes the value

L el L ye
(Q LTT*G5 (X(g;;j;& v3) X(@TIZ & V3 <V3,52> + <V2,§3> V27§3> <V3,§2>

+ (1, (&3, &lF — 165, &]8) + <M, [52,52]g,§]g> — (v, [&,&]).

The symplectic from € rpp+¢ has two potential one-forms *#; and 6, whose
values over a left invariant vector field, at the point (g, u, &, v), are

(00 XEEE ) = (n8) — (&) + (1 [6,6) (157)
(100, XTI G0 ) = 8) + (&) + (€. ). (158)
The right action of G on TT*G

LTT*G x G — "TT*G : ((9, 1, &, v) s h) = (gh, A+ Ady*ip, Adj &, Ady* v)
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is Hamiltonian action with infinitesimal generators in form X(;TOTE(?) The mo-
mentum mapping is

Jippea: (g, p1,&v) = v+ adé*,u =\

The symplectic reduction theorem gives that
(FTTC.Q v116) = (Il (V) /Gr V) (159)
where

TN /Gy = OFx g xg

<Q/LGTT o (%, Q) (0™ aljaé)>> = (1) — (@, —(N[¢C])

for (779*»”7 C) ) (ﬁg*7 975) € T)\Of X g* xXg.
The following proposition summarizes the discussion done so far and deter-
mines the left trivialization of Tulczyjew’s triplet.

Proposition B.1. LTT*G admits two trivialized special symplectic structures
("TT*G, "1cge, T TG, 01, "Qlg, o)
('TT*G, "Trg, "T*TG, 65, *5§).

Here L0; and L0y are the potential one-froms in Eqs.(157) and (158), Qg -
and L&k are symplectomorphisms in Eqs.(152) and (150), and the projections are

"reone 1 MTT'G = GOLE (9,11, v) = (9, 1)
LTﬂ-G : LTT*G — G©Lg : (gnu’g?V) — (97€> .

After applying symplectic reduction to the triplet due to the right Hamil-
tonian actions of GG, we arrive the reduced Tulczyjew’s triplet.

Proposition B.2. By reduction, we obtain trivializations
( L&é)/G : (Of X g* x g,Q/fTT* ) <(’)A X gxg, Q/LT TG)
(AdE A 1, &) = (AdE € p)
( LQbG(S)Lg*)/G : <O>\ X g X g, Q/LTT* ) (O)\ X g X g, Q/LT*T*G>
(AdL*l)‘ s ) (Adéjl)\a K _5)

of Log and “Qgg, - both of which are symplectic diffeomorphisms.
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