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Abstract. Let (L, Lg) be a finite-dimensional transitive pair of Lie algebras.
We call the subalgebra Ly ample nonlinear in L if its linear isotropy represen-
tation on L/Ly admits a nontrivial kernel L;, and the normalizer Ny (L) of
that kernel is identical to Ly. For semisimple Lie algebras L over K = R, C,
we classify in this paper the ample nonlinear subalgebras L. These subalgebras
are exactly the ample parabolic subalgebras of L.
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1. Introduction

Let G/Gy be a (connected) homogeneous space with an almost effective G-action,
i.e., G is a Lie group and G is a closed subgroup, which contains only discrete
normal subgroups of G. The corresponding Lie algebras are denoted by L and
Ly, respectively. The homogeneous space G /G is said to be of first-order if Gy
is not discrete, but the kernel G of the isotropy representation of Gy on the
tangent space To.q,(G/Go) = L/Lg is discrete. If the action of the isotropy group
G is irreducible, i.e., there exists no nontrivial Gy-invariant proper subspace
of the tangent space L/Lg, the homogeneous space G/Gy is called irreducible.
The irreducible first-order homogeneous spaces are classified, including all of the
irreducible affine symmetric spaces (cf. [Beb7]).

The complete list of irreducible homogeneous spaces G /Gy of higher order
over the reals is also well known. The list is due to Kobayashi and Nagano
[KNG65] and is rather short. Being of higher order (i.e. greater than one) means
for a homogeneous space that the isotropy kernel G is no longer discrete. In
fact, the classification shows that G is necessarily a simple Lie group and the
order of G/Gy is exactly two (i.e. G/G; is a first-order homogeneous space).
The irreducible second-order homogeneous spaces correspond to simple |1]-graded
Lie algebras. Supposedly, the most prominent examples of the list are the real
projective space RP"=SL(n+1)/Gy and the M&bius sphere S"=SO(1,n+1)/Gy
of conformal geometry. In both these cases the kernel L, of the isotropy algebra
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Lg is isomorphic to the Abelian Lie algebra R™. The complete list is relevant
for the classification of the irreducible nonmetric holonomy groups of torsion-free
affine connections on smooth manifolds (cf. [Br96]).

In [Oc66] T. Ochiai classifies all the nonlinear primitive subalgebras Lg for
an arbitrary finite-dimensional Lie algebra L over K = R, C. Here nonlinearity
means that the isotropy kernel L; is nontrivial; primitive subalgebras are maximal
subalgebras of L. The first step of this classifications shows that L is necessarily
simple over K. Then it is shown that any nonlinear primitive subalgebra Ly in
a simple L is a parabolic subalgebra, i.e., Ly contains a Borel subalgebra in the
complex case. In fact, any parabolic subalgebra is nonlinear. Via the description
of standard parabolic subalgebras by simple roots of L, all the nonlinear primitive
subalgebras Ly can be classified, explicitly. Of course, the underlying isotropy
algebra Ly of any irreducible second-order homogeneous spaces G/Gqy belongs to
this class. However, maximal parabolic subalgebras also give rise to simple |k|-
gradings of L with k> 2, i.e., L/Lg is Lo-reducible, in general.

A more general result for the case of primitive group actions is known.
Let G/Gy be an effective homogeneous space with primitive G -action, i.e., there
exists no completely integrable differential system on G /Gy, which is G-invariant
(cf. [Go72]). Note that, for a primitive G-action the isotropy subalgebra L,
in L need not be maximal (i.e. primitive in the above sense). However, if the
isotropy representation of Ly on L/Lg is nonlinear and reducible, i.e., there is a
(minimal) G-invariant differential system D on G/Gy, which is, of course, not
integrable, then L is again a simple Lie algebra and the isotropy L is a maximal
parabolic subalgebra of L. In particular, Ly gives rise to a simple |k|-grading
L=g & --Dgr with £ > 2 and the grading component g_; corresponds to the
differential system D in the tangent bundle (cf. [Ya93]).

A nonlinear subalgebra Ly of L is called ample if the normalizer N (L) of
its kernel L, is identical to Ly. This notion is introduced in the Appendix of [Oc66]
on page 321. However, it seems that this Appendix does not clarify the structure of
the ample nonlinear subalgebras of (semi)simple Lie algebras. For obvious reasons,
any maximal parabolic subalgebra P, of a simple L is ample nonlinear. In this
paper we show that there exist ample nonlinear subalgebras of simple Lie algebras,
which are not maximal. However, they are always parabolic subalgebras. In fact,
we give a complete classification of ample parabolic subalgebras of semisimple Lie
algebras over K = R, C. Note that the existence of an ample nonlinear subalgebra
of a Lie algebra L does not imply that L is (semi)simple.

We proceed in this paper as follows. In Section 2 we recall basic observations
about transitive Lie algebras from [Oc66]. In particular, we introduce the notion
of ample nonlinearity for a subalgebra (cf. Definition 2.2). In Section 3 we recall
basic elements of the structure theory for parabolic subalgebras and |k|-gradings of
complex semisimple Lie algebras. In Section 4 and 5 we discuss kernels of isotropy
algebras in complex simple Lie algebras. The main observation is that any kernel is
the highest component of some simple |k|-grading (cf. Proposition 5.5). To prove
this basic fact, we apply a classical result due to Dynkin, which says that any
nonsemisimple Lie subalgebra of a semisimple Lie algebra is a R-subalgebra. In
Section 6 we study case by case the root systems of complex simple Lie algebras in
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order to obtain the complete list of complex ample parabolic subalgebras. Section
7 provides the structure results of ample nonlinear subalgebras and isotropy kernels
for complex semisimple Lie algebras (Theorem 7.1, 7.2 and 7.4). Finally, in Section
8, we discuss the ample nonlinear subalgebras of real semisimple Lie algebras. The
classification is based on the complex case and structure results for real simple
Lie algebras and their standard parabolic subalgebras by dint of Satake diagrams.
The classification is given in Theorem 8.2 and Table 1.

2. Nonlinearity and kernels

Let L # {0} be a finite-dimensional Lie algebra over K = R or C with Lie bracket
[-,-]. We say that a subalgebra Ly < L is effective and (L, L) is a transitive pair
if Ly contains no nonzero ideal of L. Then Ly < L is a proper subalgebra and
we refer to such an Lg as isotropy subalgebra of L. In case Ly # {0} the derived

kernel of Ly is
Ly = {te€ Lyl [t,L] C Lo},

which is a proper subalgebra of Ly. More generally, we define
Ly = {t € Lya| [t, L] C Ly}

for any p > 1. In this way, we obtain a sequence of Lie algebras, and since L,
is proper in L, ; for any p > 1 as long as L, 1 # {0}, there exists a minimal
q € Ny such that L, = {0} and L,y # {0} (with convention L_; = L). Thus,
the transitive pair (L, Lg) defines naturally a sequence

L=L>Ly>>Ly >L,={0} (1)

of subalgebras in L. The following Lemma, which is not difficult to prove, says
that (1) is a filtered Lie algebra.

Lemma 2.1.  ([Oc66]) [La, Ly] C Lyyp for any b >0 and a € NgU {—1}.
Throughout the text we use the following notions.

Definition 2.2.  (a) Let (L, Ly) be a transitive pair.
1. If Ly # {0}, then we call Ly nonlinear in L with (derived) kernel L;.

2. If Ly is identical to the normalizer Np(L;) of L; in L, then we call Ly an
ample nonlinear subalgebra of L.

(b) Let K # {0} be a subset of L. If there exists an effective Ly < L, whose
kernel L; is K, then we refer to K as an (isotropy) kernel of L.

By construction, L; is an ideal of Ly and [L, L] C L. This means that
any kernel K is a subalgebra in L and satisfies

[L,K],K|CK .
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In particular, we see that [L, K] is contained in the normalizer Ny (K) of the
kernel K in L. Note that [L, K] is a subalgebra of L for any kernel K in L.
Obviously, any nonlinear subalgebra Lo < L with kernel L; = K is contained in
the normalizer Np(K). Prominent examples for nonlinear subalgebras are all the
parabolic subalgebras of simple Lie algebras (cf. Section 4).

The following monotonicity Lemma for kernels is a simple, but useful ob-
servation.

Lemma 2.3. Let (L,Ly) be a transitive pair. If Lo contains a nonlinear
subalgebra Lj, of L, then Lq is nonlinear and L} < L.

If Ly is nonlinear and a maximal subalgebra of L (i.e. the only subalgebra
of L, which properly contains L, is L itself), the pair (L, L) is called nonlinear
primitive. Any nonlinear primitive Ly is ample in L. These subalgebras are well
known and classified.

Theorem 2.4.  ([Oc66]) A transitive pair (L, Ly) of Lie algebras over K =R, C
15 nonlinear primitive if and only if

1. L is a (noncompact) simple Lie algebra and

2. Lg is a maximal parabolic subalgebra of L.

Roughly speaking, the proof of this result has two ingredients. First, it is
shown that any Lie algebra L, which contains a nonlinear primitive subalgebra
Lg, is simple. Then, it is also clear that the kernel L; is Abelian. The simplicity
of L does not follow in general from the existence of some nonlinear subalgebra.
However, the proof that L; is Abelian works for any nonlinear subalgebra of a
simple Lie algebra. Hence, the term L, of any isotropy filtration (1) of a simple
Lie algebra is trivial. This fact also follows from our discussions in Section 4.

The second statement of Theorem 2.4 about parabolic subalgebras is based
on the following classical observations. In the complex case, it is due to Morozov
that any maximal nonsemisimple subalgebra of a semisimple Lie algebra L is
parabolic (cf. [OV94]). Similarly, for real semisimple Lie algebras, Mostow shows
in [Mo61] that any maximal nonsemisimple subalgebra with noncompact radical
is parabolic.

The above result by T. Ochiai poses an obvious question. Which subalge-
bras of a simple Lie algebra are ample nonlinear (and is it true that any ample
nonlinear subalgebra of a semisimple Lie algebra is parabolic; cf. Appendix of
[Oc66])? We give in this paper an answer to this question. Note that the proofs
for the results of Morozov and Mostow rely strongly on the assumption that Lg is
primitive (in the sense of maximal).

3. Parabolic subalgebras

We briefly recall here basic notions from the structure theory of complex semisimple
Lie algebras. In fact, we mainly discuss parabolic subalgebras and their description
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via root systems (cf. e.g. [OV94, CS09)).

Let L be a semisimple Lie algebra over C. A maximal solvable subalgebra of
L is called a Borel subalgebra. Borel subalgebras can be described in the following
way. The choice of a Cartan subalgebra §h < L gives rise to a set of roots A and
L is the direct sum of h and its root spaces,

L=bo 0.

a€A

If we choose a set of positive roots A™ in A, then

By(h,A) = b P ga

aEAT

is a maximal solvable subalgebra of L. This subalgebra is called the standard
Borel subalgebra of L to the data (h, A™). It is well known that any two Borel
subalgebras are conjugated in L with respect to the automorphism group Aut(L)
of the Lie algebra L. In particular, for any given Borel subalgebra By of L, there
exists a choice (h, AT) such that By is standard.

A subalgebra P, of L which contains some Borel subalgebra By is called
a parabolic subalgebra of L. (We consider a parabolic subalgebra to be proper in
L.) Parabolic subalgebras can be nicely described by root spaces as well. In fact,
choose (h, AT) such that By is standard and let A® = {ay, ..., a,} be the system
of simple roots in AT. Then there exists a (nonempty) subset ¥ C A® such that

Py is given by
Py=bs P s.oPos

aceAt Bell

where II is the set of negative roots in A, which can be written as linear combi-
nations of elements of A%\ ¥. We denote this parabolic subalgebra in standard
form by Py(X). In particular, the standard maximal parabolic subalgebras Py(«)
are given by the choice of a single simple root ¥ = {a}.

It is also well known that there exists a correspondence between parabolic
subalgebras and |k|-gradings of L. Recall that a |k|-grading of L with k> 0 is a
family of subspaces g; C L, i = —k, ..., k, such that

—_

. 91 # {0} and gy # {0},

2. L=g 1P - D gk is a direct sum,

e

[9i, 9;] € giy; for all 7,5 € Z (with the convention g; = {0} for |i| > k), and
4. N = Eszl g; is generated as Lie algebra by g;.

The correspondence works as follows. If L =g _,@®---® gy is a |k|-grading
of L then Py =gy @ N is a parabolic subalgebra. On the other hand, let Py < L
be a parabolic subalgebra. Then there exists a |k|-grading L = g, ® -+ @ gg
such that Py = go@® N (and N is the nilradical of Fy). Such a |k|-grading can be
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constructed as follows. Choose (h, AT, ¥) such that Py = Py(X) is standard. The
Y -height hts(a) of a root a = ¥¢_ a;q; is defined by

hts(a) = Z a; .

L EX

Then we set 8:(X) = @Duniy(a)=ia for @ € Z \ {0} and go(¥) = h &
@D 1t (a)=0 G- These subspaces define a |k[-grading

of L and Fy = @fzo g;- The number k € N is the X-height of the highest root.
Note that the family of subspaces g; C L, + = —k, ..., k, of this construc-
tion is not unique for a given F,. This depends on the choice of . However, the
nilradical N and the last nontrivial term of its lower central series, which is the
highest grading component g, do not depend on this choice. Also note that the
0-component is reductive, i.e., gy is some semisimple factor g§ plus a center c.

4. Kernels in simple Lie algebras

In this and the following Section, we discuss properties of kernels, which clear the
way for a classification in (semi)simple Lie algebras.

Let L denote a complex simple Lie algebra and let Py < L be a (proper)
parabolic subalgebra. We have Py= @f:o g; for some |k|-grading L=g_,®- - D gs
with £ > 0. Obviously, the highest component g, is contained in the kernel P,
of Fy. This shows that any parabolic subalgebra is nonlinear. In fact, g; is the
kernel of P, as the following Lemma shows.

Lemma 4.1. Let L = g @D --- D gr be a simple graded Lie algebra and
Py = @f:o g; the corresponding parabolic subalgebra.

1. The kernel Py of Py is identical to the highest component g of the grading.

2. The kernel P, = g is an irreducible Py-module.

Proof. (1) We set S_j := g_; and, inductively, S; := [S;_1,g1] for i > —k.
The direct sum S := @fsz S; # {0} is by construction g;- and gg-invariant.
Moreover, since [g_1,S_x] = 0, the subspace S s g_i-invariant as well. Since
g-1,80 and g; span all of L as Lie algebra (through the bracket), this shows
that S is an ideal in L. Hence, S = L, which proves 9—p—1.01] = g, for any
0<p<k-—1. (For p <0 this property is true by definition.)

Let X, € g,, 0 <p <k —1, be an element such that [X,,g_,_1] =0. For
the Killing form of L, we have 0 = B([X,,9-,-1],81) = B(X,,9-,). This shows
that X, must be trivial, i.e., for any nontrivial X, # 0 there exists Y_,_; € g_, 1
such that [X,,Y_, 1] € g_1 does not vanish (cf. [Ta79]).

Now, if X = Zf:o X, € P, is not contained in g,, we can choose for a
nontrivial term X, p < k, some Y_, 1 € g_,_1 with [Y_,_1, X,] # 0. Then the
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(—1)-component of [Y_,_1, X] does not vanish, i.e., X is not in the kernel of F.
This proves g 2 P;.

(2) Let us assume that S C g, is a nontrivial go-invariant subspace, i.e.,
[g0, 5] € S. We define

A

S = S@[g—bs]@'”@[g—kas]'

Again, this subspace is an ideal of L. Hence, S = L, which is only possible, if
S = gr. This shows that g is gg-irreducible, hence Fy-irreducible. |

Let P, = g; be the kernel of a parabolic subalgebra F, in a complex simple
Lie algebra L. The normalizer Ay = Np(gx) contains P, hence is a parabolic
subalgebra of L as well. In general, we have Py < Ay. However, we show now
that the kernels of these two nonlinear subalgebras of L coincide. This says that
Ag is an ample parabolic subalgebra of L. In fact, this statement holds true if we
only assume that the normalizer Ay = Np(K) of some kernel K is a parabolic
subalgebra.

Lemma 4.2. Let K < L be a kernel. If the normalizer Np(K) contains a
mazimal solvable subalgebra of L, then Np(K) is an ample parabolic subalgebra of
L and its kernel 1s K.

Proof. We assume that Ay := Ny (K) is a parabolic subalgebra of L. Then
Ay = @f:o g; for some |k|-grading L =g 4 ®--- ® g and A; = gx. Since K is
a kernel, there exists some nonlinear subalgebra Ly in L with kernel L, = K. Of
course, any such Lg is contained in the normalizer Ay. Thus, by monotonicity, we
have K < A; = g,. However, g, is Ag-irreducible and K is Ap-invariant. This
shows A; = K. [ ]

A priori it is not clear whether the normalizer N (K) of a kernel K in a
complex simple Lie algebra is always a parabolic subalgebra. In view of Lemma
4.2, if we knew that this is true, a complete classification of kernels in L is achieved
by computing the ample parabolic subalgebras and their kernels. In fact, we will
go this way for a classification. However, we have not found a simple argument,
which says that N (K) always contains a maximal solvable subalgebra.

To explain this, recall that by definition K is a kernel in a simple Lie
algebra if and only if the minimal isotropy subalgebra [L, K| of K is contained
in the normalizer (or maximal isotropy) Np(K) of K. The difficulty is that the
minimal isotropy [L, K] of a kernel K is in general not a parabolic subalgebra.
In fact, the examples of the final classification confirm that neither does [L, K]
contain a Cartan subalgebra nor does it contain all positive root spaces (for any
choice of a positive root system), in general. This makes it necessary to argue that
the normalizer of a kernel K is in general (much) bigger then the minimal isotropy
[L, K]. The definition alone does not yield this, directly. We will close this gap
between the minimal and maximal isotropy at the end of the next Section.

For the time being, we introduce the following weaker observation about
kernels for further use. Let K < L be an arbitrary kernel, i.e., there exists a
nonlinear subalgebra Lg in the simple Lie algebra L with kernel L; = K, and let
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My be a maximal subalgebra of L with Ly < M,. By monotonicity, it is clear that
My is nonlinear as well and the corresponding kernel M; contains K. Hence, by
Theorem 2.4, we know that M, is a parabolic subalgebra of L, i.e., we can fix a
Cartan subalgebra h < L, a positive root system AT and a simple root o, € A,
s=1,...,¢, such that My = Py(as) is a standard maximal parabolic subalgebra.
The kernel M; of My is the highest component gy () of the corresponding grading
L =g_,® --Pg; with respect to the a,-height. Obviously, we have K < M; = g;..
Thus, the following Lemma is proved.

Lemma 4.3. For any kernel K < L there exists a simple grading L =
gk DD gr such that K is contained in the highest component g, .

Lemma 4.3 confirms that any kernel in a simple Lie algebra is Abelian. In
the following Section we will see that any kernel K coincides with the highest
component of some simple |k|-grading of L.

5. Regularity

Yet, we do not have an argument, which allows us to conclude that the normalizer
of a kernel K contains a maximal solvable subalgebra of L. In fact, we do not even
know that Np(K) contains some Cartan subalgebra of L, which would imply the
regularity of K. To solve this problem, we introduce the simple hull for regular
kernels in L. Using a classical result of E.B. Dynkin we are then able to prove
regularity for arbitrary kernels. In fact, we will see that any kernel K coincides
with the highest component of some simple |k|-grading, which in turn implies that
the subalgebra N (K) is parabolic.

In general, let (L,H) be a complex semisimple Lie algebra with Cartan
subalgebra h. A subalgebra A < L is called h-reqular if A is of the form

A = t@@gm

acl

where I' C A is a closed system of roots, i.e., whenever o, 5 € I' and a+ § € A
then a+ € T', and t is a subspace of h (cf. [OV94]). More generally, a subalgebra
A < L is called regular, if A is conjugated to an h-regular subalgebra (for some
choice of b in L).

First, let K be a kernel and a regular subalgebra of a complex simple Lie
algebra L. We call K a reqular kernel. The normalizer N (K) is regular as well,
since it contains some Cartan subalgebra h < L. (We do not know that N (K)
contains a Borel subalgebra.) Let My > N (K) be a maximal subalgebra of L. Of
course, M is a maximal parabolic subalgebra of L and with an appropriate choice
of positive roots AT and some simple root a, € A® (with respect to h < Ny (K))
we have My = Py(as). Moreover, by monotonicity, we have K < gi(as), the
highest component of the simple |k|-grading corresponding to Mj. In particular,
there exists a uniquely determined subset I'(K) C A of h-roots with a,-height k
such that K = @aEF( x) 9o - Recall that the Killing form of L induces an Euclidean
scalar product on (the underlying space of) the corresponding root system.
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Lemma 5.1. If['(K) = AUC is a disjoint union of orthogonal subsets, i.e.,
A L C, then either A or C is empty.

We postpone the proof of Lemma 5.1. The proof will be given below
by a case by case study of the root sets I'(gr) € A of the highest grading
components g, in simple Lie algebras. For the time being, let —K denote the
regular subalgebra @aeF(K) g_« in g_p. Obviously, —K is a kernel as well. We
define L := —K & [-K, K| ® K, which is a regular subspace of L.

Lemma 5.2. Lx=-K®[-K,K|®K is a simple |1|-graded Lie algebra (and
K is a kernel in Lk ).

Proof. First, note that Lg is a regular subalgebra of L. Indeed, since K
and —K are kernels, we have [[-K,K],K] C K, [[-K,K],—-K] € —K and
[-K,K],[-K,K]] C [-K, K]. Moreover, the first two inclusions are equalities
of subspaces in L, since [[g_a; 8al, 0a] = go for any root «. Furthermore, since
the root set I'(Lg) corresponding to Ly is symmetric, i.e., ['(Lg) = —I'(Lg), we
know that Ly is reductive (cf. [OV94]). Now we have [Lg, Lx| = Lk and Ly is
semisimple.

The simplicity of Lx follows with Lemma 5.1, since K and —K generate
Lk as Lie algebra. [ |

In view of Lemma 5.2 we call Lg the simple hull of the regular kernel K in
L. In particular, Lemma 5.2 says that for any simple grading L = g_®- - -@g; the
hull Ly, = g_k B [9-k, 9] ® g of the kernel K = gy, is a simple regular subalgebra
of L.

Now let K be an arbitrary kernel in a complex simple Lie algebra L. We
know from Lemma 4.3 that there exists a grading L =g_, ®--- ® g with £ >0
such that K < g;. The O-part go = g @ ¢ is reductive and, if we choose any
Cartan subalgebra by of gj, then h = hy @ ¢ is a Cartan subalgebra of L. With
respect to h we can choose some positive root system A* and a subset ¥ C A°
such that the Y-height gives rise to the given grading g_, @ --- & g of L. If we
wish we can assume in the following that the only simple regular subalgebra of L,
which contains K, is L itself, i.e., L is minimal in this sense. (From Lemma 5.2
we know that g_j @ [g_k, x| @ gx is a simple |1|-graded Lie algebra, which is a
regular subalgebra of L, and contains K as a kernel. Hence, if L is minimal then
k=1.)

Let us define fx := [g_4, K|. This is a subalgebra of gy in L. In fact,
Hg—k’v K]vA[g—k> KH - H[g—k7 K]? K]? g—k] + [Hg—k’ K]> g—k]a K] - [g—k7 K] . We de-
note by fx the projection of fx to gj. The key to our problem is the study
of fx. We start with the assumption that fx < go is reductive, i.e., fK is
semisimple. In this case fx = )EK @ ¢ with center ¢ C ¢. Moreover, the fK—
module g, decomposes into K @ S. Let S* = {X € g_«| B.(X,K) = 0} and
K*={X € g_«| B(X,S) = 0} be the dual spaces in g_; to S and K, respec-
tively. The fK—module g_r decomposes into K* @ S*. Note that the decomposi-
tions K @ S and K* @ S* are both fx-invariant, since ¢ acts by scalars on the
go-irreducible modules g_; and g .
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Lemma 5.3.  The Lie algebra fi is reductive if and only if K = gy.

Proof. If K = g, then Lemma 5.2 says that fx = [g_x, gx] is reductive.

On the other hand, let us assume that K < g; is a proper kernel
(and fx is reductive). Since S* is fg-invariant, we have [[S*, K], [g_k, K]] C
[S*, [[9-k, K], K] + [[[9—k, K], S*], K] C [S*, K], i.e., [S*, K] is an ideal in ff.

Now we choose X € K and Y € g such that [Y,X] ¢ K. This is
possible, since gj is g§-irreducible, and we have the decomposition [Y,X] =
Y, Xk + [Y, X]s with respect to K & S and [Y, X]s # 0. Then we can choose
Z € S* with Br(Z,]Y, X|s) # 0. This implies 0 # Br(Z,[Y, X]) = B.([Z, X],Y).
Hence, [Z, X] # 0. In fact, we have [Z, X] ¢ ¢, since Bp(c,g§) = 0.

Furthermore, we have Br([S*, K|,[g_k, K]) = BL(S* [[g-k, K],K]) =
Br(S*,K) = 0. Cartan’s criterion shows that [S*, K] is a solvable ideal of k.
However, [S*, K] is not in ¢’. This is a contradiction and we conclude K = g,. =

Let us consider for a moment an arbitrary subalgebra a < go. We set
K, :={X € gi| [0k, X] C a}. We call a regular in gy if its projection is a regular
subalgebra in g .

Lemma 5.4. If K, # {0}, then K, is a kernel. If, in addition, a is regular,
then K, 1s a reqular kernel.

Proof.  First, we show that K, is a-invariant. In fact, [g_g, [a, X]] C [g_k, X]+
[a,a] C a for any X € K,. Hence, we have [[L, K,], Ko = [[g-k, Kd], Ka] C
[a, K,] C K,, i.e., any nontrivial K, is a kernel.

Now let a be regular with respect to ho < g§ and let I'(gx) C A be the
set of roots of ¥-height k. An arbitrary element of K, can be written as X =
> acr(gy) KXo for certain X, € go. Then we have [X_g, X] =3 [X_5, X,] € a for
any X_g € g_g with 8 € I'(gx). Since a is ho-regular, every term of > [X_5, X,]
is in a. Hence, every term X, of X isin K, as well. [ ]

It is a well known result in [Dy52] that any nonsemisimple subalgebra of
a semisimple Lie algebra is a R-subalgebra. In our situation this implies for any
kernel K either K = g, (by Lemma 5.3) or otherwise there exists a regular proper
subalgebra fx with fx < fx < go. The latter case is not possible, as we prove
now. Thus, we obtain the following improvement of Lemma 4.3.

Proposition 5.5. Let K < L be a kernel in a compler simple Lie algebra.
Then there exists some simple grading L = g_ B --- B gr with k > 0 such that

Proof. Without loss of generality, we can assume that L is the only regular
simple subalgebra of L, which contains K. Hence, k = 1 and [g_x, gr] = go. This
shows that, if fx < fx < go, then Kj- must be a proper regular subalgebra in gy
However, with K < K5~ and the simple hull of Ks- in L, we have a contradiction
to the minimality of L. Hence, only K = gy is possible (no matter if L is minimal
or not). ]
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Proposition 5.5 immediately implies the regularity and the fact that the
normalizer Ny (K) is a parabolic subalgebra for any kernel K < L.

Proposition 5.6. Let K < L be a kernel in a complex simple Lie algebra.
Then the normalizer Ny (K) is an ample parabolic subalgebra of L.

6. Root Computations

From our discussion so far we know that any kernel in a complex simple Lie algebra
is the kernel of an ample parabolic subalgebra. We derive in this Section all
standard ample parabolic subalgebras by computations in the corresponding root
systems, case by case. This gives rise to a complete classification of ample nonlinear
subalgebras and kernels in complex simple Lie algebras, up to conjugation. We still
have to prove Lemma 5.1. This problem is also solved by explicit computations
with roots.

Before we start, recall that any maximal parabolic subalgebra is ample.
Thus we have to clarify in practice which of the standard parabolic subalgebras
Py(X) are ample, when ¥ C A° contains more than one simple root. The
parabolic subalgebras, which are not ample, have the kernel of an ample parabolic
subalgebra. It is only the height of the highest component of the corresponding
|k|-grading that increases.

For some of the exceptional Lie algebras we do not give every root computa-
tion in detail and we do not present every kernel explicitly as a sum of root spaces.
However, in each case of our discussion we provide the highest root in terms of
fundamental weights. The highest root and ¥ C A° directly determine, to which
irreducible go(X)-module the kernel P;(X) = gi(X) of Fy(X) is isomorphic.

Recall that the list of simple complex Lie algebras consists of the 4 families
sl(0 +1,C), denoted by Ay, £ > 1, so(2¢ + 1,C) with letter By, ¢ > 2, sp(2¢,C)
with letter Cy, ¢ > 3, and s0(2¢,C), denoted by Dy, ¢ > 4. Moreover, there are
the exceptional Lie algebras g,, f,, ¢, ¢, and eg.

According to the description of parabolic subalgebras FPy(X) in simple Lie
algebras by Dynkin diagrams, we refer to elements in ¥ often as the crossed roots.
We summarize our results in Section 7.

The family A,. Let L =sl({+1,C), £ > 1, be the special linear algebra
of traceless (¢ + 1) x (¢ + 1)-matrices with complex entries. A Cartan subalgebra
h < L is given by the diagonal matrices. We denote by e;, 1 = 1,...,/+ 1, the
function which evaluates the ith diagonal entry of a matrix in L. Then the roots
of (L,h) are

A= {t(e—e)| 1 <1< )< {,
and a system of positive roots is given by AT = {e; —e;41| 1 <7 < j < ¢} with
simple roots A® = {a; = e; — e¢;41| 1 < i < £}. The highest root in terms of
fundamental weights is \; + \,.

Let ¥ = {ag,,...,aq} C A% be a nontrivial subset with 1 < a; < --- <
ar < ¢. Then the highest grading component for Py(X) is

P = g = @ ei—ejp1 -

1<a1,ap<J
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Obviously, the normalizer Np(P;) of P, in L is the parabolic subalgebra
Py({aw,, @, }), which has one (kK = 1) or two crossed roots (k > 1). This shows
that the (standard) ample parabolic subalgebras of L = sl(¢ 4+ 1,C) are exactly
those with one or two crossed roots.

In order to demonstrate how a kernel P, = g; can be described as g,-
module, let us cross here one root, i.e., ¥ = {as}. Then we have go = C @
sl(s,C) @ sl(¢ — s+ 1) and the kernel Py(as) = g1(as) of the maximal parabolic
subalgebra Py(c) is the irreducible go-module with highest weight A\ + A, i.e.,
g1(as) is isomorphic to the tensor product of the standard sl-module C*® times
the dual of the standard sl-module C*~**1. The dimension of P;(a;) = g1(a) is
s(l —s+1).

Recall that any (regular) kernel K of L is a regular subspace of some
highest grading component g;. So let o = ¢; — ;41 and 3 = e, — e,41 be an
arbitrary pair of orthogonal roots in the root set I'(gx) of gi. In this case the four
indices of o, 3 are pairwise different. We compute [[ge,,, e, 8], 95] = 9, Wwith
v = €; — €y11 and 7 is neither orthogonal to a nor to . This is sufficient to
see that Lemma 5.1 is true for the special linear algebras, i.e., the hull L of any
regular kernel K < L is simple.

The family B,. Let L = so(2( + 1,C), ¢ > 2, be an odd-dimensional
orthogonal Lie algebra. The positive roots of s0(2¢+1,C) can be presented in the
form

AT = {eli€]|2<j}U{€Z}

with simple roots A° = {a; =¢; —ej41| j=1,...,0 — 1} U{as = e;}. Note that
e; = Zi:l as, e;+ej = Zi:z g+ Zizj as and e; —ej11 = Zi:l a,. The heighest
root is As.

Let ¥ = {ag,. ., } € A® be nontrival with a; < ... < a;. First, we

assume a; > 1. Then the kernel of FPy(X) is

P = go = @ Geite;

i<j<ai

with normalizer N (P;) = Py(ay,). For a1 =1, a = 2 we have P, = gop_1 =
Oeite, and Np(P)) = Po(ag). For a; = 1, ay > 2 we have P, = gop1 =
D2, gerve; and Np(P1) = FPy(oq, ,). Thus, for ample parabolic subalgebras,
the set X has at most two crossed roots. If two roots are crossed, then o € X
and ag ¢ 3.

Obviously, the highest component of any simple |k|-grading of L = so(2¢ + 1,C)
sits (up to conjugation) either in gy (o) = ge, @@ﬁzz(gel_ej @ e, +¢;) OF otherwise
in go(ar) = D, Beite; - First, let a, 8 € T'(g1(a1)) be orthogonal roots, whose
root spaces are contained in g(cy). Up to the ordering, we have a = e; +¢; and
f = e —e; for some 2 < j < /(. For k # 1,j we compute [[g_c,+ey, Jal, 98] = 9y
with v = e; + e; and ~ is neither orthogonal to « nor to 5. Thus, if a kernel
contains the root spaces to «, 3, then this kernel also contains the roots space to
v, which shows that any orthogonal splitting of the roots of a (regular) kernel in
g1(a) is trivial. Further, if o, 8 € I'(ga(ow)) are orthogonal, then o = e; 4+ ¢; and
S = e, + e, with four pairwise different indices and we have [[g_¢,—c,, 8a], 95] = 9
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with v = e; + e,. Since v is neither orthogonal to o nor to 3, Lemma 5.1 holds
true for the case By.

The family C,. Let L = sp(2¢,C), ¢ > 3, be a symplectic algebra. A
positive root set of sp(2¢,C) is given by

AT = {ei:I:ej\ 1 <j}U {262}

with simple roots A = {a; =¢; —ej1| j=1,...,0 — 1} U {ay = 2¢,}. We have
e; +e;= Zﬁ:z g + Zﬁ;; as and €; —ej =y J_.ay for i < j < (. The highest
root is 2\ .

Let ¥ = {au, ..., } C A® be a nontrivial subset with a; < -+ < a.
The kernel of Py(X) is
P]. = @ gei—i-ej- .
i<j<ay

Its normalizer Ny (P;) is the parabolic subalgebra Py(c,,). This shows that the
(standard) ample parabolic subalgebras of L = sp(2¢,C) are exactly the maximal
ones (with one crossed root).

This time any (regular) kernel of L is conjugated to a regular subspace
of gi(ay). Let o = ¢; +¢;,8 = e, + e, € ['(g1(ay)) be an orthogonal pair of
roots, i.e., all indices are different. Then we have (—e; —e,) + a = —e, + €,
(—e,+e€j)+ B =c¢€;+e, and v = e; + ¢, is not orthogonal to «a, 5. This proves
Lemma 5.1 for the case C,.

The family D,. Let L = s0(2¢,C), ¢ > 4, be an orthogonal algebra in
even dimension. A positive root system of so(2¢,C) is

AT ={e; +ejl i <j}

with simple roots A° = {a; = ¢; —ej1| j=1,...,0 =1} U{ay = ep_1 + e}
We have ¢; +¢; = Zf;:iozs + Zﬁ;i% for i <j<n—2,¢+e_= Zi:ias,
e, +ep=ap+ Zi;? as and e; —ej = Zizz as. The highest root is As.

Of course, the family D, behaves similarly as B,. What is slightly different
here is the case when «s,...,ay_5 are not crossed, i.e., in the nonmaximal case
either oy or ay_; is crossed, at least. In fact, up to an outer automorphism of
L = s0(2¢,C), we can assume that ay is crossed. Then we have Pj(ay_1,ap) =
DicjctBeite; and Np(P1) = Po(a—1, ). Futher, Pi(ar, ap) = @?Zlgeﬁej and
Np(P) = Py(a,ap), and finally, P;(aq, a1, 0) = @f: Jerte; and Np(P1) =
Po(a, c—1,ap). All these cases describe ample parabolic subalgebras.

The same computations as for B, show that Lemma 5.1 is true for the
family D,.

The exceptional case Fgz. Let ¢g be the exceptional Lie algebra of
rank 6 and dimension 78 with positive roots At = {2e;} U{e; —¢; : 1 <
i < j<6}U{e;+e +e+er 1 < i< j <k <6} and simple roots
A ={a;=¢;—ei1|i=1,...,5} U{as = e4 + e5 + e + e7}. The fundamental
weight A\g = 2e; is the highest root. Note that there is an outer automorphism
of L, which corresponds to the automorphism of the Dynkin diagram, exchanging
the order of ay to as. The simple root ag remains fixed.
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Writing the positive roots in terms of simple roots, we easily observe that, if
ag € X, then P(X) = gy, With Np(g),) = Po(ag) we see that, if Py(X) is ample
and ag is crossed, then ¥ = {ag}. The analogous statement for s is true as well.
In this case we have Pj(a3) = g3 = gx; D rg—ag, Where A\g — g = €1+ €9 +e3+e7.

So let us assume that > has at least two roots and as,as ¢ 3.
Then, up to an outer automorphism, we only have to check whether > =
{ag, as}, {aq, au}, {1, a5}, {a1, as, as} or {ay, as, as} give rise to ample parabolic
subalgebras.

In fact, we find Pj(ag, q) = 84 = GrPOnrg—ae PIrg—ag—as With Ag—ag—az =
e1 + es +eq+er and Np(gs) = Po(az,ay). Thus, Py(as,ay) is ample. Adding
ay to X = {9, s} only increases the height of g, by one, but the kernel remains
unchanged.

Furthermore, we have Pj(aj,a4) = g3 = Pi(a2, ) © Grg—ag—asz—a; With
Xe — g — a3 —ay = e +e3+eq+ ey and Np(Pi(ag,a4)) = Po(ag,ay). The
kernel of Py(ay,ay,as) is the same. Hence, by an outer automorphism, we see
that Py(c, e, a5) is not ample.

It remains to check Py(ag,as). Here we find Pi(ag,a5) = g2 = gy D
ey —eg D @2§i<]~§4 Oer—eg—e;—e; has dimension 8. And we see that the root spaces
to —aw, —ag, —ay and —ag normalize P;, whereas —a; and —as do not normalize
P;. Hence, Py(ay,as) is ample.

Note that any (regular) kernel of e¢ is conjugated (up to an outer auto-
morphism) to a regular subspace of gi(a;). So let «, 5 be an arbitrary pair of
orthogonal roots of gi(a;). Applying the subgroup of the Weyl group of ¢g, which
stabilizes g1(c), we can easily see that « is conjugated to Ag (holding g;(ay)
fixed). The Ag-orthogonal roots in gi(c;) are e; —e; with ¢ = 2,...,5. Again,
applying the Weyl group, we can assume a = A\g and § = a1 + as + az = €1 — éy4.
HOWGVGI‘, Hg*)\6+046’ g)\6]7 gal+a2+6¥3] = Bar+aztaz+ag and o + o + a3 + ag s nei-
ther orthogonal to A\g nor to a; + as + ag. This is sufficient to see that Lemma
5.1 is true for eg.

The exceptional case E;. Let ¢, be the exceptional Lie algebra of rank
7 with positive roots

At ={e,—¢;:1<i<j<T}U{es—e:i=1,...,7}
U{€8+€i+6j+€k21§i<j<k‘§7}
and simple roots AY = {a; = ¢; — e 1|i = 1,...,6} U {ay = es +e5 + e + e}
The fundamental weight A\ = eg — e7 is the highest root.

Expressing the positive roots by simple roots, we easily see that, if > has
at least two crosses and FPy(2) is ample, then a; must be crossed. In fact, it turns
out that > has at most two crosses and the following combinations give rise to
ample parabolic subalgebras: ¥ = {ay, ar}, {ag, ar}{as, ar}.

Moreover, we observe that the highest component of any simple |k|-
grading of e, sits up to conjugation either in the highest component go(ay) or
in gi(ay). We have go(ar) = @Z:1Ges—er Obviously, there are no pairs of or-
thogonal roots for gs(ay;). Furthermore, we have g;(a;) = @ZZZ(ges_ei D Gey—e;) D
Docicjcr Bester+eite; » Which is 27-dimensional. Let ., 3 € I'(g2(a7)) be a pair of
orthogonal roots. Applying the Weyl group we can assume a = \g = eg — e; and
f=e1—eg or eg+e1+eg+ er. We compute [[@e;—e Ges—er)s Ger—eq] = Ges—eq and
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ngs—esv 968_67]’ g€8+€1+66+57} = Hegtert+esteg The roots es —eg and es+e1+e5+ €6
are neither orthogonal to a nor to 8 in each case. This proves Lemma 5.1.

For example, the simple hull Ly of the kernel K = go(ay) is s((8,C) <'e,,
which has the same rank as e,.

The exceptional case Fj. Let ¢g be the exceptional Lie algebra of rank
8 with positive roots

At ={e;—e;:1<i<j<9}U{e,+e+e:1<i<j<k<8}

U{—e; —e;j—eg:1<i<yj<8}
and simple roots A® = {a; =e; —e;41 :i=1,..., 7} U{ag = es + e7 + eg}. The
fundamental weight A\; = e; — eg is the highest root.

Expressing the positive roots in terms of simple roots, it is not difficult
to see that there are exactly two ample parabolic subalgebras Py(X), which are
not maximal. These ample parabolic subalgebras are given by ¥ = {ag,as} and
{047, O./g} .

This time any (regular) kernel of eg sits up to conjugation either in the
highest component gz(ag) or otherwise in go(az). We have gs(as) = @} Ge; ey -
Obviously, any two roots of this component are not orthogonal. Moreover, we have
G2(r) = B (Ger—co DI e;ex—co)- Let a, B € T(ga(ar)) be two orthogonal roots.
Applying the Weyl group we can assume a = e; —eg and f = —e; —eg—eg. Then
[[Geg—c;s Ber—eq)s Ber—es—eo] = G—e;—es—ey fOr 1 < i < 8. This proves Lemma 5.1.

For example, the simple hull of gs(as) is s1(9,C). The simple hull of go(a)
is 50(16,C). These are the two proper simple regular subalgebras of eg of rank 8.

The exceptional case Fj. Let f, be the exceptional Lie algebra of rank
4 with positive roots

At ={e:i=1,...,4}U{e;tej: 1 <i<j<4}U{i(e1testestes)}
and simple roots A° = {a; = %(61—62—63—64),0{2 = 64,03 = e3—€y4, 0y = €3—€3}.
The highest root is Ay = €1 + e5.

Expressing the positive roots by simple roots, we see that the kernel of
Py(ay) is the root space of Ay = e; + €9, i.e., one-dimensional. We also see easily
that the kernel of the parabolic subalgebra Py(X) for any set 3 C A° with ay € ¥
is the highest root space g,,. This shows that, if ay € 3, then Fy(X) is only
ample for ¥ = {ay}.

For ¥ = {a3} we have P, = gy, ® gr,—aq- If we cross an additional
root ay, as or both, then the kernel P, remains unchanged. Furthermore, we
have Pi(as) = Pi(ar,02) = gx, D Ori—ou D Gri—as—as- We conclude that the
ample parabolic subalgebras are exactly the maximal ones. Finally, we see that
Pi(a1) = go(aq) is isomorphic to the standard co(7)-module, i.e., the dimension
is 7. In fact, we have Pj(aq) = ge, @ @fﬁ(geﬁei D Gey—e;) -

From the above results, it is clear that the root sets of the 1-,2- and 3-
dimensional kernels admit only trivial orthogonal splittings. For the case ga(ay)
we have the bracket [[g-c,te;, @ei+e.)s Gei—e;] = Geyve, for > 1 and j # 1,4, and
e1 + e; is not orthogonal to e; £ e;. This proves Lemma 5.1.

The simple hull L of the kernel K = go(ay) is s0(9,C) < f, with rank 4
as well.

The exceptional case G,. Let g, be the exceptional Lie algebra of rank
2 and dimension 14 with simple root system AY = {a;,as}, where a; denotes
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the short simple root. The highest root is Ay = e; — e3.

Looking at the Gs-root system in the Euclidean plane, it is obvious that
there are exactly two kernels (up to conjugation). One kernel has dimension 1 and
is the root space of the highest root 3a; + 2. This kernel K is normalized by
0_a,, but not by g_,,. The normalizer N (K;) = Py(az) is maximal.

The other kernel has dimension 2. In fact, we have K5 = ¢34, 424, D 9301 +as
and Np(K3) = FPy(a;) is again maximal. Thus, the ample parabolic subalgebras
are exactly the two maximal ones.

Lemma 5.1 is certainly true for g,, since the two roots of Ky are not
orthogonal. Note that the simple hull of K is s[(3,C) of rank 2.

7. Classification results

We state now the classification results for (ample) nonlinear subalgebras and
kernels in (complex) semisimple Lie algebras L. We begin with the classification
of ample parabolic subalgebras in simple Lie algebras, due to our discussion from
the previous Section. With our convention any parabolic subalgebra is a proper
subalgebra of L.

Theorem 7.1. Let L be a complex simple Lie algebra. Then any mazimal
parabolic subalgebra is ample. The standard nonmaximal ample parabolic subalge-
bras Py(X) are given by the following crossed root sets ¥ (with conventions for
simple roots as in Section 6):

Ay. X consists of exactly two crossed simple roots.

By. ¥ ={ay,a,} with a € {3,...,(}.

Dy. ¥ ={ay,a,} with a € {3,...,¢} and ¥ ={ap_1,}, {1, 01, s} .
Egs. ¥ ={as, au},{as, a5}, {aq, a4}, {1, as}.

E;. Y ={o,ar},{ag,ar}, {as, ar}.

ES- Z = {046,018}, {047,018}.

The proof of the following classification Theorem in the complex case follows
mainly from the discussions so far. In Section 8 we will see that the result is also
true for real simple Lie algebras.

Theorem 7.2.  Let L be a simple Lie algebra over K =R, C.
(a) For some nontrival subalgebra K < L the following conditions are
equivalent:

1. [[L.K],K]=K,
2. [[L,K],K]C K,

3. K is the highest component g; of some simple |k|-grading of L,
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4. K 1s the kernel of some ample parabolic subalgebra in L,
5. K s the kernel of some parabolic subalgebra in L,

6. K is a kernel of L, i.e., there exists some nonlinear subalgebra Ly < L with
kernel L1 = K.

In particular, the ample nonlinear subalgebras of L are exactly the ample parabolic
subalgebras (which are listed in standard form for the complex case in Theorem
7.1; see Theorem 8.2 and Table 1 for the real case). There is a natural one-to-
one-correspondence between kernels K and ample parabolic subalgebras Ay of L.
This correspondence is given by Ay = NL(K) and K = A;.

(b) Moreover, Ly < L is nonlinear if and only if there erxists a nontrivial
subalgebra K < L such that

[L,K] € Lo € NL(K) , (2)

i.e., Lo lies between the ample parabolic subalgebra Np(K) and the minimal
isotropy algebra [L, K] of K. In this case the kernel Ly of Lo is identical to
K.

Proof. For part (a) we only remark again that [[g_q, §a], §a] = 8o for any root
«. This implies the equivalence of the first two conditions.

It only remains to argue for part (b). Here, of course, if Ly is nonlinear
then K = L, satisfies (2). On the other hand, if K satisfies (2), then K is a kernel
of L. Hence, K = [[L, K], K] < Ly is in the kernel L; of L;. By monotonicity,
we obtain K = L. ]

Part (b) of Theorem 7.2 allows in principle to write down any regular
nonlinear subalgebra of L, including those which are not parabolic. However,
since the minimal isotropy does not contain a Cartan subalgebra of L, in general,
there exist nonregular nonlinear subalgebras of L.

Now let L = @;", L" be a semisimple Lie algebra with simple ideals L
and let K be a kernel in L. We denote the projections of K to the simple ideals
by K',i=1,...,m.

Lemma 7.3.  The projections K' are contained in K for all i =1,...,m. In
particular, K = @;" | K*.

Proof. Let k=) k" and k' =3, k' be arbitrary elements of the kernel K .
We have [[L, k'], k"] = [[L*, k], k'] C KN L" C K* for all 7, i.e., any nontrivial
projection K' is a kernel in L'. Hence, K’ = [[L', K], K'| = [[L', K], K] C K for
all 7. [ |

Theorem 7.4. Let L = @;", L' be a semisimple Lie algebra. The ample
nonlinear subalgebras of L are exactly the ample parabolic subalgebras of L, which
contain no simple ideal L*.
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Proof. Let Ay < L be ample nonlinear. By Lemma 7.3, the kernel A; is a direct
sum @], A%, where the nontrivial A}’s are kernels in L. However, if only one of
the projections of the kernel A; vanishes, then the normalizer of Nz (A;) contains
a simple ideal of L, i.e., the normalizer is not effective and Ay # Np(A;). This
shows that A; = @;", A} is a direct sum of only nontrivial A%’s. Accordingly,
the normalizer Ay = N (A;) is a direct sum of ample parabolic subalgebras, i.e.,
Ag is an effective ample parabolic subalgebra of L. [ |

The proof of Theorem 7.4 shows that for any ample nonlinear subalgebra
Ay of L = @], L' there exist ample parabolic subalgebras Aj < L' for every
simple ideal such that Ag = @), Aj. Thus, with the classifciation results for the
simple case, we can describe the ample nonlinear subalgebras and their kernels for
any complex semisimple Lie algebra L in explicit form. Note that the proof of
Lemma 7.3 and Theorem 7.4 works over K = R, C (once we know that any ample
nonlinear subalgebra of a real simple Lie algebra is parabolic).

8. The real case

We prove here Theorem 7.2 for the case of real (semi)simple Lie algebras. More-
over, we go through the description of parabolic subalgebras in the real simple
case, in order to obtain an explicit classification of the standard ample parabolic
subalgebras. Up to conjugation, these are exactly the ample nonlinear subalgebras
in a real simple Lie algebra.

In this Section we denote by L a real Lie algebra and by Le = L ® C its
complexification. As a subspace, L is a real form of L¢.

Lemma 8.1. 1. (L, Ly) s a transitive real pair if and only if (Lc, (Lo)c) is
complex transitive.

2. Lo < L is nonlinear if and only if (Lo)c < Lc¢ is nonlinear. In this case the
kernel of (Lo)c is (Li)c-

3. K < L s a real kernel if and only of K¢ < L¢ is a complex kernel.

4. Ao < L is ample nonlinear if and only if (Ao)c < L¢ is ample nonlinear.

Proof. (1) If [ is an ideal in L, then I¢ also in L¢. Hence, if (Lc, (Lo)c) is
transitive, then Ly cannot contain an ideal of L.

On the other hand, let us assume that I < (Lg)c is a complex ideal of
Lc and let ¢ denote the involution of Lc with respect to the real form L. Then
I+ 0o(I) < (Lo)c is a complex ideal of L¢, which is o-stable, i.e., I + o([) is the
complexification of some ideal Q < Ly of L. Since (L, Lg) is transitive, () must
be trivial. Hence, [ is trivial.

(2) Assume Ly to be nonlinear. The complexification of the derived kernel
L, is certainly contained in the derived kernel of (Lg)c. Hence, (Lo)c is nonlinear.
On the other hand, if [ 4+ il’ € (Lg)c is an element with [L¢,l +il'] C (Lg)c, then
[L,1] +i[L,I'] C (Lo)c, which implies [,I" € L;. Hence, nonlinearity of L, and
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(Lo)c are equivalent and the complexification of the kernel L; is the kernel of
(Lo)c. This also proves (3).

(4) The complexification of the normalizer Np(K) is Np.(K¢) for any
K < L. This shows that ample nonlinearity for Ay and (Ap)c are equivalent. m

By definition, a subalgebra F, of a real semisimple Lie algebra L is called
parabolic if its complexification (Py)c is a parabolic subalgebra of the complex
semisimple Lie algebra L¢c. Any real parabolic subalgebra is conjugated in L to a
standard parabolic subalgebra. We explain roughly how to describe the standard
parabolic subalgebras via the root decomposition of real semisimple Lie algebras.
For details we refer to [OV94, On04, CS09].

Let L be a real semisimple Lie algebra. We choose a Cartan involution
0 to obtain a decomposition L = € & q and we choose a maximally noncompact
and #-stable Cartan subalgebra h < L. For the root system A(Lc,bhc) of the
complexification, we choose a set of positive roots A™ such that the conjugation
(with respect to the real form L) of any positive root a € A7 is either —a or
again some positive root. The roots o € A, whose conjugation gives —«, are the
compact roots with respect to the real form L. We denote the set of compact roots
by A, and A? = A. N A® are the simple compact roots. Moreover, we have the
restricted root system of (L,a) for a = h N q, which is denoted by A,. The choice
of A" determines positiv and simple subsystems in A, as well.

Now we set By = a®C(a)® N, where Ce(a) is the centralizer of a in £ and
N is the direct sum of the positive restriced root spaces. This is a subalgebra of L
and any subalgebra of L, which contains By is a standard parabolic subalgebra.
For such a standard parabolic subalgebra F, there exists a uniquely determined
(nontrivial) subset ¥ C A? of simple restricted roots such that P, is the direct
sum of By and the restricted root spaces to those negative restricted roots which
can be written as linear combinations of simple restricted roots from A? \ .
We denote this parabolic subalgebra of L by FPy(X). Note that the subset X
corresponds uniquely to a subset of AY \ A% which is stable under conjugation
(with respect to the real form L). We denote this subset of the simple noncompact
roots A? N A% of L¢ with respect to L again by 3.

As in the complex case, there is a close relationship between parabolic
subalgebras and |k|-gradings of L. The definition of real |k|-gradings works
as in the complex case; see Section 3. Obviously, L = g_, @ --- ® g, is a real
|k|-grading if and only if Lc = (g_k)c @ -+ @ (gk)c is a complex |k|-grading. To
explain the correspondence, let Py(X) < L, ¥ C AY nontrivial, be a standard
parabolic subalgebra. The Y-height of the restricted root spaces gives rise to a
|k|-grading L = g_, @ --- @ g with & > 0. On the other hand, for any gradmg
L=g ;@ - @ gg of areal semisimple Lie algebra, the direct sum Fy = @1 0 0i
is a parabohc subalgebra of L (and with appropriate choices this grading is
determined by some Y-height).

Proof of Theorem 7.2 in the real case. Let K < L be a kernel of the
real simple Lie algebra L. Then K¢ is a kernel of L¢ and Np.(K¢) is an ample
parabolic subalgebra of L¢ with kernel K¢. Since the complexification of N (K)
is Np.(Kc), we conclude that Ay = NL(K) is an ample parabolic subalgebra of
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L with kernel A; = K. This parabolic subalgebra Ay gives rise to a |k|-grading
L=g @ --®g, such that Ay = GBfZO g;. Of course, g;. is contained in the kernel
A; = K. Lemma 4.1 applies also in the real case and we see that K = A; = g;.

The equivalence of the other conditions in Theorem 7.2 follows now in a
rather obvious way. |

The upshot of the real version of Theorem 7.2 is that there is also a natural
one-to-one-correspondence between ample parabolic subalgebras Ay, kernels A;
and highest grading components g, in any real simple Lie algebra. The ample
nonlinear subalgebras are exactly the ample parabolic subalgebras. Theorem 7.4
for real semisimple Lie algebras follows with the same proof as in the complex case
of Section 7.

It remains to list the ample parabolic subalgebras of real simple Lie algebras
L in standard form. To achieve this we go through the list of real simple Lie
algebras and determine the simple root sets ¥ C A%, which give rise to standard
ample parabolic subalgebras in L. For this purpose, we have to pay attention
to the following rules. First, the root set > has to give rise to a complex ample
parabolic subalgebra in L¢. Secondly, ¥ N A. has to be empty with respect to
the real form L. And, finally, > has to be a root set, which is invariant under
conjugation with respect to the real form L.

The classification of real simple Lie algebras can be visualized by Satake
diagrams (cf. [OV94, On04, CS09]). The compact roots A, of a real simple Lie
algebra are indicated by black nodes in the Satake diagram, whereas the other
nodes are white. The white nodes for conjugated simple roots are related by an
arrow. The elements of ¥ are than indicated in a Satake diagram by crossed
nodes, again. Only white nodes can be crossed and conjugated white nodes are
either both crossed or both not crossed.

We omit drawing the Satake diagrams. Instead, Table 1 lists the real simple
Lie algebras, identifies the compact roots A, and lists the possible crossed root
sets Y in each case. We also state whether the ample parabolic subalgebra in
question is maximal or not. In fact, there are maximal parabolic subalgebars in
a real simple Lie algebra, whose complexifications are not maximal in L¢. Note
that the semisimple part of gy is determined by those simple roots, which are not
crossed.

The compact real forms never admit parabolic subalgebras. The split real
forms without arrows in the Satake diagram behave like its complexified versions,
i.e., parabolic subalgebras in L and L¢ correspond uniquely to each other. We
omit these cases in Table 1. Furthermore, the underlying real Lie algebra Lg
of a complex simple Lie algebra L is simple as well. The Satake diagram of
Ly consists of two copies of the Dynkin diagram of L with white nodes only.
The obviously related simple roots of these two copies are conjugated and thus
joined by an arrow. Any complex (ample) parabolic subalgebra of L is a real
(ample) parabolic subalgebra of Lg. Thus, the realification of the classification
of Theorem 7.1 applies in this case. We omit these case in Table 1 as well. It
remains to list the possible crossed roots ¥ for 10 families of classical real simple
Lie algebras and 7 cases of noncompact real forms of exceptional algebras.
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’ Real form L, AY ‘ L CA'NA, maximal 7
5[(“71,H), ¢ > 3 odd, {a.}, a even, yes
{a,| p = odd} {ag, ap}, a # b even no

5U(p,€—|-1—p),]_ Sp < %7

<a<
Ceven, {apt1,. .., Qy1-p} {ag, aeal, 1<a<p yes
5u(p,p), b= Z+717 {aa7a£—a}a 1 S a <p, yes
¢>3odd, 0 {ap} yes
so(p, 20 +1—p),1 <p <4, {aa}, 1 <a<p, yes
{apt1, ..., 0} {a,a,},3<a<p no
sp(p, 0 —p), 1 <p <5,
<
{agi1]1 <i <p}U{agt1,..., o} {aa}, even a < 2p yes
sp(p,p), p =3,
fam 1|1 < i< p} {a,}, a even yes
so(p, 20 —p), 1 <p < {2, {aa}, 1<a<p, yes
{ops1, .o, au} {ag,a.}, 3<a<p no
.}, 1<a</l—2, yes
so({ —1,0+1), 0 ap, g}, 3<a<l—2 no
1,0}, {0, ap_1, oy} yes, no
50%(20), ¢ even, {0}, a = even o
{ay p = odd} b y

50%(20), ¢ odd, {au}, even a < 0 — 2, yes
{ap| p=1,3,...,0—2} {ap_1, 0} yes
E[] Of ¢, @ {a3}7 {046}7 yes
¢ {0417045}7 {042,044} yes
EIIT of g, {az, as, au} {ag}, {1, a5} yes
{a1}7 {OZ{,}, yes
E]v Of €6, {0527043,0647066} {@1,@5} no
EVI of e, {a1, a3, a7} {as}, {au}, {as}, {as} yes
EVII of ¢, {as, a4, as, ar} {a1}, {aa}, {as} yes
EVIII of eg, {au, as, ag, as} {a1}, {a2}, {as}, {ar} yes
FII of §,, {as, a3, a4} {a1} yes

Theorem 8.2.

Table 1

L be a standard ample parabolic subalgebra.

1. If L admits a compact root or at least one pair of conjugated restricted roots,

then all pairs (L,X) are listed in Table 1.

2. In case L is a split form (without any pair of conjugated restricted roots) the

Let L be a real (noncompact) simple Lie algebra and let Py(X) <

(L, Py(X)) correspond by complexification to the cases in Theorem 7.1.

3. If L is the realification of some complex simple Lie algebra, then the Py(X)
are exactly the realifications of the examples in Theorem 7.1.
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In cases (2) and (3) of Theorem 8.2 a real ample parabolic subalgebra

is maximal if and only if the complex version is maximal. The classification
of Theorem 8.2 comprises all the case of the primitive classification in [Oc66].
Moreover, ample nonlinear subalgebras, which are not maximal, do exist in real
simple Lie algebras.

[Beb7]

[Bro6]

[CS09]

[Dy52]

[GoT2]

[KN65]

[Mo61]

[Oc66]

[On04]

(OV94]

[Ta79]
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