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Abstract. In this paper, for large discrete series representations of SU(3,1),
we give expressions of the radial parts of their matrix coefficients in terms of
the generalized hypergeometric series, and describe their asymptotic behavior,
explicitly. Geometrically speaking, this is to obtain an explicit formula for
some Hilbert space of non-holomorphic harmonic L?-sections in an SU(3,1)-
equivariant vector bundle over the complex hyperball of dimension 3.
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1. Introduction

Matrix coefficients play important roles in the representation theory of Lie groups
as well as in the theory of automorphic forms. When the associated Rieman-
nian symmetric space G/K is of Hermitian type, a semisimple Lie group G has
holomorphic discrete series representations, and matrix coefficients of these rep-
resentations at the minimal K-type are known explicitly as the Bergman kernel.
This expression played the crucial role in the calculation of the dimensions of the
spaces of holomorphic automorphic forms on G/K via the Godement-Selberg ex-
pression of the dimensions of them. (See Ibukiyama [5] for the introduction of the
extensive studies. See Kato [6], [7] and Koseki [9], specifically for the SU(n,1)-
case.) On the contrary, we know little about automorphic forms belonging to
non-holomorphic discrete series representations. We want to have some case study
of the counterpart of the Bergman kernel in a case of a non-holomorphic discrete
series representation. In this paper, we give explicit formulas of matrix coefficients
of each discrete series representation of SU(3,1) at the minimal K -type.

Let us explain our problem in a precise form. Let G = SU(n,1) be
the special unitary group of signature (n,1) for an integer n > 2. We fix a
Cartan decomposition G = KAK, where K is a maximal compact subgroup
of G and A is the identity component of a maximal split torus of G. Let
(IT, Hy) be a discrete series representation of G, and we denote by (I1Y, Hyf)
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the contragradient representation of II. Let (7,V;) be the minimal K-type of
IT, and we denote by (7¥,V.Y) the contragradient representation of 7. We fix K-
embeddings ¢: V, — Hy and ¥: V.Y — HyY{. We define the K x K -homomorphism
¢: VY R Ve, = C®(G) by ¢(v¥ Rv)(g) = (¥ (vY),II(g)e(v)), where (-,-) is the
canonical pairing. For v¥ € V¥ and v € V;, we call ¢(vY Kv) a matrix coefficient
of IT at the minimal K-type. Because of the Cartan decomposition G = KAK
and the equality ¢(v¥ X v)(kigks) = ¢(7V (k7 )vY B 7(ky)v)(g) (ki, ko € K), the
K x K-homomorphism ¢ is characterized by ¢(vY Kov)[a (v¥ € VY, v € V;).
Tsuzuki [13, Appendix 1] gives the explicit formulas of ¢(vY K v)|4 in the case of
n = 2. The purpose of this paper is to give explicit formulas of ¢(vY K wv)|4 in the
case of n = 3.

Since the real rank of GG is 1, one may imagine that the explicit evaluation of
spherical functions on G is not difficult. However, there seems to be little explicit
results for non-scalar K -types in the literature. In order to obtain explicit formulas
of matrix coefficients, we should treat both the analytical nature of functions on G
and the combinatorial nature stemming from the representations 7V and 7. Here
we introduce a new notion, which works effectively to handle the combinatorial
nature. Let M = Zk(A) be the centralizer of A in K, and take the irreducible
decomposition V, = @, V;, as an M-module. Then, we also have the irreducible
decomposition VY = @, V', as an M-module. Here we identify the dual space
VY, of V., with a subspace {v¥ € V' | (v",v) =0 (v € V;,, V' #v)} of VY. In
§2.6, we show that there exist functions {¢[v]}, on A such that

¢(v” Ww)la = { (W, v)elv] if v=1/,

0 otherwise

for vV € VTYV, and v € V. Hence, it suffices to give an explicit formula of ¢[v]
for each v. We call ¢[v] the v-component of ¢.

In §3, we give explicit formulas of {¢[v]}, for each discrete series repre-
sentation IT of G = SU(3,1). This is the main results of this paper. Since the
holomorphic and anti-holomorphic discrete series cases are well-known and easily
obtained as in Proposition 3.1, our main problem is to give explicit formulas of
{¢[v]}, when II is large in the sense of Vogan [16, Definition 6.1]. For an index
v = (v1,1v,), we describe the v-component ¢[v] for a large discrete series repre-
sentation IT of G = SU(3,1) in terms of the generalized hypergeometric series
(Theorem 3.3):

— ] — o — V14 — + 2 V_,U3+1 _,U3+2
a) =g He—mstvitr: o[ V1T 3T 4, V2 ) 1—a?),
olvi(a) =a 2 p1 = p3 + 3, po — pi3 + 2 !

where p = (pu1, j12, p£3) is the Blattner parameter of II and

a1 a2
a = 1,1 € A.
a2 ai

Here we note that the Blattner parameter p is a highest weight of a finite dimen-
sional representation of K. Hence it defines a homogeneous vector bundle E,, over
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G/K with the canonical G-action. Then we can define certain Dirac operator on
E, called the Schmid operator, and II is realized on the L?-kernel of this operator
(cf. Schmid [11]). Using this fact, we write down a holonomic system of differen-
tial equations which characterize {¢[r]},. This holonomic system is found to be
a generalized hypergeometric system of one variable.

In Theorem 3.2, we also give explicit formulas of {¢p[v]}, for large discrete
series representations I of G = SU(2,1), which are found in Appendix 1 of
Tsuzuki’s paper [13] without a detailed proof. For the sake of completeness, we
give the proof of these formulas in §5 of this paper.

Because the asymptotic behaviors of the Bergman kernels of bounded do-
mains have been studied by some people, we are interested in the asymptotic
behaviors of our matrix coefficients. Utilizing an advantage that we have explicit
formulas in terms of the generalized hypergeometric series, we give a formula of
the form

¢v](a) = Ri(a1)log(ar) + Ry(ar) (a € A)

with some rational functions R;(z) and Rs(z) (Corollaries 3.5 and 3.6). This
formula is analogous to Fefferman’s formula (p.45 of Fefferman [2]). The new
point is that our L?-space consists of non-holomorphic harmonic forms.

We have to remark that the same method in this paper can be applicable to
the explicit computation of matrix coefficients of principal series representations of
SU(2,1) and SU(3,1). In this case, the corresponding formulas should resemble
the formulas of Shintani functions for U(n,1) in Tsuzuki [14, Theorem 8.2.1].
We also remark that Taniguchi [12, Proposition 3.2.3] gives explicit formulas for
parts of Whittaker functions belonging to large discrete series representations of
SU(n,1). We hope that the same method in this paper would give explicit formulas
of matrix coefficients of discrete series representations of general SU(n,1). In view
of the explicit description of the Langlands lattice of SU(n, 1) (See Collingwood [1,
figure 4.4]), one might even have the reason of this lattice structure by analyzing
the nature of the parameters of generalized hypergeometric series in the formulas
of matrix coefficients.

We give the contents of this paper. In §2, we introduce some notation and
basic objects of this paper. In §3, we state our main results. In §4, we recall the
Gelfand-Tsetlin basis of simple U(n)-modules, and give the proof of the formulas
for holomorphic discrete series representations of SU(n, 1) for an integer n > 2. In
§5 and §6, we give the proof of the formulas for large discrete series representations
of SU(2,1) and SU(3,1), respectively.

2. Notation and basic objects

In this section, we make a preparation to describe our main results. We introduce
some notation and basic objects of this paper. We also review the Cartan-Weyl
theory, the Blattner parameterization of discrete series representations and the
theory of the generalized hypergeometric series.

2.1. Notation. We denote by Z, Q, R and C the ring of rational integers,
the rational number field, the real number field and the complex number field,
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respectively. For [ € Z, let Z>; be the set of integers which are no less than [,
and Z<; be the set of integers which are no more than /. For z € C, we denote
the real part and the imaginary part of z by Re(z) and Im(z), respectively. We
denote by 6;; the Kronecker delta, that is,

s 1 ifi=j
“J 71 0 otherwise.

Let GL(m,C), SL(m,C), U(m) and SU(m) be the complex general linear
group, the complex special linear group, the unitary group and the special unitary
group of degree m, respectively. We denote by gl(m,C), sl(m,C), u(m) and
su(m) the associated Lie algebras of GL(m,C), SL(m,C), U(m) and SU(m),
respectively. For a Lie algebra b, we denote by hc the complexification h ®r C
of h. For a Lie group H, let C*°(H) be the space of complex valued smooth
functions on H. For a unimodular Lie group H, we denote by L?(H) the space
of complex valued measurable functions on H which are square-integrable with
respect to the Haar measure.

We denote by 1,, the unit matrix of size m. Let EZ(T) be the matrix unit
of size m with 1 at the (i,j)-th entry and 0 at other entries. For a matrix X,
we denote by X and X the transpose and the elementwise complex conjugation
of X, respectively. We use the convention that unwritten entries of a matrix are
Zero.

2.2. Basic objects. The special unitary group G = SU(n, 1) of signature (n,1)
is realized as

L,
G = {g S SL(n + 1,@) ’ t§1n7lg = ln,l}a 1n,1 = ( ] > .
We define a Cartan involution § of G by G 2 g+ ‘g~! € G. Then

K={geG|0(g) =g} = { (u(detu)_1>

is a maximal compact subgroup of G.

ue U(n)} ~ U(n)

The associated Lie algebra g of G is given by
g=su(n,1)={X €sl(n+1,C) | 'X1,1 + 1,,X =0}

If we denote the differential of 6 again by 6, then we have §(X) = —*X for X € g.

Let € and p be the +1 and the —1 eigenspaces of 8 in g, respectively. Then ¢ is

the associated Lie algebra of K, and g has a Cartan decomposition g =¢® p.
Take a compact Cartan subalgebra

(= @R (VIEY). ES =BV - EUEDL
=1

For 1 <i<n+ 1, define a linear form e; on tc by

n+1
e;(t) = t; for t=> 4B € te.
=1
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In this paper, we identify a linear form ~ on t¢ with the complex vector

(VET), AESS™), - AED)) e O
i—1 n—i
——
Note that e; is identified with (0,---,0,1,0,---,0) € C" for 1 <i < n, and €,44
is identified with (—1,—1,---,—1) € C".

The root system X of (tc, gc) is given by
Y =X(tc,gc) ={ei —ej |11 #j <n+1},

and the root space for e; —e; is given by g, ., = CEI.(;H). The subset XT =
e, —ei |1 <i<j<n+1} of ¥ forms a positive root system, and the set of
j J y
compact and non-compact positive roots are given by

Ej:{aeer‘gaCE(c}:{@z—eg|1§Z<j§n},
SF={a €| g. Cpc}={ei—enn1 |1 <i<n},

respectively. Then £c and pc have the following decompositions:

EC:%@@ga (ECZE:U(_Ej))a
a€d
pc="ps ®p- Pr=EP g =P
aext aexf

Let a be a maximal abelian subalgebra of p, which is defined by a = RH,
with Hy = B + ESY . We set

n

A =exp(a) = {alt] | t € R}

with
ch(t) sh(t)
a[t] = 1n71 y
sh(t) ch(t)
ch(t) = exp(t) +2exp(—t)’ sh(t) = exp(t) —2exp(—t)'

Then G admits the Cartan decomposition G = KAK . Let M be the centralizer
of A in K, that is,

Uy
M = (%)

u € U(1), ug € U(n — 1),
<U1)2 det Ug = 1

2.3. The Cartan-Weyl theory for U(n). The Cartan-Weyl theory parametrizes
irreducible (continuous) representations of a compact connected Lie group in terms
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of their highest weights. In this subsection, we recall this theory for U(n). (See
Knapp [8, Chapter IV] for details.)
We denote the set of non-increasing n-tuples of integers by A,,, that is,

An:{A:(Ah)\Qv"' 7)‘n)EZn|)\12)\222)\n}

It is well-known that every irreducible representation (7,V;) of U(n) is finite
dimensional and has a weight space decomposition

V= @D Vi), Vi) ={veV | 7B =7, 1<i<n).

Y=y, n ) €L

Here we denote the differential of 7 again by 7. We call v € Z" a weight of 7 if
the corresponding weight space V() has nonzero elements. Nonzero vectors in
weight spaces are called weight vectors. There exists the weight A, of 7 which
satisfies A\, > 7 for any weight v of 7 in the lexicographical order. Such A, is
contained in A,, and is called the highest weight of 7. Here the lexicographical
order is defined as follows: (v1,72, -+ s Tn) >lex (V1,75 -+ »7,) if and only if

>
or (v =1 and 72 > 75)
or (v =", 72 =" and v3 > 73)
or (v =9, %2 =7 13 =" and 4 > 7))

or (M= =7 V=73 " V-1 =Tn_q and y, >7,).

It is known that V,(\;) is one dimensional and
V,\)={veV, [7(BMw=0(1<i<j<n)}

A nonzero vector in V,(\,) is called a highest weight vector.

An irreducible representation of U(n) is characterized by its highest weight,
that is, 7 ~ 7 if and only if A, = A,/ for two irreducible representations 7 and 7’
of U(n). Moreover, for each A € A,,, there exists an irreducible representation of
U(n) whose highest weight is A. Therefore, the map 7 — A, induces a bijection
from the set of the equivalence classes of irreducible representations of U(n) to
the set A,,.

We denote by (T)(\n),V/\(n)) the irreducible representation of U(n) whose
highest weight is A € A,,. In this paper, via the isomorphism

H:K9<u(detu)—1)HUEU(n)’ (2.1)

we also regard (7., V") as a representation of K.

2.4. Matrix coefficients. We regard C*(G) as a G x G-bimodule by the
regular action

(L(g1)R(g2)0)(x) = p(g7 'zg2) (0 € C=(G), z € G, (q1.92) € G X G).
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We denote the differentials of L and R again by L and R, respectively.

Let (II, H) be an irreducible admissible Banach representation of G. We
denote by Hi i the subspace of Hy consisting of K -finite vectors. Let (IIY, Hy)
be the contragradient representation of II. We define a natural homomorphism
Dyi: HY 1 Be Hy g — C=(G) of K x K -modules by Oy(f*81)(g) = (¥, TI(g)f).
where (-, -) is the canonical pairing on Hy x Hy. For f¥ € Hy y and f € Hyk,
the function ®p(fY X f) is called a (K -finite) matrix coefficient of TI. Then we
have the equalities

L(X)®n(f' ® f) = on((IV(X) f) K f),

R(X)®n(f' X f) = on(f” B (I(X)[)) (X € gc)
by definition, and we also have the equality
Ou(fY R f)(g) = euv (f R fV)(g7) (9 €G) (2.2)

by the duality.
\%
|

2.5. The irreducible decompositions of 7|, and 7\""|);. Until the end

of this section, we assume n > 2. Via the embedding

bn—1n: UM —1) 2 u— (%7) e U(n), (2.3)

we regard U(n — 1) as a subgroup of U(n). Let A\ = (A, A, -+, \) € A,

By Proposition A.3 in Zhelobenko [19], we have the irreducible decomposition
n n—1 .
T)(\ )|U(n_1) ~ @VGB(/\) 7Y with

BA)={v=(vi,v," V1) EM 1 [ Xi 21 2 A (1 <0 <n— 1)}

Let

Vi = a v (2.4)
veB(N)

n)
N7

be the corresponding decomposition of V/\(n), that is, V/\( is the subspace of V/\(n)

such that V/\(Z) ~ V"™ as U(n — 1)-modules.

Lemma 2.1.  Retain the notation. Then (2.4) is the irreducible decomposition
of V)fn) as an M -module. Moreover, for v, € B(X), it holds that V/\(Z) ~ V/\(Z),
as M -modules if and only if v =1".

Proof. Let Z,u) and Zy(,—1) be the centers of k(M) and U(n — 1), respec-
tively. It is easy to see that Z,n = {z[u] | v € U(1)} with

P (wT T, ) = diag(u T uT R u T uT ).

zu] = u
Since an element zu] of Z, ) acts on VA(:,) by

7_)(\n) (z[u])v = w Dot ) = (1) (i +va - rn-1) ) (ve VA(Z))’
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it holds that V/\(Z) o~ V/\(:L,), as Zy-modules if and only if vy + v+ -+ + 1,1 =
v+ v+, for v= (v, Up), V) = (V{,l/é,n- Uh_q) € B(M).
Since U(n—1) = SU(n — 1)ZU(n 1), the space V/\V is a simple SU(n —1)-

module. Moreover, we see that V/\W ~ V)\Z, as SU(n — 1)-modules if and only if

V' is of the form v/ =v + (i,i,--- ;i) (i €Z).
Since k(M) = tn-1,(SU(n — 1))Z.n), we obtain the assertion from the
above arguments. [ |

We denote by (Tf\n)v, V)\(")V) the contragradient representation of T)(\n) . Then
Ti")v is the irreducible representation of U(n) whose highest weight is N =
(—Any — A e ,—/\1). For each v € B(\), let d(v) = dime Vi ™" and fix a
basis {v,”} 1 of VA . We note that {vm},,GB(AL 1<i<d(v) is a basis of V;n), and

take its dual basis {vyﬂ-},jeg (), 1<i<d(v) of V . Define

n)\/ @ va .

as a subspace of V/\(n)v7 then V/\(n)v has the following irreducible decomposition as
an M -module:

ARMES @ v,

veB(A

2.6. The v-components of matrix coefficients. Let (II, Hy) be an irre-
ducible admissible Banach representation of G, and take a K-type (TA(R), V;n))
of . Let : V{" — Hy ;o and ¢: V" — Hyx be K-embeddings and set
¢ =Pro (VK.

For v € V/\(")V and v € V/\(n), we have

$(v" o) (kighs) = o™ (ki ")o¥ B (k2)v)(g) (9 € G, ki ks € K).

From this equality and the Cartan decomposition G = KAK , we know that ¢ is
characterized by the radial part ¢(v¥ ®Rv)[x (0¥ € VY, v e V™).
We take v,;, vy, (v € B(\), 1 <i <d(v)) as in §2.5. For v € B()), we

define the v-component ¢[v]| of ¢ by

d(v)
o] = 27 20k Bl 2.5)

Note that the definition of the v-component ¢[v] of ¢ does not depend on the
choice of {v,;}1<i<aw). The next proposition shows that ¢ is characterized by

{¢[V]}ueB(A)
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Proposition 2.2.  Retain the notation and let v, € B(\). For v¥ € V/\(Z)v

and v € V/\(Z),, we have

Gv' Ko)ls = { (W, v)plv] if v="1/,

0 otherwise.

Here we denote by (-,-) the canonical pairing on V/\(n)v X V)\(n).

Proof. Let a € A. Since

o0 K v)(a) = ¢(v¥ K o) (m " am)
= o(r{"" (m)v" & 7" (m)v)(a) (m e M),

we have

d(vY Ko)( /(bv X v)(
= [ ol e’ B m)o)a) dim

Here dm is the Haar measure on M normalized by / dm = 1. Decomposing
M

d(v')
L mpv =" (v (),
j=1
we have
pv' X U)( )
d(v) d(v
= Z Z {/ (m)v", Uu,z‘><”§/,j, T)(\")(m)v) dm} gb(vll X, ;)(a).
i=1 j=1

Applying Schur’s orthogonality relations ([8, Corollary 1.10])

/M (Y (e w7 () dim = a0v)

0 otherwise,

ifv=1,

(v¥ e V/\(Z)v, w e V/\(Z), w' € V/\(Z)/v, v E V/\(?,)/)
to the right hand side of this equality, we obtain the assertion. ]

2.7. The parameterization of discrete series representations. We call
(IT, Hyp) a discrete series representation of G if II is an irreducible unitary repre-
sentation of G whose matrix coefficients are contained in L*(G). In this subsec-
tion, we recall the Blattner parameter of discrete series representations of GG. See
[8, Theorems 9.20, 12.21] for details.
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There are n+ 1 positive systems X7/ (0 < J < n) of 3 which contain 37
(cf. §2.2). The positive root system X7/ is specified by the simple root system
A defined as follows:

Ag={ei—eip1 |1 <i<n},
AJ:{ei—€¢+1 | 1§z§n—1, z#n—J}

U{en—J_en+1>€n+l _6n—J+1} (1 S JS n— 1)7
An :{ei—eiﬂ | 1 Sign—l}u{en+1—el}.

For 0 < J < n, the set ¥’ of noncompact positive roots of X7/ is given by
S =lei—en | 1<i<n—J}U{eps —€ |n—J+1<i<n},
and the half sum p; of the roots in ¥ is given as follows:

poz(nan_la"' 7271)7
py=n—Jn—-J—1,---,21,-1,-2,---  —J) (1<J<n-1),
pn=(—1,-2,---,—n+1,—n).

Moreover, the half sum p(x] of the positive compact roots is given by
2o =(n—1,n—=3,---,n+1-=2i---,—n+1).
We set 2 = J2_, 2% with
2 = A= (A A An) €A | Auey > —2J, n—2J > Aoy )

Here we omit the condition A,_; > n — 2J if J = n, and omit the condition
n—2J>X\,_y1if J=0. Foreach 0 < J <n and p € Ef,n), there is a discrete
series representation (II, Hy) of G which has the following properties:

(a) The infinitesimal character of II is given by i — ps + 2p(x] .

(b) If dimg Homg (V™ Hyy i) > 0, then the highest weight A is of the form

i+ Z Mo (Ma € Zxo) -

a€EA;
Moreover, dimg HomK(VH("), Hpg)=1.

Such II is unique up to equivalence, and the parameter p is called the Blattner
parameter of II. The K -type T,Sn) is called the minimal K -type of II. We denote
by (II,, H,) the discrete series representation of G with the Blattner parameter
p. Tt is known that the set {(IL,, H,) | p € 2™} exhausts the equivalence classes
of discrete series representations of G'.

When u € E(()n), the representation II, is a lowest weight module, and is

usually called a holomorphic discrete series representation. When u € ES”) with
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0 < J < n, the representation II, is large in the sense of Vogan [16, Definition
6.1], and is called a large discrete series representation.

For p = (p1, pa, -+, fn) € Ef]n) , we note that the contragradient representa-
tion HZ of 11, is a discrete series representation of G with the Blattner parameter
L= (—flny —fn—1," ", —p1) € ESL)J, that is, I ~ I1;. Hence, because of (2.2), it

suffices to consider matrix coefficients of II,, for each 0 < J <n/2 and p € ES").

2.8. The generalized hypergeometric series. For later use, we recall the ba-
sic facts of the Gaussian hypergeometric series and the generalized hypergeometric
series. See Whittaker—Watson [18] for details.

For a € C and i € Z>, we define the Pochhammer symbol (a); by
I'(a +1)
(@) = —=——

['(a)

=ala+1)(a+2)---(a+i—1),
where I'(z) is the gamma function. We set
(C*)p = {(a,b) € C* | b & Zco} U{(a,b) € Z* | b < a < 0}.

(a);
(b):

The Gaussian hypergeometric series is defined by

Then

is well-defined for (a,b) € (C?*)p and i € Zsg.

(2.6)

N
3
/N

IS
N
S
N
N—
I
()¢
—~
—~|&
Q=
~— | —~
A S
:_/
=]y

=0

where a,b,c are complex numbers such that (b,c) € (C?)p. Here this series
converges absolutely for |z| < 1. If a € Z<, this series is a polynomial function
of z € C.

. . : b :
The Gaussian hypergeometric series F(z) = oF) ( a,c ;z) is character-

ized by the following two conditions:

(i) F(z) satisfies the Gaussian hypergeometric differential equation

d? d
1—2)— - z)—— — =U. -
{z( z)dZ2 +(c—(a+b+ )Z)dz ab} F(z)=0 (2.7)
(ii) F(z) is regular at z =0 and F(0) = 1.
Let us recall basic equalities of the Gaussian hypergeometric series. It holds
that
(1_Z)a+b_c2F1(a’cb;Z>=2F1<C_a’cc_b§z>' (2.8)

If Re(c—a—0b) > 0, the Gaussian hypergeometric series (2.6) converges absolutely
for |2| <1 and its value at z = 1 is given by

JF, < a, b ;1) _ I'(e)l(c—a-— b)‘ (2.9)

c ['(c—a)l'(c—10)
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When a € Z<g, the both sides of (2.9) are rational functions of (b,c) € (C?)p.
Hence, (2.9) holds for a € Z<, and (b, c) € (C?)p without the condition
Re(c —a—0) > 0.

The generalized hypergeometric series of type (3,2) is defined by

=0

where a,b, ¢, d, e are complex numbers such that (b,d), (c,e) € (C*)p. This series
converges absolutely for |z| < 1. If a € Z<, this series is a polynomial function
of z € C.

By definition, we have the following equalities:

a, b, c a, b
3[h ( d, ¢ ;Z) =9l ( d ;Z) ) (2-1())
d a, b, c B a+1,b, c
(ZE —|—a> 3F2 ( d, e ,Z) = agFQ ( d, e ,Z) . (211)

We introduce the recent result of Vidunas.

Theorem 2.3 ([15, Theorem 9.1]).  For p,q,r € Z>o, we have

p+r+1, p+qg+r+1
> ( p+q+2r+2 3Z> = Qpgr)(2)10g(1 = 2) + Rpp g (1 = 2),

where Qppq.1(2) and Ry, 4,(2) are rational functions defined by

Qlpgr)(2) =(=1)PH1zpma2rt
(p+q+2r)\p+q+2r+1) g1
Ap+r)lg+nlp+g+n™ ( —p—q—2r Z)
R[p,q,r](z) :(_1)P+1(p +q+2r+1)(1— Z)—p—q—2r—1
{iw(““’““”w—’f“) Yot kD) —ye
(p+ k) g+ — k) (r—k)k!
b 1

(=1)PHh(p — k — 1)lzPth - (=1)aHh(q — k — 1)lzatr—h }

X

k=0
1

- +
—(ptagtr—k)lp+r—kk = (p+q+r—k)lg+r—k)k

Here (z) =T"(2)/T'(2) is the digamma function.

From this theorem, we obtain the following proposition.

Proposition 2.4.  For b,c,d,m € Z>y and a € C such that
d>b>c>1, a & Z<o, (a—d+14+m,a—d+1) € (C*p,

we have

a+m, b, c ~ .
3F2 ( d. a 7Z) = Q[a,m;b,c,d](z) 10g<]— - Z) + R[a,m;b,c,d](l - Z),
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where Q{a7m;b7c7d](z) and R[avm;bﬁ’d](z) are rational functions defined by
(=1)bre=dti(d —2)(d — )@ —d + 1), e
b-—Dd=b—1)c—D(d—c—1)(a)m
( l—d+b, 1—d+c¢, a—d+1+m >
X 3F2 2]

C?[a,m;b,c,d} (Z) =

—d+2, a—d+1

Rigmipea(z) = Z (m) (0);(c), (1 = 2) Ripye—ditjp—c,d—b—1](2)

052, \J/ (d);(a);
d—b—c<j
m\ (b);(c); j o d—b—c—j

+ . (1 - Z)JZ R d—b—c—j,b—c,c+j—1 (Z)
Zm (J)(d)j(a)j hrebrest
j<d—b—c
D (m—i+1

Here (m) = m(m = 1) "(m j+ 1s the binomial coefficient, and the func-
J J:

tion Ry, q.1(2) is the rational function defined in Theorem 2.3.

We give the proof of this proposition in §6.4.

3. The main results

In this section, we state the main results of this paper.

Let n € Zy. For e 2 let o) vimY H)! i and 1, V" = H, x be
K -embeddings such that
(10 (07), 1u(v)) = (07, 0) (0" e VIV, vwe V), (3.1)

“w

where (-, -) is the canonical pairing. We set ¢, = ®p, o (¢ K ¢,), that is,

Su(v’ Bo)(9) = (4 (0"). u(9)eu(v)) (9 € G, vY € VI, v e V™).

n

For v € B(u), we denote by ¢,[v] the v-component of ¢, (cf. (2.5)). By the
normalization (3.1), we have

Gulv](1nga) =1 (v € B(p)). (3.2)

Matrix coefficients of a holomorphic discrete series representation are well-
known as the Bergman kernel. The Bergman kernel is a kernel function of the
holomorphic section of the symmetric domain. (See Kato [6] in the case of the
complex hyperball, and Godement [3] in the case of Siegel’s upper half space.)
On another aspect of the kernel function of the representation space of a discrete
series representation, it is also obtained by the matrix coefficient. (See Wallach
and Wolf [17].) For the sake of completeness, we settle explicit formulas of matrix
coefficients of a holomorphic discrete series representation in our context.

Proposition 3.1. Let n € Zsy and p = (p1, o, fn) € E(()n). We take
oulv] (v € B(p)) as above. For v = (11,19, ,Vy_1) € B(p), we have

b [V)(a]t]) = ch(f) i hemmmm b
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The proof of this proposition is given in §4.3. Because of Proposition 3.1
and the argument in §2.7, it suffices to consider matrix coefficients of II, for
e E§"> when n = 2,3. For p € 552), Tsuzuki gives the explicit formulas of
matrix coefficients of II, at the minimal K-type, without a detailed proof. We

rewrite those formulas in our context.

Theorem 3.2 ([13, Theorem A.1.1)).  Let n=2. Let pn = (p1, o) € Z52 . We
take ¢,[v] (v € B(n)) as above. For v =1y € B(p), we have

dulV](alt]) = ch(t) =217, Fy ( v ’;‘Z*_LQ ey Tl ch(t)Z)

— —-v+1 ,U1+1
= ch(tymtrevyp [ H1 TV T :1—ch(t)?) .
s, (1T g

For the sake of completeness, we give the proof of this theorem in §5.3. For
IS 533), we give the explicit formulas of matrix coefficients of II,, at the minimal

K-type. This is our main result.

Theorem 3.3. Let n = 3. Let pu = (uq, po, 13) € = We take oulv] (v €
B(w)) as above. For v = (v1,15) € B(u), we have

gb#[”] (a[t]) = Ch(t)_”l_/@—#s—&-ul—&-y?

Vi — 3+ 2, vo—ps3+ 1, —ps+2 2
X 3k ;1 —ch(t .
32< p1 — pz+ 3, po — p3+ 2 (®)

The proof of this theorem is given in §6.3.

Remark 3.4. Following the suggestion of the referee, we make some comments
for the explicit formulas of matrix coefficients of discrete series representations of
SU(n,1) (n > 2). The formulas in Theorems 3.2 and 3.3 show a certain pattern,
and we expect that ¢,[v] (v € B(u)) are described in terms of the generalized

hypergeometric series of type (n,n — 1) for u € Eﬁ”) in general. The explicit

formulas of ¢,[v] (v € B(p)) for p € E(Jn) (2 < J < n —2) might be more
complicated.

By Theorem 2.3 and Proposition 2.4, we know that the functions in the
above theorems are elementary functions of the form

Ry (ch(t)) log(ch(t)) + Ra(ch(t)).

where R;(z) and Ry(z) are some rational functions of z € C.

Corollary 3.5. Let n = 2. Keeping the notation in Theorem 3.2, we have

Gl (alt]) = ()" {2Qp 1 (1 — ch(t)?) log(ch(t)) + R (ch(1)?) |

with p = |p + p2 —vl, ¢ = [v| and r = min{p, —ps, i — v,v — po}. Here
Q. (2) and Ry q.(2) are the rational functions defined in Theorem 2.5.
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Proof. The statement follows immediately from Theorems 2.3 and 3.2. ]

Corollary 3.6.  Let n = 3. Keeping the notation in Theorem 3.3, we have
qbﬂ[”](‘a[ﬂ) = Ch(t)7u17“2*ﬂ3+V1+u2
X {QQ[a,m;b,c,d}<1 — Ch<t)2) log(ch(t)) + é[a,m;b,c,d]<(}h(t)2)}

with a = po —ps+1, d=py — ps+3, m =1y — pe and b,c € Z such that

bZC7 {b7c}:{l/2_,u3+]-7 _/'L3+2}
Here Q[mm;bﬁqd](z) and fx’[a,m;b,c,d](z) are the rational functions defined in Proposi-
tion 2.4.

Proof. The statement follows immediately from Proposition 2.4 and Theorem
3.3. [ |

Remark 3.7.  The behavior of ¢,[v](a[t]) when e/ — 0 or ¢! — oo is called
“asymptotic behavior”. Corollaries 3.5 and 3.6 describe them for large discrete
representations of SU(2,1) and SU(3,1), respectively. There is a similar result
for middle discrete series representations of SU(2,2) in [4].

4. Matrix coefficients of holomorphic discrete series representations
of SU(n,1)

4.1. The Gelfand-Tsetlin basis. Here we briefly review the Gelfand-Tsetlin

basis of irreducible representations of U(n). We also introduce a twisted version

of the Gelfand-Tsetlin basis. The twisted version has some properties, which are

convenient for our computation. We also give a description about its dual basis.
Let n € Zs; and A = (A, A, - -+, \y) € A, A triangular array

ln,l ln,Z e ln,n
lnfl,l e lnfl,nfl

lag lao
lia

of integers is called a Gelfand-Tsetlin pattern (G-pattern) of type A if
Lii 21 2l (1<i<j<n),

and if (l,1,0n2,  ,lnn) = A. Let G(A) be the set of G-patterns of type A. For
1<i<j<mnand LeG()\), we define the symbols v/ and A;; by

J Jj—1

L

V= E Lin — E li—1,n;
h=1 h=1



286 Havata, KOSEKI, MIYAZAKI, AND ODA

0Ga,mb)  0Gam2 T 0G), ()
OGimn—11) " 0(j)(n-1n-1)
Aj,i — . . ..
0Gi(21) 0(ii)(2,2)
0(j.0),(1,1)
where 0(;),(j1.) = 0,05, is the product of the Kronecker deltas.

We recall the following theorem, which is originally proved by Gelfand and
Tsetlin. See Molev [10, Theorem 2.3] for details.

Theorem 4.1.  There exz'sts a basis {£(L)}rea) of V/\(n) , on which the gener-

ators E](] : EJ(ZL)H and E ]HJ of u(n)c = gl(n,C) act by the following formulas:

r(E)E(L) = yFe(L),
! T (L — L — i+ h)

7M(EM, DEL) = - A1, ’ (L + Ay,
( ]J-i—l) ( ) ; H1§h§j7 h;ﬁi(lj,i _ lj,h — i+ h) ( 75 )

J 7—1 .
M (5™ Ve(I) — o~ —i4l) 0y
7—)\ ( j+1,])€( ) ; nghgﬁ h7él<lj71 . lj?h — + h)g( j,z)-

Here it is supposed that §(L £ A;;) =0 if L+ A;; is not a G-pattern.

For 1 <i¢<j<mn and L € G(\), we define the symbol P;;(L) by

[ (boin = L = h 4 0) T boanr = g — h +i
pty— ) Tl heD) et b~
P ifi=1 or lj,i—l > lj,ia

0 otherwise.
For L € G()\), we define the dual pattern L of L by

_ln,n - ln,n—l o - ln,l
_ln—l,n—l T ln—l,l

=
I

—lao — o
—li

Here L is a G-pattern of type N = (=Ans —An—1,---,—A1). Though A;; itself is
not a G-pattern, we use the same convention that Z; = —Ajjp1—; for 1 <i <
Jj<n.

For computation, we use the twisted version {((L)}rcc(n) of the Gelfand-
Tsetlin basis {{(L)}rcc(r), which is in the following lemma.

Lemma 4.2. There exists a basis {C(L)}recn) of V( ) on which the generators
E](-Z-), EJ(Z)H and E ]-‘rl] of u(n)c act by the followmg formulas:

TM(EMC(L) = v (L),
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n—j

T B L) = P DL+ D),
=1
n—j

T (B L) =3 PasjaL)C(L + Aoy,
=1

Here it is supposed that (L") =0 if L' is not a G-pattern.

Proof. Weset ((L) = ¢(L)m\(w,)E(L) with

H H (lh—1, — lh,j-l—l_.i"‘.j)!

(1 I i1 —1 1
h=2 1<i<j<h (lhi = lhja +7)

1

wy, = e U(n).

: —1p(n),  _ (n)
Since w,, " E; Jw, = E, 7y, q_;, we have

TEIC(L) = (L) ma(wa) T (B i1 )E(L) = 25 (L),

(B, L) = e(L)yma(w) T (ED L DE(L)
_ — Z;jl_l(ln—j,z‘ —lp—jop— i+ h)

DYy (wn)éE(L — A,_s;
i1 H1<h<n—j h#i(ln—JaZ —lpjn—1+h) L)) i)

_an ]z L+An ]z)

(B, V(L) = e(Dym(w)r™ (B, )E(L)
N B i = bajin =i+ 1)

L)t Wp, L+ Anf"i
1 H1§h§n—j, h;ﬁz‘(ln*]ﬂ —ln—jn—1i+h) AL lwn)é( i)

= 3 PasaD)GUL + Bujo) )
i=1

Lemma 4.3.  We take the basis {((L)}rec(n) of VA(") as in Lemma 4.2. Let
{C(L) }yrea(n) be its dual basis of V/\n)v. Then we have the following:

(i) Assume n > 2. For v € B()\), let G(\,v) be the subset of G(\) consisting of
G-patterns L of type A such that (l,—11,ln—12," - ,ln—1n—1) = v. Then we have

/\(”V’) = @LGG()\,V) C((L) and the linear map Vy(n_l) — V,\(Z) defined by

() (L' € G))
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is an isomorphism of U(n — 1)-modules.
(ii) We define an involution w on U(n) by w(u) = dud with

d = diag(—1,1,—1,--- ,(=1)") € U(n).
We also define an isomorphism T : VA(n) — Vx(n) of C-vector spaces by
TA(¢(L)) = (L) (L € G(A)).

Then we have Ty o Ti") (u) = T/)\(\n) (w(u)) o Ty for ue U(n).
(ii1) The generators E™ E(ZH and E](‘TL]‘ of u(n)c act on {((L)"}recp by the

i VIV
following formulas:

TV(ENCL)Y = kL)Y,

n—j
(B D)LY = = Pl — Ay )C(L = Ay 5)Y,
=1
n—j
n)Vv n
V(BT NCL)Y = =3 Pasjal L — Mg )C(L = Aya).
=1

Here it is supposed that ((L')Y =0 if L' is not a G-pattern.

Proof.  The statement (i) follows immediately from the formulas in Lemma 4.2.
The statement (ii) follows from

_ g™ i

W(E(n)) = —E('n) W(E](T;)Jrl) = Ej('i)l,j? W(Eg(‘i)m) =Ly VT _’ijv

JsJ JJ
and the formulas in Lemma 4.2. Here we denote the differential of w again by w.
The statement (iii) follows from

VX)L = D (HV(X)CL)Y, L) (L)Y
L'eG(N)

—— Y WY, A )

L'eG(N)

for X € u(n)c = gl(n,C), and the formulas in Lemma 4.2. ]

4.2. The action of pc. In order to obtain explicit formulas of matrix coeffi-
cients, we construct the system of differential equations derived from the action
of pc. As a preparation, we write down the action of pc on the radial parts of
matrix coefficients and the K -module structure of p¢ in this subsection.

Lemma 4.4. (i) Let ¢: V/\(")v X VA(") — C™(G) be a K x K -embedding. For
v e V)\(n)v, v E V/\("), t€R and X € tc, we have

RO Bo)(all]) = 6" Bo)(alr),
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R(Ad(a[t] ™) X)p(v" Ro)(alt]) = —¢(r{™ (X)v¥ K ov)(a[t]),
R(X)¢(v¥ Kov)(alt]) = ¢(v" R (X)v)(alt]).

(ii) The basis {EZZTI, Efﬁ:lz) (1 <i < n)} of pc has the following expressions
according to the decomposition gc = Ad(a[t]')ec + ac + tc (t #0):

n Ly 1 n B(2t) ~(n
Efntrlf =3 {h—Ad(a[t]_ )E( L H — ch( )E( +1)}’

2 | sh(2t) sh(2t) !
B = 3 { - MBS + o SOTERT )
B = g Adalt B - R,
BUD = —ﬁ Ad(a[t] BN + 228 B,
for2<i<n.
Proof. This lemma follows immediately from the definition. ]

We regard pc as a K-module by the adjoint action Ad of K. Then
pc = py @ p_ is an irreducible decomposition as a K-module, and the highest
weights of p, and p_ are given by e; —e,1 = (2,1,1,--- ;1) and —e, + €,41 =
(=1,—-1,---,—1,—2), respectively.

Lemma 4.5. For 1 < h <n, we set

Dh - ZAn—I—l —7,1 + Z A]Z € G<€1 - en-l—l)

1<i<j<n
We define linear maps I, Ve(ln,)en+1 — Py oand I : V,(Z)ﬁewl —p_ by
n+1 — ~ n+1
D)) = BN D) = (CU'EL (A <h<n).

Then I;“ and I, are K -homomorphisms.

Proof. By direct computation, we have

ad (BB = (00 + DB,
ad(E V) B = 0B

ad(B D)) BN = JhE,S’i?zH,

ad (BT ES) = =00 + DEVSY,

ad(E V) ESL = =0, EVS L

ad(Ej11 ) Eviin = =8By

for 1 <i<nand 1<j<n-—1. Comparing these equalities with the formulas
in Lemma 4.2, we obtain the assertion. [ |
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4.3. Proof of Proposition 3.1.

Proof of Proposition 3.1. We define the K -homomorphism ¢, : pC®CVM(") —
H, k by i,,(X ®v) =1II(X)t,(v). Since the highest weight of an irreducible sub-

n
representation of p_ ®¢ V™ is of the form

B (QGE:>7

we have Homy (p_ ®c V™, H, x) = {0}. In particular, the image of p_ ®¢ V")
under 7, is {0}. Hence, we have

R(X)$, (0" B v) = (@, 0 (1} K5,)) (0" B (X ©0)) = 0

for X € p_, vV € V" and v € V. Let v € B(y) and take L) € G(u,v).
Then we have 72" = i + po + -+ pi, — 1 — v — - -+ — V1 . Applying Lemmas
4.2, 4.3, 4.4 and Proposition 2.2 to the equality

R(EVE 6, (C(LW)Y B (LY (alt]) = 0,

we have

3 (5 +0 ) eublale) =o.

The solution space of this differential equation is 1-dimensional. By the normal-
ization (3.2), we conclude the assertion. ]

5. Matrix coefficients of large discrete series representations of
SU(2,1)

Throughout this section, we set n = 2.

5.1. Decomposition of tensor products and injectors for n = 2. Let
A = (A1, \2) € Ay. The set of G-patterns of type A is given by

G(A)z{Lz(Aly)\z)’VEZ, AlzyzAQ}.

Let {C((L)}rec( be the basis of V/\(Q) in Lemma 4.2, and take its dual basis
{C(L) }reg(n) of V/\(Z)v. We set ((L) =0 and ((L)¥ =0 if L is not a G-pattern.
Then the basis El(i) (1 <i,7 <2) of u(2)c act on these bases by the following
formulas:

T(EFCL) = (M + X — v)((L),

TP (BS)C(L) = vC(L),

FEDL) = w =) (L= (°0)).
TPEDUL) = = (L+(°0)),
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and

for L= (M *2) e G(\).
The tensor product 1/((22&)&@ V>\(2) has the following irreducible decomposition
as a U(2)-module:
(2) (2) :
Viien @ Viiay A > A,
v i A= Ao

AH(2,1)

(2)
V(21 ®CV

We specify each component of this decomposition as follows.

Lemma 5.1.  Retain the notation.
(i) We define a linear map 15\2’1): V)\(Jr)(2 y V 1 ®c V/\(Q) by

IPV(CL) =M\ +2—v)¢ (2 1) 2 ¢ (Al /\2>

dn ()0 (e2)
(L - (M? A2+1) e G\ + (2, 1))) .

v

Then [§2’1) is a U(2)-homomorphism.
(i1) When Ay > Ao, we define a linear map ](1 2, V)\(+)(12) V((;i) Qc V)\(Q) by

¢ () o< (1) =< () o< (1)

v—2

(L - (Ml A2+2) e GO\ + (1, 2))).

v

Then 15\1’2) is a U(2)-homomorphism.

Proof. If suffices to confirm that
di,d 2 2 2 2 2\ (d1,d
I (2 4 (BENCUL)) = (75 @ 7P (B ) (¢(1)

for (dy,ds) € {(2,1),(1,2)}, L € G(A+(d1,dz)) and 1 <4, j < 2. We can confirm
these equalities by direct computation. [ ]

The tensor product V C1,-2) ®c V(Z) has the following irreducible decompo-
sition as a U(2)-module:

2) (2) .
v R V@ V,\+(71 -2) ® V/\+(72771) if Ay > Ao,
(-1,-2) A v = .
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For (dy,ds) € {(—1,-2), (=2,—1)}, we set
Iidl’dﬂ = Ty ®Tx) o Ié_d%_dl) © Tt (dy )

Then I/(\dl’cb): Vﬁ)(dl ) V((_QL_Q) Qc V)\@) is a U(2)-homomorphism. For L =
(’\1_2 ’\2_1> € G(A+ (—2,—1)), the image of ((L) under Ié_Q’_l) is given by

v

L27Yn) =¢ (‘1 ‘2) ®¢ (Al AQ) —¢ (‘£‘2> ® ¢ (*1 A2) NGRS

-1 v+1 2 v+2
5.2. Differential equations of the r-components for n = 2.

Proposition 5.2. We use the notation in Theorem 3.2. Then, for u; —1 >
v > g, we have

1/4d h(t) ch(t)
1

— (1 — V)m%[”]( aft]) =0,

} Bl + 1)(alt])

{;(jt (pr 1z = im)+<V—u2+1>M}¢u[v1<am>

oulv + 1)(alt]) = 0.

—(V—Mg—i—l)@

Proof. We define a natural K-homomorphism Pr: pc ®c H,x — H,x by
X® f—=1IL,(X)f, and set

lu2) = Puo (]; ®c L) © [lgl,z)’ lp(—2,-1) = P o (Ip_ ®c ) © 115_27_1)‘

Because of the property (b) of II,, in §2.7, we note that the K-homomorphisms
u—?—)(lﬂ) — Hux and I, (9 _1: V( )( 21 = Hnx are the zero maps.
Hence, for puy > v > puy and p; — 1> v 2 b2, We have

Ao (c(n2) @ () - REa (< () me ()

v v+1

— (Bu, 0 (1Y Wiy 1)) (C (“l ,"2> X ¢ (‘““ Wz))

v v+2

)
0
RED 6, (¢ (7 12) 8¢ (7 2)) + RED, (¢ ( 12) ¢ ("iﬁf))
= — (QDH# o (Lx X Z#,(—Q,—l))) (C (’“V,W) X ¢ (m Bl 1))

From these equalities, we have

ZM7(172) . V(

)

RERG, (¢ (1 12) 8¢ (7 2) ) (alr)

v+1 +1

~ ROED) (¢ (m 1) & (m =) ) (alt) =0,

v+1
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R(ES) 6, (¢ (*“f)v ® ¢ () ) (alt)
+ REEG(C (4 2) 1 (1)) (alt) = 0

for iy — 1 > v > puo. Applying Proposition 2.2, Lemma 4.4 and the formulas of
the action of £¢ in §5.1 to these equalities, we obtain the assertion. [ ]

5.3. Proof of Theorem 3.2.

Proof of Theorem 3.2. For v € B(p), we set ¢, (y) = ch(t)" "¢, [v](a[t])
with y = 1 — ch(¢)?. From (3.2), we know that

pu(0) =1 (v € B(w)). (5.2)

The system of differential equations for {¢,[v](a[t])},ep(u) in Proposition
5.2 is translated to the following system of differential equations for {¢,(y)},eB():

{yu D)t o = Dy g } i) = (11 — V) (),

<yd% +v— g+ 1) 0u(y) = (v — p2 + D)opia(y)

for 1y — 1 > v > pe. Combining these equations, we have

{(1 - y)yd—; +{ (1 — pa +2) — (v — 20 + 3)?&%

— (v = 2+ 1)~ + D) fouly) = 0 (5.3)

for uy > v > po. This equation is the Gaussian hypergeometric differential
equation (2.7) with a = v — s+ 1, b = —pus + 1 and ¢ = py — po + 2, and
has a unique (up to scalar multiple) solution which is regular at y = 0. By the
normalization (5.2), we have

v—lo+1, —po+1
SOV(Z/) = [ ( Ha He ;y>

p1 — p2 + 2
— —v+1 M1+ 1
— (1 = y)Hrtre—v [ H1—V ) ;
( Y) 211 ( [ — pig + 2 Y
for py > v > po. Here the second equality is by (2.8). |

6. Matrix coefficients of large discrete series representations of
SU(3,1)

Throughout this section, we set n = 3.

6.1. Decomposition of tensor products and injectors for n = 3. Let
A = (A1, A2, A3) € Az. The set of G-patterns of type A is given by

G(\) = {L - (“I if’)

V17V27ZEZJ VIZZZV27
A2V 2> A > > A3
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Let B(A) be the set defined in §2.5, that is,
B()\):{V:(Vl,UQ)GZQ|)\ZV12)\22V22>\3}.
For v = (v, 1n) € B()\), we set

{ ()\2 — VQ)()\l — Uy + 1)

if 11 > 1y,
P\(v) = (1 — ) (v —p + 1) ! 2
)\1—>\2+1 ifUleQ,

(V1 — )\2)(1/1 - )\3 + 1)

P\(v) = P;(D) = { (v1 — o) (1 — 1o + 1)

lf v > Vo,

/\2—/\3+1 ifl/lzyg.

Let {((L)}rec( be the basis of VA(?’) in Lemma 4.2, and take its dual basis
{C(L) }rea(n) of V/\(?’)v. We set ((L) =0 and ¢(L)¥ =0 if L is not a G-pattern.
Then the basis ES) (1 <i,7 <3) of u(3)c act on these bases by the following
formulas:

TIECL) = (M + As+ A — 1 — 1)C(L),

T (ESDCL) = (v +va = DC(L), T (BS)C(L) = IC(L),
AL = 00— g (L ()) = DR (2 - ())

e = - mi(1- (00))

1

WEDUD = ~0a -2 (W) )+ - w2 (17).
+

and
T)Eg)v(Efl))C(L)v = (>\1 + X+ A3 —1q — VQ)C(L)V>
rOESCL)Y == (v + v — (L), nM(ECL)Y = —I¢(L)Y,
N 19 2 3 01
0
— (= 1+ )P+ (1, 0))C(L + (01000)> )
0
T§3)V(E§’3))C(L)V =—(l—wm+ 1)C(L + (00000 ) )
1
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A = (W)
— (I = vy + 1) Py(v + (1,0)) (
A e = - tu - 0e(2- ()

L
(l — Vs + 1)P)\<I/ - (O 1)

(
T)(\3)V(E§?2))C(L)V =—(n—-1+ 1)C(L — (00000)> )
1
000

r(EDCL)Y = = (A — v+ 1)¢ (L - ( ))
(

+ (1 =1L+ 1)Py(v—(0,1))C

A A A2 A
for L = <,,) = ( v vs ) € G(N).
! !

The purpose of this subsection is to specify each irreducible component of
Ve(1 )e . Qc V/\ as a U(3)-module. First, we specify each irreducible component of

Ve(l)e4 &c V)\(3 as a U(2)-module. Since
® ® ®
‘/el 7‘/61 —ed,( 69‘/'61 —eq,(1,1)° @ V)\V,
veB(A
we have
3 3 2
v e = PV e~ P VP ey (61)
veB(X) veB(N\)
i€{1,2} ie{1,2}

For (di,ds) € {(2,1),(1,2),(1,1)} and v = (v1,15) € Ay such that v — (dy,dy) €

B()), we define a C-linear map J/(\d1 d2). 12 _, \/6(13) o O V/\(S) by
211 IV VY
T (¢ (7)) = = 1)¢ ( 2 1 ) ®¢ ( s VQ_S)
1 -1

211 PYRED VW
+(l—7/2)§(21)®C(V1—2ug—1),
2 1—2
211 A As g 211 SV VW
J)(\,1;2)<C<V1ll/2>> :C(Ql)@é(yl1y22>—c<21>®<<1j11y22>,

1 -1 2 -2
(1,1) 211 A1 A2 A3
J)\,; (C <V11V2>) :C 11 ®C v1—1 vo—1 (Vl Z l Z VQ).
1 -1

Then, from Lemmas 4.3, 5.1 and the decomposition (6.1), we have

Homy ) (V, V., @c Vi) = ca) @ a3 @ il

» Ver—eq
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for v = (11, 15) € Ay, where we put Ji‘fyl’dﬂ =0if v — (dy,ds) & B(N).

Lemma 6.1. We use the above notation. When Jiflyl’dQ) # 0, the elements
Efgz) and Eégl) of u(3)c act on J)(\ii’d?) (Q <V11V2>) (1 > 1 > 1) by the following

formulas:

(2, o HEDIED (¢ (7 2)) = = 2 = DIED 0 (¢ (4 71))

l

(v, — ) Py(v (271))J§2u1 (10>( (Vl_zl V2)>

+
+( )\u (10<C<V1 11/2))
1 1 A2 A3
—(1/2 )\3—1)(:< )@g(y1—2 1/2—2)7
2 -2

L NI € (7)) 0 D=2 e ()

l

+ (11 — Z)P/\(V - (1, 2))‘](1 Y ( (Vﬁl W))

ST
~ 211 1 A2 A3
— P\(v—(1,2))¢ ( 21 > ® (¢ ( v1—2 vp—2 ) ;

2 -2

l

01 = DR = )T (¢ (771 ).

l

(5L, @ TVED I (¢ (7 2)) =0 = 2a = 0I5 0 (¢ (7 271)

e @ BEEDIE" (¢ (7)) = =+ 27300 (¢ (7))
=) P = @D (¢ ()

!
211 M A2 A3
— (M= +2)C 21 | ®9C| vi-1 -1 |,
1 -1

e @ BEEDILY (¢ (7)) =0 =+ DI 0 (¢ (7))

+ (=) P(v — (1, ))J)(\ll/i* (0,1) (C (m VQH))

+ Py(v—(1,2)) ( ) (Ayl o f3)
(¢

G e o B ONEEDIED (¢ (7)) =0 =+ IS0 (¢ (071))
(=m0 = DM (¢ (2 )

!
211 A A A
+C(21)®C(i1—12u2—13)-
1 -1
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Proof. Direct computation. [ |

The tensor product v® Qc V)\(3) has the following irreducible decompo-

sition as a U(3)-module:

(3) (3) :
( V/\+e1 —eq © V)x-l—eg es4 © V>\+e3 eq if A > A > )‘37
V( V V/\(-?—)el —ey D V>\+eg e4 if )‘1 > )\2 )\37
e e v v if A = Ay > A
Aei—es D Vates—es I A1 = A2 > Az,
vy i A = Mg = As.

We specify each component of this decomposition as follows.

Proposition 6.2. We use the above notation. For i € {1,2,3}, we define a
linear map 17~ V/\(i)e ey ‘/6(13)84 ®c V/\(?’) by

Eem) = Y Claaanin®(¢(7)

(dl7d2)6{(271)7(112)7(171)}
<L _ ()\4’6;’/64) _ <)\1+1+6i71V1)\2+1+5i’2y2/\3+1+6i’3> c G_()\ + e — 64)>
l l
with
ChyAv) =M = +2)(\ — 1 +3),
C'(11,2)0\7 v) = (A =11 +2)(1e — A3 — 1),
()\1 — Uy + 3)(1/1 - )\2 - 1)(1/1 — )\3)

if v > v,
0(1271)(>\, l/) = (1/1 — VQ)(Vl — V9 + 1) f ! 2
()\1 —)\2+2)(/\2—/\3+1) ’Lf V1 = Vo,
ChyAv) =X =1 +2, Cha\v)=1m—Xs—1,
()\2 — Vs + 2)(1/1 - )\3) .
— i V1 > Vg,
0(2271)()\, l/) = (Vl — V2)(V1 — V9 + 1) f ! 2
—(/\2—/\3+2) Zf V1 = Vs,
0(31,1)0\, v) =1, C'(31,2)()\a v)=—1,
— A —1 ,
— 1 V1 > e,
Chiy(Av) =4 (n—m)(n—m+1) f o>
-1 Zf V1 = Vs,

Then I is a U(3)-homomorphism for i € {1,2,3}.

Proof. It suffices to show that I3~ is a u(3)c-homomorphism for i € {1 2,3},
(3) is connected. The Lie algebra u(3)c is generated by E127 Eésl)
(

and (3(u(2)c). Moreover, JAd1 “) iy a u(2)c-homomorphisms for (di,ds) €
{(2,1),(1,2),(1,1)}. Hence, it suffices to confirm that

[ < A(?Jr)el—eél(Eg)C(L)) =P, ® T)(S))(E{?Q))[Eifeéx(C(L)),

since U (3
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e;i—e 3 3 3 e;—e
1o (10 (BED)) = (8, @ ) BRI (L)

for i € {1,2,3} and L € G(A + ¢; — e4). We can confirm these equalities using
Lemma 6.1 and the following formulas:

211 ALoAz A3
C(21)®C(V1QV22)
2 -2
= o U (€ ()~ - 02 (¢ (1)) )

211 LA
C(21)® (1/1 11/21)
1

_ 1 { J@D
Ul — vy + 1 LAt

() 0 mian(c (7))

The tensor product v Rc V)\(?’) has the following irreducible decompo-

e3teq
sition as a U(3)-module:

(Ve ® VA o sVO A > A > g,

VO e @ Y~ 8 VAE:‘”’*“ &V, 61+e4 if A1 > Ay = Ag,
Vi egtes @ V)\ eate if A =Xy > Mg,

A i A = g = Mg,

For i € {1,2,3}, we set
]>\_6i+64 = (Te1-es ® TA) © 164 o Tr—eiteq-

—>V3)

e3+eq

Then I;eﬁe‘* e

A—e;tes Qc V)\(?’) is a U(3)-homomorphism. For i € {1,2}

A A1 A2 A

and L = (V> = ( vy vs 3) € G(A) such that Ay =1 > 11 > Ao, Ay — d;0 >
l !

vy > A3, we define the element CZ-(_)(L) of the 7'@82 e, @ T;\BL) -component of

3) 3) e
V—63+64 ®c VA by

_ )\2 — Uy —eote A1—1 A2—2 A3—1
G(L) :)\1_—>\2_‘_1])\ >t 4(C( n-1 -1 ))

-1

_ (Vl — )\2 + 1)()\1 — V9 + 1)‘[*61+64 C A1—2 A2—1 A3—1
)\1 _ )\2 +1 A Vl—ll_liz—l

-1 -1 -2 A A2 A3
=—(m -+ 12 )|C| nt1w
—2 I+1
—1 -1 -2 A e A
+ (11 — o+ 1)¢ ( 1 =2 ) ® C ( 1/14-121/23)

-1 l
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-1 -1 -2 A1 A2 A3
— (Vl - )\2 + 1)C -1 -1 ®< Vi V2 ’
-1 l

(-) V1 —1» egte Ai—1 A2—2 A3—1
L :—I 2 4 i1 vg
N vy N (1 P

(1/1 — VQ)()\l — 7/1) —ei+ A1—2 A2—1 A3—1
[T -1 vg—
D VD VI ¢ L

—1 -1 -2 AL A2 A3
:—(yl—l)C( 1 -2 )®C( n u2+1)
—92 +1
-1 -1 -2 A1 A2 A3
—(l—Vg)C( 1 -2 >®C( vi u2+1)
-1 l
-1 -1 -2 A1 A2 A3
+(V1—y2)g( 1 -1 )®C( v Vs )
-1 l

6.2. Differential equations of the r-components for n = 3.

Proposition 6.3. We use the notation in Theorem 3.3. Then, we have the

following system of differential equations:
(1) For py > vy > pg > ve > ug, it holds that

s (3w

2 \dt
ch(t)
el

— (= ) = 1+ 1) ol = (L))

~ (= v+ )1 = 2+ 2) 0,0 = 0. D)(aft) = 0

(i1) For py > vy > pg > ve > pg, it holds that
sh(t)

(3 (5 + bt == 0 (0= e+ 9 0 ol

— =+ 2) el + (LO)ale) =0

1) For py > vy > g > vy > g, it holds that
1

5 (5 st — =S o = i DS bl

+ (4 pe =1 — 12 +2)

dt

+(n = g+ Dol + (0. 1)](ale) =0

Proof.  We define the natural K-homomorphism Pp: pc ®@c Hyx — H,x by
X® f—=1IL,(X)f, and set

Iy = Puo (I ®c 1), lp— = Prao (I, ®c ty)
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Because of the property (b) of II,, in §2.7, the image of [;>~*({(L)) under 7, ,

and the images of Cff)(L) and Céf)(L) under 7, _ are 0. Hence, we have

v
~ Bl 2 p13 en—e p1+1 po+l puz+2
(®HN © (L[\i IX LH/y"‘)) (C ( V1 V2 ) ‘X I)\3 4 <C ( l/1+1 l/2+1 ))) = O7
l 1+1
v
- H1 B2 {13 _y [ 1 p2 ps )
((IDHH o (LZ &Lm_)) (C ( " s ) &Q( ) ( o )) =0 (i € {1,2}).

l l

These equations are equivalent to the following equations:
T o (¢ () m ()
+ (I = w)R(E{}), (( ) "m0 (“;_‘fif )) }
et (o () me (M ))
+ r(Eo (¢ (" ) (i)
(" )=
3¢

M1 p2 3 M1 p2 p3
+ R E4 ¢M(C vy V2 ) ( Vi V2 )
M1 g2 H2 p
(1 —12 + 1)R(Egl3))¢u (C < Vi V2 3) vitl ve 3))
I+1

+ (Vl — V2 + 1) (EAYL )¢u << (lelﬂ2y2ﬂ3> X ¢ ( 1V1+;1L2V53))

l l

Vv
(1= p + DRED), (c ( ) R¢ ( )) o,

l l

(v — DR(ESD), (c ( ) R ¢ (+>)

l I+1

(1= w)RED)s, (g (“;fi:?’) R ¢ (“;’“‘52+{‘3))

l l

- (Vl - VQ)R(EZLI))QSM (C (“11/1“2112“3) X ¢ (“1”“21/2”3)) =0.
l l

If we restrict them to A and apply Proposition 2.2, Lemma 4.4 and the formulas
of the action of ¢ in §6.1, these equations become differential equations in the
statement. ]

6.3. Proof of Theorem 3.3.

Proof of Theorem 3.3. For v = (v1,1n) € B(u), we set
puy) = ch(t)r T2 g, V] (alt])
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with y = 1 — ch(¢)?. From (3.2), we know that

pr(0) =1 (v € B())- (6.2)

The system of differential equations for {¢,[v|(a[t])},ep(.) in Proposition
6.3 is translated to the following system of differential equations for {¢,(y)},e():

d
() — e+ 1){(1 —Y)y— + (3 — 2)y + pg + po — 1 — Vo + 2}9%(3/)

dy
= (11 — p2) (1 — 11 + 1)%—(1,0) (y) + (2 — o+ 1) (1 — 2 + 2)%—(0,1)@)7
(6.3)
d
Vg, T kst 2 ) (y) = (11 — w3+ 2)pur.0)(y), (6.4)
d
(y@ + v — i3+ 1) pu(y) = (v2 = 3 + 1)@ur01) (y)- (6.5)

As special cases of (6.3) and (6.5), we have

d
{(1 - y)y@ + (p3 —2)y + p — 12 + 1}<p<m,yz+1>(y) = (1 — 2 + 1)@ (Y),
d
<yd_y + vy — 3+ 1) Pluzwn)(y) = (V2 — 3 + 1)90(u2,u2+1)(y)

for g — 1 > 15 > p3. Combining these equations, we have
(1 0 (= i +3) = (2 — 231+ 40}
Y)Yy dy? M1 — M3 Vo M3 Y dy

—o@—uy+DVWy+m}QMan:o (6.6)

for puo > 15 > pg. This equation is the Gaussian hypergeometric differential
equation (2.7) with a = vo —pus+1, b = —pu3+2 and ¢ = p; — uz + 3, and
has a unique (up to scalar multiple) solution which is regular at y = 0. By the
normalization (6.2), we have

vo—pi3+ 1, —puz+2
v = ;
P(p2, 2)(y) 241 ( 1 — s+ 3 y)

_ o 2t 2 e —pst L —ps 2
e p—ps 43, pp—ps+2

for ps > vo > pg. Here the second equality is by (2.10). To obtain the general
formula for py > 14 > po, we make use of (2.11) and (6.4), recursively. This is
straightforward. Hence, we obtain the assertion. |

6.4. Proof of Proposition 2.4. In this subsection, we give the proof of Propo-
sition 2.4.
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Lemma 6.4.  For z,a,b,c,d € C and m € Z>q such that a,d & Z<y, |z| <1,
we have

atm byoe ) s (m (b)) (Fhe )
F » O e ) = Y25 €T )
’ 2( d a Z) ;o<])(a)j(d>j22 T\ d+

Proof. Using the equalities (2.9) and

we have

()i  T(@+d)T(a+m)

a+m); T(a)'(a+m+i —i, —m i —1);(—m);
O T I o= 0

min{i,m}

-y (?)i(i—1)(@'—2)-]'--@—‘7“)'

Jj=0

Using this equality and (b); = (b);(b+ j)i—;, we have

a+m, b, c
3F2< d,a 72)

= 0+ m)i(B)i(c)i 2
Z (d)i(a); it

mindém} mY (b)i(c); 2
; ( ) (a);(d); (i = j)!

J
< ) b)J(CJZj = (b+J)i—j(c+ )iy 2 .
(a);(d); i (d+ )i (l_j)!

=0

I
Mg

0

-
I

.

I
Ms

J

o

=Jj
Replacing ¢ — 7 4+ 7, we obtain the assertion. [ |
Lemma 6.5. For z,a,b,c € C and l,m € Z>q such that

aéZec, (a—c+ma—c)e(Cp, (bl—c—j) e (Cp (0<j<m),
we have

 (=m);(0); —L,b \_ (a=0)n —~l, b, a—c+m
2w, 2N 1—c—j ") " (@m af2 l—c,a—c ')

=0 j!(a);

Proof. Using the equality

(b)i(c); (0)i(c —1);
(1_0_])1 (1—0)2 ’
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Since

(a —c)m(a —c+m);

(@)m(a—c)i
(the second equality is by (2.9)), we have
m l ;
-L,b O\ a—cm a—c—irm)
JZ: ( l—c—3j" > N ; (@ — c); !
_ <a_c)m3F2( —1, b, a—c+m ;z) ‘

(@)m l—¢c a—c

Proof of Proposition 2.4. From Lemma 6.4, we have

a+m, b, c = (m\ (b);(e); (b—i—j c+j )
F e = R EEAE B €T L)
( d, a ) ;(J)w)j(a» P d
By (2.8), we have

()= 2 (Ciadaen (1)

0<j<m
d—b— c<j
; d—b, d—c
+ Z ( ) ] Zj(l Z)d—b—c—]2F1 ( T ,Z)
0<j<m )j d+]

j<d—b—c

Applying Theorem 2.3, we find that the right hand side is equal to

Z (m) M?«‘] (Q[b+cfd+j,b7c,d7b71](2’) log(1 — )

2=\ ) ),
d—b—c<j

+ Riptc—dtjp—c,a—b—1](1 — Z))

+ ) ( ) i L2 (1 — z)thmed (Q[d,b,c,jb,c,cﬂ,ﬂ(z) log(1 — 2)

0<5<m
j<d—b—c

+ R[d—b—c—j,b—c,c—l—j—l](l - Z)) .
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Applying the equality

(1= 2) " Qb jircctj11(2) = Qpre—dijp—cdb1](2)

a+m, b, c

(obtained from (2.8)), we know that 3F; ( d a

;z) is equal to

Z <T> %sz[b+cd+j,bc,dbl}(z) log(l - Z) + é[a,m;b,c,d](l - Z)

=0
Moreover, using the equalities (6.7),

(I+)=01+1); (1,5 € Z>y)
and Lemma 6.5, we have

i (T) %?ﬂ Qpte—d+jb—cd—b-1(2)

(=1 ™(d-2)!(d - 1)! —dt1
b—1d—b—Dlilc—Dlid—c—1)"

y Z(—m)j(d.— 1)]-2F1 ( 1—d+b 1—d+c ;Z>

= (a);j! —d+2—7

Jj=0
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