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Abstract. Motivated by problems on nilpotent orbital integrals for real Lie
groups, Kottwitz (2000) formulated a conjecture concerning the relationship
between Kazhdan-Lusztig cells of a finite Coxeter group W and its conjugacy
classes of ¢-twisted involutions, where ¢ is an involutory graph automorphism
of W. In this paper, we study this relationship in type D,, and all cases where ¢
is non-trivial. Combined with work of Kottwitz himself, Casselmann, Marberg,
and joint work of Bonnafé, Halls and the author, this completes the proof of
Kottwitz’s Conjecture for all W, o.
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1. Introduction

Let W be a finite Coxeter group with generating set S. We assume that we have
a map w — w® which is a group automorphism of W such that S° = S and
(w®)® = w for all w € W. An element w € W is called a o-twisted involution if
w® = w~!. Given such an element w € W, Kottwitz [12] defined a character T¢,
of W which only depends on the ¢-conjugacy class of w and which is remarkable
for various reasons:

(1) The decomposition of Y into irreducible characters is related to Lusztig’s
non-abelian Fourier transforms [14, Chap. 4]. See also the introduction of
[12] for further explanations about the relevance of Y¢ for real Lie groups.

(2) By Lusztig and Vogan [22] there is a natural lift of ) T¢ (sum over all
w up to o-conjugacy) to the generic one-parameter Iwahori-Hecke algebra
associated with W, S. (By [20], there is even a version for arbitrary Coxeter

groups.)

(3) Kottwitz [12] conjectures that, for any left cell I" of W in the sense of
Kazhdan—Lusztig [11], the number of elements in the intersection of T' with
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the o-conjugacy class of w equals the scalar product of Y, with the character

afforded by I'.

Following Kottwitz, we say that we are in the “split” case if w® = w for all w € W;
otherwise, we are in the “quasi-split” case. If W is irreducible, then the quasi-split
cases to consider are as follows:

o W of type A,, Fs and ¢ conjugation with the longest element in W;
o W of type D, and ¢ the non-trivial graph automorphism of order 2;
e W of type Fy, Is(m) and ¢ the non-trivial graph automorphism.

Previous work by Casselman [2], Kottwitz [12], Marberg [23], Bonnafé, Halls and
the author [1], [4], [5] shows that the conjecture in (3) holds in the split case —
modulo some results on type D, which were used in [1] without proof. The
purpose of this paper is to provide the missing proofs for type D, and to settle
the quasi—split case as well.

In Section 2, we introduce Kottwitz’s involution module, both the split
and the quasi-split version. In (2.6) we show that this coincides with the module
constructed by Lusztig and Vogan [22]. (The identification in the split case already
appeared in [7, §2].) We then also discuss various examples: first of all, the case
where ¢ is given by conjugation with the longest element in W; furthermore, the
cases where W is of type Fy, I;(m) and ¢ is the non-trivial graph automorphism.

In Section 3, which may be of independent interest, we clarify some notori-
ously troublesome issues concerning those irreducible characters of a Coxeter group
of type D,, which are not invariant under the graph automorphism of order 2. The
main result is Proposition 3.7 which establishes a strengthened version of “Pieri’s
Rule” for these characters. This was used without proof in [1] to remove some
ambiguities in the determination of the character of the split version of Kottwitz’s
involution module for type D, .

In Section 4, we consider Lusztig’s leading coefficients of character values of
Iwahori-Hecke algebras. In [14, Chap. 12|, [17], Lusztig has used his classification
of the unipotent characters of a finite reductive group to determine the leading
coefficients in the split case. Here, we extend at least some of these results to
the quasi-split case. The main difficulty consists in carefully choosing extensions
of o-invariant characters of W to the semidirect product of W with (o) C
Aut(W). The applications to the quasi-split case in type D, are contained in
Proposition 4.11.

Finally, in Section 5, we complete the proof of Kottwitz’s conjecture for
type D,,. The main idea is to treat the split and the quasi-split case at the same
time. For this purpose, we develop a modified version of Kottwitz’s conjecture for
type B, , where we consider the left cells with respect to a suitable weight function
in the sense of Lusztig [18]. The main result in this section is Theorem 5.3. This
involves the construction of a modified version of Kottwitz’s involution module in
Lemma 5.2. At first sight, this new combined setting seems to make things more
complicated (which is certainly true from a technical point of view); but, in fact,
I do not see any way how to carry out the argument separately for the split and
the quasi-split case.
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We shall use standard results and notation concerning the (complex) char-
acters of finite groups. If y, 1 are two class functions on a finite group G, then
(X, ¥)c denotes the usual scalar product for which the irreducible characters of G
form an orthonormal basis. If H C G is a subgroup and v is a class function on
H, then Ind% () denotes the induced class function on G'. We denote by Irr(G)
the set of all irreducible characters of G'.

2. Kottwitz’s twisted involution module

Let W be a finite Coxeter group with generating set S. For w € W, we denote
by ¢(w) the length of w. We assume that we have a map w — w® which is an
automorphism of W such that ¢ =S and (w®)® = w for all w € W. We say that
two elements w,w’ € W are ¢-conjugate if there exists some x € W such that
w' = z°wx~'. This defines an equivalence relation on W, and the corresponding
equivalence classes will be called the ¢-conjugacy classes of W. The subgroup

Cy(w) :={x e W | z°w=wz}

is called the o-centraliser of w in W. Let ® be the root system of W and
® = & IT ®~ be the partition into positive and negative roots determined by S.
Since S°® = S, the automorphism w — w® defines a permutation of the simple
roots in . We shall assume that this permutation induces a map « — a° on all
of & such that

w’®(a®) = w(a)® for all we W and a € 9.

Definition 2.1. An element w € W is called a “o-twisted involution” if
w® = w~!. Given such an element w € W, let ®, be the set of all o € ®
such that w(a) = —a®. Then, by Kottwitz [12, 2.1, 4.2], we can define a linear
character €,: C3,(w) — {£1} as follows. For x € C%,(w) we have g,(z) = (—1)*
where £ is the number of positive roots a € ®,, such that z(«) is negative. Then
set

TTU = Indg/&/(w) (€w) .

Remark 2.2. Let C' C W be any subset which is a union of ¢-conjugacy classes
of o-twisted involutions in W. If C' is a single ¢-conjugacy class, then we certainly
have Yo = T¢, for all w,w" € C. In general, we set

-YT

where w runs over a set of representatives of the ¢-conjugacy classes contained in
C'. In particular, this applies to the set of all o-twisted involutions in WW.

Remark 2.3.  Assume that w® = w for all w € W'; we just write this as o = 1.
Then a ¢-twisted involution w is just an ordinary involution in W . Furthermore,
T¢ is the character of the involution module in the “split case”; see [12, §2]. So,
here, this character will be denoted by T. .
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If ¢ is non-trivial, then Kottwitz [12] formulated Definition 2.1 in a slightly
different way, using the semidirect product of W with the automorphism given
by <. The two versions are equivalent by the following remark.

Remark 2.4. Let W be the semidirect product of W with the subgroup
(o) € Aut(W). Thus, W is generated by W and an additional element 7 such
that ywy = w® for all w € W. (If o =1, then 7 =1 and W= W'; otherwise,
7? = 1.) The natural action of W on ® can be extended to W such that v(a) = a®
for all « € ®.

First of all, this shows that w € W is a o-twisted involution if and only
if yw is an ordinary involution in W. Furthermore, two elements w,w’ € W
are o-conjugate if and only if yw,yw' are conjugate in W. Consequently, the
map w — yw defines a bijection between the o-conjugacy classes of W and the

ordinary conjugacy classes of W which are contained in the coset YW C W. We
have Cy(yw) = Cy(w) for all w e W.

Remark 2.5. For any subset I C S we denote by W; C W the corresponding
parabolic subgroup and by w; the longest element in W;. Let C' be a ¢-conjugacy
class of o-twisted involutions. Then there exists a subset I C .S such that w; € C
and s®w; = wys for all s € I'; furthermore, I° = I and w; has minimum length in
C'. (See [8, Prop. 3.2.10] for the case where ¢ is the identity and He [9, Lemma 3.6]
for the general case.) If we take w = wy, then one easily sees that the set of roots
®,,, is just the parabolic subsystem ®; C & corresponding to I. Let ITI; C ®; be
the set of simple roots. Then we have:

W is a normal subgroup of Cj, (wy). (a)

Indeed, since s®w; = wys for all s € I, we certainly have W; C C}, (wy). Now let
z € Cy(wr) and o € 7. Then wi(z(a)) = 2°(wi(a)) = —2°(a®) = —x(a)® and
so z(a) € ¥, = Oy, as required. Thus, (a) is proved. Consequently, by Howlett
[10, Cor. 3], we have a semidirect product decomposition

Cy/(wr) =Y xW;  where Y :={yeCy(w)|y(l;) =1}  (b)

Note that Y is contained in the set of distinguished left coset representatives of W;
in W in particular, each element of Y sends all positive roots in ®; to positive
roots. We conclude that

Ew, (yw) = (—1)1®) for all y € Y and w e W;. (c)

This provides an explicit description of T, = which will be useful in several places
below.

2.6. Let C be a ¢-conjugacy class of ¢o-twisted involutions in W. Let M be a
Q-vector space with a basis {a,, | w € C'}. By Lusztig and Vogan [22, 7.1] (see
also [20]), it is known that M is a Q[W]-module, where a generator s € S acts
via the following formula:

cq — 4 T if s°w = ws and (ws) < (w),
Y] Gsows otherwise.
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Let w € C be fixed. As discussed in [22, 6.3], we obtain a group homomorphism
Mo Cyy(w) = {£1}

such that z.a, = ny(z)a, for all z € CF,(w); furthermore, M is isomorphic to
the Q[IW]-module obtained by inducing 7, from Cf,(w) to W. We claim that

T¢ is the character afforded by the Q[W]-module M.

If ¢ is trivial, this is shown in [7, §2]. The argument in the general case is
similar. Indeed, let I C S and w; € C be as in Remark 2.5. Then we have
Cy/(wr) =Y x Wy, Thus, it will be sufficient to show that

T, (yw) = (—1)4®) for all y € Y and w € Wj.

We argue as in [7, Lemma 2.1]. For s € I, we have s.a,, = —a,, and so
Nw; (8) = —1. Consequently, we have n,,(w) = (=1)) for all w € W;. Thus,
it remains to show that y.a,, = a,, for all y € Y. We shall in fact show that
TGy, = Ggoy,o—1 Where z is any distinguished left coset representative of W; in
W. We proceed by induction on ¢(z). If x = 1, the assertion is clear. Now assume
that x # 1 and choose s € S such that ¢(sx) < ¢(x). By Deodhar’s Lemma [8,
2.1.2], we also have that z := sx is a distinguished left coset representative. Hence,
using induction, we have z.a,, = @,04,,-1 and so

Ty, = S.0zoy,,-1-

Let u = z°wrz~!. Given the formula for the action of a generator on the basis

elements of M , it now suffices to show that either s®u # us or that ¢(us) > f(u).
Assume, if possible, that none of these two conditions is satisfied, that is, we have
s®u = us and f(us) < £(u); in particular, £(szw;(2°)7!) = f(su™!) < L(u™!) =

{(zw(z°)~1). But then the “Exchange Lemma” (see [8, Exc. 1.6]) and the fact that

U(szwy) = (2)+L(wr)+1 imply that szw;r(2°)~! = 2wz’ where £(2') < £(z). Since
s°u = us, we have zwr(2°)71s® = szw;(2°) ™! = 2wz’ and so (2°)7's® = 2’. This
would 1mply that £(2") = €((2°)7's°) = €((s2)°) = £(sz) > {(z), a contradiction.
Hence, the assumption was wrong and so x.a,,, = Ggoy,,-1, as required. Thus, the
above claim is proved.

Next, we briefly recall the definition of Kazhdan—Lusztig cell modules.

2.7.  Let H be the generic one-parameter Iwahori-Hecke algebra associated with
(W, S), over the ring of Laurent polynomials A = Z[v,v™!] in an indeterminate v.
Thus, H has a basis {T,, | w € W} and, for any s € S and w € W, the
multiplication is given by

T Tow if {(sw) > l(w),
ST Taw + (v —0v™ T, if £(sw) < f(w).

Let {C, | w € W} be the Kazhdan—Lusztig basis of H. For any w € W, we have

C, =T, + Z (=)@ -l p (T,



400 GECK

where P,,, € Z[v] are the polynomials defined in [11, Theorem 1.1] and y < w
denotes the Bruhat—Chevalley order. We write

C,Cy= hyy:C.  where hy,,,. € A forall z,y,2 € W.
zeW

Let < be the pre-order relation on W defined in [11]; for any w € W, we have

HC,C » AC,

yGWﬂyng

For y,w € W, we write y ~p w if y < w and w <; y. This defines an
equivalence relation on W'; the equivalence classes are called the left cells of W'.
Let I" be such a left cell. Let [I']4 be a free A-module with a basis {e, | x € I'}.
By the definition of ~ , this is an H-module where the action is given by

Cp.ey = Z Dy €2 forall z € W and y € I.

zel

Then we obtain a Q[W]-module [I']; by extension of scalars via the unique ring
homomorphism A — Q such that v — 1. We identify [I']; with its character.

Conjecture 2.8 (Kottwitz [12]).  Let w € W be a o-twisted involution and C
be its o-conjugacy class in W. Let I be a left cell in W . Then

(Yo, [Ml)w = |CNTY.

Note that, by Remark 2.4, the above formulation is indeed equivalent to
the original formulation by Kottwitz. The above formulation covers both the case
where ¢ is the identity (“split” case) and the case where ¢ is non-trivial (“quasi-
split” case).

Remark 2.9. The map ¢ induces an A-algebra automorphism h — h°® on H
such that T = T, for all w € W. One easily checks that C;, = C,. for all
w € W. Consequently, ¢ permutes the left cells of W, the right cells of W and
the two-sided cells of W.

Now let € be a two-sided cell of W and I' C € be a left cell. Let C be a
o-conjugacy class of o-twisted involutions in W. Then we claim that

CNl=g unless ¢ =c.

Indeed, assume that €° # ¢ and that there exists some w € C NT". Then w™! =
w® € T° C €° and, hence, w™' ¢ €. But this contradicts [14, Lemma 5.2(iii)]
which shows that, for any w € €, we also have w~! € €. Thus, the above claim is
proved.

This statement provides a first test case for Conjecture 2.8: we will have to
show that then we also have (Y, [I'];)w = 0 for w € C'; see Remark 3.13 below
for type D, .
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Example 2.10. Let wy € W be the longest element and assume that wy is not
central in W. Then define w® = wowwy for w € W. One easily checks that the
following hold.

(a) we W is a o-twisted involution if and and only if wyw is an involution.

(b) Let w €W be a o-twisted involution and C' its ¢-conjugacy class. Then
Cy(w) = Cw(wow) and C = woC where C is the ordinary conjugacy class
of wow in W.

Now let w € W be a o-twisted involution and I' be a left cell in W . Then T'wg
and wol" are also left cells and we have [wol']; = [['wo); = [['; @ €; see [14, 5.14],
[18, 11.7]. Consequently, we obtain

where C' is the ¢-conjugacy class of w and C is the ordinary conjugacy class of
wow in W. On the other hand, by [12, 5.3.1], we have

(T X @ E)w = (Yo, x)w  forall x € Trr(W),
This yields that
(Yo LI w = (Tugws Th @ )w = (T, [woll1)w-
So, if the split version of Kottwitz’s conjecture holds for W, then we have
(Yo LI w = (Tugws [wolli)w = [C Nwel| = |C'NTY,

that is, the quasi-split version (with respect to ¢) also holds.

This discussion applies, in particular, to (W,S) of type A,, Doni1 Eg,
I;(2m+1). The split version of Kottwitz’s conjecture holds in type A, , as already
observed by Kottwitz himself [12]; see also [1, Exp. 5.10]. For type Da, .1, see [1,
Cor. 8.6] and Corollary 5.4 below. Finally, Casselman [2] has verified that the split
version holds in type Eg; see Marberg [23] for the dihedral groups.

Example 2.11. Let m > 2 and (W, S) be of type I,(2m) where S = {s1, s2}
and s15, has order 2m. Assume that s§ = sy and s§ = s;. By Remark 2.5, it is
clear that, up to ¢-conjugacy, 1 is the only o-twisted involution; let C; denote its
o-conjugacy class. Let us consider the corresponding character T¢. We have

II‘I‘(W) = {1757 €1,€2, X1, X2 - - - >Xm71}

where 1 is the trivial character, ¢ is the sign character, £; and e, are two further
characters of degree 1 and each y; has degree 2; see [8, 5.3.4]. Here, the notation
is such that €1(s1) = €2(s2) = 1 and &1(s2) = e2(s1) = —1; furthermore, y; is
determined by the condition that y;(s;s2) = 2cos(mj/m). Now note that

Cyy(1)={x e W |z° =2z} = {1, wy (= longest element)}.
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Furthermore, ®; = @ and so ¢; is the trivial character of Cf,(1). Then we find
that

ltetei+ea+ > 2xy if m is even,
T = Ind/ (1) = 1<j<(m—2)/2
1 CW(I)( ) L+e+ Z 2X2; if m is odd.

1<j<(m—1)/2

Next, we consider the left cells of W. To simplify notation, write 1, = s15951 - -
(k factors) and 2, = 98182 -+ (k factors); in particular, 1s, = 29, is the longest
element in W. By [18, 8.8], the left cells are

FO = {10}, Fl = {117227137"‘712m—1}7
Py i={21,12,23,.. ., 20m-1},  Dom = {lam}.

Thus, we have

1 ifi=0o0ri=2m,

\C1ﬂri|={m_1 ifi=1ori=2.

The characters of the left cell modules are given by:

Loli=1, Thii=e+ Z Xj, Do)t =¢e2+ Z Xj»  [Fom|1 =¢;

1<j<m—1 1<jem—1
see, for example, [6, Exp. 2.2.8]. Consequently, we have

1 ifi=0o0ri=2m,
m— 1 ifi=1o0ri=2.

(T8I0 = {

Hence, we see that Kottwitz’s conjecture holds in this case.

Example 2.12. Let (W,S5) be of type Fj, where S = {sq, s1, 2,53} is such
that sps; and s,s3 have order 3 and sysp has order 4. Assume that s = ss,
$¢ = s9, 55 =5 and s§ = s9. Let C; = {z°2! | z € W} be the o-conjugacy
class containing w = 1. Using Remark 2.5 we find that C is the only ¢-conjugacy
class of o-twisted involutions in W. We have Cf,(1) = {z € W | 2° = z}; this is
a dihedral group of order 16, generated by sps3 and (s1s2)*. Since ®; = &, we
obtain by a direct computation (which can be done by hand):

1§ =Indge () (1) = 1+ Lo+ 21+ 25 + 25+ 20 +2- 41 + 91 + 92+ 95 + 94 + 61 + 124,

where we use the notation for Irr(W) as in [8, Table C.3 (p. 413)]. Using a com-
puter algebra system capable of computing Kazhdan—Lusztig cells, it is straight-
foward to check that Conjecture 2.8 holds. For example, using PyCox [4], the left
cells of W and the characters of the corresponding left cell modules are obtained
by the following commands:

>>> W=coxeter("F",4); l=klcells(W,1,v) [0]

>>> ch=[leftcellleadingcoeffs(W,1,v,c) [’char’] for c in 1]

>>> chartable (W) [’charnames’]
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The last command gives the labelling of Irr(W). The set C is obtained by:
>>> p=[3,2,1,0] # the permutation on S={0,1,2,3}
>>> Cl=noduplicates([W.reducedword(w[::-1]+[p[s] for s in w],W)
for w in allwords(W)]
Further explanations are available through the online help in PyCox.

Remark 2.13. The map w — w® on W also induces an operation on Irr(W),
which we denote by y +— x°. We have x°(w) = x(w®) for all w € W. Let

W = (W,~) be the semidirect product as in Remark 2.4. By standard results on
Clifford theory, we have

Indg(x) € Irr(W) for all x € Irr(WW) such that x° # x.
On the other hand, let us denote
(W) := {x € Irr(W) | x* = x}

Then each y € Irr®(WW) has exactly two extensions to W, which differ only by a
sign on elements in the coset vIV.

Remark 2.14. Let € be a two-sided cell of W. We set
Irr(W | €) = {x € Irr (W) | ([T']1, x)w # 0 for some left cell I" C €}.

Alternatively, we have Irr(W | €) := {x € Irr(W) | x ~rr w for some w € €},
where the relation “x ~pp w” is defined in [14, 5.1 (p. 139)]. (This easily follows
from the definitions; see, for example, [14, 2.2.18].) Thus, we obtain a partition

re(W) = [ e (W | ©).

where € runs over all two-sided cells in W. Now recall from Remark 2.9 that ¢
permutes the left cells of W. One easily sees that, for a left cell I' of W, we have

trace(Ty, [[°]4) = trace(Tye, [[4) for all w e W.
This certainly implies that Irr(W | €°) = {x°® | x € Irr(W | €)}.

Remark 2.15. Having dealt with type F), and the dihedral groups, we shall
assume from now on that W is a Weyl group and that ¢ is “ordinary” in the sense
of [14, 3.1], that is, whenever s,t € S are in the same o-orbit, then the product
st has order 2 or 3. This has the following consequences.

(a) Each x € Irr(W) can be realised over Q. (This is a well-known fact; see, for
example, [8, 6.3.8].)

(b) The two extensions of any x € Irr®(W) to W can also be realised over Q.
(See [14, Prop. 3.2]).

(c) If € is a two-sided cell of W such that €° = €, then Irr(W | €) C Irr®(W).
(See [14, 4.17].)

In any case, as far as the quasi-split version of Kottwitz’s conjecture is concerned,
it now remains to deal with type D, and the non-trivial graph automorphism of
order 2.
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3. On the irreducible characters in type D,

In this section we fix some notation concerning the irreducible characters of Cox-
eter groups of classical type. This is especially relevant in type D, for n even,
where there are characters which are not invariant under the graph automorphism
of order 2; it will be important for us to know exactly how to distinguish these
characters from each other. In Corollary 3.8, we establish a strengthened “branch-
ing rule” for type D,. Then, in (3.9) and Proposition 3.12, we state explicit
formulae for the decomposition of T} and T¢ .

3.1. For x € Irr(W), let b, denote the smallest integer ¢ > 0 such that x
occurs in the ith symmetric power of the standard reflection representation of W'.
For example, if ¢ is the sign character of W, then

b = |T| = {(wo)

where wy € W is the longest element and T' = {wsw™ | s € S,w € W} is the set
of all reflections in W (see [8, 5.3.1(a)]). Let W' C W be a subgroup generated
by reflections and let 7" = W/ NT. Let ¢’ be the sign character of W’. By a
result due to Macdonald (see [8, 5.2.11]), there is a unique x € Irr(1¥) such that
b, = |T"| and

Indy}, (¢) = x + combination of various 1 € Irr(W) such that by > b, .

We shall denote this character by

This “j-induction” can be used to systematically construct all the irreducible
characters of W of type A,_1, B, and D,; see [8, Chap. 5|.

Example 3.2. Let n > 1 and W = &,, be the symmetric group, where the
generators are given by the basic transpositions s; = (4,7 + 1) for 1 <i < n— 1.
(We also set &y = {1}.) It is well-known that the irreducible characters of &,
are parametrized by the partitions of n; we write this as

Irr(6,) = {x* | at n}.

This labelling is determined as follows; see, for example, [8, 5.4.7]. Given a
partition o F n, we denote by a* denote the transpose partition. Let G, C &,
be the corresponding Young subgroup; we have G, = Gy X Ggz X ... X Gar,
where af, a3, ..., a; are the parts of a*. Let e,« be the sign character of S,-.
Then

X* = ng (€ar) and  bye =n(a) = Z (i — 1)y

1<i<!

where o = (g 2 g > ... 2 oy 2 0).

Example 3.3. Let n > 1 and Wn be a Coxeter group of type B,, with
generators {t, sq, S2,...,S,_1} and diagram given as follows.
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t 81 S Sp—1

(We also set W, = {1}.) The irreducible characters of W, are parametrised by
pairs of partitions (o, 3) such that |a|+ |3] = n. We write this as

Ire(W,) = {X*? | (@, B) - n}.
For («, 8) F n, there is a reflection subgroup WQ,B C Wn of type
Dy, X Dy, X ... x Dy X Bg, X Bg, X ... X Bg,

where ay, @y, ..., q are the parts of a and (i, 3,,. .., B are the parts of 3. Let
a3 be the sign character on W, 3. Then, by [8, 5.5.1, 5.5.3], we have

) = j%:ﬁ (Eap) and b = 2n(a) +2n(8) + (8.

Note also that W, = (Z)27)" x &,, and there is a corresponding description of
Irr(W,,) in terms of Clifford theory; see [8, 5.5.6].

Example 3.4. Let n > 2 and W, be a Coxeter group of type D, , with
generators u, Sy, ..., S,_1 and diagram given as follows.

51 S2 S3 Sn—1
U

Let w — w® be defined by u® = s;, s] = v and s{ = s; for 2 <7 < n—1.
Then we can identify the semidirect product W, x (¢) (see Remark 2.4) with a
Coxeter group Wn of type B, , with generators t,sq,...,s,_1 and diagram as in
Example 3.3. We have an embedding W,, — Wn given by the map

U+ 181, S1 81, So+> 89, ..., Sp_1F> Sn_1-

Under this identification, we have w® = twt for all w € W,,. (Thus, the generator ¢
is the “additional” element denoted by ~ in Remark 2.4; by convention, we also set
Wo = Wy = {1}, where Wy = {1} and W, = {1,¢}.) This provides a convenient
setting for classifying the irreducible characters of W,,. Given («a,f) F n, we

denote by 8 the restriction of Y#) € Irr(W,) to W,. Then we have (sec [8,
5.6.1, 5.6.2)):

(a) If a # 3, then x1*F = x1%al € Trr(W,,). We have

by = 2n(a) + 2n(B) + min{lal, |8[}.

(b) If a = B, then x*F = ylotl 4 ylo=] where Y+ ylo= are distinct
irreducible characters of W,,. We have

bx[a,ﬂ = bX[a,—] = 4n(a) + n/2.
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Furthermore, all irreducible characters of W,, arise in this way. Of course, the
second case can only occur if n is even. In this case, the two characters y[** are
explicitly given as follows; see [14, 4.6.2]. Let

HY = (s1,82,...,5n-1) and H, = (u,s9,...,8,-1).

Both H;", H, are isomorphic to &,,. Let a - n/2 and Sa,+ be the corresponding
Young subgroup in &,, where 2a* denotes the partition of n obtained by multi-
plying all parts of o by 2. We have corresponding subgroups H,.. C HI and
H,,. € H, . Then

X[oz,-i—] — ‘]?/Ig ) (g;'a*) and X[a’_] = Jg/;l i (52_04*)

where 3,,. denotes the sign character of H, . and e,,. denotes the sign character
of H,,.. (This is also discussed in [8, §5.6] but [8, 5.6.3] has to be reformulated as
above.)

We take this occasion to correct an error in [8]. (This will actually be
essential for the proof of the strengthened “branching rule” in Corollary 3.8.) Let
be the sign character of W,,. In [8, Rem. 5.6.5], it is stated that yl**®e = ylo"+]
where a* denotes the conjugate partition. This can be easily seen to be wrong
already in small examples. The correct statement is as follows.

Lemma 3.5.  Assume that n > 2 is even and let a Fn/2.
(a) If n/2 is even, then X!** @ e = xlo"F and vl @ e = ylo™,
(b) If n/2 is odd, then

(c) Let 0pj2 = 5183 Sp—1 € W,,. (Note that 0,5 is a product of n/2 pairwise
commuting generators s;.) Then

XM (0ng0) = X (0ny0) = (=1)"2 22 x(1)
where x* denotes the irreducible character of &, o labelled by .
Proof. 1In [8, 10.4.6] (see also [24, Thm. 5.1]), we find the definition of a

collection of irreducible characters of W,,, which we denote here by
{yplet] | o = n/2}, such that

yleot! 4 ylel = gl 4 gple] for all a Fn/2;
furthermore, it is shown there that
¢[a’+](0n/2) - 2/J[O(’f]<<7n/2) = 2"/2 X“(1).

Note that this identity allows us to distinguish [+ l®=1 one from another.
Tensoring with ¢, we obtain

(64 @ £)(0nj2) = (W) ©.2)(0072) = (0012 272 X(1) = (21222 3 (1).
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Now, by [8, 5.5.6], we have Y(*®) ® & = (") where £ is the sign character of
W, (an extension of ¢). This already implies that

¢[a,+] ®e = w[a*,i] and ¢[a7—] ®e = w[a*,ﬂF}'
Comparing with the identity
Yt (072) — 0 00y2) = 272X (1) = 272X (1),

we conclude that the desired description of the effect of tensoring with e holds
for the characters 1[**. Once this is shown, we can proceed as follows. By the
computation in [8, 10.4.10], we have

W, [a*7+] _ [a*7_} —
<IndH;a*(12a*>71/} 77Z) >Wn - ]-7

where 154+ stands for the trivial character of H, .. Consequently, we also have

(Mm% (e30r), 0 H e -yl oe) =1,
2a* Wh,

where £9,- is the sign character of H,, .. Comparing with the definition of yl®*!

in Example 3.4, we conclude that we must have

for all = n/2. This yields (a), (b), (c). [

Remark 3.6.  Assume that n > 2 is even and let 0,/ = 5183---5,_1 € W), as
above. Let Cy be the conjugacy class of 0,5 in W,,. By [8, Prop. 3.4.12], we have
tCot # Cp and {Cp, tCyt} is the only pair of conjugacy classes of involutions with
this property. Furthermore, a direct computation shows (see also the formula in
(24, 4.3]):

Cs,,(0n2)| = 2"/*(n/2)! and |Cw,, (002)] = 2" (n/2)!.

We can now state the following strengthening of the induction formula in
8, 6.4.9].

Proposition 3.7.  Assume that n > 2 is even. Let r € {2,4,...,n} and
consider the parabolic subgroup W' = W,_, x H, where W,_, = (u, 81, ..., Sn_r_1)
(type Dy ) and H, = (Sp_ps1, .-, 8n—1) = 6,.. Let &/ + (n—1)/2 and denote by
g, the sign character on the factor H,. Then

where the sum runs over all partitions a = n/2 whose Young diagram is obtained
from that of o by adding r/2 boxes, with no two boxes in the same row; the
expression “further terms” stands for a sum of various x € Irr(W,,) which can be

extended to W, .
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Proof. By [8, Prop. 6.4.9] (and its proof), we already know that
Indyy (X[a/’ﬂ Me,) = Z xlorel 4 “further terms”,

Indyy; (Y Re,) = Z X7l 4+ “further terms”,

where the sums run over all partitions a - n/2 as above and where p, € {£1}. So
it remains to determine the signs p, . First note that the two “further terms” must
be equal since the above induced characters are conjugate to each other under ¢.
Hence, we have

Indyyr (X T ®e,) —Indy: (M ®e,) = Z(X[a,ua] — el

«

where the sum runs over all partitions « - n/2 as above. To determine the signs,
we evaluate both sides of this identity on the special element ,/5. Let Cy denote
the conjugacy class of 7,,/o. We have 0, € W' and so CoNW' # @; furthermore,
CoNW’ can only contain elements w € W' such that w, twt are not conjugate (see
Remark 3.6). Consequently, Cp N W' is just the conjugacy class of W’ containing
0pn/2. Now note that

On/2 = O(n—r)/2 X Sn—r41Sn—r+3 """ Sn—1 eW' = Wi_o x H,.
This yields

(X[a/’:t} X 67")(0-71/2) - X[a/’i} (U(n—r)/2>5r(Sn—r+lsn—r+3 e Sn—l)
— <_1)T/2X[al’i](a(n—r)/2)

and so

o r ‘CWn (Un 2)| o
Indyys (X' K e,) (00/2) = (-1) ”WHM (o w-ryy2)-

Furthermore, by the formulae in Remark 3.6, we have

|Cw,, (00/2)]
|OW’ (U(n—z)/2)|

=[Gt Gpnryya X G, 2772,

Thus, using also Lemma 3.5 (applied to W,,_,.), we conclude that

Indj; (X[a/’ﬂ ® &) (0ns2) — Indys (X[a,’_} ® &) (Ons2)
= (=122 (B0t S nryja X Syja] ¥ (1).

On the other hand, Lemma 3.5 applied to W, yields that

> (Xl an0) = Xl () = (=1)"2 272 Y X (1),

(67
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where the sum runs over all partitions « F n/2 whose Young diagram is obtained
from that of o by adding r/2 boxes, with no two boxes in the same row. Now,
by “Pieri’s Rule” for the characters of &,,/, (see [8, 6.1.7]), we have

(Gny2: Snory2 X Gryal X ZX
where the sum runs over all a as above. Hence, we conclude that
(=12 (s () (02) = Iz () (0n2) ) = 2772 (D0 w(1)
> 22( 3 pax(1)) = (=12 (3D (™ (0ng) =X (00)) ).

«

Since the left hand side equals the right hand side, the inequality must be an
equality which means that p, = 1 for all o n/2, as desired. ]

Taking the special case r = 2, we obtain the following strengthened version
of the “branching rule” for type D, .

Corollary 3.8.  Assume that n > 2 is even. Consider the parabolic subgroup
W' =W, _o x Hy where W,,_o = (u, $1,...,8,-3) (type D,_o) and Hy = (S,_1).
Let o/ = (n —2)/2 and denote by €, the sign character on the factor Hy. Then

iy (B ) = Sttt

where the sum runs over all partitions o« F+ n/2 such that « is obtained by
increasing one part of o by 1; the expression “further terms” stands for a sum of
various x € Irr(W,,) which can be extended to W,,. In particular,

<Ind%’} (X[O‘”H X 51),X[O"_]>W =0 for all atn/2.

n

Finally, we are able to describe the decomposition of Kottwitz’s characters
YL and Y¢ for W, into irreducible characters.

3.9. Assume that n > 2 is even. Consider the element o0,, € W, in Re-
mark 3.6. Let T}IH/Q be the character of the split version of Kottwitz’s involution

module for W,,; see Remark 2.3. By [12, §3.3], we have

n/2 Z X[a WVa and T%O—n/Qt — Z X[a,—ua]

atn/2 atn/2

where v, € {£1} for all & F n/2. But note that these signs have not been
determined in [12]. Using an inductive argument based on Corollary 3.8, it is
shown in [1, Prop. 8.4] that v, =1 for all @ Fn/2. Thus, we have

Un/2 Z X[a+ and T%Un/2t = Z X["’_].

alFn/2 atn/2
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3.10. A complete set of representatives of the conjugacy classes of involutions
in W, is given as follows. Let [, j be non-negative integers such that [ + 25 < n.
Then set

o =1t USi18143 - Sip2j—1 € Wi,

where ?; := ¢ and t; := s;_1t;_15,-1 for 2 < i < n. Note that o;; is the longest
element in a parabolic subgroup of Wn of type B; x Ay X ... x Ay, where the A;
factor is repeated j times. In particular, o;; is central in this parabolic subgroup
and o;; has minimal length in its conjugacy class; see also [8, 3.2.10]. Every
involution in Wn is conjugate to exactly one of the elements o;;. Note that
o1; € W, if and only if [ is even. Furthermore, if n is odd, then every involution
in W, is conjugate (in W,,) to exactly one of the elements o;,; where [ is even.
Assume now that n is even. Then

Oon/2 = S153 "+ Sn—1 c W,

is the element already introduced in Remark 3.6. Let Cj be the conjugacy class
of 0gn/e in W,. Recall from Remark 3.6 that Cj # Cy and that {Cy, C§} is the
only pair of conjugacy classes of involutions in W,, with this property.

3.11.  There is an alternative labelling of Irr(Wn) in terms of Lusztig’s “sym-
bols”. To describe this in more detail, let («, $) F n and consider the correspond-

—~—

ing irreducible character Y = x(*# € Irr(W,,); see Example 3.3. Choose m > 1
such that we can write

a=0<a <ay<... <ay) and =0/ <Pa<...<Bn)

As in [13, §1], [14, §4.18], we have a corresponding “symbol” with two rows of

equal length
/\17 /\27

oA
Am ~ e I m
(X) <N17M27"‘7ﬂm)

where \; ;== a+i—1 and u; = 5;+i—1 for 1 <i < m. We associate with x the
following invariants. First, we set

c(X) = ¢(a, B) :== number of i € {1,...,m} such that p; & {A1, Ao, ..., A\ },
do(X) = do(v, B) == B1 + Z sup{a;_1, Bi}-

2<i<m

In particular, if & = 3, then ¢(«, @) = 0 and do(«, @) = n/2. Next, we set

a;% — a<(>a,5) = Z min{)\i, )\]} + Z min{,uh HJ]}

1<i<jsm 1<igjsm
1
+ Y min{A, ) — gmm —1)(4m — 5);
1<i,5<m

see [14, 4.6.3], [18, 22.14]. (Note that these definitions do not depend on the choice
of m.)
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(a) We say that x is “o-special” if p; < A\ <o <Ao< ovo <l < A

In particular, if X is o-special then either a = § or |f| < |a|. Assume now
that a # 3. Then y = ! € Irr(W,,) and the two extensions of Y to Wn are
Y@ and x¥®*) . Following Lusztig [16, 17.2], we say that x(*?) is the “preferred
extension” of y if the symbol A,,(X) has the following property: the smallest entry
which appears in only one row appears in the lower row. Using also [14, 4.6.4],
one easily verifies that:

(b) X is o-special if and only if a = b, and Y is the preferred extension of x.

This property played a role in the proof of the main result of [7] for type D,,, and
it will also play a role in the proof of Proposition 4.9 below.

Proposition 3.12 (Kottwitz [12, §3.3 and §5.4]).  Let [, j be non-negative inte-
gers such that | + 25 < n; consider the coresponding involution o) ; € /Wn Thus,
if 1 is even, then o,; € W, in an “ordinary” involution; on the other hand, if | is
odd, then to,; € W, is a o-twisted involution. Let

v Tclrlj if | 1s even,
Li ™ T, if 1 is odd,

Then the following hold, where (o, 8) is any pair of partitions such that |a|+|8| =
n and, as before, x1*P denotes the restriction of Y\ € Irr(W,,) to W,.

(a) We have (TEJ,X[O"BDW,L =0 unless X\ is o-special and |B] = 7.

(b) If X\ is o-special and |B| = 7, then

o leBly ( c(a, B) ) binomial -
(YL x"hw, 1= do(a, B) (binomial coefficient);

in particular, the multiplicity is zero unless do(a, ) < 7+ 1 < do(a, B) +

c(e, ).

<T2,jaX[a’m>Wn =0 unless a = 3.

Proof.  First assume that j < n/2; then o;; is not the special element o,,/, in
Remark 3.6. The desired multiplicities in (a) and (b) are explicitly determined in
[12, §3.3 and §5.4]. A similar argument applies to the case j = n/2 and [ = 0.
Using Example 3.4, we obtain

( ;’j’ X[a,a]>Wn — <Tf17n/27 X[a,+] + X[a,—}>Wn -1
in this case, as already mentioned in (3.9). [

In order to prove Kottwitz’s conjecture, our task now is to find similar
formulae for the numbers of elements in the intersections of left cells with ordinary
or o-conjugacy classes of involutions in W, .
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Remark 3.13. Let € be a two-sided cell of W,, such that €° # €. By [14,
4.6.10, 5.25], this can only happen if n is even; in this case, we have

Irr(W,, | €) = {x} where x = x* for some a t n/2.

Note that this implies that [[']; = x for every left cell I' C €. (More precisely, the
above statement on Irr(W,, | €) implies that [[']; is a multiple of x; but then [14,
12.17] shows that [I']; is multiplicity-free.) Now let C' be a ¢-conjugacy class of
o-twisted involutions in W,,. In Remark 2.9, we have seen that C N I"' = @. We
can now also show that

(Yo, Tl)w, =0 for w e C.

Indeed, we are in the case where [ # 1 is odd in Proposition 3.12. Then the
formulae show that all irreducible constituents of T, are of the form [*?l where
a # B. Hence, we must have (Y [[]:)w, = 0 since [[]; = x**! for some
atFn/2.

4. The extended Iwahori—-Hecke algebra

The aim of this section is to establish certain positivity results for leading coeffi-
cients of character values of Iwahori-Hecke algebras in the quasi-split case. The
analogous results in the split case were shown by Lusztig [14, 7.1], [17, 3.14]. The
arguments are similar in the quasi-split case but some additional work is required
in choosing the correct extensions of the characters in Irr®(W). Then Proposi-
tion 4.11 formulates the main applications to type D,,. We shall need a number of
results from Lusztig’s book [14] and [17] so, as in Remark 2.15, we assume that W
is a Weyl group and that ¢ is “ordinary” in the sense of [14, 3.1]. Let W= (W, ~)
be the semidirect product as in Remark 2.4.

4.1.  We begin by recalling some results concerning the representation theory of
the (split semisimple) algebra Hxy = K ®4 H, where K = Q(v) is the field of
fractions of A. (See (2.7) for the definition of H.) Via the specialisation v — 1,
we obtain a canonical bijection

Irr(W) « Irr(Hg), X € Xo;
see [14, 3.3]. We have x,(T},) € A for all w € W. For x € Irr(W), we define
a, :=min{i > 0| v'x,(T,) € Z[v] for all w € W}.
Then there are well-defined integers ¢, , € Z such that
vy, (Ty) = (=1)" ¢, mod vZ[v] for all w e W.

These are Lusztig’s “leading coefficients of character values”; see [14, Chap. 5],
[17]. Note that the sum of all terms ¢, | (w € W) is a strictly positive number.
Consequently, there is a well-defined positive rational number f, such that

Z 61211»( = X(D fX'

weWw
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In fact, it turns out that f, > 0 is an integer; see [14, 4.1]. We have the following
relation; see [14, Cor. 5.8]:

> = ATl x)w  for any left cell T' of .

wyx T
wel

In particular, if € is a two-sided cell of W and ¢,, # 0 for some w € €, then
x € Irr(W | €). We will now have to consider “quasi-split” versions of these
constructions.

4.2.  Asin [14, 3.3], we can define an extended algebra H with an A-basis {7}, |
o€ W} For this purpose, we define a function L: W, — Z by L(y'w) = {(w) for
any w € W,, and ¢ = 0, 1; in particular, L is an extension of the length function
¢ on W. Note that L(y) = 0 and L(yw) = L(w™'%) for all w € W. Then the
multiplication in H is given as follows:

T,T., =T,y if 0,0’ € W are such that L(co’) = L(c) + L(c"),
T?=Ty+ v—v T, ifseS.

Thus, H can be identified with the A-submodule of H spanned by all T, (w €
W): note also that H=H if o = 1. Let {C,, | w € W} be the Kazhdan-Lusztig
basis of H as defined in (2.7). Following [17, 3.1(a)], we extend this to a basis of
H by setting

va =T+ Z (_1)4(10)—f(y) pf)—=y) P,y (w c W)

yeWy<w

Correspondingly, we also have notions of left, right and two-sided cells in W; in
order to avoid any confusion with the analogous notions for W itself, we shall call
them the left, right and two-sided L-cells in W. One easily sees that we have the
following relations between the cells in W and the L-cells in W.

a 18 a left cell n , then =1 U~l 15 alett L-cell o w. ett
If I'i li Il in W, then I'" r I'i left L-cell of W. All lef
L-cells of W arise in this way.

(b) If I',T'* are as in (a), then the corresponding characters of W, W are related
by
[[*); = Indyy ([T]1).
(c) If € is a two-sided cell of W, then Q:J“A:J: CU~CUEy U~y is a two-sided
L-cell of W. All two-sided L-cells of W arise in this way.

(See [15, §16], [17, 3.1]; a related setting is considered in [6, 2.4.9].)
4.3.  We extend the constructions in (4.1) to H. Let K = Q(v) be the field

of fractions of A. Then Hi := K ®4 H is a split semisimple algebra. Via the
specialisation v — 1, we obtain a canonical bijection

Irr(W) YRS Irr(ﬁK), X < Xo
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which is compatible with the restriction of characters from W to W on the one
side, and with the restriction of characters from H to H on the other side; see
[14, 3.3]. We have x,(T,) € A for all 0 € W. For x € Irr(IW), we define

ay := min{i > 0 | v'x,(T,) € Z[v] for all ¢ € W }.
Then there are well-defined integers ¢,y € Z such that
v, (T,) = (=1)"¢, v mod vZ[v] for all o € W.

Again the sum of all terms ci& (0 € W) is a strictly positive number. Conse-
quently, there is a well-defined positive rational number f5 such that

> di=x(0) fx
UGW
The relation between ay, fy and the analogous invariants for the ireducible

—~

characters of W are given as follows; see [6, Prop. 2.4.14]. Let Y € Irr(W) and
X € Irr(W) be such that y occurs in the restriction of X to W. Then

ay = a, and X(1) fz =2x(1) fy. (a)

Assume now that  is an extension of some x = x° € Irr(W). Then we have the
following relation with the left cells of W; see [14, Cor. 5.8]:

Z Gz = (s X)w for any left cell T of W. (b)

wel

In particular, if € is a two-sided cell of W and ¢y, 5 # 0 for some w € W, then
X € Irr(W | €).

Remark 4.4. Let x € Irr(IW) and assume that x® # x. Then Y := Ind’%(x) €

—~

Irr(W). Correspondingly, if V' is an Hyg-module affording ., then

V=Hyg ®u, V

is a ﬁK—module affording Y, ; note that H K is free as an Hy-module, with basis
{T1,T,}. One easily sees that this implies that

Xo(Tw) = Xo(Tw) + xo(Tw) and  xu(Tyy) =0 forall we W.
Hence, we obtain that

Cwy = Cox T Coye and cCyyg=0 forall weWW.

4.5.  Recall from [14, 4.1 that x € Irr(W) is called “special” if a,, = b,,. By [14,
4.14.2, 5.25], the sets Irr(W | €) (where € C W is a two-sided cell) are explicitly
known; in particular, it it is known that each set Irr(W | €) contains a unique
special character.
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Now let € be a two-sided L-cell of W and define
Irr(W | €) := {x € Irr(W) | (Ind%(x), X)i7 # 0 for some y € Irr(W | €) }

where € is a two-sided cell of W such that ¢ = ¢*. (One easily sees that this
does not depend on the choice of €; note that there only is a choice if € # €°.)
Using (4.2), we see that we obtain a partition

Trr(W HIrr (W | €)

where € runs over all two-sided AL/—cells in W We now define what it means for
an irreducible character x € Irr(W) to be “o-special’.

(a) Assume that the restriction of X to W is not irreducible. Then we say that
Y is o-special if X = Indy; (x) for some special x € Irr(1). (Note that x is
special if and only if x° is special.)

(b) Otherwise, X is the extension of some x € Irr(IV). In this case, we say that
X is o-special if x is special and Y is the “preferred extension” of x in the
sense of Lusztig [16, 17.2].

With the above definitions, each set Irr(WW | €) will also contain a unique o-special

character of W. Note also that, if W is of type D,, and ¢ is as in Example 3.4,
then these definitions are consistent with those in (3.11).

Example 4.6. Let W = W, be of type D,,. Let € be a two-sided cell of
W, and xo € Irr(W,, | €) be the unique special character. Let I" be a left cell
contained in €. Then the following hold:

(a) [ is multiplicity-free with exactly f,, irreducible constituents (one of
which is xo); furthermore, I' contains exactly f,, involutions of W, . (See
14, 12.17].)

Now let o be the non-trivial graph automorphism as in Example 3.4. We identify
W with a group W,, of type B,,. First we note:

(b) L: W, — Z is a weight function in the sense of Lusztig [18]. Thus, H is the
generic Iwahori-Hecke algebra associated with W,,, L as in [18]; furthermore,

the notions of left, right and two-sided L-cells of W, in (4.2) correspond
exactly to the analogous notions in [18].

(c) We have ag = a$ for all \ € Irr(W,). (See [18, 22.14].)

Let € be a two-sided L-cell of W and Yo € Irr(W | €) be the unique ¢-special

character. Let I' be a left L-cell contained in €. Then we have, where ¢(xo) is
defined in (3.11):

(d) [[]; is multiplicity-free with exactly fg, = 2¢X0) jrreducible constituents
(one of which is Yo ); furthermore, I' contains exactly fx, involutions of W,.
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Indeed, there are two cases. Assume first that Y, is an extension of a special
character xo € Irr(W,). Let € be the two-sided cell of W, such that y, €
Irr(W,, | €). By (2.15)(c), we have Irr(W,, | €) C Irr®(W,,). So (a) and (4.2)(b)
imply that [f]l is multiplicity-free with exactly 2f,, irreducible constituents (one
of which is Xo). By (4.3)(a), we have fg, = 2f,,. Now assume that Y, is obtained
by inducing a special xo € Irr(W,,) to Wn Then n is even and Y, = y[®*! for
some « F n/2. Again, let € be the left cell of W, such that o € Irr(W,, | €).
Then [I']; = xo for any left cell I' C €; see Remark 3.13. So (4.2)(b) implies that
[f]l = Yo = X'®¥ is irreducible. By (4.3)(b), we have fz, = fy,- In both cases,
the equality fg, = 2¢X0) follows from the explicit formula in [18, 22.14]; note that
¢(Xo) = 0 in the second case. This completes the proof of the statement concerning
the decomposition of [I'];. To prove the statement concerning the involutions in
I, we argue as follows. By (b), we can apply [3, Theorem 1.1] to H which shows

that the number of (ordinary) involutions in I' equals the number of irreducible

constituents of [I']; (counting multiplicities). Since [I']; is multiplicity-free, this
yields the desired statement.

4.7.  Assume that (W, S,¢) arises from a connected reductive algebraic group
G and a Frobenius map F', corresponding to some F,-rational structure on G.
Thus, W is the Weyl group of G with respect to an F'-stable maximal torus which
is contained in an F'-stable Borel subgroup of G; furthermore, w +— w® is the
map induced by F on W. Let G = G, For each x € Irr®(W), let Ry be the

corresponding “almost character” of G (see [14, 3.7]), where X € Irr(W) is an
extension of x. (If we choose another extension X' of x, then Ry = £Ry.) Let

Uch(G) = {p € Irt(G) | (Ry, p)c # 0 for some y € Irr®(W) }

be the set of unipotent characters of G. For any two-sided cell € of W such that
€® = €, we denote by Uch(G | €) the set of all p € Uch(G) such that (R, p)a # 0
for some x € Irr(W | €). By the “Disjointness Theorem” [14, 6.16], we obtain a
partition

Uch(G) = [[ Uch(G | €)

where € runs over all two-sided cells of W such that €° = €. All the multiplicities
(R, p)c are explicitly described by [14, Main Theorem 4.23]; this involves a certain
Fourier matrix and a function A: Uch(G) — {£1}.

To state the following result, we introduce the following notation. For
X € Irr®(W), we set

CTYUMX : (_1)ax+l(w) Cow st for all w € W,

where X € Irr(W) is an extension of x to W.

Proposition 4.8 (Lusztig [14, 7.1], [17]).  In the above setting, let € be a two-
sided cell of W such that € = €. Assume there ezists some xo € Irr®(W) and
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an extension Yo € Irr( ) of xo such that
A(p)(Rz,p)a >0 forall p € Uch(G" | €). (%)

Then ¢ = 0 for all w € €; furthermore, ¢, - >0 for all w € € such that

Yw,Xo

Xo
w®, wt belong to the same left cell of W .

Proof.  First consider the inequality ¢!, - > 0 forall w € €. In [14, 7.1], this is
proved assuming that F acts trivially on W and A(p) =1 for all p € Uch(G | €).
But the same proof gives the more general statement above. Let us briefly sketch
the main ingredients. For each y € Irr®(WW) (other than xg), let us fix some
extension X € Irr(W). Let w € € and consider the class function

R,Yw = Z Cyw,X R;

XELrr® (W)

on G. (Note that this is independent of any choices.) Since w € €, we have that
R, is a linear combination of the unipotent characters in Uch(G | €); see [14,
5.2]. Since the functions {Ry | x € Irr®(W)} form an orthonormal system (see
[14, 3.9]), we obtain

va,%o = Z <R)z07 p>G <R’Yw7 p>G
peUch(G|¢)

Now let p € Uch(G | €) be such that the corresponding terms in the above sum
are non-zero. Then [14, 6.19] shows that (—1)2w0 ") = A(p). Hence, we obtain

C’twyio = (_1)axo+£(w)c’7w&0 = Z A(p><R)?07 P)G <R'yw7 p>G
peUch(G|e)

Now, by the “Disjointness Theorem” [14, 6.17], R, is an actual character of G
and so (R, p)c = 0 for all p € Uch(G | €). Since (*) is assumed to hold, we
conclude that ¢y, 5, = 0 for all w € €.

Finally, assume that w € € is such that w®, w™! belong to the same left cell
of W. Then we must prove that ¢, - #0. Now the above expression for ¢,
(together with (x)) shows that it Wlll be sufficient to prove that that there exists
some p € Uch(G | €) such that (R,,,p)c # 0. For this purpose, it is enough
to show that R, # 0. Furthermore, since the class functions { Ry} are linearly
independent, it will be sufficient to show that c,, 3 # 0 for some x € Irr®(W).
But this follows by an argument involving Lusztig’s asymptotic algebra j; see [17,
3.1]. Indeed, this algebra has a basis {t, | 0 € W} where the structure constants
are integers. It is known that J is a “based ring” in the sense of (17, §1]; see [17,
3.1(j)]- This has several consequences. First of all, by [17, 3.1(k)], the elements
0,07 belong to the same left L-cell in W if and only if 2 # 0. Furthermore,
by [17, 1.2(b)], we have ¢2 # 0 if and only some irreducible character of J has a
non-zero value on #,. Finally, by [17, 3.4(a), (e)], the leading coefficients ¢, ; can

be interpreted (up to signs) as the values of the irreducible characters of J on t,.
Thus, we have:

o~ ! belong to the same left L-cell = ¢, 7 0 for some b€ Irr(W).
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Now return to our element w € € such that w®, w™! belong to the same left cell of
W . Since ¢ permutes the left cells of W, we also have that w, (w®)~! belong to the
same left cell of W. Consequently, since (yw)™! = w™y = v(w®)™!, the elements
yw, (yw)~! belong to the same left L-cell of W. So the above equivalence shows

—~

that there exists some 1) € Irr(W) such that ¢ , - # 0. But then Remark 4.4

implies that 1; must be an extension of some ¢ € Irr®(W), as required. [

Proposition 4.9.  Assume that we are in the setting of (4.7). Let € be a two-
sided cell of W such that € = €. Let xo € Irr(W) be the unique special character
in Irr(W | €); we have x§ = xo. Then condition (x) in Proposition 4.8 holds if
Xo is the o-special extension of xo in the sense of (4.5).

Proof. By standard reduction arguments, it is enough to prove this in the case
where W is irreducible. If F' acts trivially on W, then the multiplicity formula
in [14, Main Theorem 4.23] shows that (Rs,,p)c = A(p) for all p € Uch(G | €).
(The special character y, corresponds to the pair (1,1) in the set M(Gg) where
Ge is the finite group associated with € and M(Ge) is defined in [14, 4.14].)
Hence, the assertion is clear in this case. So let us now assume that F does not
act trivially on W. Then we only have 2 cases to consider:

(a) W is of type Eg or A, and ¢ is given by conjugation with the longest
element.

(b) W =W, is of type D,, and ¢ is given as in Example 3.4.

Assume that we are in case (a). Then x® = x for all x € Irr(W). Given y, the
“preferred extension” Y is determined by the condition that yw, acts as (—1)2x
in a representation affording Y. The assertion then follows from the description
of the Fourier matrix in [14, 4.19] and the A-function in [14, p. 124]. Now assume
that we are in case (b). The “preferred extensions” are described in (3.11). We
have A(p) =1 for all p € Uch(G); see [14, 6.18.5, 6.19]. The assertion now follows
from the description of the Fourier matrix in [14, 4.18]; see also [13, Theorem 3.15].
(This has also been discussed in some detail in the proof of [7, Theorem 5.1].) =

Lemma 4.10 (“The basic identity”; cf. [1, §4]).  Let € be a two-sided cell of
W such that € = €. Let I' be a left cell of W such that I' C € and C be a

o-conjugacy class of o-twisted involutions of W . Then

(Tlo0w Y. cwg=x(1) > ey forall x € Im®(W),

weCne weCnl’

where X € Irr(W) denotes a fived extension of x € Irr®(W) to w.

Proof. 1If ¢ = 1, then this is proved in [1, Lemma 4.1]. The general case is
completely analogous. First, as in the proof of [1, Lemma 2.2], one verifies that
TewZ = ZTy for all s € S, where

Z:=> (-)"™1T, cH

wel
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Consequently, the element 7 = Zwec(_l)e(w) T, € H lics in the centre of H.
Once this is established, the proof proceeds exactly as in [1, Lemma 4.1]. All the
required properties of the leading coefficients ¢, 5 and the structure constants of

the Kazhdan-Lusztig basis of H hold by [17, 3.1-3.4]. ]

We now apply the above results to type D, .

Proposition 4.11.  Let W = W,, be of type D, and ¢ be as in Example 3.4.
We identify W with a group W,, of type B,,. Let € be a two-sided cell of W,, and

Xo € Irr(W,,) be the unique special character in Irr(W,, | €). Then the following
hold.

(a) Assume that € = € and let xo € Irr(W,) be the preferred extension of
Xo = X5- Then

Crwze = 1 for all o-twisted involutions w € €.

furthermore, each left cell I' C € contains exactly f,, o-twisted involutions.

(b) Let C' be a o-conjugacy class of o-twisted involutions in W, . Then

ICNEl=xo()|CNT for any left cell T C €.

Proof. (a) Let w € € be a o-twisted involution. Then w® = w™! belong to the
same left cell. By Propositions 4.8 and 4.9, we conclude that Clwze > 0. In order
to show that ¢j, - =1, we use a counting argument. Let I' C € be any left cell.
Since ¢, 7, > 0 for all o-twisted involutions w € I, we have

(number of o-twisted involutions in €) < Z Cho
wel

with equality only if ¢j, - = 1 for all o-twisted involutions w € T'. By (4.3)(b), the
right hand side equals f,,([I']1, Xo)w, - By Example 4.6(a), we have ([I']y, xo)w, =
1 and so

(number of o-twisted involutions in I') < f,,.

Now consider the left L-cell T+ = T' U tI' of W,. Using Example 4.6(a) and
Remark 2.4, the above inequality can be rephrased as:

(number of ordinary involutions in I't) < 2f,,

where equality holds if and only if equality holds in all the previous inequalities.
But then Example 4.6(d) shows that all the previous inequalities must be equali-
ties; note that fg, = 2fy, in this case. In particular, ¢j, o =1 for all o-twisted
involutions w € I'. It also follows that the number of these ¢o-twisted involutions
equals f,,. Thus, (a) is proved.

(b) If €° # &, then both sides of the equality are zero by Remark 2.9. So
let us now assume that €° = € and let Xy be as in (a). By Example 4.6(a), we
have ([I']1, xo)w,, = 1. It remains to use the identity in Lemma 4.10. n
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5. Twisted involutions in type D,

Throughout this section we place ourselves in the setting of Example 3.4. Thus,
n > 2 and W = W, is a Coxeter group of type D,,, with generators u, s1,...,S,_1.
Let w — w® be defined by u°® = S1, s] =u and sy = s; for2<z<n—1 We
identify the semidirect product W = W x (o) with the Coxeter group W, of
type B, with generators t,sq,...,,-1 as in Example 3.3. Recall that, under this
identification, we have

w® = twt for all w e W,,.

Let L: W, — Z be defined as in (4.2). We have already noted in Example 4.6(c)
that L is a weight function in the sense of Lusztig [18]; explicitly, we have

L(t)=0 and L(s1) = L(s2) = ... = L(sp—1) = 1.

We shall consider the left, right and two-sided L-cells of Wn In Theorem 5.3, we
state a modified version of Kottwitz’s conjecture for all (ordinary) conjugacy classes
of involutions in /an This crucially relies on the construction of the modified
involution module in Lemma 5.2. Then note that any involution in W, is either
an ordinary involution in W,, or corresponds to a ¢-twisted involution in W, . In
Corollary 5.4, we will see that the modified version of Kottwitz’s conjecture for
W,, encapsulates both the split and the quasi-split version of Kottwitz’s conjecture
for W, .

Throughout, it will be convenient to allow also the possibility that n = 0,1,
where W() = {1}, W1 = {]_,t} and WO = W1 = {].}

Remark 5.1.  We have the following relation between the length function ¢ on
W, and the length function ¢ on W,,. Let w € W, and 1 <7< n—1. Then we
have

Uws;) < l(w) <=  l(ws;) <lw) < (tws;) < ((tw).

Indeed, first note that, by [8, 1.4.12], we have £(w) = {(w) + £,(w), where ¢,(w)
denotes the number of occurrances of ¢ in a reduced expression of w in terms of
the generators of W;. This implies the first equivalence. To prove the second
equivalence, we distinguish two cases. Suppose first that ((tw) > {(w). Now, if
E(wsl) < l(w ), then E(twsz) U(w ) < ((tw), as required. Conversely, assume that
((tws;) < 0(tw). Since ((tw) > €(w), this implies {(tws;) = {(w). So we must

have ((ws;) < {(w) by [8, Lemma 1.2.6]. (Otherwise, we would have tws; = w
and so t,s; would be conjugate, a contradiction.) The argument for the case

((tw) < (w) is similar.

Lemma 5.2.  Let C be an (ordinary) conjugacy class of mvolutions of W Let

M be a Q-vector space with a basis {a, | o € C}. Then M is a Q[W,]-module,
where the action is given by:

t'ao = Qtot,

5 7. — { —Gg if s;0 = os; and U(os;) < (o),

Us,0s; otherwise,
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Jor 1 <i<n—1. Furthermore, let Tc denote the character of Wn afforded by
M.

(a) If C C W, and C is a single conjugacy class in W, , then the restriction of
Yc to W, is Kottwitz’s character Y for W, (split case, see Remark 2.3).

(b) If C C W, and C consists of two conjugacy classes in W,,, then n is even
and the restriction of Y¢ to W, equals the sum of the two characters T},n/Q
and Ty, . in (3.9).

n/2

(c) If C C Wyt, then C = {to | ¢ € C} is a o-conjugacy class of o-twisted
imwvolutions in W, and the restriction of Ye to W, is Kottwitz’s character
T¢ for W, (quasi-split case).

Proof. 1If C C W,, then this result is contained in [7, Prop. 2.4], with the only
difference that the length condition is expressed in terms of the length ¢ on W, .
But then the first equivalence in Remark 5.1 allows us to rewrite this condition as
above. By [7, Rem. 2.2], the character of the restriction of M to W, is T¢. This
yields (a) if C is a single conjugacy class in W,,; otherwise, n must be even and
C = CyUtCyt where Cj is the conjugacy class of the element 0,/ in Remark 3.6;
this yields (b).

Now assume that C C tW,,. Then recall from Remark 2.4 that C' := {to | 0 € C}
is a o-conjugacy class of o-twisted involutions in W,,. Let M be a Q-vector space
with a basis {a, | w € C}. By [22, 7.1] (see also [20]), we already know that M
is a Q[W,]-module, where the action is given by the following formulae for any
se{u,$1,...,8,-1}:

cq =4 T if s°w = ws and (ws) < (w),
Y] Gsows otherwise.

By (2.6), the character of W,, afforded by M is T¢. Via the linear map M — M,
Gy > Gy, We can transport this action to M. The action of W,, on M is given

by the following formulae for any s € {u,s1,...,5,-1}:
- —0y if so = os and {(tos) < {(to),
$.0y =19 ~ .
Usors otherwise.

Now, by [21, 0.4], this action can be extended to W, via the formulae:

t.ay = Aot

- —Uy if s,0 = 0s; and ((tos;) < {(to),
S;.Qg = ~ .
As,0s; otherwise;

Then Remark 5.1 shows that the conditions involving the length function £ on W,
can be rewritten in terms of the length function ¢ on W,,. u

We can now state the main result of this section.
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Theorem 5.3.  Let C be any (ordinary) conjugacy class of involutions in Wn
Then

(Te, [ﬂ1>Wn =|cNT| for any left L-cell T C W,,:
here, Y is the character of the Q[Wn] -module M in Lemma 5.2.

The proof will be given in (5.10), at the end of this section.

Corollary 5.4.  Assuming the truth of Theorem 5.3, both the split and the quasi-
split version of Kottwitz’s Congecture 2.8 hold for W, .

Proof. As far as the split version is concerned, the argument is given in [1,
Cor. 8.6]; this also uses the formulae in (3.9) for T},nm and T%Un/zt (where the

signs v, have been fixed). Now consider the quasi-split case. Let C' be a o-
conjugacy class of o-twisted involutions of W,,. Then C := {tw | w € C} is

a conjugacy class of involutions of Wn which is contained in the coset tW,,; see
Remark 2.4. Let I' be a left cell of W, and I' = I' UtI" be the corresponding
left L-cell of W,,. Then, using (4.2)(b), Lemma 5.2(c), Frobenius reciprocity and
Theorem 5.3, we obtain

(1%, M, = (Yo, [Fl)s, = 1€ N T,
Since C C tW,,, the right hand side equals |CNtI| = ((CNT)| = |CNTY, as

required. [ |

We now turn to the proof of Theorem 5.3; this will require a number of
preparations.

Proposition 5.5. Let C be a conjugacy class of involutions in Wn Assume
that o,; € C where l,j > 0 are such that [ +2j < n; see (3.10). Then, using the
notation in (3.11), we have

~ c(a, B) ~(a,B)
Te=2 (j+l—do(a,6>> !

where the sum runs over all (a, B) = n such that X% is o-special, |5| = j and
do(a, B) < j +1 < doe, B) + c(a, B) .

Proof.  Assume first that n is even, [ = 0 and j = n/2. Then, by (3.9) and
Lemma 5.2(b), the restriction of T¢ to W, equals

YL Tl = X ),

abn/2

So Frobenius reciprocity immediately implies that T = Y abn /2 (@) in accor-
dance with the formula stated above. Now assume that j < n/2 and let («, 3) be
a pair of partitions such that |a|+ || = n. Then Frobenius reciprocity, Proposi-
tion 3.12 and Lemma 5.2 show that

<TC,Ind@Z(X[a’m)>W =0 unless a# B, |8 =7 and Y is o-special;

n
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furthermore, if a # 3, |8] = j and X(*# is o-special, then

<Tc,lndgz(x[°"5])>m~/n = binomial coefficient as above.
Now let o # 3. Since
md%@[aﬂ@ — @) 4 FBa),
it will be sufficient to show that
<Tc,%(°"5)>wn =0 unless la] > |5]. (%)

Now, by Example 3.10, we can assume that o = o;; is the longest element in
a parabolic subgroup W; C W, where I C {t S1y.+.,Sn—1}; furthermore, o is
central in W;. Then Oy (o) = Y x W, where Y is a certain set of distinguished

coset representatives of W; in Wn; see [7, §2]. By the argument in [7, Lemma 2.1]
(see also [7, Rem. 3.3]; this is essentially the same argument as in (2.6)), we have

o~ ~ Wn .
M = Indcm (o) (o)
where the homomorphism &,: Cy; (o) — {£1} is given by
g, (yw') = (—1)2(1“,)_&(“”) forall y € Y and w' € Wy,

Then (%) is shown in [7, Lemma 3.4]. (Note that, in [7], it is generally assumed
that C C W, but in the proof of [7, Lemma 3.4], this assumption is irrelevant.) =

Remark 5.6. Let X C W, be any subset which is a union of (ordinary)
conjugacy classes of involutions in W,,. Then we set

Ty =Y T
c

where C runs over the conjugacy classes contained in X. In particular, this applies
to the set of all involutions in W,,, which we denote by Z,,. With this notation,

we have
Tz, = > 20 .

)N(EIrr(ﬁ//n) ©-special

This immediately follows from Proposition 5.5, by summing over all [, j > 0 such
that [+ 25 < n.

Lemma 5.7. Let € be a two-sided L-cell of Wn and C be any ordinary conju-
gacy class of involutions in W,,. Then
ICNe| =xo(1)|CNT) for any left L-cell T C €,

—

where Xo € Irr(W,,) is the unique ©-special character in Irr(Wn | ¢).
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Proof. Let € be a two-sided cell of W, such that € = €T see (4.2). Then we
also have I' = T'UtI" for some left cell I' C € of W,,. Let xo € Irr(W,, | €) be the
unique special character. By [1, Exp. 5.5, we already know that

CNel=xo(l)[CNT|  if CCW,. (+)

We now distinguish two cases.

Case 1. Assume that € = €. Then € = ¢+ = ¢ U t€. Furthermore, Xo 18
the preferred extension of yo; in particular, Xo(1) = xo(1). Now, if C C W,,, then
CNE=CNE€and CNT =CNT. So the assertion holds by (*).

On the other hand, if C C tW,,, then C := {to | 0 € C} is a o-conjugacy
class of o-twisted involutions in W,. In this case, we have C N € = t(C' N €) and
CNT =t NT). So the assertion holds by Proposition 4.11(b).

Case 2. Assume that €° # €. Then ¢ = ¢t = CUtCUCtULSE. If C C tW,,
then both sides of the desired identity are zero. (Indeed, we have €~! = € by [14,
5.2(iii)] and so, if 1 = (tw)? = twtw = ww, then w® = w'! € €NE°, a
contradiction.) Now assume that C C W,,. Then

ICNe|=[CNne|+[Ccntet] =2|Cnel

By (%), we have |C N €| = xo(1)|]CNT| and so [CN €| = xo(1)[C NT]. It remains
to note that, since €° # €, we have x§ # xo and so X, is obtained by inducing
Xo from W, to W, ; in particular, xo(1) = 2xo(1). n

Let € be a two-sided L-cell of W We say that “Kottwitz’s Modified
Congecture holds for ¢ if, for any conjugacy class of involutions C in W,,, we
have

(Te, [f]1>Wn —|cNT| for all left L-cells I' C €.

The following remark, together with (5.9), will provide the basis for an inductive
proof of Theorem 5.3 where we proceed one two-sided L-cell at a time.

5.8. Let wy € W be the longest element. Let C be a conjugacy class of
involutions of W, . Let M be the corresponding Q[IW,,]-module as in Lemma 5.2.

Since wy is central in Wn, the set Cuwyq_also is a conjugacy class of involutions in
W,. Let M, be the corresponding Q[W,,]-module. Then we have

M2 M®E  and Yeg =Te®e, (a)

where £: W,, — {£1} is the homomorphism given by &'(t) = 1 and £'(s;) = —1
for 1 <7< n—1. This follows by an argument entirely analogous to that in [1,
Lemma 6.2]. Now let I be a left L-cell of Wn Then fﬁ]g also is a left L-cell of
W,,; see [18, 11.7]. We show that

[Ty = [T @ €. (b)

Indeed, by (4.2)(b), [[]; is obtained by inducing [I']; from W, to W, where I is
a left cell of W,, such that I' = "'UtI". If n is even, then wy € W,, and this is the
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longest element in W,. So T'wy = (I'd) U t(Dip) . By [14, Lemma 5.14], we have
[TCwgly = [[']; ® € where ¢ is the sign character of W,,. Since ¢ is the restriction
of ¢ to W,, this implies (b) in this case. Now assume that n is odd. Then
wo = twy € W, and this is the longest element in W), ; furthermore, I' = I'* = I't.
So we obtain 'y = I'wyUt(T'wy). Using once more [14, Lemma 5.14], this implies
(b) in this case as well. We conclude that

(Ye, TTn)w,

n

= (Yeao, [fﬁjg]l>’m‘7n for any left L-cell T' of W,,. (c)

In particular, Kottwitz’s Modified Conjecture holds for a two-sided L-cell ¢ if and
only if it holds for the two-sided L-cell €wy.

Next, there is a standard combinatorial procedure by which certain argu-
ments about two-sided cells can be reduced to so-called “cuspidal” two-sided cells.
This appears and is used at various places in Lusztig’s work; see, for example,
[14, 8.1] and [16, 17.13]. We have also used it in [1, §7] to deal with Kottwitz’s
conjecture in type B,. Let us explicitly describe this procedure in our present
context.

5.9. For any r € {0,1,...,n}, we have a parabolic subgroup

Wi = <ta S15- 445 Sn—r—l> - Wn

of type B,_, (where W, = {1} and W, = {1,t}). Following Lusztig [13, 1.8], [14,
4.1], we define an additive map

J,: Z[Irr(Wn_r)] — Z[Irr(W,,)]

as follows. Consider the parabolic Subgroupv W = Wn_r x H, C Wn where
H, = (Sp—rt1,--y8n-1) = 6,. Let X' € Irr(W,,_,) and ¢, be the sign character
on H,. Since a.. = r(r —1)/2, we have the implication

<IndW" (XY Re,), >m~/ #0 = ay > ay +r(r—1)/2

for all X € Irr(W,,). We set

L) =Y (Indijs (Y Be).X) ¥

~ n

X

where the sum runs over all x € Irr(Wn) such that ay = ay +7r(r—1)/2. Now let

¢ be a two-sided L-cell of W,. Following [14, 8.1], [16, 17.13], we say that € is
“smoothly induced” if there exists some r € {1,...,n} and a two-sided cell L-cell

¢ of Wn » such that J, establishes a leeCtIOH
Irr(W,_y | €) = Ie(W, | €), ¥ — J.(X). (a)
As in [1, Remark 7.2], one easily sees that then the following holds:

c(Xo) = C(%)a do(Xo0) = do(%) + [r/2] and 1Bl = |5/| +[r/2], (b)
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where Yo = X € Irr(W,, | €) and ¥ Yy =X e Irr(W,_, | @) are the unique
o-special characters. Now {wy,} is a two-sided cell in H, where wg, € H, is the
longest element; furthermore, Irr(H, | {wo,}) = {&,}. Consequently, ¢ wo,r W’
is a two-sided L-cell (with respect to the restriction of L to W ); thus, using also
[19, 43.11(b)], we have

Cuwg, €€ and  Ir(W' | Cwy,) = {¥ Re, | ¥ € r(W,_, | €)}. (c)

Finally, the point of these definitions is that every two-sided L-cell ¢ of Wn is
either itself smoothly induced, or the two-sided L-cell €wy is smoothly induced
(Where wy € W, is the longest element), or n = d? for some d > 2 in which case
¢ is uniquely determined; in the last case, ¢ is called ‘cuspidal” and determined
by the condition that the unique ¢-special character in Irr(W,, | €) is X(*9) where
=(1,2,...,d—1) and 8 =(0,1,2,...,d —2); see [13, 3.17], [14, 8.1].

5.10.  Proof of Theorem 5.3. We proceed by induction on n. If n =0, then
Wy = {1} and the assertion is clear. Now assume that n > 1. Let € be a two-

sided L-cell of Wn Assume first that @ is smoothly induced; let r € {1,...,n}

and ¢ C W,_, be as in (5.9). Let C be any conjugacy class of involutions in W,,.
Assume that 0;; € C where [,j > 0 are such that [ 4+ 2j < n; we write C = C; ;.

Let xo = )Z( 8 ¢ Irr(W, | ) be the unique o-special character. Let T' be a left

L-cell of W, such that I' C €. By Example 4.6(d), we have <[F]1,Xo> =1.
Hence, using Proposition 5.5, we already know that
cla, B . .
o (o) =
(T, Th)w, =4 \J+1—do(@,f)
0 otherwise.

We will now show that _ B _
Cy N T < (Te, D) (1)

This is seen as follows. If C; ; Nl = @, this is clear. Now assume that C; ; ol £ 0.
By Lemma 5.7, the cardinality |C;; NI'| does not depend on the left L-cell I' C €.
Thus, it will be enough to prove (1) for one particular left L-cell in €. We will

choose such a left L-cell as follows. Consider the two-sided L-cell ¢ of Wn .. As
n (5.9), let wo, € H, be the longest element. Then Cwy, is a two-sided L-cell

in W = Wn » X H, and we have Q:’ng C €; see (5.9)(c). Now let IV be a left
L-cell of Wn » which is contained in ¢. Then IV wo, is a left L-cell of W'. Let
r - ¢ be the left L-cell of Wn such that

’f/wo,r g f

By Example 4.6(d) and (5.9)(b), the left L-cells I, l:’wOT and T all contain the

same number of involutions. Hence, all the involutions in [ are already contained
in I/ wo,r C W Consequently, we have

CZJ N f = (Cl,j N W’) N f’wo,r.



GECK 427

By an argument entirely analogous to that in [1, Theorem 7.3| (see the paragraph

following (A ) in the proof theoreof), the assumption that C; ;NI # @ now implies

that CMHW/ is the conjugacy class containing the element oy jywy, where j = j'+k
and k = |r/2|. We conclude that

IC,; NT| =|C'NT'| where C' C W, _, is the conjugacy class containing oy ;.

Hence, using the equality ;' = j — [r/2] and (5.9)(b), we see that () holds by
induction. Once this is established, it actually follows that we must have equality
in (1). Indeed, by Example 4.6(d), we have

Z IC,; NT| = (number of involutions in I') = 2¢X0)
Ly

where the sum runs over all [,7 > 0 such that [ + 25 < n. But we obtain the
same result when we sum the binomial coefficients giving the right hand side of (})
over all [,j as above. Hence, all the inequalities in (f) must be equalities. Thus,
Kottwitz’s Modified Conjecture holds for €. Then (5.8) shows that Kottwitz’s
Modified Conjecture also holds for Cwy. By the remarks at the end of (5.9), these
arguments cover all non-cuspidal two-sided L-cells of Wn So it remains to show
that Kottwitz’s Modified Conjecture holds for the unique cuspidal two-sided L-cell
of W, where n = d* for some d > 2. But this follows from a formal argument
based on Lemma 5.7, exactly as in the proof of [1, Theorem 7.3]. n
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