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Abstract. We consider direct limits of parafree Lie algebras and we prove
that the direct limit of any directed system of parafree Lie algebras exists in the
variety of parafree Lie algebras.
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1. Introduction and the Main Result

In 1967 G. Baumslag introduced a new kind of groups which can be characterized
in terms of their descending central series. In his papers [2], [3], [4] Baumslag has
investigated the properties of such groups and he has called them parafree groups.
Parafree Lie algebras were derived by translating the notion of parafree groups to
Lie algebras. In [5] and [6] H. Baur has translated the formal arguments used for
parafree groups to parafree Lie algebras and he has proved the existence of these
Lie algebras. Baumslag’s and Baur’s works have given a start for studies in the
theory of parafree Lie algebras. In the literature many questions about parafree
Lie algebras are waiting answers. In this work we discuss direct limits of parafree
Lie algebras and prove that the direct limit of any directed system of parafree Lie
algebras exists. The technique of proving is analogous to that in [7]. Here is our
main result:

Theorem 1.1. i) The direct limit of parafree Lie algebras exists.
i1) The direct limit of any directed system of parafree Lie algebras is a parafree Lie
algebra.

2. Notations and Definitions
Let L be a Lie algebra over a field k. The descending central series
L=~ (L) 27 (L) 2...27v,(L)D ..

is defined inductively by v, (L) = [L,L], v, (L) = [w(L),L] , n > 1.
If n is the smallest integer satisfying v, (L) =0 , then L is called nilpotent of
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degree n . Let ni,ng,...,n, be a sequence of positive integers with n; > 1
for 1 =1,2,...,k. We define polycentral series of L, relative to this sequence,
inductively by

for i< k. Incase ny =ny=...=n; =2 we write &' (L) = Ly, ny...n, and
call it the i-th term of the derived series of L. If m is the smallest integer
satisfying 0™ (L) = {0} then L is called solvable of degree m .

Definition 2.1. A Lie algebra L is called residually nilpotent if

(M 7. (L) ={0},

equivalently, given any non-trivial element u € L, there exists an ideal J of L
such that w ¢ J with L/J nilpotent.

Now we define the notion of parafree Lie algebras. Firstly, we associate
with the descending central series of L its descending central sequence:

L/72 (L) 7L/73 (L) )

We say that two Lie algebras L and H have the same descending central
sequence if L/vy, (L) = H/v, (H) forevery n> 1.

Definition 2.2. A Lie algebra is called parafree over a set X if,

i) L is residually nilpotent, and

ii) L has the same descending central sequence as a free Lie algebra
generated by the set X .

The cardinality of X is called the rank of L . A subset Y of a parafree
Lie algebra L is called a paragenerating set if Y generates L modulo ~,(L).

3. Direct Limits in Parafree Lie Algebras

Definition 3.1. Let I be a set with a partial order <. Then I is called a
directed set if for any elements 7,7 € [ , there exists an element k¥ € I such that
1<k and j <k.

Definition 3.2. A system <{Pa}aez : {(baﬂ}aw) of parafree Lie algebras P,
is called a directed system, if -
i) I is a directed set;

ii) if o, € I,a < B, then ¢,5: Po —> Ps is a Lie algebra monomorphism
such that ¢4.0.5 = ¢,, for a < <7;

iii) ¢, =idp, .
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Definition 3.3. A direct limit of a directed system <{Pa}ael ; {¢aﬁ}a<ﬁ> of

parafree Lie algebras is a pair (P; {atoe 1) , where P is a parafree Lie algebra
and each ¢, : P, — P is a Lie algebra monomorphism such that

1) ¢,8¢a,3 = gba for a?ﬁ € Ia

ii) if ¥, : P, — @ , where Q is a parafree Lie algebra and 1, is a Lie algebra
monomorphism such that ¢ 3¢,5 =¥, for a <, then there exists a unique
Lie algebra monomorphism ¢ : P — ) such that ¢, = ¢¥¢, for a € I.

In the sequel, let ({Pa}ael§{¢aﬁ}a<g) be a fixed directed system of

finitely generated disjoint parafree Lie algebras and ) be the disjoint union of
the parafree Lie algebras P,, i.e. Q= UI P,, where o, € l,aa# [ and
[¢1S

P,NPsz=1.

Definition 3.4.  Define a binary relation ~ on @ by: z ~y , z € P,,y € Py,
if there exists v € I,a, 8 <7 such that ¢, () = ¢z, (v).

(13 2

It is easy to show that ~ is an equivalence relation. Obviously, “ ~
satisfies reflexivity and antisymmetry. Now we prove it also satisfies transitivity.
Let v ~y,y ~ 2,2 € P,,y € Py and z € P,. Then there exists [; € I such that
a,B <1y and ¢, (z) = ¢g,(y); there exists lo € I such that 8,7 <I, and
Gp,(Y) = by, (2). Let Iy, 1o <l We get

¢al3(x) = ¢1113¢a11(95) = ¢1113¢ﬂ11(y) = ¢513(3/>

and

stlg(z) = ¢12[3¢712(z) = ¢1213¢/312 (y) = 9%13 (y).
That is, ¢, (z) = ¢.,,(2). Hence z ~ z.

Proposition 3.5.  Ifzx~y,x € P, andy € Py, then forally €, a,8 <7,

Py (z) = (bﬁ'y (y)-

Proof. Since = ~ y, then there exists 7; such that a, 8 <, and ¢,,, () =
¢p,, (y). For v,v; € I, there exists v, such that v,7; <7, and

(bom/z (l’) = (ﬁfylfmgba'yl (CC) = ¢7172¢5’Yl (y) = ¢572 (y)
Since v < 7y,, then

¢fyryg¢ﬁfy (y) = (bﬂ’)/g (y) = ¢a'yg (Z’) = ¢'y«/2¢a~/<x>'

Because ¢.., is a monomorphism we have ¢, (y) = ¢,,(z). n

Proposition 3.6.  Forall « <oy, € P,, then v~ ¢,, ().
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Proof. Let a <a; < ag, then ¢,,,(7) = ¢, 4,00, (¥). Hence z ~ ¢, (2).
|

Proposition 3.7.  If z,~vy,, a, Y, € Pa, then z,=1y

o

Proof.  Since z, ~ y,, thereexists 8 € I suchthat o <8 and ¢,4(x,) = ¢,5(v,)-
By the monomorphism of ¢,5, we obtain z, = y,. [ |

Definition 3.8. Let P={7:2 € Q} where T={yec @Q:y~x}. Define bi-
nary operations on P by:

[7.9] = [Say(2), 05, ()] 0, B <,

f—{_g = qba’y(x) + qb/j»y (y)v

where x € P,, y € Pg; [7,7] is defined in P if there exists a € I, 2, €7 N P,
and y, €y N P,, such that [z,,y,] and z,+y, are defined in P,.

Lemma 3.9.  If [7,7] and T+7 are defined in P,xy €N P and ys €7 N Pg,
then [vg,ys] and xp+ys are defined in Pg and [T,y] = [vp,y5], T+y =
xg+ygz. In particular, [—,—] and + as defined above are well defined.

Proof. Since [Z,7y] is defined in P | there exists a € [,x, €N P, and
Y, €y N P, such that [z,,y,] is defined in P,. Let v €I with a, 8 <+. Then
[qbaw(wa),@w(ya)] is defined in P,. Since zo ~ 25, Y, ~ys and o, <7, we
have

Pory(z,) = gbﬁy(mﬁ) and cbm(ya) = Q%y(yﬁ)-

Hence

Doy ([Ta, Ya]) = [¢av(xa>7¢av(ya)] = [gbﬁv(xﬁvgbﬁv(yﬁ)] = g, ([xﬁayﬁD

which implies that [x,g,yﬁ] is defined in Pg (because ¢z, is a Lie algebra
monomorphism), and [z4,Ya] ~ [zs,ys]. Therefore

2, 9] = [a: Yol = [z, ys]-
Applying similar arguments to T+y we obtain T+y = 1, +y, = s + Y5 u

Lemma 3.10. Forall o, €1, 0, ~ 0s, where 0, and Oz are the zeros of
P, and Pg respectively.

Proof. ¢, (0.) =0, = ¢g, (05). Therefore 0 ~ Op. n

Define 0, = 0.



EKict AND VELIOGLU 481

Proof of Theorem 1.1:

Proof. Let ({Pa}taer; {¢as}a<p) be a directed system of parafree Lie algebras
and P be as in Definition 3.8.

i) Suppose that z,,y, € P,. Consider the mapping ¢, : P, — P defined
by ¢o(ra) = To. Then we have

ba ([TarYal) = [Tas Yol = [Tas Ua) = [Pa (Ta) , Ga (Ya)] -

Obviously, ¢, (04) = 0, = 0. Thus we prove ¢, is a Lie algebra homomorphism.
Furthermore, if ¢, (7,) = 0 then x, ~ 0 . Thus thereis 3 € I,a < 8 such
that ¢ap (Ta) = ¢ap (0). Since ¢os is a monomorphism, then z, = 0. Thus
¢ 1s a Lie algebra monomorphism. Now we will prove that ¢,,« € I, satisfies
conditions of Definition 3.3.
Firstly, by Proposition 3.6, for all z, € P,, « < 3, we have x4, ~ ¢up(x4).
Hence

PpPap (Ta) = Pap (Ia> To = o (Ta) ,
namely, ¢gpas = ¢o. Secondly, suppose that (S {¥at, ) is a directed system
of parafree Lie algebras such that v¥gp.s = ¥, for all « § B. Define ¢ : P — S
by

Y (Tq) = Yo (4) ,a € 1.
We show that 1 is well defined. If Z, =75 then z, ~ x5 , which implies that
thereis v € I, 7 > a, 5 such that ¢, (za) = ¢, (x5). Therefore

VyPay (Ta) = Yy dpy (25)
and
Yo (Ta) = V5 (2) , ¥ (Ta) = ¥ (T5) -
Therefore v is well defined. It is clear that @ is a Lie algebra monomorphism.
Now we prove that 1 is the unique Lie algebra monomorphism such that

Voo = Vs, « € I. Suppose that ¢ : P — S is a Lie algebra monomorphism
such that ¢¢, = 1,, for any o € I, then

¢ (Ta) = dda (Ta) = Vo (Ta) = ¥ (Ta) -

Therefore, 1) is the unique Lie algebra monomorphism satisfying the condition.
Hence the direct limit of the directed system ({P,}aer; {¢as}a<p) exists and is

equal to (P;{¢a}acr)-

We next prove (ii).
We are going to prove that the set P = {T:x € Q} is a parafree Lie algebra
with operations [,] and 4, where the operations [,] and + are as in Definition
3.8. Straightforward calculations show that P is a Lie algebra. In order to prove
parafreeness of P , we need the equality

= (P). (1)

a€el
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Consider the set K = {w, : o € I, w, € 7, (P,)}. Obviously K C v, (P). Con-
versely, let w € 7, (P). Then w can be written as a linear combination of ele-
ments of the form

([ 22] -], U (2)

where u; € P, We consider the following cases.
a) If uy,...,u, € By, forany k € I, then by definition

[[@1,a2] , ..., W) = [, [w1, Us) s o], Uy -

Clearly [[[u1,uy],...],u,] € v,, (Ps). Hence [[[ty,u2],...],u,] € K. Therefore we
get the equality (1). Since for all « € I, P, are parafree then

ﬁmm:ﬁ(U%(m):U(ﬁmpa)):&

n=1 «a€l acl n=l1

b) Now let u; € P,,, i=1,..n, oy € I. Then there exists [ € I
such that 5 > max{a;:a; € I,i=1,...,n} and

([ ], ] = (L [P (01), Pas (U2)]- ], a s ()]

Clearly [[-[Pass (1), Pany (12)]-, $onss ()] € 7o (Po) . Thus ([ 1,2] ., ] €
K. Hence any linear combination of the elements of the form (2) belongs to K.
Therefore we get the equality (1). Since for all a € I, P, is parafree then

N =N (U @) =U(Nwe) =0

Hence P is residually nilpotent.

Now we show that P has the same descending central sequence as a

free Lie algebra. Define a binary relation ~ on |J (P./v.(FP.)) by: z = y,
acl

T = o+ VW(Pa) € (Po/m(Pa) and y = ys + 'Vn(Pﬁ) € (Pﬁ/'yn(PB))a iff
To ~ Ys. Let x4 + v, (Pa) be the equivalence class of z, + v, (P,) with respect
to ~ . Consider the homomorphism ¢ from (P/v,(P)) to | (Pa/vn (P.))

acl
defined by

¢:(x_a+7n(P)) _>xa+7n(P0<)7

where z, € F,, o € I. Ftor z, € P,, x3 € Pz and z, ~ w5, let
T+ Y (P) =75+ v, (P). Hence

U (Ta + 0 (P) =Ta+ Y (Pa) =25 + 9 (Pp) = ¢ (T + m (P)) -

Therefore ¢ is well defined. If x € | (Pa/7n (P.)) then for any a € I,

ael
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T = Ta + Y0 (Pa) =¥ (Ta + 7 (P)).
Hence 1 is onto. Now we compute the kernel of . If T+, (P) € kerty, then

@Z)(@‘FVR (P)) =Tq +Yn (Pa) =Tn (Pa)'

Thus T, = 0 and T, +7,, (P) = 0+, (P) = 7, (P). Hence kery = , (P),
namely 1) is one to one. Hence 1) is an isomorphism and

P/, (P) 2= (Pa/7, (Pa). (3)

ael

Let X, be a finite paragenerating set of P,,a € I. By definiton X, freely
generates P, modulo 75 (P,). Then X, freely generates P, modulo 7, (P,)]|
1]. Then

Pa/fyn(POJ gFa/’Vnu?a)»

where F, is a free Lie algebra which is freely generated by X,. Let F' be the
free product of F,, « € I. Then by the equality (3) and parafreeness of P,,

Py, (P) = (Pa/v, (Pa)) = | (Fa/, (F) = F/y, (F).

aecl acl
Therefore P is a parafree Lie algebra. [ ]

Theorem 1.1 has many applications. One of them is the construction of
parafree Lie algebras with certain properties. For example union of free Lie
algebras of rank two is a parafree Lie algebra. This follows without much difficulty
from Theorem 1.1.

Example 3.11. Let I be a directed set and F; be the free Lie algebra generated
by free generators a; and b; for ¢ € I. Consider the homomorphism ¢;; from F;
into Fj defined by
Gij  a; = a; + Uy,
bi — bj,
where w; € v2(F}),i,j € 1,9 < j. Then straightforward calculations show that
({Fi}ie] : {sz‘j}Kj) is a directed system. Now , by taking F; and ¢;; instead of P,
and ¢,g, respectively , in Theorem 1.1, we get that |J F} is a parafree Lie algebra.

Acknowledgment. The authors would like to thank the referee for useful re-
marks on a former version of the paper.



484

EKict AND VELIOGLU

References

Bahturin, Yu. A., “Identical relations in Lie algebras,” VNU Science
Press,Utrecht, The Netherlands, (1987), 309pp.

[2] Baumslag, G., Groups with the same lower central sequence as a relatively
free group I: The groups, Trans. Amer. Math. Soc. 129 (1967), 308-321.

B8] —, Groups with the same lower central sequence as a relatively free group II:
Properties, Trans. Amer. Math. Soc. 142 (1969), 507-538.

[4] —, Parafree groups, Progress in Math. 248 (2005), 1-14.

[5] Baur, H., A note on parafree Lie algebras, Comm. in Alg. 8 (1980), 953-960.

[6] —, Parafreie Liealgebren und Homologie, Diss. ETH. 6126 (1978), 60pp.

[7] Shang, Y., Direct Limit of Pseudoeffect Algebras, Natural Computation,
ICNC’08, Fourth Int. Conf. on Natural Computation 1 (2008), 309-313.

Naime Ekici Zehra Velioglu

Cukurova University Harran University,

Adana, Turkey Sanliurfa, Turkey

nekici@cu.edu.tr zehra_velioglu@yahoo.com

Received February 22, 2014
and in final form August 23, 2014



