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Abstract. We establish the relationship among Nichols algebras, Nichols
braided Lie algebras and Nichols Lie algebras. We prove two results: (i) The
Nichols algebra B(V) is finite-dimensional if and only if the Nichols braided
Lie algebra £(V) is finite-dimensional if there does not exist any m-infinity
element in B(V); (ii) the Nichols Lie algebra £ (V) is infinite dimensional if
D~ is infinite. We give sufficient conditions for the Nichols braided Lie algebra
£(V) to be a homomorphic image of a braided Lie algebra generated by V with
defining relations.
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1. Introduction

The theory of Lie superalgebras has been developed systematically, which includes
the representation theory and classifications of simple Lie superalgebras and their
varieties [Ka77] . In many physical applications or in pure mathematical interest,
one has to consider not only Zs,— or Z— grading but also G-grading of Lie alge-
bras, where G is an abelian group equipped with a skew symmetric bilinear form
given by a 2-cocycle. Lie algebras in symmetric and more general categories were
discussed in [GRR95, Gu86, ZZ04]. A sophisticated multilinear version of the Lie
bracket was considered in [Kh99a, Pa98|. Various generalized Lie algebras have
already appeared under different names, e.g. Lie color algebras, € Lie algebras
[Sc79], quantum and braided Lie algebras [Ma94, KS97|, generalized Lie algebras
[BEM96] and H-Lie algebras [BFMO1]. In [Arl1], a Milnor-Moore type theorem
for primitively generated braided bialgebras was obtained by means of braided Lie
algebras. The question of finite-dimensionality of Nichols algebras dominates an
important part of the recent developments in the theory of (pointed) Hopf algebras.
The interest in this problem comes from the Lifting Method by Andruskiewitsch
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and Schneider to classify finite (Gelfand-Kirillov) dimensional pointed Hopf al-
gebras, which are generalizations of quantized enveloping algebras of semi-simple
Lie algebras. The classification of finite dimensional pointed Hopf algebras was
studied in [AS02, AHS08, AS10, He05, He06a, He06b, WZZ].

This paper provides a new method to determine whether a Nichols algebra
is finite dimensional or not.

Let B(V) be the Nichols algebra of vector space V. Let £(V) , £7(V)
and £.(V) denote the braided Lie algebras generated by V' in B(V) under Lie
operations [z,y] = yr — pyxy, [z,y]” = 2y —yr and [z,y]. = 2y — pyyyx,
respectively, for any homogeneous elements z,y € B(V). (£(V),[]), (£ (V),[]7)
and (£.(V),[ ].) are called Nichols braided Lie algebra, Nichols Lie algebra and
Nichols braided m-Lie algebra of V', respectively. It is clear that (£(V),[]) and
(£.(V),[ ]c) are equivalent as vector spaces. If B(V) is finite dimensional then
B(V) is nilpotent, so (£(V),[]) and (£7(V),[]”) also are nilpotent.

In this paper we prove the following two results: (i) B(V) is finite-
dimensional if and only if £(V') is finite-dimensional when there does not exist
any m-infinity element; (ii) £ (V) is infinite dimensional if D~ is infinite. We
give the sufficient conditions for Nichols braided Lie algebra £(V') to be a homo-
morphic image of a braided Lie algebra generated by V' with defining relations.

This paper is organized as follows. In section 2 we recall some results on
Nichols algebras and fix the notation. In section 3 we show that £ (V') is infinite
dimensional if D~ is infinite. In section 4 we prove that B(1) is finite-dimensional
if and only if £(V) is finite-dimensional when there does not exist any m-infinity
element in B(V). In section 5 we present the condition for B(V) = F& £(V). In
section 6 we give the sufficient conditions for Nichols braided Lie algebra £(V') to
be a homomorphic image of a braided Lie algebra generated by V with defining
relations.

Throughout, Z =: {z|z is an integer }. Ny =: {z|x € Z,x > 0}. N =:
{z|x € Z,x > 0}. F denotes the base field of characteristic zero.

2. Preliminaries

In this section we recall some results on Nichols algebras ( see [AHSO08]).

Lemma 2.1.  (see [AHS08])If (V,,0) is a FG-YD module, then tensor algebra
T(V) over V is a FG-YD module.

If {z1,---,x,} is a basis of vector space V and C(x;®@x;) = g;jz; ®x; with
¢ij € F, then V is called a braided vector space of diagonal type, {x1,---,2z,}
is called canonical basis and (g;;)nxn is called braided matrix. Throughout this
paper all of braided vector spaces are connected and of diagonal type without
special announcement. Let G = Z" and

E={e,eq, - ,ent,e,=:(0,---0,1,---0) € G, 1 <i<n.
Let x be a bicharacter of G such that x(e;, e;)=p;; and C(z;Qx;)=x(e;, ;)x;Q;.
Let S,, € End,(T(V)™) and S1; € Endg(T(V)7*!) denote the maps
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m—1

Sm=II ([d®" 71 Q S1;),

=1

]:
Sij=id+CR' + CR'Cx + -+ CR' Oyt - O}y

(in leg notation) for m > 2 and j € N. Then the subspace S = € kerS,, of the

m=2
tensor T(V) = @ T(V)®™ is a two-sided ideal, and algebra B(V) = T'(V)/S
m=0

is termed the Nichols algebra associated to (V,C). Define linear map p from
B(V)@B(V) to F such that p(u®@v) = x(deg(u), deg(v)), for any homogeneous
element u,v € B(V). For convenience, p(u ® v) is denoted by p,,. Let A =:
{x1, 29, -+ ,x,} be an alphabet, A* the set of all of words in A and AT =: A*\ 1.
Define x; < x5 < --- < x,, and the order on A* is the lexicographic ordering. For
the concept of words refer [Lo83|. Let |u| denote the length of word w.

Definition 2.2.  ([Kh99b, Def. 1]) A word u is called a Lyndon word if |u| =1
or |u| > 2, and for each representation u = ujug, where ujand uy are nonempty
words, the inequality u < usu; holds.

Any word u € A* has a unique decomposition into the product of non-
increasing sequence of Lyndon words by [Lo83, Th.5.1.5]. If u is a Lyndon word
with |u| > 1, then there uniquely exist two Lyndon words v and w such that
u = vw and v is shortest (see [Lo83, Prop. 5.1.3] and [He07]) (the composition is
called the Shirshov decomposition of u).

Definition 2.3. We inductively define a linear map [ | from A" to B(V)
as follows: (1) [u] =: w when wu is a letter; (2) [u] =: [w][v] — puo[v][w] When
u is a Lyndon word with |u| > 1 and u = vw is a Shirshov decomposition; (3)
[u] =:[[[l1, o), l3] - - - n], when w = Lyl - - - [, is a non-increasing product of Lyndon
words, i.e. Iy > 1y > 13>+ >1,, and [; is a Lyndon word for any 1 <17 < m.

Similarly, we inductively define a linear map [ ]~ from AT to B(V) as
follows: (1) [u]” =: w when u is a letter; (2) [u]” =: [w]"[v]” — [v] [w]~ when
u is a Lyndon word with |u| > 1 and w = vw is a Shirshov decomposition; (3)
[u]= = [[[l,l2] 7, ls]” -+ - L], when u = Iyl -1, is a non-increasing product of

Lyndon words.
[u] is called a nonassociative word for any u € A", [u] is called a standard

nonassociative word if u is a Lyndon word. Every standard nonassociative word
is also called a super-letter.

Definition 2.4.  ([Kh99b, Def. 6]) A super-letter [u] is said to be hard if it
is not a linear combination of products [uj][us] - - - [u;],i € N, where [u;] are
super-letter with [u] < [u;], 1 <j <i.

Definition 2.5. ([Kh99b, Def. 7] or [He07, before Th. 10]) We say that the
height of a super-letter [u] with degree d equals a natural number A if h is least
with the following properties:
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(1) puy is a primitive root of unity of degree ¢t > 1, and h =1t ;

(2) super-word [u]" is a linear combination of super-words of degree hd in
greater super-letters than [u).

If the number h with above properties does not exist then we say that the
height of [u] is infinite.

Let h, denote the height of u. Let ord(p,,) denote the order of p,, with
respect to multiplication. We define D =: {[u]|[u] is a hard super-letter }. If
[u] € D and ord(p,.) = m > 1 with h, = oo, then [u] is called an m-infinity
element. We now let P denote the set of all [u;|* [uy]*2 - - - [u,]** such that [u;] € D,
ki,s € No, 0 < k; < hy, where 1 <7 < s, uy < ug—; < --+ < u3. Next
AR(B(V)) i= {deg(u) | [u] € D}; now A(B(V)) = A*(B(V)) UA~(B(V)),
which is called the root system of V. If A(®B(V)) is finite, then it is called an
arithmetic root system. Let

E; = 1{([u), [o]) € D x D | [u] [o] € D, puupon # 1}
Let D~ := {[u]” | [u] € D} and deg(D~) := {deg([u]") | [u] € D}. Let E.
denote the number of edges of generalized Dynkin diagram. If u = vw is the
shirshov decomposition of [u] € D, then [v], [w] € D, which are called sons of
w. If [wq], [ugl, -+, [um] € D and u;yq is a son of u; for 1 < i < m — 1, then
Uo, U3, * *+ , Uy, are called descendants of w;.

Remark 2.6.  There does not exist any m-infinity element in 8(V") if and only
if Property (P) in [He05, Section 2.2] holds.

Theorem 2.7.  ([Kh99b, Th. 2] or [He07, Th. 10]) P is a basis of B(V).

3. Relationship between Nichols algebras and Nichols Lie algebras

In this section it is proved that the Nichols Lie algebra £~ (V) is infinite dimen-
sional if D~ is infinite.

Lemma 3.1. Assume that v = vw is a Shirshov decomposition of w. If
[u] € D, then [[v],[w]]” # 0. Furthermore, if [v],[w] € £ (V) (e.g. | u |=2),
then [u]~ # 0.

Proof. If [[v],[w]]” = 0, then [v][w] = [w][v], we know [[v], [w]] = [w][v] —
Puwo[V][w] = (1 = puw)[w][v], it contradicts to [u] € P and [w][v] € P. ]

Theorem 3.2. (i) dim £~ (V) >| deg(D~) | =1 > n+ E. — 1, where E. is the
number of edges in generalized Dynkin diagram of V. (ii) If D~ is infinite, then
dim £ (V) = o0.

Proof. If wy,ug, -+ ,uy, in D™\ 0 with different degrees, then wy,ug,- -, uyy,
is linearly independent. It is clear that D~ C L~ (V). Consequently,

dim L= (V') > | deg(D7)]|.
Obviously, there exists a line between z; and x; if and only if [z;z;] € D with
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i < j, which implies | deg(D~) | -1>n+ E, — 1. n

4. Relationship between Nichols algebras and Nichols braided Lie
algebras

In this section it is proved that B(V) is finite-dimensional if and only if £(V) is
finite-dimensional when there does not exist any m-infinity element in B(V'). Let
L.(v) := [u,v] and r,(v) := [v,u] for any u,v € B(V).

Lemma 4.1.  If [u] is a nonassociative word, then [u] € £(V).
Proof. By the definition of nonassociative words, we have [u] € £(V). ]
Remark 4.2. If |D| = oo, then dim £(V) = co.

Lemma 4.3.  If [u] is a nonassociative word with t € N, t < ord(py.), then

[ul" € £(V).

Proof. Let lﬁd [u] =: [u],lfu] [u] =: [[ul], I
It is clear I, [u] = [[u], [u]] = [u]* = puu[u]?® = (1 = puu)[u]®. By means of induction,
we obtain l@][u] =(1—=pu)1—p2,) - (1 —=pF )1 V1< keN. We have
(1=puu) (1=p2,) - (1—=pit) # 0 since t < ord(py,), which implies [u]’ € £(V). =

u

ﬁ‘f[u]],z > 1. Obviously I, [u] € £(V).

Theorem 4.4.  If there does not exist any m-infinity element in B(V) and
1 < ord(pu) < oo for any u € D, then the following conditions are equivalent:
(1) B(V) is finite-dimensional; (ii) £(V') is finite-dimensional; (iii) A(B(V)) is

an arithmetic root system.

Proof. It follows from [He05, Section 2.2] that (i) and (iii) are equivalent.
(1) = (ii). Assume that B(V) is finite-dimensional. Since £(V) C B(V), we
have that £(V) are finite-dimensional. (i) = (7). Assume that £(V) is finite-
dimensional. By Lemma 4.1, D C £(V). Obviously, D C P. Therefore D is
linearly independent and |D| < dim £(V') < oo, h, < 00 since 1 < ord(py,) < oo
for [u] € D. It follows from Theorem 2.7 that dimB(V) < co. ]

Proposition 4.5.  Assume that V s a Cartan type with generalized Cartan
matriz (aij)nxn and 1 < ord(py,) < oo for any [u] € D. If there does not exist
any m-infinity element in B(V'), then the following conditions are equivalent. (i)
£(V) is finite dimensional; (1) (a;j)nxn is a Cartan matriz; (i) dimB(V) < oco.

Proof. It follows from [He05, Th. 2.10.2], Theorem 4.4 and Lemma 4.1. n

Proposition 4.6.  If there exists [u] € D such that ord(p.,) = oo, then
dimB(V) = 0o and dim £(V) = co.

Proof. By Theorem 2.7, dimB(V) = co. By Lemma 4.3, dim £(V) =0co. =
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Proposition 4.7.  If there exist [u], [v] such that pl, puwpw # 1 for V0 <10 <
2k =2, VkeN, then [v][u]", [u][v][u]*, ..., [u]*[v] € £(V).

Proof. We first show
Pt Dty M T ) (1 )
= (1=l puvva)rl[fu_]i_l([ ]Z+1l@]t[ v]) (4.1)
for V1<t<k, VO0O<i<t—1. In fact,

et hand side of (4.1) = pl purly ™ (uf[ul, 1" (01 + ol (2l o), [u])

T (ol 0 (1 (0] (O O LK 10

Dl Pl Pl T ] + [0 0]

T R A )
= right hand side of (4.1).

Let B = (b,ns))(;~C i+1)x (k—i+1) be real matrices such that
[l " [0] ] o]~

Ty ([W]* l@]z Ho]) A [u] +H ] [u] " o
T[u]([u] 2[v]) = BO [u] 2 [v] [u]F~12 and b)| = 1 for
Tﬁﬂﬂﬂqﬂ) [u)*[]
0<e<t—1.
k
We know |BY| = T (1 — pk= t)ﬂpwpw)\B(i“)\ by (4.1). Consequently,
t=it1
etk 2(k—t)+i
1BOT =TT TI (1 = pus PuvDou), and |BO| =0 is equivalent to
=0 t=i+1
2%—2
[T (1 = pl.PuwpPun) = 0. This completes the proof n
i=0

According to the above Proposition, we obtain immediately,

Corollary 4.8.  If there exist [u],[v] € D such that py, =1 and pupw # 1,
then dimB(V) = oo, dim £(V) = oo .

Corollary 4.9. If [u],[v] € D, such that py,, = 1 and puwpw = 1, then
didy - - - di[v] € Fl[u][ v] for ¥ d; =l or gy, 1 <i<k.

Proof. We know

puvr[u}l[ ] [ ] + 7“8+1le]8 1[7]] — (1 —puvpvu)[u}r[u}lfﬁu]s 1[’0] (42)
for V 0 < s < k by Definition 2.4. Then lﬁb][v] = —pwru]lf’; ] = ... =

(—pou)Fr u][ v]. On the other hand, rp,lp[v] = lprp[v]. This proves the corollary.
]
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Proposition 4.10.  If there exists [u] € D such that pypw, = 1 for Yv € D
with [u] # [v], then A(B(V)) is not an arithmetic root system while B(V) is
connected Nichols algebra of diagonal type with dimV > 1.

Moreover, dimB(V) = oo, dim £(V) = co.

Proof.  There exists a basis 7 of A(®B(V)) such that degu € 7. Since B(V) is
connected Nichols algebra and n =| 7 |> 1, there exists 5 € 7\ {degu} such that
x(degu, B)x(B,degu) # 1. By the definition of A(B(V)) there exists [v] € D\{u}
with degv € {f, —f}. This yields a contradiction to py,py, = 1. [

Theorem 4.11. If B(V) is connected Nichols algebra of diagonal type with
dimV > 1 and there does not exist any m-infinity elements, then B(V) is finite-
dimensional if and only if £(V') is finite-dimensional.

Proof. It follows from Proposition 4.4, Proposition 4.6 , Corollary 4.8 and
Proposition 4.10. [ |

By [2Z04], (B(V),[].) is a braided m-Lie algebra and we have the braided

Jacobi identity as follows:
([, 0], w] = [u, [v, w]] + pyy[[u, w], 0] + (Puv = Puo)v - [u,w]. (4.3)

Lemma 4.12.  Ifu and v are homogeneous elements in (V') with pu,pe. # 1,
then wv,vu € £(V). Furthermore, if u,v € £(V), then [u,v]” € £(V).

Proof. [u,v] = vu—p,,uv and [v,u] = uv —p, ,vu, which implies that uv and
vu are a linear combination of [u,v] and [v,u]. ]

Proposition 4.13.  dim£(V) > 3 cp(hy — 1) + EL.

Proof. It follows from Lemma 4.3 and Lemma 4.1. ]

Recall the dual ®B(V*) of Nichols algebra ®B(V') of rank n in [He05, Section
1.3] and [HeO6b]. Let y; be a dual basis of ;. 6(y;) = g, @ui, gi-y; = py;'y; and
A(y;) = g7 '®@yi+y;®1. There exists a bilinear map (,) from (B(V*)#kG)xB(V)
to B(V) such that (y;, uv) = (y;, uyv + g; " uly;, v) and (yi, (y;,u)) = (y;y;,u) for
any u,v € B(V). Furthermore, for any u € ®2,B(V)(;), one has that v = 0 if
and only if (y;,u) =0 for any 1 <4 < n. Let ¢ denote x; in short, sometimes.

Lemma 4.14.  Let Blj] = [j] , 5] = GGG 6] = U] rili) =
[Tf_l[j],i] , k>1. Then we have
(i) (y;, LE[j]) = 0, (i, 7E[j]) = 0,V k > 1.

(11) The following conditions are equivalent:
k=1

(1) =0 () rflil=0. (3) (k) IT(Pipjipis —1) = 0.

t=0
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Proof. (i) It is clear that (y;,IF[j]) =0, and
(o, 7EL)) = (g it ] — P oy ¥ 0) = rE T ) — o pumn Vet ] = 0.

(ii) By means of induction, we obtain
—(k— _ 7 _ 1r .
(wi, IF 7)) = Pii( 1)pij1(1 — Pl 1pijpji>(1 + pi Pl DI,

then
k—1
N - _Z)li =
(i G = pi ™ " TT(L = plpigpia) (1 + pa + - phy)

=0
and so (1) is equivalent to (3) by (i). On the other hand,
k

(y;, ¥l =" 1:[1(1 — phipipi)lil",

=0
k-1
S = i t
(y; Y55 T ) = Dii Py Ho<1 - piipijpji)(]- + pii + - Py -
t=
One knows that (2) is equivalent to (3) by (i). This proves the lemma. n

5. Conditions for B(V) =F @ £(V).
In this section we give sufficient conditions for B(V) = F @& £(V).
Lemma 5.1.  ([WZZ, Lemma 3.1]) (i) If |u| = |v|, then u < v if and only if
ww < vw. (i) If w = vw is the Shirshov decomposition of Lyndon word u and [u]

is hard, then both [v] and [w] are hard, too.

Lemma 5.2.  If there exist x;,x;,1 # j such that p;jp;; = 1, then B(V) #

Fa (V).
Proof. It is clear [z;,z;] = [xj,2;] = 0 and x;z; = pjjz;x; # 0. Then z;x; or
zjx; € P and xx;, xm; ¢ £(V). n

Corollary 5.3.  If B(V) is connected Nichols algebra of rank > 3 of diagonal
type and A(B(V)) is arithmetic root systems, then B(V) # F @ £(V).

Proof. It is clear from [He05, Table A.1], [He05, Table A.2], [HeO6a, Table B]
and [He0O6a, Table CJ. |

¢ _ -1
Example 5.4. If o—Co , (€ Rs, then
D = {[z1], [za], [x1, 2], [71, [x1, 22]]}, dim B(V) = 2232 and B(V) = F ¢ £(V).

Proof. Assume that [u] is a hard super-letter or zero and u = vw is the
Shirshov decomposition of u when [u] # 0. We show [u] € D step by step
for the length |u| of w.

(a) |u| =2, then u = [1,2] by Lemma 4.14.
(b) |u| =3, then [u] =[1,[1, ]] and [[1,2],2] =0 by Lemma 4.14.
(¢) |u] = 4. then [1,[1,[1,2]] = 0 by Lemma 4.14.
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(d) |u| =5, then <y, [[1,[1,2]],[1,2]]>

= <y, [1,2)[1,[1,2] = p{ipapspe(l, [1,2]][1, 2] >
= P (1= prapa)2(1, [1,2]]
011 P (1 2]t (1= prapiepar) (1 + pin)[1, 2]
— P P12P3 P22P11 P (1 — prprapar) (1 + pin)[1, 2][1, 2]
—PhiP1ePoPaap i P 11, (1, 2] (1 — prapar)2
= P (1= puap2)[[1,[1,2]],2]
H(P1' P2 — Phpapspe)Dr Pin
x (1 = pupiap1) (1 + pin)[1, 2)?
= P1_21(1 — p12p21) {p1_21p2_21[[1> 2], [1,2]]
+(pa1p22 — P12 P )[1, 2%}
+(1 = pl1piappae)pii P (1 = prapiapar) (1 + pun)[1, 27
= pry (1 = prapa1) (p21pa2 — p1ipa1)[1, 2]
+(1 = P11 pTap p22)Prs
X(pit + Py — Py pr2par — przpar) (1, 2]
= pf22{p12p21(1 - p12p21)(p22 - pn)
+(1 = pi,plaps pa2)
X (i + Pt = piiprapar — prapa) 1, 27
= Py (p1_12(1 — pupizp2) (1 — plip1ap1) (1 + piipiapipas)
+pii (1 = pyprap1) (1 — Pllpfngﬂbz)) [1,2]?
= Py (1= phipaepoa ) {01 (1 = puprapa) (1 + piiprapaipas)
+p11 (1 = puupiapsipae) }1, 2
= p1_22(1 - p%1p12p21){p1_12(1 — puipi2Pa1 + pi1)
+p1apaip2a(1 — prpiapar — prapa1) 1, 2)°
= pis (1= piip1ap21) (1 + p11) (P11 — Pypiopar + piapsy)[1, 2)°
= piz (1= piprapan) (1 +pin) (C+ CC+ G127 = 0.
(e) |u] = 6. [u] does not exist. Then we show that
D = {[ua] = [1], [ua] = 2], [ua] = [1,2], [us] = [1, [1, 2]},
PurusPuzus = —C: PurusPugir = Cs PuruaPusin = —C PususPusua
= —(, PuzusPusua = — 1, PugusPugus = —C,
and
Puju; = -1,¢%,-1,¢, ord(Puu;) = 2,3,2,3, i =1,2,3,4.
Considering Lemma 4.12, we have
P\ {1} = {ul, Ug, U = Unly, Us, Ug, U] = Uglly, U s, U Us, Uy Us, Uiy, ULUT, U,
USU3, Uty UaUy = Us(Unlly ), Uptis = (Ugliy)Uy, UsUs = (UL ) Uy, Usly,
usui, (urug)us, urusus = (upud)us, (uits)uy, (ugud)uy, (uius)us,
ur (uzui), ua (uga), ua (ugug), (uous)ua, (ujus)us, (ugug)ui, (ujus)us,

(wruaug) s, ur (usuzud), ur (ujusus), uiusuzug = (uius)usuzud b .

Thus B(V)=F @ £(V). n
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Proposition 5.5.  Assume that *B(V') is connected Nichols algebra of diagonal
type and A(B(V)) is arithmetic root systems.If u,v,w € D with degu = degv +
degw ( specially, if w = vw s the Shirshov decomposition of w € D), then
PuwvPow 7 1 except for the following cases:

(1 Pww = Povs Pov 7+ £1;
(11 Puww = _p&}?pvv 7& :|:1)

(111 Pvv = _p?uwupww € RIS ;

(V Pov = _p;ﬁ;apww € RlO ;
(VI Puww = _p%vapvv S RIS ;

)

)

)

(iV) Pov = —Piws Puw € Ris;

)

)

(Vil) Puww = —Dyys Pov € Rus;
)

(VHI Puww = _p;v47pvv € RIO .

Proof. (i) deg(u) € A(x;deg(v), deg(w)) p.w PvwPwy plwuf By [He05, Prop.

2.7.1] and [He05, Lemma.2.7.2], it is clear pyppow # 1.

(ii) If exist some k € N such that deg(v) — kdeg(w) € N- AT(B(V)), let
k1 € N be the maximum integer such that deg(v) — kj deg(w) := ko deg(vy) €
N - AT(B(V)). We know deg(v;) — kdeg(w) ¢ N-A(B(V)) for Vk € N by
the maximality of k;. Then we obtain deg(u) € A(x;deg(vy),deg(w)) with

plv1v1 pvlwpwﬂlp.ww by [He05, Prop. 2.7.1] and [He05, Lemma 2.7.2]. In this
case, let a = deg(vy). If deg(v) — kdeg(w) ¢ N- AT(B(V)) for Vk € N and
there exists some k € N such that deg(v) — kdeg(w) € N - A7 (B(V)). Let
k1 € N be the maximum integer such that deg(v) — k; deg(w) := —ky deg(vy) €
N-A-(B(V)). We know —deg(vy) — kdeg(w) ¢ N-A(B(V)) for Vk € N
by the maximality of k;. Then we obtain deg(u) € A(y;—deg(vy),deg(w))

p.vm pvlwpwvlp.ww by [He05, Prop. 2.7.1] and [He05, Lemma 2.7.2]. In these
cases, deg(v) = —kydeg(v1) + ki deg(w), deg(u) = —ky deg(v1) + (k1 + 1) deg(w),
and 21 ky by [He05, Cor. 2.5.4]. In this case, let a = —deg(vy).

(111) Set deg( ) =€2,x = €71. Then pvawv p%u% (pvawv) - pggl (pl?p?l)kg'

T4( ). po = piapupn € Ria, pi1 = Py, P2 = —Di, PraPa = popT =
P53 — —po p221(p12p21)k2 = (_p3)2k1( po)k2 = (_1)k2 (p0)4k1+3k2 # 1 since 21 ky.

T4(2).  pupa € Rio, pu = p2 = —(p1ap21)?, 15" (Propa1)*? = (propor)®?
(= (P12021)%)*" = (prapar) ™+ # 1 since 21 k.

T5(1). pi2pa1 € Riz, pu = —(piop=1)?, po2 = —1, pas (prapa)™ =
(p12p21)*2 # 1 since 21 ks.

£5<2>- Po = p12p21p11 € Ria, p11 = pé; p22 = —1, prapa1 = popil = pag =
—p3. pagt(prapa1)2 = (—p3)*2 = (—1)*2(po)®*2 # 1 since 21 ky.
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T7(1).  pu € Ria, piapar = Pit, Pz = —1; pas' (papan)™ = (pi)** =
Pt # 1 since 21 k.

T7( ) Pi2p21 € Ria, p11 = (p12P21)737 P2 = —1. pié“(plzpm)’” =
(plgpgl)kZ’ # 1 since 21 ky;
T8(2)1- (p12p21)4 = —1, p = =1, piapa1 = —pu; p%é“(pupzl)’” =

(p12p21)*2 # 1 since 21 ks.
T8(2)>.  (prop2)' = =1, 2 = =1, pu = (prapr) %5 i’ (Propm)™ =
(prapa1)®? # 1 since 21 ks.
. T8(3). (P12p21)4 =—1, pllz (p12p21)2, pzz _ (p12p2'1)_1;
a3t (P12p21)™ = (P1opa1)*2 (prapar) 2" = (prapor) 72" # 1 since 21 ky.
o T10.  piop21 € Roy, p11 = Epl2p21>_6> P22 :_(plgpzl)_s; ‘
Pas' (P12p21)"* = (P12p21) " ((p12p21) =%t = (propar) 11 +"2 #£ 1 since 2 ky.
T11(2).  pu € Rao, praps = piy’s p22 = —15 p3’ (prapm)™® = (p17) =
3R 2L 1 since 21 ks
T12. pu € Rao, prapar=pii’, pao=—phy; pggﬂ (Prapar )2 =(—p2, )21 (p11) =32
= (p11)'%173%2 £ 1 since 21 k.
ok T13.  piepa1 € Rogs pii = (P12p21)°, P22 = (Propa1) ™
Py’ (P12p21)" = (p12p21)™ (Propan) 2% = (]912]921) “2htke £ ] since 21 ks.
” T15.  prapar € Rag, p11 = —(p1apa1) 2, pao = (prapa1) L
Pas' (P12021)%2 = (p12p21)*2 (p12p21) ™2 = (prapar) ¥ #£ 1 since 2 J( ks

T16(2).  piopa1r € Roo, Pt = (prapa1) ™, poo = —1; past(propan)™ =
(p1ap21)™ # 1 since 21 ky.
T17. Pi2p21 € Ros, p11 = —(p12p21)4, P22 = —1; p%’él(pupzl)’” =
(p12p21)*2 # 1 since 21 ks.
T18. pi12p21 € Razo, pu1 = —(p12p21)5, P22 = —1; pg’;l(pmpm)b =
(p12p21)*2 # 1 since 21 ks.
T19.  pu € Ru, piapar = piys P22 = —1; past(prapar)®® = (o) =
P2 # 1 since 21 k.
T20. p1epa1 € Rso, pi1 = (p1apa1) %, pae = —1; ngl(pmpzl)]” =
(prapa1)®? # 1 since 21 ks.
N T21 and T22. pu kE Ry or piy € Ru, puapn = piys P2 = —1;
Post(prapa1)®2 = (p)*2 = pi 2 # 1 since 21 ky.
T2. A*(®B ( )) = {e1,ea,e1 + €2}
T3. AT(B(V)) ={e1,ea,e1 + €2,2e1 + e3}.
o Eg pu1 € Ris, prapa1 = pit, 22 = —p3y, s’ (p1opon)™ = (pid)*2 (i)™

11
A*(‘B( )) = {e1,ea,e1 + €9,2e1 + e9,e1 + 2e9,3e; + 2e5} by [An, Ex. 2.5]. If

deg(v) = e1 + ey, it is clear deg(u) = e; + 2eq, (p11)%1 722 = (py1)* # 1,

T8(1)- P12P21 pf137 P22 = P:{’p P11 € U yRo. p§’§1 (p12p21)k2 =
(pr)e2 (p3y) 2 = Pl %20 AT(B(V)) = {e1, €2, €1+ €2, 21 +€9, 31 +e€2, 361 +2e2} .
If deg(v) = 3e; +ea, then it is clear deg(u) = 3e;, +2e5 and piF1 3% = (p; )3 £ 1.

T9.  piapar € Ry, p11 = (p12P21)_ , P2 = —1;

AT(B(V)) = {e1,e2,e1 + €3,2e1 + e9,4e1 + 3ea, 361 + 2e5} by [An, Ex. 2.5],

T11(1).  pu € Rs, piapar = piys P22 = —1; JUSIQH(]?lz}?zl)k2 = (pi)k =
p;13k2 A—’_(%(V)) = {61, €9, 361 + €9, 261 -+ €9, 561 + 362, 461 +362, 361 —|—262, €1 +€2}
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by [An, Ex. 2.7]. If deg(v) = 3e; + ey, it is clear deg(u) = 3e; + 2ey, then
(p11) ™2 = (pu) ™ # 1.
T14. pi1 € Ris, piopo = piys pas = —1;
AJF(%(V)) = {61, €9, €1 + €9, 261 + 62,461 + €9, 361 + 62} by [An, Ex. 25}
T16(1)- P11 € Rig, prapar = p1_14, pa2 = —1; pggl(plzpzl)kQ = (Pn)
(pr1) 2. AT (B(V)) = {ey, €2, 3e1+ea, 261+, 5eg +2e0, 46y +en, 3e1+2e9, €1+
by [An, Ex. 2.7]. If deg(v) = 3e; + eg, it is clear deg(u) = 3e; + 2eq, (p11) 2 =
(p11)~ 2 # 1.

(iv) Set deg(w) = e1,a¢ = ey. In these cases, deg(v) = kie; + ke and

2 1 ko by [He05, Cor. 2.5.4]. It is clear that |u| > 3 and |v] > 2. Then

PowPuv = P2 (DowPun ) = Pyt (Prapa1)™2.

Arguments for T4 - T16 are similar to those above except for the following
additional cases:

T3(1)1. prapa = Pif, P22 = Poy, Pu1 # £1, if deg(v) = e, + eq, it is clear
deg(u) = 2e1 + ez, then pf,(prapar)' = 1.

T3(1)s.  propor = Pii, paz = —1, puy # £1, if deg(v) = €1 + ey, it is clear
deg(u) = 2e; + eo, then p?2,(prapor)t = 1.

T6. pu € Rig, piopa1 = Dii, P22 = —p3y, If deg(v) = e1 + ey, it is clear
deg(u) = 2e;, + eg, then (py1)?*17%2 = (p;)° = 1.

T14. pu € Rig, prapa = piis pa2 = —1; If deg(v) = 2e; + ey, it is clear
deg(u) = 3e; + eq, then (py1)?M17%2 = (py,)° = 1.

T16(1). pu1 € Rio, piapa1 = pf14, pa2 = —1; If deg(v) = 2e; + ey, it is
clear deg(u) = 3e; + eq, then (pyp)*1 %2 = (py)? = 1.

—dky _

Similarly, we have (v)—(viii). n

Remark 5.6. (
[[u], [v] = O, [[v],
[[u], [v]] = 0.

(ii) If [[u], [v]] = 0, then [[v], [u]] = (1 = puvpou)[u]fv].

i) If [u][v] # 0, then the following conditions are equivalent: (1)

Remark 5.7. There is a braided m-Lie algebra which is not a Nichols braided
Lie algebra or Nichols braided m-Lie algebra. In fact, let L = L+ Li be a super-
Lie algebra with Ly = sl(2), L7 = 0. It is clear that L is a finite dimensional
m-braided Lie algebra of diagonal type in %;;VD. Because L is not nilpotent and
every finite dimensional £(V') is nilpotent, L is not a Nichols braided Lie algebra
or Nichols braided m-Lie algebra.

6. Cartan type

In this section we give the sufficient conditions for Nichols braided Lie algebra
£(V) to be a homomorphic image of a braided Lie algebra generated by V' with
defining relations. Basic field F' is the complex field C.

Let ®* denote the positive root system of simple Lie algebras. FE, =
n—1,n—1,n—1,n—1,5,6,7,3,11in A,, B,,C,, D, Egs, E7, Es, Fy, G5, respectively,
ie. E, =rank® — 1. In fact, &t = AT(B(V)) by [He06b]. Let €1, €z, ,€, be a
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normal orthogonal basis of R"; I =: " | Ze; and I' = I +Z(e; +ea+- -+ €,) /2.
Let A ={ey, - ,e,} be a prime root system.

Lemma 6.1.  Let Q be the class of connected components of V. then B(V) =
DseaB(V)) and £(V) = ®jeal(V)).

Lemma 6.2.  Assume that V is a braided vector space of diagonal type with
braided matriz (¢;j)nxn and basis xy,xa,--- ,x,. Then ord(g;) is finite for any
1 <i,5 <n if and only if there exists a finite abelian group G such that V' becomes
a kG-YD module.

Proof. The necessity is clear. The sufficiency. Let N be the least common
multiple of {ordg; | 1 <i,7 <n} and G = (g1) %X (g2) X - - X (g,) with ord(g;) = N

! / kK. . .
for 1 <i<mn. Let x(g% - ~g,’j",gf1 cghn) = [licij<n @ *- 1t is clear that x is
a bicharacter on GG x GG. Therefore V becomes a EG- YD module. n

Lemma 6.3. Assume that V' is a braided vector space of diagonal type with
braided matriz (Gij)nxn- If AimB(V) < oo, then there exists a braided matriz
(@ij)nxn, which is twisted equivalent to (qij)nxn, such that ord(q;;) < oo for any
1<i,j<n.

Proof.  We show this by two steps.

(1) ord(gijqi) < oo for any 1 < i,j < n. In fact, it is clear ord(¢}) < oo
for any 1 < ¢ < n. If there exist ¢ and j with ¢ < j such that ord(g;;g;;) = oo.
Obviously, [u] := [z;, z;] € D. Consequently, ord(p,,,) = co and dim*B(V) = oo,
which is a contradiction. (ii) Set ql’-j = \/%ij%ji forany 1 <1i,5 <n. ]

Lemma 6.4.  Assume that (V,(¢ij)nxn) is of connected Cartan type with Cartan
matric (a;j)nxn . Then

+1

(i) For An, Dy, Es, E1, E6: Pao =, ParPra =07, Paspsa =gt or 1

for any o, B,y € AT(B(V)) with o # 5.

(ii) For B,:
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Amwm>={i%§f%ﬁpwnﬁﬁ}
=n 1=n—1 1=n—2 =1
1 n 2 n 3 n
U {Zez +Z2ei,Zei +ZQ€¢,Z€¢ + 2261,
i=1 =2 i=1 =3 =1 =4
n—1 n 2 n 3 n
,Zei+22€i,26i+226i,261+226i,
1=1 i=n =2 =3 i1=2 i=4

n—1 n n—1 n
'“E%+Z%ww2@+2%}
1=2 i=n ; i

i=n—1 =n
1 3 n—1 2 3
U E €; E €i, E €iy oy € E €i, E €;
=1 =1 =1 =1 =2 =2
n—1 n—2 n—1 n—1
g € g €; E €, E e =QUSUT
1=2 1=n—2 i=n—2 i=n—1

Paa =q for Ya € Q and poo = ¢* for Ya €S or T.
(iii) For C,,:

n—1 n—1 n—1
AT(B(V)) = {ZQ@—FBMZQ@—F@”,“-, Z 26i+€n,€n}
i—1 i—2

1=n—1

1 n—1 2 n—1
U {Ze + 2eiten,y et 2ei+en,
3 = n—1 = :Lill = 2 n—1
doeitd 2eiten > eiten Y ety 2e+e,
=1 1=4 =1 =2 =3

1=2 1=4 =2 1=n—1
1 2 3 n—1 2 3
U E €; E €i, E €, ; €i, E € E €;
=1 =1 =1 =1 =2 =2
n—1 n—2 n—1 n—1
€; E €; E €, E €; = Q usuT
=2 i=n—2 =n—2 1=n—1

Paa = q° for Ya € Q and poo =q for Ya €S or T.
(i) For Fy: )
q q72q q72q qilq
o——O — 00— 0

1 2 8
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AT(B(V)) = ey +2e3+2ey4,e1 + ey + 2e3 + 2e4, €1 + 2e5 + 2e3 + 2e4,
e1,61 + €9, 9,261 + 369 + des + 2e4, €1 + 3eg + deg + 2ey,
e1 + 2eg + deg + 2e4, €1 + 2e5 + 2e3, €1 + e + 2e3, €9 + 2e3}
U {e1 + 2ey + 3e3 + eq, 62 + 2e3 + €4, €1 + €9 + 2e3 + ey,
e1+ 2e9 + 2e3 + e4,e3+ e4,69 + €3+ 4,61 + €3 + €3 + €4, €4,
e1 + 2es + 3e3 + 2e4,e1 + €3 + €3,69 +€3,e3F == QUS,

Paa = q° for Ya € Q and poo =q for Ya €S,

(v) For Gy :
3
q q_3q
o ———o
1 2

A—’_(%(V)) = {61, €1 + 62,261 + 62} U {361 + 62,361 + 262,62} = Q U S Poa = 4
for Yo € Q and pao = ¢ for Ya € S.

Proof. (i) By [Hu72, Section 12.1], the root system
ATB(V))={pell|(p0) =2}
Let o =kiey + -+ - + kpen,y = kjes + -+ + kle, € AT(B(V)).

(a,7) = Z 2k;ki + Z aijkik (6.1)
i=1

i#£j
and

Doty 2kiki 30, aijkik (0477)' (62)

PayPvy,a = 4 7 =4q

Consequently, p,o = ¢ by (6.2). By [Hu72, Section 9.4, Table 1], (a,5) =1 or
—1 or 0.
(ii) - (v) are clear. ]

Recall that (T'(V'),[]) is a braided Lie algebra. The braided Lie algebra
(FL(V),[]) generated by V in (T'(V),[]) is called the free braided Lie algebra
of V. If f1, fa,-++ , fr € FL(V) and I is an ideal I generated by fi, fo, -+, f- in
(FL(V),[]), then (FL(V)/I,[]) is called the braided Lie algebra generated by
x1,T9, -+ , T, with the defining relations fi, fo, -+, f.

Lemma 6.5.  Assume that (V,(qij)nxn) is a connected braided vector space of
finite Cartan type with Cartan matriz (aij)nxn- If ord(g;) is prime to 3 when
405 € {45, 435}, then ord(pao) = N for root vector xo with o € AT(B(V)) and
N = ord(q11), where root vectors were defined in [Lu90].

Proof. By [AS00, Th.1.1(i)], ord(g;) = N for 1 < i < n. ord(ps.) = N for
any root o by Lemma 6.4 and z¢, € £(V) for 1 <i < N by Lemma 4.3. ]

Let ad.xy = [z,y]. = 2y — pyyyx.
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Theorem 6.6.  If V is a finite Cartan type with Cartan matriz (a;j)nx, and the
following conditions satisfied for any 1 <i,j <n: (1) ord(qs;) is odd; (i) ord(q;)
is prime to 3 when q;;q;; € {q5,q4};}; (i) ord(qy;) < co. then Nichols braided
Lie algebra £(V') is a homomorphic image of the braided Lie algebra generated
by x1,%a,- - ,x, with defining relations: (iv) adcxg_a”xj, i # 4. (v) 2N for any
a € AT(B(V)), where N is order of qi1.

Proof. By [AS02, Section 4.1], z, € FL(V). It follows from Lemma 6.5 and
Lemma 4.3 that ) € FL(V). Let I and J denote ideals generated by elements
of (iv) and (v) in T'(V) as algebras and in FL(V') as braided Lie algebras with
bracket [ ]. Consequently, using [AS10, Theorem 5.1], we have that the map from
FL(V)/J to £(V) by sending « + J to x + I is a epimorphism. n

Theorem 6.7. [If dimB(V) < oo and the following conditions satisfied for any
1<i,j<n: (i) ord(qy) is odd; (ii) ord(qs) is prime to 3 when qi;q; € {45, 4};};
(iii) ord(g;;) > 3; (iv) ord(g;j) < oo. Then V is a finite Cartan type with Cartan
matriz (ai;)nxn and Nichols braided Lie algebra £(V') is a homomorphic image of
the braided Lie algebra generated by xi,xo,--- ,x, with the defining relation, (v)
adcxl_a“xj, i#j; (vi) 2 for any o € AT(B(V)), where N is order of qy; .

%

Proof. By the proof of [AS10, Theorem 5.3], V' is a finite Cartan type. Using
Theorem 6.6 we complete the proof. [ |

Lemma 6.8.  Under the conditions of Theorem 6.7 or Theorem 6.6, for any
a € AT(B(V)), there exists a unique hard super-letter [u] such that deg(u) = «.

Proof. Considering the dimensional formulas of B(V') in Theorem 2.7 and
[AS00, Th. 1.1(i)], we complete the proof. ]

Lemma 6.9.  Assume that (V, (gij)nxn) is of a connected Cartan type.If o, 5,y €

AT(B(V)) with a+ B =y, then pagpsa =1 if and only if (o, B) or (B,a) € X

and X s defined in the following cases:

(i) For Fy, X :={(ei,¢j) | i #j} U

{Gla+(=DRe+ (—1)Pea+ (—1Mer), jle + (—1) 26 + (—1)%es + (—1)¥ey)) |
1

(
(i) For B,, X :={(e,¢;) |1 <i#j<n}.
(ili) For C,, X ={(e —€j,ei+¢€;) |1 <i<j<n}.

Proof. By Proposition 5.5, it is clear that p, sps.. = 1 if and only if

Dy =@y Paa = Dpg = G (6.3)

OF  Pyy =G, Pae = Pos = 050" = 1. (6.4)

By Lemma 6.5, pa,o = q and p, gpse 7# 1 for A,, D, Es, E7, Es. We can complete
the proof by simple computation. [ |
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Proposition 6.10.  Assume [u] € D. (i) If ppwpws # 1 for any two de-
scendants v and w of w, then [u]™ € £(V); (ii) If connected (V,(qij)nxn) s
of A, Dy, Egs, E7, Eg, Gy, then [u]” € £(V).

Proof. (i) By induction and Lemma 4.12, we obtain (i). (ii) follows from (i)
and Lemma 6.9. u

Theorem 6.11.  Under the conditions of Theorem 6.7 or Theorem 6.6, assume
that connected (V,(qij)nxn) 5 of An, Dy, Es, E7, Es, G2, and q = q; with N :=
ord(qu) .

(i) If u,v € D, then ppuuwPun # 1 for 1 <i <2([F] —1) — 2.

() dim (V) > (N — 1)1 4 ([&] — )220

Proof. (i) By Lemma 6.5 (i), P, PuwoPuvu = PouPruPuvPou = ¢ 2 dee(w)de(v)) o£
1for 1 <4 < 2(F]—1)—2. (ii) Let D := {wg,up,---,u,} with u, <
Up—y < --- < u;. By Lemma 6.8, r =| & | . It follows from Lemma 4.7 that
u'uv € £(V) for any u,v € D and 1 < i < [§] — 1. Consequently, B := {u], u},

ol Uiy U, U U g, e U U U U U, U U, <+ U U,y e Ul U Uy}

. . . . + +|—
C PN £(V), which implies dim £(V) > (N — 1)1**] 4 ([¥] — )22027=0 -
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