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Abstract. In this paper, for large discrete series representations of SU(3, 1),
we give expressions of the radial parts of their matrix coefficients in terms of
the generalized hypergeometric series, and describe their asymptotic behavior,
explicitly. Geometrically speaking, this is to obtain an explicit formula for
some Hilbert space of non-holomorphic harmonic L2 -sections in an SU(3, 1)-
equivariant vector bundle over the complex hyperball of dimension 3.
Mathematics Subject Classification 2010: 22E30, 22E45, 43A90.
Key Words and Phrases: Matrix coefficients, discrete series.

1. Introduction

Matrix coefficients play important roles in the representation theory of Lie groups
as well as in the theory of automorphic forms. When the associated Rieman-
nian symmetric space G/K is of Hermitian type, a semisimple Lie group G has
holomorphic discrete series representations, and matrix coefficients of these rep-
resentations at the minimal K -type are known explicitly as the Bergman kernel.
This expression played the crucial role in the calculation of the dimensions of the
spaces of holomorphic automorphic forms on G/K via the Godement-Selberg ex-
pression of the dimensions of them. (See Ibukiyama [5] for the introduction of the
extensive studies. See Kato [6], [7] and Koseki [9], specifically for the SU(n, 1)-
case.) On the contrary, we know little about automorphic forms belonging to
non-holomorphic discrete series representations. We want to have some case study
of the counterpart of the Bergman kernel in a case of a non-holomorphic discrete
series representation. In this paper, we give explicit formulas of matrix coefficients
of each discrete series representation of SU(3, 1) at the minimal K -type.

Let us explain our problem in a precise form. Let G = SU(n, 1) be
the special unitary group of signature (n, 1) for an integer n ≥ 2. We fix a
Cartan decomposition G = KAK , where K is a maximal compact subgroup
of G and A is the identity component of a maximal split torus of G . Let
(Π, HΠ) be a discrete series representation of G , and we denote by (Π∨, H∨Π)
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the contragradient representation of Π. Let (τ, Vτ ) be the minimal K -type of
Π, and we denote by (τ∨, V ∨τ ) the contragradient representation of τ . We fix K -
embeddings ι : Vτ → HΠ and ι∨ : V ∨τ → H∨Π . We define the K×K -homomorphism
φ : V ∨τ �C Vτ → C∞(G) by φ(v∨ � v)(g) = 〈ι∨(v∨),Π(g)ι(v)〉 , where 〈·, ·〉 is the
canonical pairing. For v∨ ∈ V ∨τ and v ∈ Vτ , we call φ(v∨� v) a matrix coefficient
of Π at the minimal K -type. Because of the Cartan decomposition G = KAK
and the equality φ(v∨ � v)(k1gk2) = φ(τ∨(k−1

1 )v∨ � τ(k2)v)(g) (k1, k2 ∈ K), the
K × K -homomorphism φ is characterized by φ(v∨ � v)|A (v∨ ∈ V ∨τ , v ∈ Vτ ).
Tsuzuki [13, Appendix 1] gives the explicit formulas of φ(v∨ � v)|A in the case of
n = 2. The purpose of this paper is to give explicit formulas of φ(v∨� v)|A in the
case of n = 3.

Since the real rank of G is 1, one may imagine that the explicit evaluation of
spherical functions on G is not difficult. However, there seems to be little explicit
results for non-scalar K -types in the literature. In order to obtain explicit formulas
of matrix coefficients, we should treat both the analytical nature of functions on G
and the combinatorial nature stemming from the representations τ∨ and τ . Here
we introduce a new notion, which works effectively to handle the combinatorial
nature. Let M = ZK(A) be the centralizer of A in K , and take the irreducible
decomposition Vτ =

⊕
ν Vτ,ν as an M -module. Then, we also have the irreducible

decomposition V ∨τ =
⊕

ν V
∨
τ,ν as an M -module. Here we identify the dual space

V ∨τ,ν of Vτ,ν with a subspace {v∨ ∈ V ∨τ | 〈v∨, v〉 = 0 (v ∈ Vτ,ν′ , ν ′ 6= ν)} of V ∨τ . In
§2.6, we show that there exist functions {φ[ν]}ν on A such that

φ(v∨ � v)|A =

{
〈v∨, v〉φ[ν] if ν = ν ′,
0 otherwise

for v∨ ∈ V ∨τ,ν′ and v ∈ Vτ,ν . Hence, it suffices to give an explicit formula of φ[ν]
for each ν . We call φ[ν] the ν -component of φ .

In §3, we give explicit formulas of {φ[ν]}ν for each discrete series repre-
sentation Π of G = SU(3, 1). This is the main results of this paper. Since the
holomorphic and anti-holomorphic discrete series cases are well-known and easily
obtained as in Proposition 3.1, our main problem is to give explicit formulas of
{φ[ν]}ν when Π is large in the sense of Vogan [16, Definition 6.1]. For an index
ν = (ν1, ν2), we describe the ν -component φ[ν] for a large discrete series repre-
sentation Π of G = SU(3, 1) in terms of the generalized hypergeometric series
(Theorem 3.3):

φ[ν](a) =a−µ1−µ2−µ3+ν1+ν2
1 3F2

(
ν1 − µ3 + 2, ν2 − µ3 + 1, −µ3 + 2

µ1 − µ3 + 3, µ2 − µ3 + 2
; 1− a2

1

)
,

where µ = (µ1, µ2, µ3) is the Blattner parameter of Π and

a =

 a1 a2

1n−1

a2 a1

 ∈ A.
Here we note that the Blattner parameter µ is a highest weight of a finite dimen-
sional representation of K . Hence it defines a homogeneous vector bundle Eµ over
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G/K with the canonical G-action. Then we can define certain Dirac operator on
Eµ called the Schmid operator, and Π is realized on the L2 -kernel of this operator
(cf. Schmid [11]). Using this fact, we write down a holonomic system of differen-
tial equations which characterize {φ[ν]}ν . This holonomic system is found to be
a generalized hypergeometric system of one variable.

In Theorem 3.2, we also give explicit formulas of {φ[ν]}ν for large discrete
series representations Π of G = SU(2, 1), which are found in Appendix 1 of
Tsuzuki’s paper [13] without a detailed proof. For the sake of completeness, we
give the proof of these formulas in §5 of this paper.

Because the asymptotic behaviors of the Bergman kernels of bounded do-
mains have been studied by some people, we are interested in the asymptotic
behaviors of our matrix coefficients. Utilizing an advantage that we have explicit
formulas in terms of the generalized hypergeometric series, we give a formula of
the form

φ[ν](a) = R1(a1) log(a1) +R2(a1) (a ∈ A)

with some rational functions R1(z) and R2(z) (Corollaries 3.5 and 3.6). This
formula is analogous to Fefferman’s formula (p.45 of Fefferman [2]). The new
point is that our L2 -space consists of non-holomorphic harmonic forms.

We have to remark that the same method in this paper can be applicable to
the explicit computation of matrix coefficients of principal series representations of
SU(2, 1) and SU(3, 1). In this case, the corresponding formulas should resemble
the formulas of Shintani functions for U(n, 1) in Tsuzuki [14, Theorem 8.2.1].
We also remark that Taniguchi [12, Proposition 3.2.3] gives explicit formulas for
parts of Whittaker functions belonging to large discrete series representations of
SU(n, 1). We hope that the same method in this paper would give explicit formulas
of matrix coefficients of discrete series representations of general SU(n, 1). In view
of the explicit description of the Langlands lattice of SU(n, 1) (See Collingwood [1,
figure 4.4]), one might even have the reason of this lattice structure by analyzing
the nature of the parameters of generalized hypergeometric series in the formulas
of matrix coefficients.

We give the contents of this paper. In §2, we introduce some notation and
basic objects of this paper. In §3, we state our main results. In §4, we recall the
Gelfand-Tsetlin basis of simple U(n)-modules, and give the proof of the formulas
for holomorphic discrete series representations of SU(n, 1) for an integer n ≥ 2. In
§5 and §6, we give the proof of the formulas for large discrete series representations
of SU(2, 1) and SU(3, 1), respectively.

2. Notation and basic objects

In this section, we make a preparation to describe our main results. We introduce
some notation and basic objects of this paper. We also review the Cartan-Weyl
theory, the Blattner parameterization of discrete series representations and the
theory of the generalized hypergeometric series.

2.1. Notation. We denote by Z , Q , R and C the ring of rational integers,
the rational number field, the real number field and the complex number field,
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respectively. For l ∈ Z , let Z≥l be the set of integers which are no less than l ,
and Z≤l be the set of integers which are no more than l . For z ∈ C , we denote
the real part and the imaginary part of z by Re(z) and Im(z), respectively. We
denote by δi,j the Kronecker delta, that is,

δi,j =

{
1 if i = j,
0 otherwise.

Let GL(m,C), SL(m,C), U(m) and SU(m) be the complex general linear
group, the complex special linear group, the unitary group and the special unitary
group of degree m , respectively. We denote by gl(m,C), sl(m,C), u(m) and
su(m) the associated Lie algebras of GL(m,C), SL(m,C), U(m) and SU(m),
respectively. For a Lie algebra h , we denote by hC the complexification h ⊗R C
of h . For a Lie group H , let C∞(H) be the space of complex valued smooth
functions on H . For a unimodular Lie group H , we denote by L2(H) the space
of complex valued measurable functions on H which are square-integrable with
respect to the Haar measure.

We denote by 1m the unit matrix of size m . Let E
(m)
i,j be the matrix unit

of size m with 1 at the (i, j)-th entry and 0 at other entries. For a matrix X ,
we denote by tX and X the transpose and the elementwise complex conjugation
of X , respectively. We use the convention that unwritten entries of a matrix are
zero.

2.2. Basic objects. The special unitary group G = SU(n, 1) of signature (n, 1)
is realized as

G = {g ∈ SL(n+ 1,C) | tg1n,1g = 1n,1}, 1n,1 =

(
1n
−1

)
.

We define a Cartan involution θ of G by G 3 g 7→ tg−1 ∈ G . Then

K = {g ∈ G | θ(g) = g} =

{ (
u

(detu)−1

) ∣∣∣∣u ∈ U(n)

}
' U(n)

is a maximal compact subgroup of G .

The associated Lie algebra g of G is given by

g = su(n, 1) = {X ∈ sl(n+ 1,C) | tX1n,1 + 1n,1X = 0}.

If we denote the differential of θ again by θ , then we have θ(X) = −tX for X ∈ g .
Let k and p be the +1 and the −1 eigenspaces of θ in g , respectively. Then k is
the associated Lie algebra of K , and g has a Cartan decomposition g = k⊕ p .

Take a compact Cartan subalgebra

t =
n⊕
i=1

R
(√
−1Ẽ

(n+1)
i,i

)
, Ẽ

(n+1)
i,i = E

(n+1)
i,i − E(n+1)

n+1,n+1.

For 1 ≤ i ≤ n+ 1, define a linear form ei on tC by

ei(t) = ti for t =
n+1∑
i=1

tiE
(n+1)
i,i ∈ tC.
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In this paper, we identify a linear form γ on tC with the complex vector

(γ(Ẽ
(n+1)
1,1 ), γ(Ẽ

(n+1)
2,2 ), · · · , γ(Ẽ(n+1)

n,n )) ∈ Cn.

Note that ei is identified with (

i−1︷ ︸︸ ︷
0, · · · , 0, 1,

n−i︷ ︸︸ ︷
0, · · · , 0) ∈ Cn for 1 ≤ i ≤ n , and en+1

is identified with (−1,−1, · · · ,−1) ∈ Cn .

The root system Σ of (tC, gC) is given by

Σ = Σ(tC, gC) = {ei − ej | 1 ≤ i 6= j ≤ n+ 1},

and the root space for ei − ej is given by gei−ej = CE(n+1)
i,j . The subset Σ+ =

{ei − ej | 1 ≤ i < j ≤ n + 1} of Σ forms a positive root system, and the set of
compact and non-compact positive roots are given by

Σ+
c = {α ∈ Σ+ | gα ⊂ kC} = {ei − ej | 1 ≤ i < j ≤ n},

Σ+
n = {α ∈ Σ+ | gα ⊂ pC} = {ei − en+1 | 1 ≤ i ≤ n},

respectively. Then kC and pC have the following decompositions:

kC = tC ⊕
⊕
α∈Σc

gα
(
Σc = Σ+

c ∪ (−Σ+
c )
)
,

pC = p+ ⊕ p−

p+ =
⊕
α∈Σ+

n

gα, p− =
⊕
α∈Σ+

n

g−α

 .

Let a be a maximal abelian subalgebra of p , which is defined by a = RH1

with H1 = E
(n+1)
1,n+1 + E

(n+1)
n+1,1 . We set

A = exp(a) = {a[t] | t ∈ R}

with

a[t] =

 ch(t) sh(t)
1n−1

sh(t) ch(t)

 ,

ch(t) =
exp(t) + exp(−t)

2
, sh(t) =

exp(t)− exp(−t)
2

.

Then G admits the Cartan decomposition G = KAK . Let M be the centralizer
of A in K , that is,

M =


 u1

u2

u1

 ∣∣∣∣∣∣ u1 ∈ U(1), u2 ∈ U(n− 1),
(u1)2 detu2 = 1

 .

2.3. The Cartan-Weyl theory for U(n). The Cartan-Weyl theory parametrizes
irreducible (continuous) representations of a compact connected Lie group in terms
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of their highest weights. In this subsection, we recall this theory for U(n). (See
Knapp [8, Chapter IV] for details.)

We denote the set of non-increasing n-tuples of integers by Λn , that is,

Λn = {λ = (λ1, λ2, · · · , λn) ∈ Zn | λ1 ≥ λ2 ≥ · · · ≥ λn}.

It is well-known that every irreducible representation (τ, Vτ ) of U(n) is finite
dimensional and has a weight space decomposition

Vτ =
⊕

γ=(γ1,γ2,··· ,γn)∈Zn
Vτ (γ), Vτ (γ) = {v ∈ Vτ | τ(E

(n)
i,i )v = γiv, 1 ≤ i ≤ n}.

Here we denote the differential of τ again by τ . We call γ ∈ Zn a weight of τ if
the corresponding weight space Vτ (γ) has nonzero elements. Nonzero vectors in
weight spaces are called weight vectors. There exists the weight λτ of τ which
satisfies λτ ≥lex γ for any weight γ of τ in the lexicographical order. Such λτ is
contained in Λn and is called the highest weight of τ . Here the lexicographical
order is defined as follows: (γ1, γ2, · · · , γn) >lex (γ′1, γ

′
2, · · · , γ′n) if and only if

γ1 > γ′1
or (γ1 = γ′1 and γ2 > γ′2)

or (γ1 = γ′1, γ2 = γ′2 and γ3 > γ′3)

or (γ1 = γ′1, γ2 = γ′2, γ3 = γ′3 and γ4 > γ′4)

...

or (γ1 = γ′1, γ2 = γ′2, γ3 = γ′3, · · · , γn−1 = γ′n−1 and γn > γ′n).

It is known that Vτ (λτ ) is one dimensional and

Vτ (λτ ) = {v ∈ Vτ | τ(E
(n)
i,j )v = 0 (1 ≤ i < j ≤ n)}.

A nonzero vector in Vτ (λτ ) is called a highest weight vector.

An irreducible representation of U(n) is characterized by its highest weight,
that is, τ ' τ ′ if and only if λτ = λτ ′ for two irreducible representations τ and τ ′

of U(n). Moreover, for each λ ∈ Λn , there exists an irreducible representation of
U(n) whose highest weight is λ . Therefore, the map τ 7→ λτ induces a bijection
from the set of the equivalence classes of irreducible representations of U(n) to
the set Λn .

We denote by (τ
(n)
λ , V

(n)
λ ) the irreducible representation of U(n) whose

highest weight is λ ∈ Λn . In this paper, via the isomorphism

κ : K 3
(
u

(detu)−1

)
7→ u ∈ U(n), (2.1)

we also regard (τ
(n)
λ , V

(n)
λ ) as a representation of K .

2.4. Matrix coefficients. We regard C∞(G) as a G × G-bimodule by the
regular action

(L(g1)R(g2)ϕ)(x) = ϕ(g−1
1 xg2) (ϕ ∈ C∞(G), x ∈ G, (g1, g2) ∈ G×G).
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We denote the differentials of L and R again by L and R , respectively.

Let (Π, HΠ) be an irreducible admissible Banach representation of G . We
denote by HΠ,K the subspace of HΠ consisting of K -finite vectors. Let (Π∨, H∨Π)
be the contragradient representation of Π. We define a natural homomorphism
ΦΠ : H∨Π,K�CHΠ,K → C∞(G) of K×K -modules by ΦΠ(f∨�f)(g) = 〈f∨,Π(g)f〉 ,
where 〈·, ·〉 is the canonical pairing on H∨Π ×HΠ . For f∨ ∈ H∨Π,K and f ∈ HΠ,K ,
the function ΦΠ(f∨ � f) is called a (K -finite) matrix coefficient of Π. Then we
have the equalities

L(X)ΦΠ(f∨ � f) = ΦΠ((Π∨(X)f∨) � f),

R(X)ΦΠ(f∨ � f) = ΦΠ(f∨ � (Π(X)f)) (X ∈ gC)

by definition, and we also have the equality

ΦΠ(f∨ � f)(g) = ΦΠ∨(f � f∨)(g−1) (g ∈ G) (2.2)

by the duality.

2.5. The irreducible decompositions of τ
(n)
λ |M and τ

(n)∨
λ |M . Until the end

of this section, we assume n ≥ 2. Via the embedding

ιn−1,n : U(n− 1) 3 u 7→
(

1
u

)
∈ U(n), (2.3)

we regard U(n − 1) as a subgroup of U(n). Let λ = (λ1, λ2, · · · , λn) ∈ Λn .
By Proposition A.3 in Zhelobenko [19], we have the irreducible decomposition

τ
(n)
λ |U(n−1) '

⊕
ν∈B(λ) τ

(n−1)
ν with

B(λ) = {ν = (ν1, ν2, · · · , νn−1) ∈ Λn−1 | λi ≥ νi ≥ λi+1 (1 ≤ i ≤ n− 1)}.

Let

V
(n)
λ =

⊕
ν∈B(λ)

V
(n)
λ,ν (2.4)

be the corresponding decomposition of V
(n)
λ , that is, V

(n)
λ,ν is the subspace of V

(n)
λ

such that V
(n)
λ,ν ' V

(n−1)
ν as U(n− 1)-modules.

Lemma 2.1. Retain the notation. Then (2.4) is the irreducible decomposition

of V
(n)
λ as an M -module. Moreover, for ν, ν ′ ∈ B(λ), it holds that V

(n)
λ,ν ' V

(n)
λ,ν′

as M -modules if and only if ν = ν ′ .

Proof. Let Zκ(M) and ZU(n−1) be the centers of κ(M) and U(n − 1), respec-
tively. It is easy to see that Zκ(M) = {z[u] | u ∈ U(1)} with

z[u] = un−1ιn−1,n(u−n−11n−1) = diag(un−1, u−2, u−2, · · · , u−2).

Since an element z[u] of Zκ(M) acts on V
(n)
λ,ν by

τ
(n)
λ (z[u])v = u(n−1)(λ1+λ2+···+λn)−(n+1)(ν1+ν2+···+νn−1)v (v ∈ V (n)

λ,ν ),
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it holds that V
(n)
λ,ν ' V

(n)
λ,ν′ as Zκ(M) -modules if and only if ν1 + ν2 + · · · + νn−1 =

ν ′1 + ν ′2 + · · ·+ ν ′n−1 for ν = (ν1, ν2, · · · , νn−1), ν ′ = (ν ′1, ν
′
2, · · · , ν ′n−1) ∈ B(λ).

Since U(n− 1) = SU(n− 1)ZU(n−1) , the space V
(n)
λ,ν is a simple SU(n− 1)-

module. Moreover, we see that V
(n)
λ,ν ' V

(n)
λ,ν′ as SU(n − 1)-modules if and only if

ν ′ is of the form ν ′ = ν + (i, i, · · · , i) (i ∈ Z).

Since κ(M) = ιn−1,n(SU(n − 1))Zκ(M) , we obtain the assertion from the
above arguments.

We denote by (τ
(n)∨
λ , V

(n)∨
λ ) the contragradient representation of τ

(n)
λ . Then

τ
(n)∨
λ is the irreducible representation of U(n) whose highest weight is λ̂ =

(−λn,−λn−1, · · · ,−λ1). For each ν ∈ B(λ), let d(ν) = dimC V
(n−1)
ν and fix a

basis {vν,i}d(ν)
i=1 of V

(n)
λ,ν . We note that {vν,i}ν∈B(λ), 1≤i≤d(ν) is a basis of V

(n)
λ , and

take its dual basis {v∨ν,i}ν∈B(λ), 1≤i≤d(ν) of V
(n)∨
λ . Define

V
(n)∨
λ,ν =

d(ν)⊕
i=1

Cv∨ν,i

as a subspace of V
(n)∨
λ , then V

(n)∨
λ has the following irreducible decomposition as

an M -module:

V
(n)∨
λ =

⊕
ν∈B(λ)

V
(n)∨
λ,ν .

2.6. The ν -components of matrix coefficients. Let (Π, HΠ) be an irre-

ducible admissible Banach representation of G , and take a K -type (τ
(n)
λ , V

(n)
λ )

of Π. Let ι∨ : V
(n)∨
λ → H∨Π,K and ι : V

(n)
λ → HΠ,K be K -embeddings and set

φ = ΦΠ ◦ (ι∨ � ι).

For v∨ ∈ V (n)∨
λ and v ∈ V (n)

λ , we have

φ(v∨ � v)(k1gk2) = φ(τ
(n)∨
λ (k−1

1 )v∨ � τ
(n)
λ (k2)v)(g) (g ∈ G, k1, k2 ∈ K).

From this equality and the Cartan decomposition G = KAK , we know that φ is
characterized by the radial part φ(v∨ � v)|A (v∨ ∈ V (n)∨

λ , v ∈ V (n)
λ ).

We take vν,i, v
∨
ν,i (ν ∈ B(λ), 1 ≤ i ≤ d(ν)) as in §2.5. For ν ∈ B(λ), we

define the ν -component φ[ν] of φ by

φ[ν] =
1

d(ν)

d(ν)∑
i=1

φ(v∨ν,i � vν,i)|A. (2.5)

Note that the definition of the ν -component φ[ν] of φ does not depend on the
choice of {vν,i}1≤i≤d(ν) . The next proposition shows that φ is characterized by
{φ[ν]}ν∈B(λ) .
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Proposition 2.2. Retain the notation and let ν, ν ′ ∈ B(λ). For v∨ ∈ V
(n)∨
λ,ν

and v ∈ V (n)
λ,ν′ , we have

φ(v∨ � v)|A =

{
〈v∨, v〉φ[ν] if ν = ν ′,
0 otherwise.

Here we denote by 〈·, ·〉 the canonical pairing on V
(n)∨
λ × V (n)

λ .

Proof. Let a ∈ A . Since

φ(v∨ � v)(a) = φ(v∨ � v)(m−1am)

= φ(τ
(n)∨
λ (m)v∨ � τ

(n)
λ (m)v)(a) (m ∈M),

we have

φ(v∨ � v)(a) =

∫
M

φ(v∨ � v)(a) dm

=

∫
M

φ(τ
(n)∨
λ (m)v∨ � τ

(n)
λ (m)v)(a) dm.

Here dm is the Haar measure on M normalized by

∫
M

dm = 1. Decomposing

τ
(n)∨
λ (m)v∨ =

d(ν)∑
i=1

〈τ (n)∨
λ (m)v∨, vν,i〉v∨ν,i,

τ
(n)
λ (m)v =

d(ν′)∑
j=1

〈v∨ν′,j, τ
(n)
λ (m)v〉vν′,j,

we have

φ(v∨ � v)(a)

=

d(ν)∑
i=1

d(ν′)∑
j=1

{∫
M

〈τ (n)∨
λ (m)v∨, vν,i〉〈v∨ν′,j, τ

(n)
λ (m)v〉 dm

}
φ(v∨ν,i � vν′,j)(a).

Applying Schur’s orthogonality relations ([8, Corollary 1.10])∫
M

〈τ (n)∨
λ (m)v∨, w〉〈w∨, τ (n)

λ (m)v〉 dm =


〈v∨, v〉〈w∨, w〉

d(ν)
if ν = ν ′,

0 otherwise,

(v∨ ∈ V (n)∨
λ,ν , w ∈ V (n)

λ,ν , w
∨ ∈ V (n)∨

λ,ν′ , v ∈ V
(n)
λ,ν′)

to the right hand side of this equality, we obtain the assertion.

2.7. The parameterization of discrete series representations. We call
(Π, HΠ) a discrete series representation of G if Π is an irreducible unitary repre-
sentation of G whose matrix coefficients are contained in L2(G). In this subsec-
tion, we recall the Blattner parameter of discrete series representations of G . See
[8, Theorems 9.20, 12.21] for details.
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There are n+ 1 positive systems Σ+,J (0 ≤ J ≤ n) of Σ which contain Σ+
c

(cf. §2.2). The positive root system Σ+,J is specified by the simple root system
∆J defined as follows:

∆0 ={ei − ei+1 | 1 ≤ i ≤ n},
∆J ={ei − ei+1 | 1 ≤ i ≤ n− 1, i 6= n− J}

∪ {en−J − en+1, en+1 − en−J+1} (1 ≤ J ≤ n− 1),

∆n ={ei − ei+1 | 1 ≤ i ≤ n− 1} ∪ {en+1 − e1}.

For 0 ≤ J ≤ n , the set Σ+,J
n of noncompact positive roots of Σ+,J is given by

Σ+,J
n ={ei − en+1 | 1 ≤ i ≤ n− J} ∪ {en+1 − ei | n− J + 1 ≤ i ≤ n},

and the half sum ρJ of the roots in Σ+,J is given as follows:

ρ0 = (n, n− 1, · · · , 2, 1),

ρJ = (n− J, n− J − 1, · · · , 2, 1,−1,−2, · · · ,−J) (1 ≤ J ≤ n− 1),

ρn = (−1,−2, · · · ,−n+ 1,−n).

Moreover, the half sum ρ[K] of the positive compact roots is given by

2ρ[K] = (n− 1, n− 3, · · · , n+ 1− 2i, · · · ,−n+ 1).

We set Ξ(n) =
⋃n
J=0 Ξ

(n)
J with

Ξ
(n)
J = {λ = (λ1, λ2, · · · , λn) ∈ Λn | λn−J > n− 2J, n− 2J > λn−J+1}.

Here we omit the condition λn−J > n − 2J if J = n , and omit the condition

n− 2J > λn−J+1 if J = 0. For each 0 ≤ J ≤ n and µ ∈ Ξ
(n)
J , there is a discrete

series representation (Π, HΠ) of G which has the following properties:

(a) The infinitesimal character of Π is given by µ− ρJ + 2ρ[K] .

(b) If dimC HomK(V
(n)
λ , HΠ,K) > 0, then the highest weight λ is of the form

µ+
∑
α∈∆J

mαα (mα ∈ Z≥0) .

Moreover, dimC HomK(V
(n)
µ , HΠ,K) = 1.

Such Π is unique up to equivalence, and the parameter µ is called the Blattner
parameter of Π. The K -type τ

(n)
µ is called the minimal K -type of Π. We denote

by (Πµ, Hµ) the discrete series representation of G with the Blattner parameter
µ . It is known that the set {(Πµ, Hµ) | µ ∈ Ξ(n)} exhausts the equivalence classes
of discrete series representations of G .

When µ ∈ Ξ
(n)
0 , the representation Πµ is a lowest weight module, and is

usually called a holomorphic discrete series representation. When µ ∈ Ξ
(n)
J with



Hayata, Koseki, Miyazaki, and Oda 281

0 < J < n , the representation Πµ is large in the sense of Vogan [16, Definition
6.1], and is called a large discrete series representation.

For µ = (µ1, µ2, · · · , µn) ∈ Ξ
(n)
J , we note that the contragradient representa-

tion Π∨µ of Πµ is a discrete series representation of G with the Blattner parameter

µ̂ = (−µn,−µn−1, · · · ,−µ1) ∈ Ξ
(n)
n−J , that is, Π∨µ ' Πµ̂ . Hence, because of (2.2), it

suffices to consider matrix coefficients of Πµ for each 0 ≤ J ≤ n/2 and µ ∈ Ξ
(n)
J .

2.8. The generalized hypergeometric series. For later use, we recall the ba-
sic facts of the Gaussian hypergeometric series and the generalized hypergeometric
series. See Whittaker–Watson [18] for details.

For a ∈ C and i ∈ Z≥0 , we define the Pochhammer symbol (a)i by

(a)i =
Γ(a+ i)

Γ(a)
= a(a+ 1)(a+ 2) · · · (a+ i− 1),

where Γ(z) is the gamma function. We set

(C2)P = {(a, b) ∈ C2 | b 6∈ Z≤0} ∪ {(a, b) ∈ Z2 | b ≤ a ≤ 0}.

Then
(a)i
(b)i

is well-defined for (a, b) ∈ (C2)P and i ∈ Z≥0 .

The Gaussian hypergeometric series is defined by

2F1

(
a, b
c

; z

)
=
∞∑
i=0

(a)i(b)i
(c)i

zi

i!
(2.6)

where a, b, c are complex numbers such that (b, c) ∈ (C2)P . Here this series
converges absolutely for |z| < 1. If a ∈ Z≤0 , this series is a polynomial function
of z ∈ C .

The Gaussian hypergeometric series F (z) = 2F1

(
a, b
c

; z

)
is character-

ized by the following two conditions:

(i) F (z) satisfies the Gaussian hypergeometric differential equation{
z(1− z)

d2

dz2
+ (c− (a+ b+ 1)z)

d

dz
− ab

}
F (z) = 0. (2.7)

(ii) F (z) is regular at z = 0 and F (0) = 1.

Let us recall basic equalities of the Gaussian hypergeometric series. It holds
that

(1− z)a+b−c
2F1

(
a, b
c

; z

)
= 2F1

(
c− a, c− b

c
; z

)
. (2.8)

If Re(c−a−b) > 0, the Gaussian hypergeometric series (2.6) converges absolutely
for |z| ≤ 1 and its value at z = 1 is given by

2F1

(
a, b
c

; 1

)
=

Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

. (2.9)
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When a ∈ Z≤0 , the both sides of (2.9) are rational functions of (b, c) ∈ (C2)P .
Hence, (2.9) holds for a ∈ Z≤0 and (b, c) ∈ (C2)P without the condition
Re(c− a− b) > 0.

The generalized hypergeometric series of type (3, 2) is defined by

3F2

(
a, b, c
d, e

; z

)
=
∞∑
i=0

(a)i(b)i(c)i
(d)i(e)i

zi

i!

where a, b, c, d, e are complex numbers such that (b, d), (c, e) ∈ (C2)P . This series
converges absolutely for |z| < 1. If a ∈ Z≤0 , this series is a polynomial function
of z ∈ C .

By definition, we have the following equalities:

3F2

(
a, b, c
d, c

; z

)
= 2F1

(
a, b
d

; z

)
, (2.10)(

z
d

dz
+ a

)
3F2

(
a, b, c
d, e

; z

)
= a 3F2

(
a+ 1, b, c

d, e
; z

)
. (2.11)

We introduce the recent result of Vidūnas.

Theorem 2.3 ([15, Theorem 9.1]). For p, q, r ∈ Z≥0 , we have

2F1

(
p+ r + 1, p+ q + r + 1

p+ q + 2r + 2
; z

)
= Q[p,q,r](z) log(1− z) +R[p,q,r](1− z),

where Q[p,q,r](z) and R[p,q,r](z) are rational functions defined by

Q[p,q,r](z) =(−1)p+1z−p−q−2r−1

× (p+ q + 2r)!(p+ q + 2r + 1)!

r!(p+ r)!(q + r)!(p+ q + r)!
2F1

(
−r, −q − r
−p− q − 2r

; z

)
,

R[p,q,r](z) =(−1)p+1(p+ q + 2r + 1)!(1− z)−p−q−2r−1

×
{ r∑
k=0

ψ(q + r − k + 1) + ψ(r − k + 1)− ψ(p+ k + 1)− ψ(k + 1)

(p+ k)!(q + r − k)!(r − k)!k!
zk

−
p−1∑
k=0

(−1)p+k(p− k − 1)!z−p+k

(p+ q + r − k)!(p+ r − k)!k!
+

q−1∑
k=0

(−1)q+k(q − k − 1)!zq+r−k

(p+ q + r − k)!(q + r − k)!k!

}
.

Here ψ(z) = Γ′(z)/Γ(z) is the digamma function.

From this theorem, we obtain the following proposition.

Proposition 2.4. For b, c, d,m ∈ Z≥0 and a ∈ C such that

d > b ≥ c ≥ 1, a 6∈ Z≤0, (a− d+ 1 +m, a− d+ 1) ∈ (C2)P,

we have

3F2

(
a+m, b, c

d, a
; z

)
= Q̃[a,m;b,c,d](z) log(1− z) + R̃[a,m;b,c,d](1− z),
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where Q̃[a,m;b,c,d](z) and R̃[a,m;b,c,d](z) are rational functions defined by

Q̃[a,m;b,c,d](z) =
(−1)b+c−d+1(d− 2)!(d− 1)!(a− d+ 1)m

(b− 1)!(d− b− 1)!(c− 1)!(d− c− 1)!(a)m
z−d+1

× 3F2

(
1− d+ b, 1− d+ c, a− d+ 1 +m

−d+ 2, a− d+ 1
; z

)
,

R̃[a,m;b,c,d](z) =
∑

0≤j≤m
d−b−c≤j

(
m

j

)
(b)j(c)j
(d)j(a)j

(1− z)jR[b+c−d+j,b−c,d−b−1](z)

+
∑

0≤j≤m
j<d−b−c

(
m

j

)
(b)j(c)j
(d)j(a)j

(1− z)jzd−b−c−jR[d−b−c−j,b−c,c+j−1](z).

Here

(
m

j

)
=
m(m− 1) · · · (m− j + 1)

j!
is the binomial coefficient, and the func-

tion R[p,q,r](z) is the rational function defined in Theorem 2.3.

We give the proof of this proposition in §6.4.

3. The main results

In this section, we state the main results of this paper.

Let n ∈ Z≥2 . For µ ∈ Ξ(n) , let ι∨µ : V
(n)∨
µ → H∨µ,K and ιµ : V

(n)
µ → Hµ,K be

K -embeddings such that

〈ι∨µ(v∨), ιµ(v)〉 = 〈v∨, v〉 (v∨ ∈ V (n)∨
µ , v ∈ V (n)

µ ), (3.1)

where 〈·, ·〉 is the canonical pairing. We set φµ = ΦΠµ ◦ (ι∨µ � ιµ), that is,

φµ(v∨ � v)(g) = 〈ι∨µ(v∨),Πµ(g)ιµ(v)〉 (g ∈ G, v∨ ∈ V (n)∨
µ , v ∈ V (n)

µ ).

For ν ∈ B(µ), we denote by φµ[ν] the ν -component of φµ (cf. (2.5)). By the
normalization (3.1), we have

φµ[ν](1n+1) = 1 (ν ∈ B(µ)). (3.2)

Matrix coefficients of a holomorphic discrete series representation are well-
known as the Bergman kernel. The Bergman kernel is a kernel function of the
holomorphic section of the symmetric domain. (See Kato [6] in the case of the
complex hyperball, and Godement [3] in the case of Siegel’s upper half space.)
On another aspect of the kernel function of the representation space of a discrete
series representation, it is also obtained by the matrix coefficient. (See Wallach
and Wolf [17].) For the sake of completeness, we settle explicit formulas of matrix
coefficients of a holomorphic discrete series representation in our context.

Proposition 3.1. Let n ∈ Z≥2 and µ = (µ1, µ2, · · · , µn) ∈ Ξ
(n)
0 . We take

φµ[ν] (ν ∈ B(µ)) as above. For ν = (ν1, ν2, · · · , νn−1) ∈ B(µ), we have

φµ[ν](a[t]) = ch(t)−µ1−µ2−···−µn+ν1+ν2+···+νn−1 .



284 Hayata, Koseki, Miyazaki, and Oda

The proof of this proposition is given in §4.3. Because of Proposition 3.1
and the argument in §2.7, it suffices to consider matrix coefficients of Πµ for

µ ∈ Ξ
(n)
1 when n = 2, 3. For µ ∈ Ξ

(2)
1 , Tsuzuki gives the explicit formulas of

matrix coefficients of Πµ at the minimal K -type, without a detailed proof. We
rewrite those formulas in our context.

Theorem 3.2 ([13, Theorem A.1.1]). Let n = 2. Let µ = (µ1, µ2) ∈ Ξ
(2)
1 . We

take φµ[ν] (ν ∈ B(µ)) as above. For ν = ν1 ∈ B(µ), we have

φµ[ν](a[t]) = ch(t)−µ1−µ2+ν
2F1

(
ν − µ2 + 1, −µ2 + 1

µ1 − µ2 + 2
; 1− ch(t)2

)
= ch(t)µ1+µ2−ν

2F1

(
µ1 − ν + 1, µ1 + 1

µ1 − µ2 + 2
; 1− ch(t)2

)
.

For the sake of completeness, we give the proof of this theorem in §5.3. For
µ ∈ Ξ

(3)
1 , we give the explicit formulas of matrix coefficients of Πµ at the minimal

K -type. This is our main result.

Theorem 3.3. Let n = 3. Let µ = (µ1, µ2, µ3) ∈ Ξ
(3)
1 . We take φµ[ν] (ν ∈

B(µ)) as above. For ν = (ν1, ν2) ∈ B(µ), we have

φµ[ν](a[t]) = ch(t)−µ1−µ2−µ3+ν1+ν2

× 3F2

(
ν1 − µ3 + 2, ν2 − µ3 + 1, −µ3 + 2

µ1 − µ3 + 3, µ2 − µ3 + 2
; 1− ch(t)2

)
.

The proof of this theorem is given in §6.3.

Remark 3.4. Following the suggestion of the referee, we make some comments
for the explicit formulas of matrix coefficients of discrete series representations of
SU(n, 1) (n ≥ 2). The formulas in Theorems 3.2 and 3.3 show a certain pattern,
and we expect that φµ[ν] (ν ∈ B(µ)) are described in terms of the generalized

hypergeometric series of type (n, n − 1) for µ ∈ Ξ
(n)
1 in general. The explicit

formulas of φµ[ν] (ν ∈ B(µ)) for µ ∈ Ξ
(n)
J (2 ≤ J ≤ n − 2) might be more

complicated.

By Theorem 2.3 and Proposition 2.4, we know that the functions in the
above theorems are elementary functions of the form

R1(ch(t)) log(ch(t)) +R2(ch(t)).

where R1(z) and R2(z) are some rational functions of z ∈ C .

Corollary 3.5. Let n = 2. Keeping the notation in Theorem 3.2, we have

φµ[ν](a[t]) = ch(t)p
{

2Q[p,q,r](1− ch(t)2) log(ch(t)) +R[p,q,r](ch(t)2)
}

with p = |µ1 + µ2 − ν|, q = |ν| and r = min{µ1,−µ2, µ1 − ν, ν − µ2}. Here
Q[p,q,r](z) and R[p,q,r](z) are the rational functions defined in Theorem 2.3.
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Proof. The statement follows immediately from Theorems 2.3 and 3.2.

Corollary 3.6. Let n = 3. Keeping the notation in Theorem 3.3, we have

φµ[ν](a[t]) = ch(t)−µ1−µ2−µ3+ν1+ν2

×
{

2Q̃[a,m;b,c,d](1− ch(t)2) log(ch(t)) + R̃[a,m;b,c,d](ch(t)2)
}

with a = µ2 − µ3 + 1, d = µ1 − µ3 + 3, m = ν1 − µ2 and b, c ∈ Z such that

b ≥ c, {b, c} = {ν2 − µ3 + 1, −µ3 + 2}.

Here Q̃[a,m;b,c,d](z) and R̃[a,m;b,c,d](z) are the rational functions defined in Proposi-
tion 2.4.

Proof. The statement follows immediately from Proposition 2.4 and Theorem
3.3.

Remark 3.7. The behavior of φµ[ν](a[t]) when et → 0 or et → ∞ is called
“asymptotic behavior”. Corollaries 3.5 and 3.6 describe them for large discrete
representations of SU(2, 1) and SU(3, 1), respectively. There is a similar result
for middle discrete series representations of SU(2, 2) in [4].

4. Matrix coefficients of holomorphic discrete series representations
of SU(n, 1)

4.1. The Gelfand-Tsetlin basis. Here we briefly review the Gelfand-Tsetlin
basis of irreducible representations of U(n). We also introduce a twisted version
of the Gelfand-Tsetlin basis. The twisted version has some properties, which are
convenient for our computation. We also give a description about its dual basis.

Let n ∈ Z≥1 and λ = (λ1, λ2, · · · , λn) ∈ Λn . A triangular array

L =


ln,1 ln,2 · · · ln,n
ln−1,1 · · · ln−1,n−1

· · · · · · · · ·
l2,1 l2,2
l1,1


of integers is called a Gelfand-Tsetlin pattern (G-pattern) of type λ if

lj,i ≥ lj−1,i ≥ lj,i+1 (1 ≤ i < j ≤ n),

and if (ln,1, ln,2, · · · , ln,n) = λ . Let G(λ) be the set of G-patterns of type λ . For
1 ≤ i ≤ j ≤ n and L ∈ G(λ), we define the symbols γLj and ∆j,i by

γLj =

j∑
h=1

lj,h −
j−1∑
h=1

lj−1,h,
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∆j,i =


δ(j,i),(n,1) δ(j,i),(n,2) · · · δ(j,i),(n,n)

δ(j,i),(n−1,1) · · · δ(j,i),(n−1,n−1)

· · · · · · · · ·
δ(j,i),(2,1) δ(j,i),(2,2)

δ(j,i),(1,1)

 ,

where δ(j,i),(j′,i′) = δj,j′δi,i′ is the product of the Kronecker deltas.

We recall the following theorem, which is originally proved by Gelfand and
Tsetlin. See Molev [10, Theorem 2.3] for details.

Theorem 4.1. There exists a basis {ξ(L)}L∈G(λ) of V
(n)
λ , on which the gener-

ators E
(n)
j,j , E

(n)
j,j+1 and E

(n)
j+1,j of u(n)C = gl(n,C) act by the following formulas:

τ
(n)
λ (E

(n)
j,j )ξ(L) = γLj ξ(L),

τ
(n)
λ (E

(n)
j,j+1)ξ(L) = −

j∑
i=1

∏j+1
h=1(lj,i − lj+1,h − i+ h)∏

1≤h≤j, h6=i(lj,i − lj,h − i+ h)
ξ(L+ ∆j,i),

τ
(n)
λ (E

(n)
j+1,j)ξ(L) =

j∑
i=1

∏j−1
h=1(lj,i − lj−1,h − i+ h)∏

1≤h≤j, h6=i(lj,i − lj,h − i+ h)
ξ(L−∆j,i).

Here it is supposed that ξ(L±∆j,i) = 0 if L±∆j,i is not a G-pattern.

For 1 ≤ i ≤ j < n and L ∈ G(λ), we define the symbol Pj,i(L) by

Pj,i(L) =



∏i
h=1(lj+1,h − lj,i − h+ i)∏i−1
h=1(lj,h − lj,i − h+ i)

i∏
h=2

lj−1,h−1 − lj,i − h+ i

lj,h−1 − lj,i − h+ i

if i = 1 or lj,i−1 > lj,i,

0 otherwise.

For L ∈ G(λ), we define the dual pattern L̂ of L by

L̂ =


−ln,n − ln,n−1 · · · − ln,1

−ln−1,n−1 · · · − ln−1,1

· · · · · · · · ·
−l2,2 − l2,1
−l1,1

 .

Here L̂ is a G-pattern of type λ̂ = (−λn,−λn−1, · · · ,−λ1). Though ∆j,i itself is

not a G-pattern, we use the same convention that ∆̂j,i = −∆j,j+1−i for 1 ≤ i ≤
j ≤ n .

For computation, we use the twisted version {ζ(L)}L∈G(λ) of the Gelfand-
Tsetlin basis {ξ(L)}L∈G(λ) , which is in the following lemma.

Lemma 4.2. There exists a basis {ζ(L)}L∈G(λ) of V
(n)
λ , on which the generators

E
(n)
j,j , E

(n)
j,j+1 and E

(n)
j+1,j of u(n)C act by the following formulas:

τ
(n)
λ (E

(n)
j,j )ζ(L) = γLn+1−jζ(L),
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τ
(n)
λ (E

(n)
j,j+1)ζ(L) =

n−j∑
i=1

Pn−j,i(L̂)ζ(L+ ∆̂n−j,i),

τ
(n)
λ (E

(n)
j+1,j)ζ(L) =

n−j∑
i=1

Pn−j,i(L)ζ(L+ ∆n−j,i).

Here it is supposed that ζ(L′) = 0 if L′ is not a G-pattern.

Proof. We set ζ(L) = c(L)τλ(wn)ξ(L) with

c(L) =
n∏
h=2

∏
1≤i≤j<h

(lh−1,i − lh,j+1 − i+ j)!

(lh,i − lh,j+1 − i+ j)!
,

wn =


1

1
...

1
1

 ∈ U(n).

Since w−1
n E

(n)
i,j wn = E

(n)
n+1−i,n+1−j , we have

τ
(n)
λ (E

(n)
j,j )ζ(L) = c(L)τλ(wn)τ

(n)
λ (E

(n)
n+1−j,n+1−j)ξ(L) = γLn+1−jζ(L),

τ
(n)
λ (E

(n)
j,j+1)ζ(L) = c(L)τλ(wn)τ

(n)
λ (E

(n)
n−j+1,n−j)ξ(L)

=

n−j∑
i=1

∏n−j−1
h=1 (ln−j,i − ln−j−1,h − i+ h)∏

1≤h≤n−j, h 6=i(ln−j,i − ln−j,h − i+ h)
c(L)τλ(wn)ξ(L−∆n−j,i)

=

n−j∑
i=1

Pn−j,i(L̂)ζ(L+ ∆̂n−j,i),

τ
(n)
λ (E

(n)
j+1,j)ζ(L) = c(L)τλ(wn)τ

(n)
λ (E

(n)
n−j,n−j+1)ξ(L)

= −
n−j∑
i=1

∏n−j+1
h=1 (ln−j,i − ln−j+1,h − i+ h)∏

1≤h≤n−j, h 6=i(ln−j,i − ln−j,h − i+ h)
c(L)τλ(wn)ξ(L+ ∆n−j,i)

=

n−j∑
i=1

Pn−j,i(L)ζ(L+ ∆n−j,i).

Lemma 4.3. We take the basis {ζ(L)}L∈G(λ) of V
(n)
λ as in Lemma 4.2. Let

{ζ(L)∨}L∈G(λ) be its dual basis of V
(n)∨
λ . Then we have the following:

(i) Assume n ≥ 2. For ν ∈ B(λ), let G(λ, ν) be the subset of G(λ) consisting of
G-patterns L of type λ such that (ln−1,1, ln−1,2, · · · , ln−1,n−1) = ν . Then we have

V
(n)
λ,ν =

⊕
L∈G(λ,ν) Cζ(L) and the linear map V

(n−1)
ν → V

(n)
λ,ν defined by

ζ(L′) 7→ ζ

(
λ
L′

)
(L′ ∈ G(ν))
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is an isomorphism of U(n− 1)-modules.
(ii) We define an involution ω on U(n) by ω(u) = dud with

d = diag(−1, 1,−1, · · · , (−1)n) ∈ U(n).

We also define an isomorphism Tλ : V
(n)
λ → V

(n)

λ̂
of C-vector spaces by

Tλ(ζ(L)) = ζ(L̂) (L ∈ G(λ)).

Then we have Tλ ◦ τ (n)
λ (u) = τ

(n)

λ̂
(ω(u)) ◦ Tλ for u ∈ U(n).

(iii) The generators E
(n)
j,j , E

(n)
j,j+1 and E

(n)
j+1,j of u(n)C act on {ζ(L)∨}L∈G(λ) by the

following formulas:

τ
(n)∨
λ (E

(n)
j,j )ζ(L)∨ = −γLn+1−jζ(L)∨,

τ
(n)∨
λ (E

(n)
j,j+1)ζ(L)∨ = −

n−j∑
i=1

Pn−j,i(L̂−∆n−j,i)ζ(L− ∆̂n−j,i)
∨,

τ
(n)∨
λ (E

(n)
j+1,j)ζ(L)∨ = −

n−j∑
i=1

Pn−j,i(L−∆n−j,i)ζ(L−∆n−j,i)
∨.

Here it is supposed that ζ(L′)∨ = 0 if L′ is not a G-pattern.

Proof. The statement (i) follows immediately from the formulas in Lemma 4.2.
The statement (ii) follows from

ω(E
(n)
j,j ) = −E(n)

j,j , ω(E
(n)
j,j+1) = E

(n)
j+1,j, ω(E

(n)
j+1,j) = E

(n)
j,j+1, γL̂j = −γLj ,

and the formulas in Lemma 4.2. Here we denote the differential of ω again by ω .
The statement (iii) follows from

τ
(n)∨
λ (X)ζ(L)∨ =

∑
L′∈G(λ)

〈τ (n)∨
λ (X)ζ(L)∨, ζ(L′)〉 ζ(L′)∨

=−
∑

L′∈G(λ)

〈ζ(L)∨, τ
(n)
λ (X)ζ(L′)〉 ζ(L′)∨

for X ∈ u(n)C = gl(n,C), and the formulas in Lemma 4.2.

4.2. The action of pC . In order to obtain explicit formulas of matrix coeffi-
cients, we construct the system of differential equations derived from the action
of pC . As a preparation, we write down the action of pC on the radial parts of
matrix coefficients and the K -module structure of pC in this subsection.

Lemma 4.4. (i) Let φ : V
(n)∨
λ �C V

(n)
λ → C∞(G) be a K ×K -embedding. For

v∨ ∈ V (n)∨
λ , v ∈ V (n)

λ , t ∈ R and X ∈ kC , we have

R(H1)φ(v∨ � v)(a[t]) =
d

dt
φ(v∨ � v)(a[t]),
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R(Ad(a[t]−1)X)φ(v∨ � v)(a[t]) = −φ(τ
(n)∨
λ (X)v∨ � v)(a[t]),

R(X)φ(v∨ � v)(a[t]) = φ(v∨ � τ
(n)
λ (X)v)(a[t]).

(ii) The basis {E(n+1)
i,n+1 , E

(n+1)
n+1,i (1 ≤ i ≤ n)} of pC has the following expressions

according to the decomposition gC = Ad(a[t]−1)kC + aC + kC (t 6= 0):

E
(n+1)
1,n+1 =

1

2

{
1

sh(2t)
Ad(a[t]−1)Ẽ

(n+1)
1,1 +H1 −

ch(2t)

sh(2t)
Ẽ

(n+1)
1,1

}
,

E
(n+1)
n+1,1 =

1

2

{
− 1

sh(2t)
Ad(a[t]−1)Ẽ

(n+1)
1,1 +H1 +

ch(2t)

sh(2t)
Ẽ

(n+1)
1,1

}
,

E
(n+1)
i,n+1 =

1

sh(t)
Ad(a[t]−1)E

(n+1)
i,1 − ch(t)

sh(t)
E

(n+1)
i,1 ,

E
(n+1)
n+1,i = − 1

sh(t)
Ad(a[t]−1)E

(n+1)
1,i +

ch(t)

sh(t)
E

(n+1)
1,i ,

for 2 ≤ i ≤ n.

Proof. This lemma follows immediately from the definition.

We regard pC as a K -module by the adjoint action Ad of K . Then
pC = p+ ⊕ p− is an irreducible decomposition as a K -module, and the highest
weights of p+ and p− are given by e1 − en+1 = (2, 1, 1, · · · , 1) and −en + en+1 =
(−1,−1, · · · ,−1,−2), respectively.

Lemma 4.5. For 1 ≤ h ≤ n, we set

Dh =
h∑
j=1

∆n+1−j,1 +
∑

1≤i≤j≤n

∆j,i ∈ G(e1 − en+1).

We define linear maps I+
p : V

(n)
e1−en+1

→ p+ and I−p : V
(n)
−en+en+1

→ p− by

I+
p (ζ(Dh)) = E

(n+1)
h,n+1 I−p (ζ(D̂h)) = (−1)hE

(n+1)
n+1,h (1 ≤ h ≤ n).

Then I+
p and I−p are K -homomorphisms.

Proof. By direct computation, we have

ad(Ẽ
(n+1)
i,i )E

(n+1)
h,n+1 = (δi,h + 1)E

(n+1)
h,n+1,

ad(E
(n+1)
j,j+1 )E

(n+1)
h,n+1 = δj+1,hE

(n+1)
h−1,n+1,

ad(E
(n+1)
j+1,j )E

(n+1)
h,n+1 = δj,hE

(n+1)
h+1,n+1,

ad(Ẽ
(n+1)
i,i )E

(n+1)
n+1,h = −(δi,h + 1)E

(n+1)
n+1,h,

ad(E
(n+1)
j,j+1 )E

(n+1)
n+1,h = −δj,hE(n+1)

n+1,h+1,

ad(E
(n+1)
j+1,j )E

(n+1)
n+1,h = −δj+1,hE

(n+1)
n+1,h−1

for 1 ≤ i ≤ n and 1 ≤ j ≤ n − 1. Comparing these equalities with the formulas
in Lemma 4.2, we obtain the assertion.
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4.3. Proof of Proposition 3.1.

Proof of Proposition 3.1. We define the K -homomorphism ι̃µ : pC⊗CV
(n)
µ →

Hµ,K by ι̃µ(X ⊗ v) = Π(X)ιµ(v). Since the highest weight of an irreducible sub-

representation of p− ⊗C V
(n)
µ is of the form

µ− α (α ∈ Σ+
n ),

we have HomK(p− ⊗C V
(n)
µ , Hµ,K) = {0} . In particular, the image of p− ⊗C V

(n)
µ

under ι̃µ is {0} . Hence, we have

R(X)φµ(v∨ � v) = (ΦΠµ ◦ (ι∨µ � ι̃µ))(v∨ � (X ⊗ v)) = 0

for X ∈ p−, v
∨ ∈ V (n)∨

µ and v ∈ V (n)
µ . Let ν ∈ B(µ) and take L(ν) ∈ G(µ, ν).

Then we have γL
(ν)

n = µ1 +µ2 + · · ·+µn− ν1− ν2− · · · − νn−1 . Applying Lemmas
4.2, 4.3, 4.4 and Proposition 2.2 to the equality

R(E
(n+1)
n+1,1)φµ(ζ(L(ν))∨ � ζ(L(ν)))(a[t]) = 0,

we have

1

2

(
d

dt
+ γL

(ν)

n

sh(t)

ch(t)

)
φµ[ν](a[t]) = 0.

The solution space of this differential equation is 1-dimensional. By the normal-
ization (3.2), we conclude the assertion.

5. Matrix coefficients of large discrete series representations of
SU(2, 1)

Throughout this section, we set n = 2.

5.1. Decomposition of tensor products and injectors for n = 2. Let
λ = (λ1, λ2) ∈ Λ2 . The set of G-patterns of type λ is given by

G(λ) =

{
L =

(
λ1 λ2

ν

)∣∣∣∣ ν ∈ Z, λ1 ≥ ν ≥ λ2

}
.

Let {ζ(L)}L∈G(λ) be the basis of V
(2)
λ in Lemma 4.2, and take its dual basis

{ζ(L)∨}L∈G(λ) of V
(2)∨
λ . We set ζ(L) = 0 and ζ(L)∨ = 0 if L is not a G-pattern.

Then the basis E
(2)
i,j (1 ≤ i, j ≤ 2) of u(2)C act on these bases by the following

formulas:

τ
(2)
λ (E

(2)
1,1)ζ(L) = (λ1 + λ2 − ν)ζ(L),

τ
(2)
λ (E

(2)
2,2)ζ(L) = νζ(L),

τ
(2)
λ (E

(2)
1,2)ζ(L) = (ν − λ2)ζ

(
L−

(
0 0

1

))
,

τ
(2)
λ (E

(2)
2,1)ζ(L) = (λ1 − ν)ζ

(
L+

(
0 0

1

))
,
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and

τ
(2)∨
λ (E

(2)
1,1)ζ(L)∨ = −(λ1 + λ2 − ν)ζ(L)∨,

τ
(2)∨
λ (E

(2)
2,2)ζ(L)∨ = −νζ(L)∨,

τ
(2)∨
λ (E

(2)
1,2)ζ(L)∨ = −(ν − λ2 + 1)ζ

(
L+

(
0 0

1

))∨
,

τ
(2)∨
λ (E

(2)
2,1)ζ(L)∨ = −(λ1 − ν + 1)ζ

(
L−

(
0 0

1

))∨
for L =

(
λ1 λ2

ν

)
∈ G(λ).

The tensor product V
(2)

(2,1)⊗CV
(2)
λ has the following irreducible decomposition

as a U(2)-module:

V
(2)

(2,1) ⊗C V
(2)
λ '

 V
(2)
λ+(2,1) ⊕ V

(2)
λ+(1,2) if λ1 > λ2,

V
(2)
λ+(2,1) if λ1 = λ2.

We specify each component of this decomposition as follows.

Lemma 5.1. Retain the notation.
(i) We define a linear map I

(2,1)
λ : V

(2)
λ+(2,1) → V

(2)
(2,1) ⊗C V

(2)
λ by

I
(2,1)
λ (ζ(L)) =(λ1 + 2− ν)ζ

(
2 1

1

)
⊗ ζ

(
λ1 λ2

ν−1

)
+ (ν − λ2 − 1)ζ

(
2 1

2

)
⊗ ζ

(
λ1 λ2

ν−2

)
(
L =

(
λ1+2 λ2+1

ν

)
∈ G(λ+ (2, 1))

)
.

Then I
(2,1)
λ is a U(2)-homomorphism.

(ii) When λ1 > λ2 , we define a linear map I
(1,2)
λ : V

(2)
λ+(1,2) → V

(2)
(2,1) ⊗C V

(2)
λ by

I
(1,2)
λ (ζ(L)) = ζ

(
2 1

1

)
⊗ ζ

(
λ1 λ2

ν−1

)
− ζ

(
2 1

2

)
⊗ ζ

(
λ1 λ2

ν−2

)
(
L =

(
λ1+1 λ2+2

ν

)
∈ G(λ+ (1, 2))

)
.

Then I
(1,2)
λ is a U(2)-homomorphism.

Proof. If suffices to confirm that

I
(d1,d2)
λ

(
τ

(2)
λ+(d1,d2)(E

(2)
i,j )ζ(L)

)
= (τ

(2)
(2,1) ⊗ τ

(2)
λ )(E

(2)
i,j )I

(d1,d2)
λ (ζ(L))

for (d1, d2) ∈ {(2, 1), (1, 2)}, L ∈ G(λ+(d1, d2)) and 1 ≤ i, j ≤ 2. We can confirm
these equalities by direct computation.

The tensor product V
(2)

(−1,−2)⊗C V
(2)
λ has the following irreducible decompo-

sition as a U(2)-module:

V
(2)

(−1,−2) ⊗C V
(2)
λ '

 V
(2)
λ+(−1,−2) ⊕ V

(2)
λ+(−2,−1) if λ1 > λ2,

V
(2)
λ+(−1,−2) if λ1 = λ2.
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For (d1, d2) ∈ {(−1,−2), (−2,−1)} , we set

I
(d1,d2)
λ = (T(2,1) ⊗ Tλ̂) ◦ I

(−d2,−d1)

λ̂
◦ Tλ+(d1,d2).

Then I
(d1,d2)
λ : V

(2)
λ+(d1,d2) → V

(2)
(−1,−2) ⊗C V

(2)
λ is a U(2)-homomorphism. For L =(

λ1−2 λ2−1

ν

)
∈ G(λ+ (−2,−1)), the image of ζ(L) under I

(−2,−1)

λ̂
is given by

I
(−2,−1)
λ (ζ(L)) =ζ

(
−1 −2

−1

)
⊗ ζ

(
λ1 λ2

ν+1

)
− ζ

(
−1 −2

−2

)
⊗ ζ

(
λ1 λ2

ν+2

)
. (5.1)

5.2. Differential equations of the ν -components for n = 2.

Proposition 5.2. We use the notation in Theorem 3.2. Then, for µ1 − 1 ≥
ν ≥ µ2 , we have{

1

2

(
d

dt
− (µ1 + µ2 − ν − 1)

sh(t)

ch(t)

)
+ (µ1 − ν)

ch(t)

sh(t)

}
φµ[ν + 1](a[t])

− (µ1 − ν)
1

sh(t)
φµ[ν](a[t]) = 0,{

1

2

(
d

dt
+ (µ1 + µ2 − ν)

sh(t)

ch(t)

)
+ (ν − µ2 + 1)

ch(t)

sh(t)

}
φµ[ν](a[t])

− (ν − µ2 + 1)
1

sh(t)
φµ[ν + 1](a[t]) = 0.

Proof. We define a natural K -homomorphism PΠ : pC ⊗C Hµ,K → Hµ,K by
X ⊗ f 7→ Πµ(X)f , and set

ι̃µ,(1,2) = PΠ ◦ (I+
p ⊗C ιµ) ◦ I(1,2)

µ , ι̃µ,(−2,−1) = PΠ ◦ (I−p ⊗C ιµ) ◦ I(−2,−1)
µ .

Because of the property (b) of Πµ in §2.7, we note that the K -homomorphisms

ι̃µ,(1,2) : V
(n)
µ+(1,2) → HΠ,K and ι̃µ,(−2,−1) : V

(n)
µ+(−2,−1) → HΠ,K are the zero maps.

Hence, for µ1 ≥ ν ′ ≥ µ2 and µ1 − 1 ≥ ν ≥ µ2 , we have

R(E
(3)
1,3)φµ

(
ζ
(
µ1 µ2

ν′

)∨
� ζ

(
µ1 µ2

ν+1

))
−R(E

(3)
2,3)φµ

(
ζ
(
µ1 µ2

ν′

)∨
� ζ

(
µ1 µ2

ν

))
=
(
ΦΠµ ◦ (ι∨µ � ι̃µ,(1,2))

) (
ζ
(
µ1 µ2

ν′

)∨
� ζ

(
µ1+1 µ2+2

ν+2

))
= 0,

R(E
(3)
3,1)φµ

(
ζ
(
µ1 µ2

ν′

)∨
� ζ

(
µ1 µ2

ν

))
+R(E

(3)
3,2)φµ

(
ζ
(
µ1 µ2

ν′

)∨
� ζ

(
µ1 µ2

ν+1

))
= −

(
ΦΠµ ◦ (ι∨µ � ι̃µ,(−2,−1))

) (
ζ
(
µ1 µ2

ν′

)∨
� ζ

(
µ1−2 µ2−1

ν−1

))
= 0.

From these equalities, we have

R(E
(3)
1,3)φµ

(
ζ
(
µ1 µ2

ν+1

)∨
� ζ

(
µ1 µ2

ν+1

))
(a[t])

−R(E
(3)
2,3)φµ

(
ζ
(
µ1 µ2

ν+1

)∨
� ζ

(
µ1 µ2

ν

))
(a[t]) = 0,
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R(E
(3)
3,1)φµ

(
ζ
(
µ1 µ2

ν

)∨
� ζ

(
µ1 µ2

ν

))
(a[t])

+R(E
(3)
3,2)φµ

(
ζ
(
µ1 µ2

ν

)∨
� ζ

(
µ1 µ2

ν+1

))
(a[t]) = 0

for µ1 − 1 ≥ ν ≥ µ2 . Applying Proposition 2.2, Lemma 4.4 and the formulas of
the action of kC in §5.1 to these equalities, we obtain the assertion.

5.3. Proof of Theorem 3.2.

Proof of Theorem 3.2. For ν ∈ B(µ), we set ϕν(y) = ch(t)µ1+µ2−νφµ[ν](a[t])
with y = 1− ch(t)2 . From (3.2), we know that

ϕν(0) = 1 (ν ∈ B(µ)). (5.2)

The system of differential equations for {φµ[ν](a[t])}ν∈B(µ) in Proposition
5.2 is translated to the following system of differential equations for {ϕν(y)}ν∈B(µ) :{

y(1− y)
d

dy
+ (µ2 − 1)y + µ1 − ν

}
ϕν+1(y) = (µ1 − ν)ϕν(y),(

y
d

dy
+ ν − µ2 + 1

)
ϕν(y) = (ν − µ2 + 1)ϕν+1(y)

for µ1 − 1 ≥ ν ≥ µ2 . Combining these equations, we have{
(1− y)y

d2

dy2
+ {(µ1 − µ2 + 2)− (ν − 2µ2 + 3)y} d

dy

− (ν − µ2 + 1)(−µ2 + 1)
}
ϕν(y) = 0 (5.3)

for µ1 ≥ ν ≥ µ2 . This equation is the Gaussian hypergeometric differential
equation (2.7) with a = ν − µ2 + 1, b = −µ2 + 1 and c = µ1 − µ2 + 2, and
has a unique (up to scalar multiple) solution which is regular at y = 0. By the
normalization (5.2), we have

ϕν(y) = 2F1

(
ν − µ2 + 1, −µ2 + 1

µ1 − µ2 + 2
; y

)
= (1− y)µ1+µ2−ν

2F1

(
µ1 − ν + 1, µ1 + 1

µ1 − µ2 + 2
; y

)
for µ1 ≥ ν ≥ µ2 . Here the second equality is by (2.8).

6. Matrix coefficients of large discrete series representations of
SU(3, 1)

Throughout this section, we set n = 3.

6.1. Decomposition of tensor products and injectors for n = 3. Let
λ = (λ1, λ2, λ3) ∈ Λ3 . The set of G-patterns of type λ is given by

G(λ) =

{
L =

(
λ1 λ2 λ3
ν1 ν2
l

)∣∣∣∣ ν1, ν2, l ∈ Z, ν1 ≥ l ≥ ν2,
λ1 ≥ ν1 ≥ λ2 ≥ ν2 ≥ λ3

}
.
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Let B(λ) be the set defined in §2.5, that is,

B(λ) =
{
ν = (ν1, ν2) ∈ Z2 | λ ≥ ν1 ≥ λ2 ≥ ν2 ≥ λ3

}
.

For ν = (ν1, ν2) ∈ B(λ), we set

Pλ(ν) =


(λ2 − ν2)(λ1 − ν2 + 1)

(ν1 − ν2)(ν1 − ν2 + 1)
if ν1 > ν2,

λ1 − λ2 + 1 if ν1 = ν2,

P̂λ(ν) = Pλ̂(ν̂) =


(ν1 − λ2)(ν1 − λ3 + 1)

(ν1 − ν2)(ν1 − ν2 + 1)
if ν1 > ν2,

λ2 − λ3 + 1 if ν1 = ν2.

Let {ζ(L)}L∈G(λ) be the basis of V
(3)
λ in Lemma 4.2, and take its dual basis

{ζ(L)∨}L∈G(λ) of V
(3)∨
λ . We set ζ(L) = 0 and ζ(L)∨ = 0 if L is not a G-pattern.

Then the basis E
(3)
i,j (1 ≤ i, j ≤ 3) of u(3)C act on these bases by the following

formulas:

τ
(3)
λ (E

(3)
1,1)ζ(L) = (λ1 + λ2 + λ3 − ν1 − ν2)ζ(L),

τ
(3)
λ (E

(3)
2,2)ζ(L) = (ν1 + ν2 − l)ζ(L), τ

(3)
λ (E

(3)
3,3)ζ(L) = lζ(L),

τ
(3)
λ (E

(3)
1,2)ζ(L) = (ν2 − λ3)ζ

(
L−

(
0 0 0

0 1

0

))
+ (ν1 − l)P̂λ(ν)ζ

(
L−

(
0 0 0

1 0

0

))
,

τ
(3)
λ (E

(3)
2,3)ζ(L) = (l − ν2)ζ

(
L−

(
0 0 0

0 0

1

))
,

τ
(3)
λ (E

(3)
1,3)ζ(L) = −(ν2 − λ3)ζ

(
L−

(
0 0 0

0 1

1

))
+ (l − ν2)P̂λ(ν)ζ

(
L−

(
0 0 0

1 0

1

))
,

τ
(3)
λ (E

(3)
2,1)ζ(L) = (λ1 − ν1)ζ

(
L+

(
0 0 0

1 0

0

))
+ (l − ν2)Pλ(ν)ζ

(
L+

(
0 0 0

0 1

0

))
,

τ
(3)
λ (E

(3)
3,2)ζ(L) = (ν1 − l)ζ

(
L+

(
0 0 0

0 0

1

))
,

τ
(3)
λ (E

(3)
3,1)ζ(L) = (λ1 − ν1)ζ

(
L+

(
0 0 0

1 0

1

))
− (ν1 − l)Pλ(ν)ζ

(
L+

(
0 0 0

0 1

1

))
,

and

τ
(3)∨
λ (E

(3)
1,1)ζ(L)∨ =− (λ1 + λ2 + λ3 − ν1 − ν2)ζ(L)∨,

τ
(3)∨
λ (E

(3)
2,2)ζ(L)∨ =− (ν1 + ν2 − l)ζ(L)∨, τ

(3)∨
λ (E

(3)
3,3)ζ(L)∨ = −lζ(L)∨,

τ
(3)∨
λ (E

(3)
1,2)ζ(L)∨ =− (ν2 − λ3 + 1)ζ

(
L+

(
0 0 0

0 1

0

))∨
− (ν1 − l + 1)P̂λ(ν + (1, 0))ζ

(
L+

(
0 0 0

1 0

0

))∨
,

τ
(3)∨
λ (E

(3)
2,3)ζ(L)∨ =− (l − ν2 + 1)ζ

(
L+

(
0 0 0

0 0

1

))∨
,
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τ
(3)∨
λ (E

(3)
1,3)ζ(L)∨ =(ν2 − λ3 + 1)ζ

(
L+

(
0 0 0

0 1

1

))∨
− (l − ν2 + 1)P̂λ(ν + (1, 0))ζ

(
L+

(
0 0 0

1 0

1

))∨
,

τ
(3)∨
λ (E

(3)
2,1)ζ(L)∨ =− (λ1 − ν1 + 1)ζ

(
L−

(
0 0 0

1 0

0

))∨
− (l − ν2 + 1)Pλ(ν − (0, 1))ζ

(
L−

(
0 0 0

0 1

0

))∨
,

τ
(3)∨
λ (E

(3)
3,2)ζ(L)∨ =− (ν1 − l + 1)ζ

(
L−

(
0 0 0

0 0

1

))∨
,

τ
(3)∨
λ (E

(3)
3,1)ζ(L)∨ =− (λ1 − ν1 + 1)ζ

(
L−

(
0 0 0

1 0

1

))∨
+ (ν1 − l + 1)Pλ(ν − (0, 1))ζ

(
L−

(
0 0 0

0 1

1

))∨
,

for L =

(
λ

ν

l

)
=

(
λ1 λ2 λ3
ν1 ν2
l

)
∈ G(λ).

The purpose of this subsection is to specify each irreducible component of
V

(3)
e1−e4 ⊗C V

(3)
λ as a U(3)-module. First, we specify each irreducible component of

V
(3)
e1−e4 ⊗C V

(3)
λ as a U(2)-module. Since

V
(3)
e1−e4 = V

(3)
e1−e4,(2,1) ⊕ V

(3)
e1−e4,(1,1), V

(3)
λ =

⊕
ν∈B(λ)

V
(3)
λ,ν ,

we have

V
(3)
e1−e4 ⊗C V

(3)
λ =

⊕
ν∈B(λ)

i∈{1,2}

V
(3)
e1−e4,(i,1) ⊗C V

(3)
λ,ν '

⊕
ν∈B(λ)

i∈{1,2}

V
(2)

(i,1) ⊗C V
(2)
ν . (6.1)

For (d1, d2) ∈ {(2, 1), (1, 2), (1, 1)} and ν = (ν1, ν2) ∈ Λ2 such that ν − (d1, d2) ∈
B(λ), we define a C-linear map J

(d1,d2)
λ,ν : V

(2)
ν → V

(3)
e1−e4 ⊗C V

(3)
λ by

J
(2,1)
λ,ν

(
ζ
(
ν1 ν2

l

))
=(ν1 − l)ζ

(
2 1 1

2 1

1

)
⊗ ζ

(
λ1 λ2 λ3
ν1−2 ν2−1

l−1

)
+ (l − ν2)ζ

(
2 1 1

2 1

2

)
⊗ ζ

(
λ1 λ2 λ3
ν1−2 ν2−1

l−2

)
,

J
(1,2)
λ,ν

(
ζ
(
ν1 ν2

l

))
=ζ

(
2 1 1

2 1

1

)
⊗ ζ

(
λ1 λ2 λ3
ν1−1 ν2−2

l−1

)
− ζ

(
2 1 1

2 1

2

)
⊗ ζ

(
λ1 λ2 λ3
ν1−1 ν2−2

l−2

)
,

J
(1,1)
λ,ν

(
ζ
(
ν1 ν2

l

))
=ζ

(
2 1 1

1 1

1

)
⊗ ζ

(
λ1 λ2 λ3
ν1−1 ν2−1

l−1

)
(ν1 ≥ l ≥ ν2).

Then, from Lemmas 4.3, 5.1 and the decomposition (6.1), we have

HomU(2)(V
(2)
ν , V

(3)
e1−e4 ⊗C V

(3)
λ ) = CJ (1,1)

λ,ν ⊕ CJ (2,1)
λ,ν ⊕ CJ (1,2)

λ,ν
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for ν = (ν1, ν2) ∈ Λ2 , where we put J
(d1,d2)
λ,ν = 0 if ν − (d1, d2) 6∈ B(λ).

Lemma 6.1. We use the above notation. When J
(d1,d2)
λ,ν 6= 0, the elements

E
(3)
1,2 and E

(3)
2,1 of u(3)C act on J

(d1,d2)
λ,ν

(
ζ
(
ν1 ν2

l

))
(ν1 ≥ l ≥ ν2) by the following

formulas:

(τ
(3)
e1−e4 ⊗ τ

(3)
λ )(E

(3)
1,2)J

(2,1)
λ,ν

(
ζ
(
ν1 ν2

l

))
=(ν2 − λ3 − 1)J

(2,1)
λ,ν−(0,1)

(
ζ
(
ν1 ν2−1

l

))
+ (ν1 − l)P̂λ(ν − (2, 1))J

(2,1)
λ,ν−(1,0)

(
ζ
(
ν1−1 ν2

l

))
+ (ν1 − l)J (1,1)

λ,ν−(1,0)

(
ζ
(
ν1−1 ν2

l

))
− (ν2 − λ3 − 1)ζ

(
2 1 1

2 1

2

)
⊗ ζ

(
λ1 λ2 λ3
ν1−2 ν2−2

l−2

)
,

(τ
(3)
e1−e4 ⊗ τ

(3)
λ )(E

(3)
1,2)J

(1,2)
λ,ν

(
ζ
(
ν1 ν2

l

))
=(ν2 − λ3 − 2)J

(1,2)
λ,ν−(0,1)

(
ζ
(
ν1 ν2−1

l

))
+ (ν1 − l)P̂λ(ν − (1, 2))J

(1,2)
λ,ν−(1,0)

(
ζ
(
ν1−1 ν2

l

))
+ J

(1,1)
λ,ν−(0,1)

(
ζ
(
ν1 ν2−1

l

))
− P̂λ(ν − (1, 2))ζ

(
2 1 1

2 1

2

)
⊗ ζ

(
λ1 λ2 λ3
ν1−2 ν2−2

l−2

)
,

(τ
(3)
e1−e4 ⊗ τ

(3)
λ )(E

(3)
1,2)J

(1,1)
λ,ν

(
ζ
(
ν1 ν2

l

))
=(ν2 − λ3 − 1)J

(1,1)
λ,ν−(0,1)

(
ζ
(
ν1 ν2−1

l

))
+ (ν1 − l)P̂λ(ν − (1, 1))J

(1,1)
λ,ν−(1,0)

(
ζ
(
ν1−1 ν2

l

))
,

(τ
(3)
e1−e4 ⊗ τ

(3)
λ )(E

(3)
2,1)J

(2,1)
λ,ν

(
ζ
(
ν1 ν2

l

))
=(λ1 − ν1 + 2)J

(2,1)
λ,ν+(1,0)

(
ζ
(
ν1+1 ν2

l

))
+ (l − ν2)Pλ(ν − (2, 1))J

(2,1)
λ,ν+(0,1)

(
ζ
(
ν1 ν2+1

l

))
− (λ1 − ν1 + 2)ζ

(
2 1 1

2 1

1

)
⊗ ζ

(
λ1 λ2 λ3
ν1−1 ν2−1

l−1

)
,

(τ
(3)
e1−e4 ⊗ τ

(3)
λ )(E

(3)
2,1)J

(1,2)
λ,ν

(
ζ
(
ν1 ν2

l

))
=(λ1 − ν1 + 1)J

(1,2)
λ,ν+(1,0)

(
ζ
(
ν1+1 ν2

l

))
+ (l − ν2)Pλ(ν − (1, 2))J

(1,2)
λ,ν+(0,1)

(
ζ
(
ν1 ν2+1

l

))
+ Pλ(ν − (1, 2))ζ

(
2 1 1

2 1

1

)
⊗ ζ

(
λ1 λ2 λ3
ν1−1 ν2−1

l−1

)
,

(τ
(3)
e1−e4 ⊗ τ

(3)
λ )(E

(3)
2,1)J

(1,1)
λ,ν

(
ζ
(
ν1 ν2

l

))
=(λ1 − ν1 + 1)J

(1,1)
λ,ν+(1,0)

(
ζ
(
ν1+1 ν2

l

))
+ (l − ν2)Pλ(ν − (1, 1))J

(1,1)
λ,ν+(0,1)

(
ζ
(
ν1 ν2+1

l

))
+ ζ

(
2 1 1

2 1

1

)
⊗ ζ

(
λ1 λ2 λ3
ν1−1 ν2−1

l−1

)
.
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Proof. Direct computation.

The tensor product V
(3)
e1−e4 ⊗C V

(3)
λ has the following irreducible decompo-

sition as a U(3)-module:

V
(3)
e1−e4 ⊗C V

(3)
λ '



V
(3)
λ+e1−e4 ⊕ V

(3)
λ+e2−e4 ⊕ V

(3)
λ+e3−e4 if λ1 > λ2 > λ3,

V
(3)
λ+e1−e4 ⊕ V

(3)
λ+e2−e4 if λ1 > λ2 = λ3,

V
(3)
λ+e1−e4 ⊕ V

(3)
λ+e3−e4 if λ1 = λ2 > λ3,

V
(3)
λ+e1−e4 if λ1 = λ2 = λ3.

We specify each component of this decomposition as follows.

Proposition 6.2. We use the above notation. For i ∈ {1, 2, 3}, we define a

linear map Iei−e4λ : V
(3)
λ+ei−e4 → V

(3)
e1−e4 ⊗C V

(3)
λ by

Iei−e4λ (ζ(L)) =
∑

(d1,d2)∈{(2,1),(1,2),(1,1)}

Ci
(d1,d2)(λ, ν)J

(d1,d2)
λ,ν

(
ζ
(
ν1 ν2

l

))
(
L =

(
λ+ei−e4

ν

l

)
=

(
λ1+1+δi,1 λ2+1+δi,2 λ3+1+δi,3

ν1 ν2
l

)
∈ G(λ+ ei − e4)

)
with

C1
(1,1)(λ, ν) = (λ1 − ν1 + 2)(λ1 − ν2 + 3),

C1
(1,2)(λ, ν) = (λ1 − ν1 + 2)(ν2 − λ3 − 1),

C1
(2,1)(λ, ν) =


(λ1 − ν2 + 3)(ν1 − λ2 − 1)(ν1 − λ3)

(ν1 − ν2)(ν1 − ν2 + 1)
if ν1 > ν2,

(λ1 − λ2 + 2)(λ2 − λ3 + 1) if ν1 = ν2,

C2
(1,1)(λ, ν) = λ2 − ν2 + 2, C2

(1,2)(λ, ν) = ν2 − λ3 − 1,

C2
(2,1)(λ, ν) =

 −
(λ2 − ν2 + 2)(ν1 − λ3)

(ν1 − ν2)(ν1 − ν2 + 1)
if ν1 > ν2,

−(λ2 − λ3 + 2) if ν1 = ν2,

C3
(1,1)(λ, ν) = 1, C3

(1,2)(λ, ν) = −1,

C3
(2,1)(λ, ν) =

 −
ν1 − λ2 − 1

(ν1 − ν2)(ν1 − ν2 + 1)
if ν1 > ν2,

−1 if ν1 = ν2.

Then Iei−e4λ is a U(3)-homomorphism for i ∈ {1, 2, 3}.

Proof. It suffices to show that Iei−e4λ is a u(3)C -homomorphism for i ∈ {1, 2, 3} ,
since U(3) is connected. The Lie algebra u(3)C is generated by E

(3)
1,2 , E

(3)
2,1

and ι2,3(u(2)C). Moreover, J
(d1,d2)
λ,ν is a u(2)C -homomorphisms for (d1, d2) ∈

{(2, 1), (1, 2), (1, 1)} . Hence, it suffices to confirm that

Iei−e4λ

(
τ

(3)
λ+ei−e4(E

(3)
1,2)ζ(L)

)
= (τ

(3)
e1−e4 ⊗ τ

(3)
λ )(E

(3)
1,2)Iei−e4λ (ζ(L)),
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Iei−e4λ

(
τ

(3)
λ+ei−e4(E

(3)
2,1)ζ(L)

)
= (τ

(3)
e1−e4 ⊗ τ

(3)
λ )(E

(3)
2,1)Iei−e4λ (ζ(L))

for i ∈ {1, 2, 3} and L ∈ G(λ + ei − e4). We can confirm these equalities using
Lemma 6.1 and the following formulas:

ζ

(
2 1 1

2 1

2

)
⊗ ζ

(
λ1 λ2 λ3
ν1−2 ν2−2

l−2

)
=

1

ν1 − ν2 + 1

{
J

(2,1)
λ,ν−(0,1)

(
ζ
(
ν1 ν2−1

l

))
− (ν1 − l)J (1,2)

λ,ν−(1,0)

(
ζ
(
ν1−1 ν2

l

))}
,

ζ

(
2 1 1

2 1

1

)
⊗ ζ

(
λ1 λ2 λ3
ν1−1 ν2−1

l−1

)
=

1

ν1 − ν2 + 1

{
J

(2,1)
λ,ν+(1,0)

(
ζ
(
ν1+1 ν2

l

))
+ (l − ν2)J

(1,2)
λ,ν+(0,1)

(
ζ
(
ν1 ν2+1

l

))}
.

The tensor product V
(3)
−e3+e4 ⊗C V

(3)
λ has the following irreducible decompo-

sition as a U(3)-module:

V
(3)
−e3+e4 ⊗C V

(3)
λ '



V
(3)
λ−e3+e4

⊕ V (3)
λ−e2+e4

⊕ V (3)
λ−e1+e4

if λ1 > λ2 > λ3,

V
(3)
λ−e3+e4

⊕ V (3)
λ−e1+e4

if λ1 > λ2 = λ3,

V
(3)
λ−e3+e4

⊕ V (3)
λ−e2+e4

if λ1 = λ2 > λ3,

V
(3)
λ−e3+e4

if λ1 = λ2 = λ3.

For i ∈ {1, 2, 3} , we set

I−ei+e4λ = (Te1−e4 ⊗ Tλ̂) ◦ I
e4−i−e4
λ̂

◦ Tλ−ei+e4 .

Then I−ei+e4λ : V
(3)
λ−ei+e4 → V

(3)
−e3+e4⊗CV

(3)
λ is a U(3)-homomorphism. For i ∈ {1, 2}

and L =

(
λ

ν

l

)
=

(
λ1 λ2 λ3
ν1 ν2
l

)
∈ G(λ) such that λ1 − 1 ≥ ν1 ≥ λ2 , λ2 − δi,2 ≥

ν2 ≥ λ3 , we define the element ζ
(−)
i (L) of the τ

(3)
λ−e2+e4

⊕ τ (3)
λ−e1+e4

-component of

V
(3)
−e3+e4 ⊗C V

(3)
λ by

ζ
(−)
1 (L) =

λ2 − ν2

λ1 − λ2 + 1
I−e2+e4
λ

(
ζ

(
λ1−1 λ2−2 λ3−1

ν1−1 ν2−1

l−1

))
− (ν1 − λ2 + 1)(λ1 − ν2 + 1)

λ1 − λ2 + 1
I−e1+e4
λ

(
ζ

(
λ1−2 λ2−1 λ3−1

ν1−1 ν2−1

l−1

))
=− (ν1 − ν2 + 1)ζ

(
−1 −1 −2

−1 −2

−2

)
⊗ ζ

(
λ1 λ2 λ3
ν1+1 ν2
l+1

)
+ (ν1 − ν2 + 1)ζ

(
−1 −1 −2

−1 −2

−1

)
⊗ ζ

(
λ1 λ2 λ3
ν1+1 ν2

l

)
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− (ν1 − λ2 + 1)ζ

(
−1 −1 −2

−1 −1

−1

)
⊗ ζ

(
λ1 λ2 λ3
ν1 ν2
l

)
,

ζ
(−)
2 (L) =

ν1 − ν2

λ1 − λ2 + 1
I−e2+e4
λ

(
ζ

(
λ1−1 λ2−2 λ3−1

ν1−1 ν2−1

l−1

))
+

(ν1 − ν2)(λ1 − ν1)

λ1 − λ2 + 1
I−e1+e4
λ

(
ζ

(
λ1−2 λ2−1 λ3−1

ν1−1 ν2−1

l−1

))
=− (ν1 − l)ζ

(
−1 −1 −2

−1 −2

−2

)
⊗ ζ

(
λ1 λ2 λ3
ν1 ν2+1

l+1

)
− (l − ν2)ζ

(
−1 −1 −2

−1 −2

−1

)
⊗ ζ

(
λ1 λ2 λ3
ν1 ν2+1

l

)
+ (ν1 − ν2)ζ

(
−1 −1 −2

−1 −1

−1

)
⊗ ζ

(
λ1 λ2 λ3
ν1 ν2
l

)
.

6.2. Differential equations of the ν -components for n = 3.

Proposition 6.3. We use the notation in Theorem 3.3. Then, we have the
following system of differential equations:
(i) For µ1 ≥ ν1 ≥ µ2 ≥ ν2 > µ3 , it holds that

(ν1 − ν2 + 1)

{
1

2

(
d

dt
− (µ1 + µ2 + µ3 − ν1 − ν2)

sh(t)

ch(t)

)
+ (µ1 + µ2 − ν1 − ν2 + 2)

ch(t)

sh(t)

}
φµ[ν](a[t])

− (ν1 − µ2)(µ1 − ν1 + 1)
1

sh(t)
φµ[ν − (1, 0)](a[t])

− (µ2 − ν2 + 1)(µ1 − ν2 + 2)
1

sh(t)
φµ[ν − (0, 1)](a[t]) = 0.

(ii) For µ1 > ν1 ≥ µ2 ≥ ν2 ≥ µ3 , it holds that{
1

2

(
d

dt
+ (µ1 + µ2 + µ3 − ν1 − ν2)

sh(t)

ch(t)

)
+ (ν1 − µ3 + 2)

ch(t)

sh(t)

}
φµ[ν](a[t])

− (ν1 − µ3 + 2)
1

sh(t)
φµ[ν + (1, 0)](a[t]) = 0.

(iii) For µ1 > ν1 ≥ µ2 > ν2 ≥ µ3 , it holds that

−
{

1

2

(
d

dt
+ (µ1 + µ2 + µ3 − ν1 − ν2)

sh(t)

ch(t)

)
+ (ν2 − µ3 + 1)

ch(t)

sh(t)

}
φµ[ν](a[t])

+ (ν2 − µ3 + 1)
1

sh(t)
φµ[ν + (0, 1)](a[t]) = 0.

Proof. We define the natural K -homomorphism PΠ : pC ⊗C Hµ,K → Hµ,K by
X ⊗ f 7→ Πµ(X)f , and set

ι̃µ,+ = PΠ ◦ (I+
p ⊗C ιµ), ι̃µ,− = PΠ ◦ (I−p ⊗C ιµ).
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Because of the property (b) of Πµ in §2.7, the image of Ie3−e4µ (ζ(L)) under ι̃µ,+

and the images of ζ
(−)
1 (L) and ζ

(−)
2 (L) under ι̃µ,− are 0. Hence, we have

(
ΦΠµ ◦ (ι∨µ � ι̃µ,+)

)(
ζ

(
µ1 µ2 µ3
ν1 ν2
l

)∨
� Ie3−e4λ

(
ζ

(
µ1+1 µ2+1 µ3+2

ν1+1 ν2+1

l+1

)))
= 0,

(
ΦΠµ ◦ (ι∨µ � ι̃µ,−)

)(
ζ

(
µ1 µ2 µ3
ν1 ν2
l

)∨
� ζ

(−)
i

(
µ1 µ2 µ3
ν1 ν2
l

))
= 0 (i ∈ {1, 2}).

These equations are equivalent to the following equations:

− (ν1 − µ2)

(ν1 − ν2)(ν1 − ν2 + 1)

{
(ν1 − l)R(E

(4)
2,4)φµ

(
ζ

(
µ1 µ2 µ3
ν1 ν2
l

)∨
� ζ

(
µ1 µ2 µ3
ν1−1 ν2

l

))
+ (l − ν2)R(E

(4)
3,4)φµ

((
µ1 µ2 µ3
ν1 ν2
l

)∨
� ζ

(
µ1 µ2 µ3
ν1−1 ν2
l−1

))}
−R(E

(4)
2,4)φµ

(
ζ

(
µ1 µ2 µ3
ν1 ν2
l

)∨
� ζ

(
µ1 µ2 µ3
ν1 ν2−1

l

))
+R(E

(4)
3,4)φµ

(
ζ

(
µ1 µ2 µ3
ν1 ν2
l

)∨
� ζ

(
µ1 µ2 µ3
ν1 ν2−1

l−1

))
+R(E

(4)
1,4)φµ

(
ζ

(
µ1 µ2 µ3
ν1 ν2
l

)∨
� ζ

(
µ1 µ2 µ3
ν1 ν2
l

))
= 0,

(ν1 − ν2 + 1)R(E
(4)
4,3)φµ

(
ζ

(
µ1 µ2 µ3
ν1 ν2
l

)∨
� ζ

(
µ1 µ2 µ3
ν1+1 ν2
l+1

))
+ (ν1 − ν2 + 1)R(E

(4)
4,2)φµ

(
ζ

(
µ1 µ2 µ3
ν1 ν2
l

)∨
� ζ

(
µ1 µ2 µ3
ν1+1 ν2

l

))
+ (ν1 − µ2 + 1)R(E

(4)
4,1)φµ

(
ζ

(
µ1 µ2 µ3
ν1 ν2
l

)∨
� ζ

(
µ1 µ2 µ3
ν1 ν2
l

))
= 0,

(ν1 − l)R(E
(4)
4,3)φµ

(
ζ

(
µ1 µ2 µ3
ν1 ν2
l

)∨
� ζ

(
µ1 µ2 µ3
ν1 ν2+1

l+1

))
− (l − ν2)R(E

(4)
4,2)φµ

(
ζ

(
µ1 µ2 µ3
ν1 ν2
l

)∨
� ζ

(
µ1 µ2 µ3
ν1 ν2+1

l

))
− (ν1 − ν2)R(E

(4)
4,1)φµ

(
ζ

(
µ1 µ2 µ3
ν1 ν2
l

)∨
� ζ

(
µ1 µ2 µ3
ν1 ν2
l

))
= 0.

If we restrict them to A and apply Proposition 2.2, Lemma 4.4 and the formulas
of the action of kC in §6.1, these equations become differential equations in the
statement.

6.3. Proof of Theorem 3.3.

Proof of Theorem 3.3. For ν = (ν1, ν2) ∈ B(µ), we set

ϕν(y) = ch(t)µ1+µ2+µ3−ν1−ν2φµ[ν](a[t])
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with y = 1− ch(t)2 . From (3.2), we know that

ϕν(0) = 1 (ν ∈ B(µ)). (6.2)

The system of differential equations for {φµ[ν](a[t])}ν∈B(µ) in Proposition
6.3 is translated to the following system of differential equations for {ϕν(y)}ν∈B(µ) :

(ν1 − ν2 + 1)

{
(1− y)y

d

dy
+ (µ3 − 2)y + µ1 + µ2 − ν1 − ν2 + 2

}
ϕν(y)

= (ν1 − µ2)(µ1 − ν1 + 1)ϕν−(1,0)(y) + (µ2 − ν2 + 1)(µ1 − ν2 + 2)ϕν−(0,1)(y),
(6.3)(

y
d

dy
+ ν1 − µ3 + 2

)
ϕν(y) = (ν1 − µ3 + 2)ϕν+(1,0)(y), (6.4)(

y
d

dy
+ ν2 − µ3 + 1

)
ϕν(y) = (ν2 − µ3 + 1)ϕν+(0,1)(y). (6.5)

As special cases of (6.3) and (6.5), we have{
(1− y)y

d

dy
+ (µ3 − 2)y + µ1 − ν2 + 1

}
ϕ(µ2,ν2+1)(y) = (µ1 − ν2 + 1)ϕ(µ2,ν2)(y),(

y
d

dy
+ ν2 − µ3 + 1

)
ϕ(µ2,ν2)(y) = (ν2 − µ3 + 1)ϕ(µ2,ν2+1)(y)

for µ2 − 1 ≥ ν2 ≥ µ3 . Combining these equations, we have{
(1− y)y

d2

dy2
+ {(µ1 − µ3 + 3)− (ν2 − 2µ3 + 4)y} d

dy

− (ν2 − µ3 + 1)(−µ3 + 2)

}
ϕ(µ2,ν2)(y) = 0 (6.6)

for µ2 ≥ ν2 ≥ µ3 . This equation is the Gaussian hypergeometric differential
equation (2.7) with a = ν2 − µ3 + 1, b = −µ3 + 2 and c = µ1 − µ3 + 3, and
has a unique (up to scalar multiple) solution which is regular at y = 0. By the
normalization (6.2), we have

ϕ(µ2,ν2)(y) = 2F1

(
ν2 − µ3 + 1, −µ3 + 2

µ1 − µ3 + 3
; y

)
= 3F2

(
µ2 − µ3 + 2, ν2 − µ3 + 1, −µ3 + 2

µ1 − µ3 + 3, µ2 − µ3 + 2
; y

)
for µ2 ≥ ν2 ≥ µ3 . Here the second equality is by (2.10). To obtain the general
formula for µ1 ≥ ν1 ≥ µ2 , we make use of (2.11) and (6.4), recursively. This is
straightforward. Hence, we obtain the assertion.

6.4. Proof of Proposition 2.4. In this subsection, we give the proof of Propo-
sition 2.4.
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Lemma 6.4. For z, a, b, c, d ∈ C and m ∈ Z≥0 such that a, d 6∈ Z≤0, |z| < 1,
we have

3F2

(
a+m, b, c

d, a
; z

)
=

m∑
j=0

(
m

j

)
(b)j(c)j
(a)j(d)j

zj2F1

(
b+ j, c+ j

d+ j
; z

)
.

Proof. Using the equalities (2.9) and(
m

j

)
= (−1)j

(−m)j
j!

, (6.7)

we have

(a+m)i
(a)i

=
Γ(a)Γ(a+m+ i)

Γ(a+ i)Γ(a+m)
= 2F1

(
−i, −m

a
; 1

)
=

min{i,m}∑
j=0

(−i)j(−m)j
(a)jj!

=

min{i,m}∑
j=0

(
m

j

)
i(i− 1)(i− 2) · · · (i− j + 1)

(a)j
.

Using this equality and (b)i = (b)j(b+ j)i−j , we have

3F2

(
a+m, b, c

d, a
; z

)
=
∞∑
i=0

(a+m)i(b)i(c)i
(d)i(a)i

zi

i!

=
∞∑
i=0

min{i,m}∑
j=0

(
m

j

)
(b)i(c)i
(a)j(d)i

zi

(i− j)!

=
m∑
j=0

(
m

j

)
(b)j(c)j
(a)j(d)j

zj
∞∑
i=j

(b+ j)i−j(c+ j)i−j
(d+ j)i−j

zi−j

(i− j)!
.

Replacing i→ i+ j , we obtain the assertion.

Lemma 6.5. For z, a, b, c ∈ C and l,m ∈ Z≥0 such that

a 6∈ Z≤0, (a− c+m, a− c) ∈ (C2)P, (b, 1− c− j) ∈ (C2)P (0 ≤ j ≤ m),

we have

m∑
j=0

(−m)j(c)j
j!(a)j

2F1

(
−l, b

1− c− j ; z

)
=

(a− c)m
(a)m

3F2

(
−l, b, a− c+m

1− c, a− c ; z

)
.

Proof. Using the equality

(b)i(c)j
(1− c− j)i

=
(b)i(c− i)j

(1− c)i
,

we have

m∑
j=0

(−m)j(c)j
j!(a)j

2F1

(
−l, b

1− c− j ; z

)
=

m∑
j=0

(−m)j(c)j
j!(a)j

l∑
i=0

(−l)i(b)i
(1− c− j)i

zi

i!
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=
l∑

i=0

(−l)i(b)i
(1− c)i

zi

i!

m∑
j=0

(−m)j(c− i)j
j!(a)j

.

Since

m∑
j=0

(−m)j(c− i)j
j!(a)j

= 2F1

(
−m, c− i

a
; 1

)
=

Γ(a)Γ(a− c+m+ i)

Γ(a+m)Γ(a− c+ i)

=
(a− c)m(a− c+m)i

(a)m(a− c)i

(the second equality is by (2.9)), we have

m∑
j=0

(−m)j(c)j
j!(a)j

2F1

(
−l, b

1− c− j ; z

)
=

(a− c)m
(a)m

l∑
i=0

(−l)i(b)i(a− c+m)i
(c)i(a− c)i

zi

i!

=
(a− c)m

(a)m
3F2

(
−l, b, a− c+m

1− c, a− c ; z

)
.

Proof of Proposition 2.4. From Lemma 6.4, we have

3F2

(
a+m, b, c

d, a
; z

)
=

m∑
j=0

(
m

j

)
(b)j(c)j
(d)j(a)j

zj2F1

(
b+ j, c+ j

d+ j
; z

)
.

By (2.8), we have

3F2

(
a+m, b, c

d, a
; z

)
=

∑
0≤j≤m
d−b−c≤j

(
m

j

)
(b)j(c)j
(d)j(a)j

zj2F1

(
b+ j, c+ j

d+ j
; z

)

+
∑

0≤j≤m
j<d−b−c

(
m

j

)
(b)j(c)j
(d)j(a)j

zj(1− z)d−b−c−j2F1

(
d− b, d− c

d+ j
; z

)
.

Applying Theorem 2.3, we find that the right hand side is equal to

∑
0≤j≤m
d−b−c≤j

(
m

j

)
(b)j(c)j
(d)j(a)j

zj
(
Q[b+c−d+j,b−c,d−b−1](z) log(1− z)

+R[b+c−d+j,b−c,d−b−1](1− z)
)

+
∑

0≤j≤m
j<d−b−c

(
m

j

)
(b)j(c)j
(d)j(a)j

zj(1− z)d−b−c−j
(
Q[d−b−c−j,b−c,c+j−1](z) log(1− z)

+R[d−b−c−j,b−c,c+j−1](1− z)
)
.
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Applying the equality

(1− z)d−b−c−jQ[d−b−c−j,b−c,c+j−1](z) = Q[b+c−d+j,b−c,d−b−1](z)

(obtained from (2.8)), we know that 3F2

(
a+m, b, c

d, a
; z

)
is equal to

m∑
j=0

(
m

j

)
(b)j(c)j
(d)j(a)j

zjQ[b+c−d+j,b−c,d−b−1](z) log(1− z) + R̃[a,m;b,c,d](1− z).

Moreover, using the equalities (6.7),

(l + j)! = (l + 1)j l! (l, j ∈ Z≥0)

and Lemma 6.5, we have

m∑
j=0

(
m

j

)
(b)j(c)j
(d)j(a)j

zjQ[b+c−d+j,b−c,d−b−1](z)

=
(−1)b+c−d+1(d− 2)!(d− 1)!

(b− 1)!(d− b− 1)!(c− 1)!(d− c− 1)!
z−d+1

×
m∑
j=0

(−m)j(d− 1)j
(a)jj!

2F1

(
1− d+ b, 1− d+ c
−d+ 2− j ; z

)
= Q̃[a,m;b,c,d](z).
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