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1. Introduction

Let m = @ g, be a graded Lie algebra (GLA) over K =R or C, and p a positive
p<0
integer. The GLA m = @ g,, is called a fundamental graded Lie algebra (FGLA)
p<0
if the following conditions hold: (i) m is finite dimensional; (ii) g—; # {0}, and

m is generated by g_;. Moreover an FGLA m = €D g, is said to be of the -
p<0
th kind if g_,, # {0}, and g, = {0} for all p < —p. It is well known that every

FGLA m = @ g, is prolonged to a GLA g(m) = € g(m), satisfying the following

p<0 PEZL

conditions: (i) g(m), =g, for all p < 0; (ii) for X € g(m), (p =2 0), [X,m] = {0}
implies X = 0; (iii) g(m) is maximum among GLAs satisfying conditions (i) and
(ii) above. The GLA g(m) is called the prolongation of m. Note that g(m), is the
Lie algebra of all the derivations of m as a GLA.

In the previous paper [24], we introduced the notion of free pseudo-product
FGLAs (m;e,f) of type (n,m,u), which was inspired by the study of the prolon-
gation of free FGLAs in [16]. Let m = @ g, be an FGLA, and let ¢ and f be

p<0
nonzero subspaces of g_;. Then (m;e,f) is called a pseudo-product FGLA if the

following conditions hold: (i) g—1 = ¢ & §; (ii) [e,¢] = [f, f] = {0}.
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Let (m;e,f) be a pseudo-product FGLA, and g(m) = € g(m), the pro-
DPEL
longation of m. Moreover let g, be the Lie algebra of all derivations of m as a

GLA preserving ¢ and f. Also for p =2 1 we set g, = {X € g(m), : [X,g,] C

gp+k for all £ < 0} inductively. Then the direct sum g = € g, becomes a graded
PEZL
subalgebra of g(m), which is called the prolongation of (m;e,f).

Let (m;e,f) be a pseudo-product FGLA of the p-th kind, where p = 2.
The pseudo-product FGLA (m;e,f) is called a free pseudo-product fundamental
graded Lie algebra of type (n,m, u) if the following conditions hold: (i) dime =n
and dim § = m; (ii) Let (m/;¢/,§) be a pseudo-product FGLA of the p-th kind and
¢ a surjective linear mapping of g_; onto g’ ; such that ¢(e) C ¢ and ¢(f) C f'.
Then ¢ can be extended uniquely to a GLA epimorphism of m onto m’.

In the previous paper [24], we investigated the prolongation of a free pseudo-
product fundamental graded Lie algebra (m;e,f) of type (n,m,pu). If g =2, then
the prolongation of (m;e,f) is isomorphic to a finite dimensional simple graded
Lie algebra (SGLA) of type (Anim,{n, ans1}) (resp. ((AI),, .., {0n; @ny1})) in
case K = C (resp. K =R) (cf. Remark 5.4). If 1 = 3, then the prolongation
g= P g, of (m;e,f) has the following model space: g_3 = S*(V)@WaVeS*(W),

PEZL
gao2=VeaW,e=V, f: W, g0 = g[(V) @g[<W>7 gk = {0} (k z 1)? where V'
(resp. W) is an n-dimensional (resp. an m-dimensional) vector space. Here the
bracket operations on g are defined by tensor products in a natural manner (For
the details, see Example 5.1).

The first purpose of this paper is to classify the prolongations of the un-
derlying FGLA m of free pseudo-product FGLAs (m;e, f) of type (n,m,u) (The-
orem 5.6). In particular, the prolongation of the underlying FGLA m of a free
pseudo-product FGLA (m;e,f) of type (1,1,3) is a finite dimensional SGLA of
type (Ga,{a1}) (resp. (G,{a1})) in case K= C (resp. K=R). Also the prolon-
gation g(m) of the underlying FGLA m of a free pseudo-product FGLA (m;e, )
of type (1,m,3) (m = 2) is as follows: g(m)_3 = S2(V) @ W &V @ S3(W),
gm) s = VW, gm)_y = VoW, gm)y = gl(V)@gl(W) e Vo W,
g(m); =V*, g(m), = {0} (k=2), where V' (resp. W) is a 1-dimensional (resp.
an m-dimensional) vector space. Note that on this g(m) there exists another
important gradation g(m) = € a, as follows: a; = {0} for k £ —6 or k = 2,

PEL
a_5 = V®S2(W), A_y4 = S2(V)®W, a_g = V®W, a_o = W, a1 = V@V*@)W,
ap = gl(V)@gl(W), a; = V*; then g(m) = € a, becomes a pseudo-product GLA

PEL
of irreducible type.

D. Hilbert [7] and E. Cartan [3], [4] studied the following underdetermined
ordinary differential equation, which is called the Hilbert-Cartan equation:

dv  (d*u 2
dr — \ da?
(also see [13]). To give a good illustration of regular differential systems, K. Yam-

aguchi [19] showed that a differential system (R, D) associated with the Hilbert-
Cartan equation is a standard differential system of type mg, where mg is the
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negative part of a finite dimensional SGLA of type (Gq, {1, a2}). Furthermore
he showed that the Lie algebra of the infinitesimal automorphisms of (R, D) is
isomorphic to the 14-dimensional exceptional simple Lie algebra G5. In Section 6
we consider a little generalization of the above situation. Namely we consider a
differential system (R, D) associated with the following underdetermined ordinary
differential equations, which is called the Hilbert-Cartan equation in a wider sense:

dvey du, d*w, a
de — dx? dx?

A
A

b

A

a m).
We show that the differential system (R, D) is a standard differential system

of type € a, and the Lie algebra of infinitesimal automorphisms of (R, D) is
p<0
isomorphic to the prolongation g(m) of the underlying FGLA of a free pseudo-

product FGLA of type (1,m,3).
In the paper [2] E. Cartan showed that the symmetry algebra of the follow-
ing overdetermined involutive system of second order is the exceptional simple Lie

algebra Gs:

9z 1/9%\° 9%z 1[9%\°

or2 3 (8y2) " Oxdy 2 (8y2> '
In [20], [21], and [22], K. Yamaguchi clarified the above results in the modern
procedures. Precisely starting from the standard differential system of type ms, he
obtained the above differential equation and showed that the symmetry algebra is
the exceptional simple Lie algebra Gy by using the realization lemma and the first
reduction theorem, where mj is a free pseudo-product FGLA of type (1,1,3). In
Section 7 we similarly see that the following system of partial differential equations
is associated with a free pseudo-product FGLA of type (1,m,3) (m = 2).
( 0°Zy 1 ( 02 Z oy )3 PZy 1 ( 0% Z oy )2

0X,0X, 3\ov,0Y,/) ' 0X,0Y, 2 \9Y,0Y,
82Zab o 82ch aZozb o aZab -0
oYy, oY, oY.0Yy 0X, OY, (GA)

aZab o abe aZaLb o aZaa aZab o 8be aZab - aZaa
X, 0X, 0X, 0X, 0Y, 0Y, 9y, 0Y,’
L(I1ZSasbEm,1Sc=d<m,e#a,b).

In recent years there have been a lot of interest on Tanaka prolongation theory
in relation to the study of rigidity of geometric structures on standard differential
systems associated with FGLAs. In particular, nondegenerate pseudo-product
structures considered in this paper have been investigated in great generality
under the name of multicontact structures (see [5], [6], [10], etc.). Although the
theory of multicontact structures is available for our paper, we construct this paper
within the framework of the geometric theory of differential equations studied
by N. Tanaka, T. Morimoto and K. Yamaguchi. In the future we would like to
contribute somewhat to the study of multicontact structures.

Finally the author is very grateful to the anonymous referee for numerous
useful suggestions and corrections.
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2. Preliminaries

All vector spaces are considered over the field K = C or R. We denote by CV
the complexification of a real vector space V. For a Lie algebra g we denote
by Aut(g) (resp. Int(g)) the group of all the automorphisms (resp. the inner
automorphisms) of g.

2.1. Graded Lie algebras. Let g = @ g, be a graded Lie algebra (GLA). A

PEZL
GLA g = @ g, is called transitive if for X € g, (p =2 0), [X,g-] = 0 implies
PEL
X = 0, where g_ is the negative part @ g, of g. A GLA g = @ g, is called
p<0 PEZ

irreducible (resp. completely reducible) if the go-module g_; is irreducible (resp.
completely reducible). If there exists an element E of go such that [E, X| = pX
for all p € Z and X € g,, then E is called the characteristic element of g = €D g,.
PEL
For a GLA g = @ g, we denote by Der(g), the Lie algebra of all the derivations
PEL
preserving the gradation (g,) of g.
Now we define fundamental graded Lie algebras. A GLA m = @ g, is
p<0
called a fundamental graded Lie algebra (FGLA) if the following conditions hold:
(i) dimm < oo; (ii) g—1 # {0} and m is generated by g_;. An FGLA m = @ g, is
p<0
said to be of the p-th kind (or of depth ) if g, # 0 and g, =0 for all p < —p.
An FGLA m = @ g, is called nondegenerate if for X € g_;, [X,g-1] = {0}
p<0

implies X = 0.
Next, following [14], we introduce the notion of the prolongations of FGLAs.
Let m = @ g, be an FGLA. A GLA g(m) = € g(m), is called the prolongation

p<0 PEL
of m if the following conditions hold: (i) g(m), = g, for all p < 0; (i) g(m) is
a transitive GLA; (iii) If h = @b, is a GLA satisfying conditions (i) and (ii)
PEL
above, then h = @ b, can be embedded in g(m) as a GLA. For the construction
PEZL
of g(m), see [14, §5]. Note that g(m), is isomorphic to Der(m)y.

Let m and g(m) be as above. Assume that we are given a subalgebra
go of g(m)y. We define subspaces g, (p = 1) of g(m), inductively as follows:
g = {X € g(m), : [X,9¢] C gpx forall &k < 0}. If we put g = P y,,

PEL
then g = @ g, becomes a graded Lie subalgebra of g(m), which is called the
PEZL
prolongation of (m,go).

2.2. Differential systems. By a differential system (M, D), we mean a sub-
bundle D of the tangent bundle T(M) of a manifold M. For two differential
systems (M, Dy) and (M, Dsy) a diffeomorphism ¢ of M; onto M, is called an
isomorphism of (My, Dy) onto (Ma, Dy) if ¢.(Dy) = Ds.

For a differential system (M, D), we define a sequence of k-th weak derived
sheaves {0%)D},=o inductively by setting YD = D (the sheaf of the germs of
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local sections of D) and
oD = 9D 4 [D, 9+ VD]

for k > 1. By setting D77 = 9®~UD, we have [DP, D7 C DP* for all p,q < 0.
Furthermore the Cauchy-Cartan characteristic system Ch(D) of (M, D) is defined
at each x € M by

Ch(D)(z) ={X € D(z) : X|(dw), =0 (mod D*(z)) for all w € D},

where D+ is the annihilator subbundle of D in T*(M) and Dt is the sheaf of
the germs of local sections of D+. We say that (M, D) is bracket generating if
U DP =T(M). We say also (M, D) is regular if there exist subbundles {DP},q

p<0

of T(M) such that D? = DP for all p < 0.

Let (M, D) be a differential system such that D is bracket generating and
regular. There exists a positive integer p such that D=# = T'(M). The minimum
of such integers is called the depth of D. For each x € M we put

m(z) = P g,(2),

p<0

where g,(x) = DP(z)/DP*(z). m(x) has a naturally defined bracket operation
and becomes an FGLA, which is called the symbol algebra at = of (M, D). Let m
be an FGLA. (M, D) is said to be of type m if it is bracket generating and regular
and if m(x) is isomorphic to m as a GLA for all z € M.

Example 2.1. Let m be an FGLA and M(m) a simply connected Lie group
with Lie algebra m. Identifying m with the Lie algebra of left invariant vector
fields on M(m), g_; induces a left invariant subbundle D, of T'(M(m)):

D) = { X, € Tu(M(m)): X € g1 }.

Then (M(m), Dy) becomes a differential system of type m, which is called a
standard differential system of type m.

Let (M, D) be a differential system and I'(D) the space consisting of
sections of D. A vector field X on M is called an infinitesimal automorphism of
(M, D) if [X,T'(D)] c (D). We denote by A(M, D) the Lie algebra consisting
of all the infinitesimal automorphisms of (M, D). Let m be an FGLA. As well
known, A(M(m), Dy,) is isomorphic to g(m) when the prolongation of m is finite
dimensional (see [19, §2.3]).

3. Finite dimensional simple graded Lie algebras

In this section, following [19], we describe the classification of finite dimensional
simple graded Lie algebras.
Let g = €D g, be a finite dimensional simple graded Lie algebra (SGLA)

PEZL
of the p-th kind over C such that the negative part g_ is an FGLA. Let h be a
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Cartan subalgebra of gg; then bh is a Cartan subalgebra of g such that £ € b,

where E is the characteristic element of g = € g,. Let ® be a root system of
PEZL
(g,h). For o € &, we denote by g the root space corresponding to «. We set

br ={heb:ah) eRforall « € &} and let (hy,...,h;) be a basis of hr such
that h; = E. We define the set of positive roots ®* as the set of roots which are
positive with respect to the lexicographical ordering in b determined by the basis
(hi,..., ) of br. Let A ={ay,...,oq} C &' be the corresponding simple root
system. In what follows, we assume that the ordering of («,...,q;) is as in the
table of [1]. We set &, ={a € ®:9g* Cg,} (p €Z). Then there exists a subset

!
Ay of A suchthat @, ={a=> ma, e ®: > m;=p} forall pe Z. If g has
=1 a; EAq
the Dynkin diagram of type X; (X = A,...,G), then the SGLA g = € g, is said
PEZL
to be of type (X, A1). Here we remark that for an automorphism f of the Dynkin

diagram, an SGLA of type (X, A1) is isomorphic to that of type (X, i(A1)). We
will identify a simple GLA of type (X;, A;) with that of type (X, i(Ay)).

Similarly we can describe the gradations of real simple Lie algebras by
utilizing the Satake diagrams. For the details, see [19, §3].

4. Graded Lie algebras W (1, m;K) and K (n;K) of Cartan type

Let A(k) denote the monoid (under addition) of all k-tuples of non-negative in-
tegers. We put (k) = K[xq,...,xx]. For any k-tuple s = (s1,...,s;) of positive
integers, we denote by (k;s), the subspace of 2(k) spanned by polynomials

k
ma:m?l...xgk (O./:(Ozl,...,ak)EA(k'), Zazglzp)
i=1

Let W (k;K) be the Lie algebra consisting of all the operators of the form:

k

Zﬂa% (P, € A(k)). (4.1)

=1

For a k-tuple s = (s1, ..., s;) of positive integers, we denote by W (k; s; K),
the subspaces of W (k;K) consisting of those operators (4.1) such that the polyno-
mials P; are contained in A(k; )1, ; then W(k; s;K) = @ W (k; s;K), is a tran-

PEL
sitive GLA. Now we assume that s is the (14 m)-tuple (1,2,---,2). We denote
——

by W(1,m;K) = @ W (1, m;K), the GLA W(1+m;s;K) = @ W(1+m;s;K),.
pEZL PEZL
If m = 2, then W (1, m;K) is the prolongation of the negative part W (1, m;K)_
of W(1,m;K) (cf. [11]). Also W(1,m;K)_ is isomorphic to the contact algebra
of the first order of bidegree (1,m) (cf. [17, p. 134]).
We denote by K(n;K) the subalgebra of W(2n + 1;K) consisting of op-

erators that multiply the form wyx = dro,i1 — Y. 2i1ndz; by an element of the
i=1
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algebra 20(2n +1). We set K(n, K), = W(2n + 1;t;K), N K(n;K), where t is a
(2n+ 1)-tuple of integers (1,...,1,2). Then K(n;K) = @ K(n;K), is a transi-

pZ—2
tive irreducible GLA such that K(n;K) is the prolongation of K (n;K)_ (cf. [9],
[11]). Note that the prolongation of W (1,1;K)_ is isomorphic to K (1;K).

5. Free pseudo-product fundamental graded Lie algebras
Let m = @ g, be an FGLA, and let ¢ and f be nonzero subspaces of g_;.

p<0
The triplet (m;e,f) is called a pseudo-product FGLA if the following conditions
hold: (i) g1 = e @ f; (ii) [e,e] = [f,f] = {0}. For a given pseudo-product

FGLA (m;e,f) we say that the pair (e,f) is the pseudo-product structure of
the FGLA m. Let (m;e,f) be a pseudo-product FGLA. We denote by gy the
Lie algebra of all the derivations of m preserving the gradation of m, ¢ and f§:
= { D € Der(m)y : D(e) C ¢, D(f) C f}. The prolongation g = € g, of (m, go)
PEZL
is called the prolongation of (m;e,f).

We say that two pseudo-product FGLAs (m;e, ) and (m’;¢’, ) are isomor-
phic if there exists a GLA isomorphism ¢ of m onto m’ such that ¢(e) = ¢’ and
o(f) =1

Let (m;e,f) be a pseudo-product FGLA of the p-th kind, where p = 2.
The triplet (m;e,f) is called a free pseudo-product FGLA of type (n,m, ) if the
following conditions hold: (i) dime = n and dimf = m; (ii) Let (m;¢/,§) be a
pseudo-product FGLA of the p-th kind and ¢ a surjective linear mapping of g_;
onto g’ ; such that ¢(e) C ¢ and ¢(f) C f'. Then ¢ can be extended uniquely to
a GLA epimorphism of m onto m’.

Let m, n and p be positive integers such that p = 2. There exists a unique
free pseudo-product FGLA of type (n,m, u) up to isomorphism ([24, Proposition
8.2]). Let (m;e,§) be a free pseudo-product FGLA of type (n,m, ), and g = €@ g,

PEZ
the prolongation of (m;e,f). Then the mapping ® : go > D — (Dle,D|f) €
gl(e) x gl(f) is a Lie algebra isomorphism. In particular, the underlying FGLA
m of the free pseudo-product FGLA (m;e,f) is non-degenerate. By [15, Lemma
1.14], we see that g is finite dimensional (see also [24, Lemma 8.1]). In [6] a general
result was proved with the multicontact structure in place of the pseudo-product
structure.

A transitive GLA g = @ g, is called a pseudo-product GLA if there are
pEL
given nonzero subspaces ¢ and f of g_; satisfying the following conditions: (i)
The negative part g_ = € g, is a pseudo-product FGLA with a pseudo-product
p<0
structure (e, f); (ii) [go,¢] C ¢ and [go, f] C §. The pair (e, ) is called the pseudo-
product structure of the pseudo-product GLA g = @ g,. If the go-modules ¢
PEL
and f are irreducible, then the pseudo-product GLA g = € g, is said to be of
pEZ
irreducible type. Clearly the prolongation of a pseudo-product FGLA becomes a

pseudo-product GLA. Also the prolongation of a free pseudo-product FGLA is of
irreducible type.
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Example 5.1. Let V and W be finite dimensional vector spaces over K = R or
C such that dimV =n =1 and dimW =m = 1, and let u be a positive integer

p—1
with =22, Weset g1 =VOW,go=VeW,g,=S*V)eSrHW)
k=1

B < p <, p(VW,n = Gg g,. The bracket operation of p(V,W,u) is
p=—1
defined as follows: [gp, g4 = {0} (p,¢ £ —20r —p < p,qg< —1,p+q < —p),
[V> V] = [VV, W] = {O}’ [an] = _[w7v] = vQw, [U, O‘®B] = _[a®67v] = vea®f,
[a® B,w] = —[w,a® Bl =a®Bew, where v € V, w € W, a € S*¥(V) and
BesSPrFW) (B<p<pu—1,1<k < p-1). Equipped with this bracket operation,
p(V, W, ) becomes a pseudo-product FGLA of the p-th kind with pseudo-product
structure (V,W). Let g = € g, be the prolongation of (p(V, W, u); V,W). Then

pEZ
go is isomorphic to gl(V) @ gl(IW). Let m = € g, be a free pseudo-product
p<0
FGLA of type (n,m,pu) with pseudo-product structure (e,f). There exists a
GLA epimorphism ¢ of m onto m such that ¢(e¢) = V and ¢(f) = W. By

[24, Proposition 8.3|, if < 3, then (p(V, W, u); V, W) is free.

Example 5.2.  We give a matrix representation of a free pseudo-product FGLA
of type (n,m,2). We set g = sl(n +m + 1,K) and define subspaces g, (p =

—2,...,2) of g as follows:
[0 0 0
go= 0 0 0|:AeM(m,n)p,
_A 0 0
[0 0 0
g-1 = 6 00 3f€M(1an)777€M(m71> )
10 n 0O
(A 0 0
go = 0 B 0|:AeglnK),BeK,CeglimK),trA+5+trC =0,
0 0 C

gk:{tX:XEQ_k} (k‘gl),

where M (p, q) denotes the set of p x ¢ K-valued matrices. Then g = @ g, is a
PEZL

finite dimensional SGLA of type (A ym, {@n, ani1}) (resp. ((AD)psm, {n, ni1}))
in case K= C (resp. K=1R). We set

000 000
e=4q1& 0 0l :6eM(l,n)p, f=<10 0 0 :neM(m,1)
00 0 0n 0

Then (m = P g,;¢,f) is a free pseudo-product FGLA of type (n,m,2). lf n =1,
p<0
then m is isomorphic to the negative part of W (1, m;K).

As for the prolongation of a free pseudo-product FGLA, we already know
the following results (|24, Theorem 8.1 (2)]).
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Theorem 5.3. Let (m = @ g,;¢,f) be a free pseudo-product FGLA of type

p<0
(n,m,p) over K =C or R. Let g = @ g, be the prolongation of (m;e,§). If
PEL
g1 # {0}, then g = €D g, is a finite dimensional SGLA of type (Antm, {0, tni1})

PEZL

(resp. ((Al),, s {0n, any1})) in case K= C (resp. K=TR).

Remark 5.4.  Although we assume that the ground field is C in the paper [24],
as is easily observed, all the results hold good even in the case that the ground
field is R by replacing the appeared complex simple Lie algebras with their normal
real forms.

Lemma 5.5. Let (m = @ g,;¢,f) be a free pseudo-product FGLA of type
p<0

(n,m,p) over R. Let g(m) = @ g(m), be the prolongation of m. If the g(m)o-
PEL

module g(m)_; is irreducible, then the Cg(m)y-module Cg(m)_; is irreducible,

Proof.  Assume that the Cg(m)y-module Cg(m)_; is reducible. Let U be a

nontrivial Cg(m)y-submodule of Cg(m)_;. Let g = € g, be the prolongation of
PEZL

(m;e, ). Since U is a Cgo-submodule, U = Ce or U = Cf. By [8, p. 64], we have
Cg(m)_y = U @ U. Since Ce = Ce and Cf = Cf, we get a contradiction. Thus
the Cg(m)p-module Cg(m)_; is irreducible. [

The main purpose of the present section is to prove the following.

Theorem 5.6. Let (m = @ g,;e.f) be a free pseudo-product FGLA of type
p<0
(n,m, ) over K=C or R. Assume that n < m. Let g = € g, be the prolonga-
PEZL
tion of (m;e,f) and g(m) = @ g(m), the prolongation of m. If dimg(m) = oo,
PEZL

then = 2. More precisely, we obtain the following:

(1) If n =m =1 and p = 2, then g = @ g, is isomorphic to a finite
pEZ

dimensional SGLA of type (As, {aq, as}) (resp. ((Al)y, {1, a0}) ), and g(m)
is isomorphic to the contact algebra K(1;K).

(2) If n =1, m 2 2 and p = 2, then g = P g, is isomorphic to a finite
pEZ

dimensional SGLA of type (A1, {a1, aa}), (resp. ((Al),, ., {a1, a2}) ) and
g(m) is isomorphic to W (1, m;K).

3) If m 22, n=2and p =2, then glm) = g and g = P g, is iso-
pEZ
morphic to a finite dimensional SGLA of type (Amin,{Qm,@m+1}) (resp.

((AD),,, > {m, ims1}) ) in case K=C (resp. K=R).

(4) Ifn=22, m=2 and pu = 3, then g(m)y = go and g(m); = {0}.
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(5) If m=n =1 and p = 3, then g(m) is a finite dimensional SGLA of type
(Ga,{an}) (resp. (G,{a1})) in case K=C (resp. K=R).

(6) If n=1, m =22 and p =3, then g(m)o/go (resp. g(m);) is isomorphic to
Hom(e,f) (resp. ¢*) as a go-module, and g(m)s = {0}.

(7) If n=1, m =22 and p = 4, then g(m)y/go is isomorphic to Hom(e,§) as a
go-module and g(m); = {0}.

) If n =m =1 and p = 4, then g(m)y is isomorphic to gl(e ® f) and
g(m); = {0}

Proof. First note that in the real case the complexification Cp(V,W;pu) of
p(V,W; ) is equal to p(CV,CW;u). Hence on account of Lemma 5.5, we can
prove the real version of the theorem as in the complex case. So we assume that
K = C. The results for the case dimg(m) = oo are due to [24, Theorem 8.1 (1)].
Also the results for the case p = 2 are due to the results of §4, Example 5.2 and
[19, Theorem 5.2].

We assume that g = 3 and dimg(m) < oo. Considering g(m), as a
subspace of Hom(g_1,g_1), we get

g(m)g = g(m)o N (gl(e) ® gl(f)) ® g(m)o N Hom(e, f) & g(m)o N Hom(f, ¢).

Let (e1,...,e,) (resp. (fi,..., fm)) be a basis of e (resp. f), and let (e],...,€})

(resp. (ff,...,fr)) be the dual basis of (ei,...,e,) (resp. (f1,...,fm)). Let D
be an element of g(m)y N Hom(e,f). The element D can be denoted as follows:

D:zn:in:amfa@)ef (v € C).

i=1 a=1

Then 0 = [D, [e;, ¢j]] = [[D, e, ej] + [es, [D, €] = i Qialfas €] + ajalei, fo] - If

a=1
dime 2 2, then D = 0 and hence g(m)oNHom(e, f) = {0}. Similarly if dim§ = 2,
then g(m)oNHom(f,¢) = {0}. Hence if dime = 2 and dim § = 2, then g(m)y = go,
which proves (4).
We assume that p 2 3, dimg(m) < oo, dime =1 and dimf = 2. In this
case, g1 = {0}. Let m = @ g,, be a universal FGLA b(g_1, p) of the p-th kind (cf.

p<0
[}4, pp. 14-17]). For nonzero elements A\ € ¢* and f € §, there exists an element

Dy s of Der(m)y such that Dy ;(X) = A(X)f and Dy;(Y) =0 (X € ¢,Y € §).
Since Dy ¢([e,¢] + [f.§]) = 0, D, s induces an element D, s of g(m)y N Hom(e, f)
such that Dy ((X) = ANX)f, Das(Y)=0 (X €¢,Y €§). Thus

g(m)o =go ® Z CDy ¢

Aee*, fef

and g(m)p/go is isomorphic to Hom(e,f). Considering g(m); as a subspace of
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Hom(g_1,g(m)o), we get

g(m); = g(m){” & g(m)}? & g(m){* & g(m){”,

a(m)i? = g(m); N (Hom(e,s(f)) & Hom(§, Hom(e, §))"),

g(m)i? = g(m); N (Hom(e, gl(e)) & Hom(e, C1;) & Hom(f, Hom(e, §))®),
g(m)}¥ = g(m); N (Hom(e, Hom(e, f)),

g(m)i” = g(m); N (Hom(f, gl(e)) @ Hom(F, gl(f)),

where 1 is the identity transformation on f,

HOIn(f? Hom(evf))(l) = { Z O-’abfa ®e*® fl;k D Qg € Ca Zaaa = 0},
a=1

a,b=1

Hom(f, Hom(e, §))® = {Xm: Qoafa @€ R [ g € CH.

Since g(m){¥ C g1, we see that g(m){*) = 0. Let D; be an element of g(m)\":
then D; has the following form:

D, = Z Ozijfz‘®f;®6y{+ Z ﬁijfz‘@eiﬁ@f;ﬁ.

i,j=1 i,j=1
Since
0=[Dy,(ader)"fa] = Z(/wém — Bia)(ad )" f;,
i=1
0= (D1, (ade))"*(ad fo)?e1] = 2(n — 2) Y pevia(ad )"~ (ad fi)es,
=1

we see that paj, — B, = 0 and «;, = 0 for all a,i. Thus D; = 0 and hence
g(m)gl) = 0. Let Dy be an element of g(m)?); then D, has the following form:

Dy=ae1@ei@ei+8) fivffoe+vY fiveof (af,7€C).

i=1 i=1

Since

0=[Ds,(ader)" fo] = <w + B — 7) (ade)" " fo,

0= (Dasfadery=*(ad ) aden)f] = (L2 ot 20208 ) (e,

0 = [Dy, (ad f,)*>(ad e1)?fu] = (Ba+ 38+ (21 — 7)) (ad f,)* > (ad e,)* fa,

wegetO—Mﬂw—v—wa+2(u—2),@—3a+3ﬂ+(2u 7). Then
we can see that Dy = 0 if 41 > 4. Therefore if 1 = 4, then g(m)® = {0}. On the
other hand, if = 3, then

Dy=B(-2e1®€e; @i+ ) _ [i@ff@ei—3) fiwei®f).
im1 i-1
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Let D3 be an element of g(m)?); then D3 has the following form:

D5 = Zakfk®ei ® €].
k=1

Since 0 = [Dj3, (ad f1)*3(ad )3 fi] = . ar(ad fi)(ad f1)*3(ad e1) f1, we see that
k

D3 = 0. Hence g(m)gg) = 0. Therefore if u = 4, then g(m); = {0}. We consider
the case p = 3. For any D € g(m);, there exists an element A of ¢* such that
D, X] =XX)2J.— J;), [D,Y] ==3D,y (X €¢Y €f), where J; (resp. J;)
is an element of gy such that [J,, X] = —X and [J,Y] =0 (resp. [J;, X] =0 and
[J;, Y] ==Y ) for X € e and Y € f. Conversely, for an element A of ¢* there exists
an element G, of g(m); such that [Gy, X| = N(X)(2J. — J;), [Gr,Y] = =3Dyy
(X €e¢,Y €F). Thus
g(m); = Y  CG,
A€e*

and g(m); is isomorphic to ¢*. Finally we investigate g(m)s. Let D be an element
of g(m)y, and let A be a nonzero element of ¢*. There exist a,f, € C such
that [D,ei;] = aGy, [D, fs = B.Gx. Then [D,(ade;)3f,] = 10a\(er)ler, fa
and [D, [fa, le1, [e1, fa]]]] = BBaA(er)[er, fa]. Thus D = 0 and hence we see that
g(m); = {0}. This proves (6) and (7). If dime = dimf = 1 and p = 3,
then g(m); # {0} and the g(m)p-module g_; is irreducible, so g(m) is a finite
dimensional SGLA of type (Gs,{a;}). This proves (5). Similarly we can prove
(8). |

Corollary 5.7.  Under the assumption of Theorem 5.6, if g(m)y # {0} and
p = 3, then g(m) is isomorphic to a finite dimensional SGLA of type (Ga,{a1})
(resp. (G,{a1})) in case K =C (resp. K=R).

6. Hilbert-Cartan equation in a wider sense

Using the methods in [19, §1.3, pp. 420-423] we calculate the symbol algebra of a
differential system (R, D) which is associated with the following underdetermined
ordinary differential equation, which is called the Hilbert-Cartan equation in a

wider sense: ) )
dvg, — d7ug d°uy

de — dr? da?
Note that under the regularity condition uf ---u” # 0 the solution (ug(x), ves(z))
of (HC) needs to satisfy the following compatibility condition:

2uguyvy, = (up)*vge + (ug)’vh, (1S a<b=m). (CC)

a

(I1£a<b<m,mz=2). (HC)

We consider a submanifold R defined by (HC) and (CC) in the space J? of 2-jets
for (M + m)-unknown and l-independent variables with coordinate system
(xa Uqs Vab, u:w 'U;b’ UZ, U;Ib) :
o { v = i, et = )l )y (1S a S0 S m)
-l £0 '
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Our differential system (R, D) is obtained by restricting to R the canonical contact
system on J?:

where . "o
why = dvgy — (uyuy )dx,

/ /
0, = du, — u,dx,
;o / "
m, = du, — u,dz,
/I 1"\2 " _ " " "
Ny = d((ua) ) - vaadm - 2uadua - ’Uaadx‘
"

We take (z, Uq, Vap, Pa, T'as ta) as a coordinate system on R, where p, = u!,, r, = u!!

and t, = 3(ul)'v},. Then (R, D) is given on this coordinate system by

D:{wabzea:ﬂ'a:na:OL
where wgp, = dvgy —rerpde, 0, = du, —pedz, T, = dp, —rodx and 1, = dr, —t.dx.

First we calculate
dway = rodx ANy + Tpdx A\ g

df, = dx A\ 7, 61
dm, = dx A, (6.1)
dn, = dx N\ dt,.

Next, we calculate the weak derived system {0%*)D}. To locate the derived system
0D, we look at the equation (6.1) modulo the ideal spanned by wap, Ou, Ta, Na:

dwey = db, = dr, =0 ,dn, = dx N dt, (mod Wap, Oa, T, Na)-
Hence
OD ={wyp =0, =7m,=0}.
To locate 9 D we proceed to look at dwg, df, and dr, modulo 1-forms wyp, 6,,
m, and 2-forms n, A 1. Putting @y, = wep — 7p7q — 1T, We have

OD = { Gy = Os = 7 = 0}

and ~
AQgy = mu N\ dry + m Adry,

= Ta AN+ tpyTo N dx 4+ mp AN + tomp Ade =0,
df, =dx Nm, =0,
dn, = dx N\ dr, = dx A\ g, (mod Wap, Oay Tay Na A M)

Hence we get
OID ={ g =0,=0}.

To proceed, we put Wep = Wap + tabp + tyf,. Then we have

0D = {@p =60,=0},

and
da]ab:7Ta/\77b+Ca/\‘9b+7Tb/\77a+<b/\‘9aa
deazg/\'ﬂaa 6.9
dﬂ—azg/\na, ()

dna :é/\ga,
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where ¢ = dx and (, = dt,. Hence we get
d@abEO, daangﬂa, (mod (Z)ab,ea,ﬂa/\7Tb,7Ta/\77b,77a/\nb).

This implies that
O®D ={@,=0}.

Furthermore we have

daab:CaA0b+§bA0a
(HlOd @ab,ea A\ Hb,ea A 7Tb79a A My, Tq A Ty, g A\ Moy Na A\ Ub)

Hence we get

OWD =T(R).

Thus we see that (R, D) is a regular differential system of type m;, where ms
is an FGLA of the 5-th kind, whose Maurer-Cartan equation is given by (6.2).
Furthermore (R, D) is locally isomorphic with the standard differential system

of type ms. Now we give a model space of the FGLA m;. Let m = @ g, be
p<0
the underlying FGLA of a free pseudo-product FGLA (p(V,W,3); V, W) of type
(1,m,3) defined in Example 5.1, g = € g, the prolongation of (p(V, W,3); V, W),
PEZL
and g(m) the prolongation of m. Then by Theorem 5.6,

g(m)o = go ® g(m)o,—1, go = gl(V) © gl(W),
g(m)o 1 = Hom(V, W), g(m); V™, g(m), = {0} (p = 2).

Let J be an element of g(m)y such that [J,v] = —v,[J,w] = —2w for v € V

1
and w € W. Weset ap = {X € g(m) : [/, X] = kX }. Then g(m) = P ax,
k=—5
a5 =VRS* (W), a_y=S*(V)oW,as=VoW,a,=W, a_; = Vdg(m)o_1,
dp = go, o = g(m)1, ap = {0} (k = 2). Putting ¢’ =V and § = g(m)o_1 =
1

V*®@ W, we see that g(m) = @ ay is a pseudo-product GLA of irreducible type
k=—5
with pseudo-product structure (¢’,§) and my is isomorphic to a_ = € a;. Note

k<0
1

that g(m) = @ a, is the prolongation of a_ = @ a,. Indeed, for £ < 0 we
k=—5 k<0
put & = {X € a_y : [X,a¢] = {0} }. Then & is an ag-submodule of a_; and
hence ¢ 5 = g(m)p—1 and ¢4 = V. Let a = € a, be the prolongation of a_.
PEZL
Then [ao, €] C & and hence ay = go. Now suppose that @ = €D a, is a finite
pEZ
dimensional SGLA. Since a_y = V ¢ (V* @ W) and ap = gl(V) @ gl(W), an
SGLA a = @ a, is of type ((Al),,{a1,a2}). Since a_ is of the 5-th kind, this is
PEL
a contradiction. By [23, Theorem 3.3], a; = a; and d, = 0 (k = 2), and hence

1

g(m) = € a; is the prolongation of a_. From this fact it follows that the Lie
k=—5

algebra A(R, D) of infinitesimal automorphisms of (R, D) is isomorphic to g(m)

(cf. [19, pp. 419-420]).
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7. Partial differential equations associated with free pseudo-product
FGLAs

In this section we show that the system of partial differential equations (GA) is
associated with a free pseudo-product FGLA of type (1,m,3) (m = 2).

7.1. Realization of the standard differential systems. Using the methods
in [14, §2] we realize the standard differential system of type p(V, W, 3).
Let m = @ g, be a free pseudo-product FGLA p(V,W,3), and u? the

p<0
projection of m onto g, with respect to the decomposition m = € g,,. Let M(m)
p<0

be a simply connected Lie group with Lie algebra m and (M (m), Dy,) the standard
differential system. Furthermore let £ be the Maurer-Cartan form on M (m), and

&; the g;-component of ¢ with respect to the decomposition m = €P g,; then Dy
p<0
is defined by the equation &, = 0 (p < —2). Let f be the diffeomorphism of

M(m) onto m defined in [14, §2.3]. If we put n = (f~1)*¢ and n, = (f~1)*¢,, then
Dy, is defined by the equations n, =0 (p < —2). We induce a Lie group structure
on m by requiring f : M(m) — m to be an isomorphism. With this Lie group
structure, m is a simply connected Lie group with Lie algebra m and an m-valued
I-form 7 is the Maurer-Cartan form on the Lie group m. In what follows we will
adopt (m, Dy,) as the standard differential system of type m and also denote by
(M(m), Dy) the standard differential system (m, Dy).

Let (e1,...,en) (resp. (fi1,...,fm)) be a basis of V' (resp. W). We define
a coordinate system {;, Ya, Zia, Wij.a, Viap} o0 M(m) as follows:

u_l = ixiei+iyafa, U_2 = iiziaei@)fm
i=1 a=1

i=1 a=1

u S = Zzwij,aei ©@e;® fo+ Zzti,abei R fu © fo

a=1 i< i=1 a<b
By virtue of the formula given by N. Tanaka in [14, §2.3], we obtain
Dm:{eij,a:wi,ab:ﬂ-i,azo (1§i§j§n,1§a§b§m)},

where ] .
Oija = dWij o + (2ja — éxjya)dxi + (240 — éxiya)dxj
(1si<j<n,1<asm),

~ 1 .
Oiio = AW o + (2ia — §$iya)dﬂfi (1sisn,1Za<m),

. 1 1
Wiab = Atiap — (Zia + §Iiya>dyb — (2 + éxiyb)dya
(1sisn1Za<bzm),

I7AN
I7AN
3

—_
A
S

I7AN
2

. 1
Wiaa = dti,aa - (Zia + §xiya)dya (]- ?

174N
174N
S

—_
174N
IS

A
2

1
Tia = dzia - i(xzdya - yadmi) (1

\
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and Wi, = Wija — 3Ti%ja — 3Tj%a + 30:2Ya (1
wiia:wim gx@-zm—l—l 29, 1<£i<n1=Za , =
Zpzia + Syaprs (1S i<n1<a<bZm), tigg = tiga + 2
(1£i=n1Z<asm). Ifwefurtherput Zia = Zia (
a = mA), tiab = tAz,ab — Ziap — ZibYa — TiYalp (1

tiaa = tiaa — ZiaYa — 30y2 (11 <n,1 < a<m), then

( Qij,a = dl/l}@'j,a -+ éjadl'i + giadmj (1 § 7 < j § n, 1 § a § m),

Oii0 = dWij 4 + Zigdx;(= @za) (1si=m,1<a<n),

Wiab = dbiab + YpdZia + YadZip + yapdz; (1SiSn,1<a<b<m),
. 1

Wi.aa = dti,aa + yadéia + éyid% (1 é [ é n, 1 é a é m>’

Tia =AZiq + Yodz; (121 n,1<aSm).

\

We set w5, = _wzja (1 # J)s Wiig = Wisas Dia = —Zia> Viaa = 2tiaas Viab = tiab
(a #b) and 7, = y,; then

1
E(pjadxi +piadxj) (1 § Z § ] g n, 1 é

a=m)
Wiab = AVj ab — Tadpipy — TpdPia + Tampdr; (1=1=n,1 < a S b S m),
Wz,a:dpia_radxi (1 éZé?’L,l §a§m)

Oija = dija —

Note that
Wiah = AV gp — Tarpdr;  (mod g, mip).

We have
1
db;; o = = <
Js 2( =
dwigp = Tip Ndrg + mig Ndry, (120 S
dmig =dr; Ndr, (1Zi<n,1<a=

dl’i A\ Tja + d.Ij N Tiq

~—
—~
—_

and
0D ={bijo=wia=0(1=2i<j<n1Za<b<m)}

7.2. Partial differential equations associated with free pseudo-product
fundamental graded Lie algebra of type (1,m,3). From now on we assume
that n =1 and m = 2. We use the notation as in the previous subsection. It is
convenient to set wep = Wi ap, 0o = 0114, Ta = T4, T = 21.

For # € M(m) we define R, as the collection of subspaces v of codimension
m(rgﬂ) in each tangent space T, (M(m)) at x € M(m) which contains the fiber
0Dy () of the derived system 0Dy, of Dy,:

R,={ve Gr(T,(M(m)),3m + 1) : vDIDy(x)}, where Gr(T,(M(m)),3m + 1)
denotes the Grassmann manifold consisting of (3m + 1)-dimensional subspaces of
T.(M(m)). We set

R= |J R.cJ(M(m)3m+1),
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where J(M(m),3m +1) is the Grassmann bundle over M (m) consisting of (3m +
1)-dimensional contact elements of M (m) (cf.[17, §1.5]). Let pr_s be the projec-

tion m onto g_3 with respect to the decomposition m = € g,, and pr_s, (resp.
p<0

pr_s ) the projection g_s onto S*(V)® W (resp. V ® S*(W)) with respect to
the decomposition g_3 = S*(V) @ W &V @ S*(W). We denote by R the subset
of R, consisting of elements v of R such that

Prgy [(pros((La)i ' (v) : prog((Le); ' (v)) = S*H(V) @ W

is an isomorphism; then R = |J RY is an open submanifold of R. Let
zeM(m)
g = @ g, be the prolongation of (m;e,f) and g(m) = € g(m), the prolongation
pEZL PEZL

of m. Then g(m)y = go @ g(m)o 1. The mapping 7 : g(m)g_; — Hom(S*(V) @
W,V ® S?(W)) defined by 7(A) = ad A|S*(V) ® W is a monomorphism as a
go-module. Note that the image 7(g(m)p_1) is an irreducible go-submodule of
Hom(S?*(V) @ W,V ® S?(W)) isomorphic to V* ® W . Furthermore we denote by
x the mapping of R® into Hom(S?(V) @ W,V @ S?(W)) defined by

R(0) = (pr_5 ) o (pr_s , [ prs((La): ()"

We denote by R, the subset of RY consisting of the elements v such that x(v) €
7(g(m)o_1); then R= |J R, is a submanifold of R. We define two differential

xeM(m)
systems D' and D? on R as follows: D! is the canonical system obtained by the
Grassmannian construction and D? is the lift of D,. More precisely

D'(v) = v (v) D D*(v) = v (Du(v(v))),

*

where v is the natural projection of R onto M(m): v(v) =z if v € R,. We
introduce a fiber coordinate system on R by @, = waep + Ay + Apb,, Where

Dlz{wab:O}, 8Dm:{wab:9a:0}.
Here (x, Y4, Pa, Vab, Ua, Ag) constitutes a coordinate system on R. Since

dwa, = mo A (dry — Npdz) + 7 A (drg — Agdz) + dAg A Oy + dXy A O,
Ch(D") = {@ap = M = drg — Aodz = d\, = 0, = 0},
D? = {wabzﬂa:wab:9a=0}, 0D?* = {wabzwab = 0 :0}7

we get the following:

(R1) D' and D? is a differential system of codimension m("gﬂ) and m(";rl) +m
respectively.

(R2) oD? C D*.
(R3) Ch(D?') is a subbundle of D? of codimension 2m.

(R4) Ch(D')(v) N Ch(D?)(v) = {0} for all v € R.
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Now we calculate

Tap = Wab + Aoy + M = dZ., — PldXy — PldX, — Q.dY; — Q)dY,,

where
( Zyy, = Uab — TaDb — ToPa + TalsT + Aoy + Npla
1 1
— §(Aarb + Mg )2 4 5373)\&/\1),
1 1
P =y, — pox — =122 + =N\ 2’
a p 2 —"_ 2 b
1
Q; = —Paq T Tal — §$2>\aa
Xa - /\a7
L Yo =1y — T
We solve

( Te = Ya + Xa$7
1
Pa = _Q; + }/;Lx + §Xa$2,
/ / 1 2 1 3
Uy =P, — Q.+ =Y,2° + - X,2°,

2 6
Vab = Ztlzb - YIIQZ - YI)Q; - Xan, - XbP(; + Y, Yz

1 1
+ §XGYE,232 + §XbYaLU2 + XaXbI3.

From these results, we get

1
Ty = —dQ; —+ .fZ}'dYa + 51‘2an,
1 1
0, = dP, — §x2dya - 59;3an + z7,.
Then
D' ={dZy, — P,dXy — PydX, — Q,dY, — Q,dY, =0}

and (X,,Ya, Z!,, P, Q) constitutes a coordinate system on R’ = R/ Ch(D%).
Also D' drops down to R'. Putting ¢t = x, P, = P., Qo = Ql, Za = Z),
(a#0b), and Z,, = 27!, we obtain

DQZ{QabZG(z:Ha:O}7

where

( Qab - dZab - Pade - Pban - QadYE) - deYa (CL 7é b);
Qaa = dZaa - Paan - Qadn;

1 1
0, =dP, — Etdea — §t3an,

1
I, =dQ, — tdY, — 51&2an.
\

Now we introduce the third gradation (b,) of g(m) as follows: g(m) =
b_o®b_1 Dby, by =VRS2(W), b, =(V*W)eWa(VeW)d (S2(V)W),
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bp =V VeV e (WeW*) eV Putting ¢ = (Vo W)® W and
" = (Vo W)® (S*(V)® W), the GLA g(m) = b_o ® b_; ® by becomes an
irreducible transitive GLA such that (b_;e”,§’) is a pseudo-product FGLA of
the second kind, where b_ = b_, @& b_;. Let Ay be a Lie group consisting of
automorphisms of g(m) preserving the gradation (a,); then Ay is a closed Lie
subgroup of Aut(g(m)) with Lie algebra ay. We put

G = Int(g(m))A.

Then G is a Lie group with Lie algebra g(m). Also let G’ (resp. A’, B’) be
the subgroup consisting of elements of G preserving the filtration (€ g(m),)rez

p=k
(resp. (D ap)kez, (P by)kez); then G', A" and B’ are closed subgroups of G
p=k p2k
with Lie algebras @ g(m),, €@ a, and € b, respectively. We denote by M,
p=20 p=0 p=0

(resp. M,, My) the homogeneous space G/G’ (resp. G/A", G/B’). Also we
denote by m, (resp. m) the natural projection of M, onto M, (resp. My).
Furthermore identifying g(m) with the Lie algebra of left invariant vector fields
on G, @ g,, @ a, and @ b, induce G-invariant differential systems Dy, D,
p=—1 p=—1 p=—1
and Dy on My, M, and M respectively. Also the inclusion mapping of m into
g(m) induces an local isomorphism iy of (M(m), Dy) into (Mg, Dy). As in [22,
p. 371], by applying the realization lemma ([17, Lemma 1.5]) for (M,, Dg, 7,4, M)
and by taking account of (R1)-(R4), we have a local isomorphism of (M,, D, D?)
into (E,DI,DQ), where D! = 0® D, and D? = 9D,. Similarly ¢’ ® @ a, and
p20
f @ by induce G-invariant completely integrable differential systems E, and Fj
on M, and M, respectively. Since Ker(m), = E, = Ch(D}), the differential
system (R’, D') is locally isomorphic to (My, Dy). We shall identify (R, D') with
(My, Dy). We set M{ = M,/F, and denote by 7, the projection of M, onto M;
then (X,,Ya, Zu) constitutes a coordinate system on M.
Now recall that the Grassmann bundle and the canonical system. Following
[17, §1.5], we define the Grassmann bundle J(M{,2m) over M]:

J(My,2m) = | Jo o = Gr(To(My), 2m).
reM]
J(M;,2m) is endowed with the canonical subbundle C' of T'(J(M{,2m)) as fol-
lows: Let pj be the projection of J(M{,2m) onto M{. For v € J(M{,2m) we
set
CH(v) = (py)s ' (v) C To(J (Mg, 2m)).
Then C" is called the canonical system on J(M{,2m). We have an inhomogeneous

Grassmann coordinate of J(M;,2m) as follows: We consider the open set U of
J(M;,2m) consisting of the elements v of J(M{,2m) such that

AX A+ ANdXp ANdYi A AdYp|v 0

C

Then we have a coordinate system (X, Yy, Zap, PS5, Q5,) on U defined by

dZalu =" PodXclu+> Q4dYelu,
c=1

c=1
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where u € U. Clearly C! is given in the coordinate system by
Cl={Qu =0},

where
Qup = dZgy — Y PodXe— > Q5dY..
c=1 c=1

Applying the realization lemma for (M, Dy, m, M) we have a local imbedding ¢
of My into J(M{,2m) such that ¢, !(C') = Dy and

R = My = { P, = dacPy, + 0ucPryy Qo = 0acQy + 00cQi (a #0) }-

We next define the second order prolongation J?(My,2m) of J(My,2m)

(cf. [18, §2]). For each u € J(M],2m), let J? be the set of all 2m-dimensional

integral elements v of (J(M{,2m),C") at u such that v N Q'(u) = {0}, where
Q' = Ker(p})s. Then J%(M],2m) is defined by

P(My2m)= | T

u
ueJ(My,2m)

Let p? be the projection of J*(M],2m) onto J'(M{,2m). We set p = p? o p}.
The canonical system C? is defined by

C*(v*) = (p1). ' (v*) for v* € J*(My, 2m).

Then we have a coordinate system (X, Ya, Zap, PS,, Q%y, RS, 54, T4 on p~1(U)
defined by

P = 3" B S S
d=1 d=1

AQulu = SifdXalu+ 3 TiidYalu,
d=1 c=1

where u € U. Clearly C? is given in the coordinate system by
C* = { Q= 0, =115, = 0},

where

0, = dPg, — f} RedX, — fj ey,
d=1

d=1
I, = dQs, — ) SedXa— Y TidYa
d=1 d=1

Applying the realization lemma for (M, D2, m,, My) there exists a local imbedding
¥ of (M, D?) into (J*(M],2m),C?). From the above results R is given by the
following equations:
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a 1 a a 1 a
RalI; = g(Talf>37 Sallz) = i(Talgj)27
R% - ngl - Tacll)i =0, T:l? - chjv

bezpa P;b:PIfIw Pcszoa

aa’

b _ Na a _ b e __
\ ab T YWaa’ ab be? ab — 07

where 1 £ a < b= m, {c,d} # {a,b},e # a,b. Thus we may consider that R is
realized by the system of partial differential equations (GA).
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