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Abstract. By considering the Heisenberg Lie algebra ho,_1 as the nilradical
of a parabolic subalgebra p of A, , we give a full description of its adjoint
homology as a module over a Levi factor of p.
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Introduction

If p is a parabolic subalgebra of a complex semisimple Lie algebra g and n is its
nilradical, then p is the semidirect product g; x n, where g; is a Levi factor of
p. In 1961, Kostant [6] computed the g;-structure of the (co)homology of these
nilradicals with coefficients in a representation of n which is the restriction of a
representation of g. The adjoint (co)homology of these nilradicals is not covered
by Kostant’s result since the adjoint representation of n is not the restriction
of any representation of g, unless n is abelian. The description of the g;-module
structure of H(n,n) remains open. About this problem, we can mention the works
of Cagliero - Tirao (2], and Alvarez - Tirao [1], where they computed the adjoint
homology of some nilradicals of parabolic subalgebras of simple Lie algebras of
type B and A respectively.

The Heisenberg Lie algebras appear as nilradicals of parabolic subalgebras
of every classical family of simple Lie algebras. The trivial cohomology of these
algebras was computed in the work of Santharoubane [7] and it is also contained
in the classical work of Kostant [6]. The adjoint cohomology can be found in
the works of Magnin [4] and Cagliero - Tirao [3]. In this work we consider the
Heisenberg Lie algebras ho,_1 as nilradicals of parabolic subalgebras p = g1 X ha,_1
of simple Lie algebras of type A, to give a full description of their adjoint homology
H(H2,-1,b2,-1) as a module over the Levi factor g; of p.

*This work was supported by FONDECYT Project No. 11121314
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1. Preliminaries
Parabolic subalgebras and nilradicals

Let g be a complex semisimple Lie algebra of finite dimension, f a Cartan
subalgebra and A = A(g,h) the set of roots. A Borel subalgebra of g is a
subalgebra b = b & t, where t = @ g. for some positive system AT C A.

acAt
A subalgebra p of g containing a Borel subalgebra is called a parabolic subalgebra

of g. Let II be the simple system determining A" and t. Since p D b and roots
spaces are 1-dimensional, p is of the form

p:b@@gau (1)

acl’
for a subset I" of A containing A™.
If for II, C II one defines
=A"U{a e A:aespan(lI\Il)}, (2)

then the parabolic subalgebras p containing b are parameterized by the set of
subsets of simple roots; the one corresponding to Il is of the form (1) with I" as
in (2).

The parabolic subalgebra p decomposes as the semidirect product p =
g1 X n, of its Levi factor which is reductive and its nilradical, where

=) g.®h® D> go and n= > g

acAT aeAt acA(n)

with A(n) = {a € AT : o & span(II\Iy)} and AT = AT\A(n).

Homology of nilradicals

Given a semisimple Lie algebra g, a parabolic subalgebra p = g; xn and an
irreducible representation V) of g of highest weight A, the g;-module structure of
the cohomology of n with coefficients in V*, H*(n, V?), where V* is an n-module
by restriction, is a well known result from Kostant [6]. However, if n is not abelian,
the adjoint representation of n is not the restriction of a representation of g (see
Proposition 3.3 in [2]). Since adjoint homology and coadjoint cohomology, and
vice versa, are related via Ho(n,n) ~ H*(n,n*)* the description of the adjoint
(co)homology of nilradicals remains an open problem.

Let n be a Lie algebra of dimension d. The trivial homology of n, H,(n) =
@H , is the homology of the complex (A®*n,dp), where % : APn — AP"'n is
deﬁned by

B A Av)= D (=) o 0] Aot ALLATA AT AL Ay,
1<i<j<p
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d
The adjoint homology of n, He(n,n) = @ H,(n,n) is the homology of the complex
p=0

(A*n®@n,d), where 92 : A’n@n — AP 'n®@n is defined by 0” = 9 ® 1+ 97 and

p
af(vl/\.../\vp@)m):Z(—l)iJ“lle.../\@/\.../\vp@[U,-,m].
i=1

If n=V &} is a 2-step nilpotent Lie algebra and 3 is the center of n, then
the short exact sequence of trivial n-modules (V ~n/3)

0—=3—>n—-V-—=>0

induces the long exact sequence

Op P
S Ho (M @V S H () @5 — Hy(nn) — H) @V -5 H_(n)®3 — -
(3)

Also we have:

Lemma 1.1.  Let 6, : Hy(n)®@V — H, 1(n) ®}3 be the connecting morphism in
the above long exact sequence and let v € AP(n) ® V' such that [v] € Hy(n) @ V.

Then
dp([v]) = [97 (v)].

Proof. Standard. ]
Therefore one can see that, as n-modules:

H,(n,n) >~ ker d,, & coker 0. (4)

This paper is organized as follows: in Section 2 we obtain the highest weight
vectors for the trivial homology of n, and in Section 3 we construct highest weight
vectors of particular tensor products. By using the previous results and equation
(4), we obtain the adjoint homology of n by computing ker § and coker § in Section
4.

2. The family bs,,_; and its trivial homology

Let g =sl(n+ 1,C) and let h be the subalgebra of all diagonal matrices in g.
Define the matrix E;; to be 1 in the (i, j)-th place and 0 elsewhere, and
define e; in the dual space h* by

ha

hn+1
For each H € h and E;; with ¢ # j we have
(ad H)E;; = [H, Eyj] = (ei(H) — ¢;(H)) Ei ;.
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This means that £;; is a simultaneous eigenvector for all ad H, with eigenvalue
e;(H)—e;(H). It turns out that the eigenvalue, namely e;—e;, is a linear functional
on . The (e; —e;)’s, for i # j, are the roots for g.

Let A' and II be as usual, that is

At ={e;—e;:1<i<j<n+1} and IT={a;:1<i<n},
where o; = €; — €;11.

Let us consider the nilradical n corresponding to the choice of Il =
{a1,a,}. Then we have,

An) ={e; —enpfU{er —¢;:2<j <npU{e; —enr1:2<j < n},
AT ={e;—e;:2<i<j<n}.

If we denote 2 = Ey 41, ; = By j41 and y; = Ejq1 g for j=1,...,n—1, then
{z,21, s, Tp_1,Y1, .-, Yn—1 is a basis of n, and the only nonzero brackets of basis
elements are [z;,y;] = z, for i = 1,...,n — 1. Therefore n is the Heisenberg Lie
algebra of dimension 2n — 1, denoted by ho,_1.

Let us call X = ({z1,....,2n-1}), Y = {y1,...,yn—1}) and 3 = (2). Notice
that 3 is the center of n.

The parabolic p = g; X n corresponding to Il inside g is:

g1 T1| X2 e Tn—-1 <

Y1

Y2

g1

Yn—1

g1

One can see that the semisimple part of gy is g5° = [g1,91] ~ sl(n—1). Let
us fix the set {Hy, Ho} as a basis for the center of g;, where

}flzzﬁhJ,_’E%+lm+1>

Hy, = Z Eii—(n—1E 15+
i—2

Consider {es,...,e,_1} as a basis of the dual of the Cartan subalgebra of
sl(n—1), ie., ({ez,...,en})/{e2a+---+e€, =0}). Given a vector v of weight A,
we associate to it the 3-tuple:

(A(}Ji),A(}]j),(Al,AQ,...,An—2)). (5)
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where the pair (A(Hy), \(H2)) is the action of the center of g; on v, and A\jes +
Agez + -+ Aypgp = A |5[(n71) .

The subspaces 3, X and Y of n are g;-irreducible, with z, x, 1 and
respectively as highest weight vectors. Then we have:

z~(2,n—1,(0,...,0));

Tpo1 >~ (1,—1,(1,...,1));

The trivial homology of by,

Let {wi,...,wn_a} be the fundamental weights of sl(n—1). It is convenient
to represent the irreducible representations of sl(n — 1) using Young diagrams.
Such a diagram is an arrangement of boxes representing a highest weight. For
instance, for 0 < k < n — 2, we will denote by D; the one column diagram with
k boxes. For k = 0, Dy is the trivial representation, and for 1 < k < n — 2
Dy, is the representation of highest weight wjy. Diagrams Dy; and Dy;,, are
defined analogously, i.e., Dy ; is the representation of highest weight wy 4+ w; with
1 <1<k<n-—2and Dy, is the representation of highest weight wy, + w; +wy,
with 1 <m<I<k<n-2.

For example,

Dy, = D] ~(2,...,2,1,...,1,0,...,0).

! k—1 n—2—k
k.l

An irreducible g;-module W), will be identified by a triple (A(H;), A(Hz), D)
(as in (5)), where D is the Young diagram determining the action of the simple
part of g;.

We have for instance,

3~(12,n—1,Dg), X=~(1,-1,D,2), Y ~(1,n,Dy).

We define the following vectors in A®hs,,_1, that will help us to characterize
the trivial homology of hs,_1:

1. U(]:l,
2. Ug =T A NTpo/N...NZp_g,for 1 <a<n-—1,
3. 1}0:1,

4. vy =11 ANya AN ... Ny, for 1 <b<n-—1,
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and set u, A1 =wu, and v, A1 =1,.

Next we state two known results. The first one can be obtained from
Kostant’s Theorem [6], and the second one is due to Santharoubane [7].

Theorem 2.1.  The highest weight vectors for the trivial homology H,(Han—1)
are:

e For0<p<n-—1and 0<a<p:
To =Ug ANUp—q = (p,n(p—a)—a,Dy_q_1pa)-
o forn<p<2n—1and 0<a<p—1:
to=2NUNVpgo1 =~ (p+lnlp—a)—a—1,Dp o 1p-a-1)-

Theorem 2.2 (Santharoubane).  For every 0 < p <n —1 we have,

and the rest of the terms are obtained according to Poincaré’s duality.

We will denote the irreducible submodules of the p-th homology group of
B2,—1 with highest weight vectors r, and ¢, by Hj* and H;“ respectively. Then:

e For 0<p<n-—-1:
h2n1 ZHT&

e Forn<p<2n-—1:

Hp(H2n-1) ZHt“

3. Highest weight vectors for tensor products

In this section we show how to construct highest weight vectors for all the irre-
ducible summands of the tensor product of an arbitrary irreducible representation
of sl(n — 1) and the last fundamental representation of sl(n —1).

Let us begin by recalling the Littlewood-Richardson rule in terms of Young
diagrams (see for instance [8], Appendix A).

Littlewood-Richardson rule. Let V, be an irreducible representation of sl(n—1)
represented by the Young diagram D and let V,,_5 be the last fundamental repre-
sentation of sl(n — 1) represented by the Young diagram D,,_5 (one column with
n — 2 boxes).

The tensor product Vp ® V,,_o decomposes as the direct sum of the irre-
ducible representations represented by the Young diagram obtained from D by
adding one box in each row, plus all Young diagrams that can be constructed from
D by removing one box.
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Example 3.1. For n = 6, the Littlewood-Richardson rule gives the following
for this particular tensor product of representations of sl(6 — 1).

l l [ ] l
®E D S D

The representation V,,_,. Let v,_; be a highest weight vector of V,,_s and let,
fori =n—1,...,2, v, bedefined by v;_y = —FE; ;_1-v;. Then {v,_1,Vp—2,...,11}
is a basis of weight vectors of V,,_o; v,_1 is of weight (1,...,1) and, for 1 <i <
n—2, v; is of weight (0,..., —1,...,0).

~

1

N o _Vj—H le:j,
Recall that E; ;1 -v; = { 0 i

In what follows we construct a highest weight vector for each of the irre-
ducible components of Vp ® V,,_5. We state a Definition and a Theorem that can
be found in [1].

Definition 3.2. Let [[n — 1]] be the set of integers from 1 to n — 1. Given
a nonempty set J = {ji1,...,Jk} C [[n — 1]], such that j; < ... < ji, let U; €
U(sl(n — 1)7) be defined by

U, — 1, k=1,
"7 B B B, i,Ej i, k> 1.

JksJk—1"Jk—1:Jk—2 * 73,72

Theorem 3.3 ([1]).  We denote by v a highest weight vector of Vp of weight
(A, gy Aa). Let S = {n—1}U{s : Ay > Ay1,1 < s < n—2} and
set Apo1 = 0. For s € S define Ay = {J C [[n—1]] : min(J) = s}. For
s<i<n—1lleto,=A—X\—(s—i)—1 andaJ:Hai. Then

ieJ

1
w = E _UJ(U) ® Vmax(J)
agJ
JEA(S)

is a highest weight vector for an irreducible submodule (Vp @ V,,_5)(s) of weight

(/\17/\27-"7>\s_17”-’)\71—2)7 z'fs<n—1,
M+LA+1,... 0 24+1), ifs=n—1

Moreover, Vp @ V,,_o = @(VD ® Vi2)(s).

seS
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4. The adjoint homology of bs,,_1

A necessary condition for d,.1(Wy) = W, is that W and W, have the same action
of the center of g; and the same Young diagrams.

The following table describes the action of the center of g; on the tensor
products that are needed to compute the adjoint homology of n.

w, H' ® X QY H™ ®3
e |G+ Lnp-a)—a-1)| (prLap+l-a-a |(p+Lap-a a1
to | (p+2nlp—a)—a—2) | (p+2n(p+l—a)—a—1) | (p+2np—a)—a—2)

Table 1: The action of the center of g,

Lemma 4.1.  The decomposition of Hy(han—1) @ X is as follows:
1. For0<p<n—1and 0<a <p:
He@X=H'9X)(n-1)oH'oX)(p—a) ®H*®X)(n—a-1),

where the second summand on the right only exists for a < p — 1, and the
third summand only exists for p <n—2 and a > 1.

2. Form<p<2n—1and 0<a<n-—1:
ta _ (Ita ta ta
HroX=(HX)(n-1)0(H,X)n—a-1)®(H,;X)(p-—a-1),

where the second summand on the right only exists for 1 < a <n—2, and
the third summand only exists for p >n+ 1.

Proof. 1. By Theorem 2.1, r, has weight A = (2,...,2,1,...,1,0,...,0).
——— ——— ———

Then by Theorem 3.3 the possible s for r, are
o n—1;
e p—a,if p—a>1;and
en—a—1l,ifp—a<n—a—-1<n-—2.
Therefore we obtain
HroX=H X)) (n-1)® (H R X)(p—a)®(H*®X)(n—a-1),

with the above restrictions.
2. Follows analogously to item 1. [ |

Let us introduce a Lemma that will be used in what follows:

Lemma 4.2.  Let s be according to Theorem 3.53. Then

1
Z O‘_J<O
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Proof. From Theorem 3.3, s =n — 1 or s is such that Ay > Agy1.

1
oIf s=n—1,then J={n—1}and » —=-1<0.
o
JEA(S)
o If s#n—1, for every J € A, and each i € J, ¢ > s we have

and if 7 = s,
Os=Xs—As—(s—s)—1=—1.

O'J:HO'Z‘:—HO'Z'<0,

eJ i€J
i>s

Therefore

1
and then Z — < 0. ]

g
JEA(S) J

Proposition 4.3.  Let 6,41 : Hp1(hon—1)®V — Hp(han—1)®3 be the connecting
morphism in the long exact sequence (3). Then cokerd,iy is as follows:

1. For0<p<n-—2,
coker dp41 =0

2. Forp=n—1,.
coker 6py1 = Hy1(h2n1) ® 3.

3. Forn <p<2n—2,
coker d,1 = 0.

4. Forp=2n—1,
coker 6p11 = Hap_1(hon-1) ® 3.

Proof. We will prove the following:
1. For 0<p<n-2and 0<a<p,

Opi1(Hyty @ X)(p+1—a)) = Hy @3

P
2. Forevery 0 <a<n-—1, H*, ®}3 has no preimage by d,.
3. Forn<p<2n—2and 0<a<n-—1,

Spr1(Hyy ® X)(p—a)) = Hye @3.

4. For every 0 <a <2n—2, Hy | ®3 has no preimage by 6, .

Since 3 is the trivial representation, we can obtain the decomposition of
H,(h2p—1) ® 3 from Theorem 2.1:
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For0<p<n-—2:

p
Hp(an—l) X3 = Z H;a ® 3.

a=0

e For p=n—1:

n—1

Hn—l(hQn—l) ®3= ZH:Lll_l ® 3.

a=0

For n <p < 2n—2:

n—1

Hp(hQn—l) X3 = ZH;“ X 3.

a=0

e For p=2n—1:

n—1

Hyy1(han-1) ®3 = ZH52_1 3.

a=0

1. By Theorems 2.1 and 3.3, a highest weight vector of (H}%,®X)(p+1—a)

is
1
w, = Z —UJ(xn,l/\.../\:cn,a/\yl/\.../\ypﬂ,a)®xmax(J)
aJ
JEAp+1-a)
Let &k = ’J| and UJ = Ejk,jk71Ejk717jk72 Ce Ej37j2 Ejg,erlfa- Recall that e =

Uq N\ Upy1—q and define:

Ui = EjiJrl»]'iEjiJi—l s Ej37j2Ej27p+1—a7 Uzc = Ejkvjk—lEjk—lyjk—Q s Eji+27ji+1'
Then we have
k—2
Us(ra) = Us(ua) A Upt1—a + Ug N UJ(Uanlfa) + Z Ui (uq) A Ui(vpﬂfa)

=1

k—2

+ Z Ui(ua) AU (Vpt1-a)-
=1

Since jiy1 >p+1—a for i > 1 then Uf(vp41-0) =0 and

k—2

Us(ra) = Us(ta) Apsi—a + 1 AUs(Ups1-a) + 3 Uf(tta) A Ui(0p41-a)-

i=1

Therefore we have,

Us(re) =(=1) Zn1 Ao AT A -+ - A Ty A Tpyi—a A Upyi—a
R AN WARRRWA Yp—a A Ymax(J)
+ Z (=) Tyt Ao A T (D) A - - A T A Tj A

1<i<k—2
Ji4z22n—a

/\yl/\.../\yp,a/\yjm,
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where (—1)* and (—1)** are the changes of signs due to the action of U; and
the reordering of the vector.

Since "N (Uj(ry) ® Tmax(s)) is nonzero if and only if ymax(sy is a factor of
a term of Uj;(r,), we obtain

1
P (wy) = Z 0—(—1)pmn_1/\.../\xn_a/\y1/\.../\yp_a®
JeApiia) 7

® [ymax(J)7 Imax(])]

1
- Z — | (=D)P (ug A vy ® 2).
oy

JEApt1-a)

1
By Lemma 4.2 we have that Z - < 0, then by Theorem 3.3, 9" (w,) is
JEA(pt1-a)

a highest weight vector of H}* @3 for 0 < a < p. Therefore 6,,1((H,5, ® X)(p+
l—a))= H"®j.

2. Let p=n. Then, by Table 1, the action of the center of g; on H,*, ®3
is (n+ 1,n(n —a) —a — 1) while the actions on H'* ® X and Hl ® Y are
(n+2,n(n+1—a)—a—1) and (n+2,n(n —a) —a — 2) respectively. Therefore
H*, ® 3 € cokerd, forevery 0 <a<n-—1.

‘ 3. By Theorems 2.1 and 3.3, a highest weight vector of (Hy%; ® X)(p — a)
is
1
Wy = Z —Us(2 A g AN Vp_q) ® Trax()
0J
JEA(p—a)

Therefore we have,

1
af—i_l(wQ) = Z O__(_]->pz ANug Nyt Ao A Yp—a—1 ® [ymax(J)7 xmax(])]

1
[ Y e A Ay ©2)
JGA(pfa)

which, by Theorem 3.3 and Lemma 4.2, is a highest weight vector of H;,“ ® 3 for
0 <a<n—1. Therefore 0,41 ((Hy}, ® X)(p—a)) = Hle @3 for 0 <a<n-—1.
4. Since 05, = 0 then Hé;_l ® 3 € cokerdy, for 0 < a < 2n — 2. [ ]

Every irreducible submodule in H,(h2,—1) ® (X @ Y) that has not been
considered in Proposition 4.3 (or someone isomorphic to it) must be in kerd,.
Therefore, using Lemma 4.1, we have:

1. For 0<p<n-—2,

ker d,, :i(Hga @X)(n—1)& i(Hga @X)(n—a—1)® Hy(han—1) @Y.

a=0 a=1
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2. Forp=n-—1,

i
L

ker 571—1 ~ (Hga_l X X)(TL — 1) D Hn—l(h2n—1) X Y.

S
Il
o

3. For p=n,
ker 6, =H,,(h2n—1) ® X @ Hy(h2p—1) @Y.

4. Forn+1<p<2n—1,

[\

n—1

kerd, ~» (Hir @ X)(n—1)@® > (H @ X)(n—a—1) ® Hy(hon_1) @Y.

1

3

a=0

2
Il

Finally, we have the main result:

Theorem 4.4.  The adjoint homology of ho,_1 is as follows:

1. For0<p<n-—2,

p P
Hy(ban—1,b20-1) = > (H*@X)(n—1) @ > (H;*@X)(n—a—1) & Hy(ha,—1)®Y-
a=0 a=1
2. Forp=n-—1,
n—1

Hyo1(hon—1,b2n-1) = Y (H;*1@X)(n—1) & Hy—1(h2n—1)®Y & Hy,—1(h2n—1)®3.

S)
Il
o

3. For p=mn,
Hn(b?n—la hQn—l) - Hn(an—l) ® X @ Hn(b?n—l) ® K

4. Form+1<p<2n—2,

n—1 n—2
Hy(bon—1,b2n—1) Z(H;G(X’X)(”—l) S Z H®@X(n—a—1) & Hy(h2n-1)RY.
a=0 a=1

5. Forp=2n-—1,

—_

n—2

Hop1(bon—1,9201) =Y (His 1 @ X)(n—1) & Y (Hy @ X)(n—a—1)

a=1

@ Hop 1(h2n1)®Y @ Hop 1(h2n_1) ® 3.

3

S)
Il
o

Proof. Follows from Propositions 4.3 and Lemma 4.1. [ |
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One can obtain the dimensions of the adjoint cohomology groups of by, 1
by direct computation using Theorems 4.4 and 2.2. However, since b, 1 is a
nilpotent Lie algebra, there is a vector space isomorphism (see equation (2.4) in

[5]):
Hy(b2n-1,b20-1) ~ H*" " P(Bap-1, h2n—1)

and the dimensions for the adjoint homology can be obtained from the ones of the
adjoint cohomology in [4].

Corollary 4.5 (Magnin).  Let b, be the dimension of the p-th adjoint homology
group for the Heisenberg Lie algebra bo,_1. Then

1. For0<p<n-—2,

vewa ()-GO G+ G
bus = (20— 1) {(2:__12) - (2:__32)} - (2:—_22> ! (2:—_42)

3. Forn<p<2n-—2,

2n —1 2n —1 2n — 1
b,=(2n—1 — —(2n —2 .
p = (20 )( p) (p—l) (2n )(p+1)
4. For p=2n—1,
b2n—1:1-

Acknowledgments. The author wish to thank both referees for all of their
comments and suggestions that improved this paper.

References

[1] Alvarez, M. A., and P. Tirao, The adjoint homology of a family of 2-step
nilradicals, J. of Algebra 352 (2012), 268-289.

[2] Cagliero, L., and P. Tirao, The adjoint homology of the free 2-step nilpotent
Lie algebra, Quart. J. Math. 53 (2002), 125-145.

[3] —, The cohomology of the cotangent bundle of Heisenberg groups, Adv. Math.
181 (2004), 276-307.

[4] Magnin, L., Cohomologie adjointe des algebres de Lie de Heisenberg, Comm.
Alg. 21 (1993), 2101-2129.

[5] —, Adjoint and Trivial Cohomologies of Nilpotent Complex Lie Algebras of
Dimension < 7, Intern. J. of Math. and Mathem. Sciences (2008), Article ID
805305, 12 pages, Hindawi Publishing Corporation. doi:10.1155/2008/805305.



104 ALVAREZ

[6] Kostant, B., Lie algebra cohomology and the generalized Borel-Weil theorem,
Ann. Math. 74 (1961), 329-387.

[7] Santharoubane, L., Cohomology of Heisenberg Lie algebras, Proc. Amer. Math.
Soc. 87 (1983), 23-28.

[8] Fulton, R. and N. Harris, “Representation Theory, a First Course,” Grad. Texts
in Math. 129, Springer, New York, 1991.

Marfa Alejandra Alvarez
Departamento de Matematicas
Universidad de Antofagasta
Antofagasta, 1240000, Chile
maria.alvarezQuantof.cl

Received September 27, 2013
and in final form May 26, 2014



