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Also we show that the Lie algebra of infinitesimal automorphisms of a differential
system associated with the Hilbert-Cartan equation in a wider sense is isomorphic
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1. Introduction

Let m =
⊕
p<0

gp be a graded Lie algebra (GLA) over K = R or C , and µ a positive

integer. The GLA m =
⊕
p<0

gp is called a fundamental graded Lie algebra (FGLA)

if the following conditions hold: (i) m is finite dimensional; (ii) g−1 6= {0} , and
m is generated by g−1 . Moreover an FGLA m =

⊕
p<0

gp is said to be of the µ-

th kind if g−µ 6= {0} , and gp = {0} for all p < −µ . It is well known that every
FGLA m =

⊕
p<0

gp is prolonged to a GLA g(m) =
⊕
p∈Z

g(m)p satisfying the following

conditions: (i) g(m)p = gp for all p < 0; (ii) for X ∈ g(m)p (p = 0), [X,m] = {0}
implies X = 0; (iii) g(m) is maximum among GLAs satisfying conditions (i) and
(ii) above. The GLA g(m) is called the prolongation of m . Note that g(m)0 is the
Lie algebra of all the derivations of m as a GLA.

In the previous paper [24], we introduced the notion of free pseudo-product
FGLAs (m; e, f) of type (n,m, µ), which was inspired by the study of the prolon-
gation of free FGLAs in [16]. Let m =

⊕
p<0

gp be an FGLA, and let e and f be

nonzero subspaces of g−1 . Then (m; e, f) is called a pseudo-product FGLA if the
following conditions hold: (i) g−1 = e⊕ f ; (ii) [e, e] = [f, f] = {0} .

ISSN 0949–5932 / $2.50 c© Heldermann Verlag



486 Yatsui

Let (m; e, f) be a pseudo-product FGLA, and g(m) =
⊕
p∈Z

g(m)p the pro-

longation of m . Moreover let g0 be the Lie algebra of all derivations of m as a
GLA preserving e and f . Also for p = 1 we set gp = {X ∈ g(m)p : [X, gk] ⊂
gp+k for all k < 0 } inductively. Then the direct sum g =

⊕
p∈Z

gp becomes a graded

subalgebra of g(m), which is called the prolongation of (m; e, f).

Let (m; e, f) be a pseudo-product FGLA of the µ-th kind, where µ = 2.
The pseudo-product FGLA (m; e, f) is called a free pseudo-product fundamental
graded Lie algebra of type (n,m, µ) if the following conditions hold: (i) dim e = n
and dim f = m ; (ii) Let (m′; e′, f′) be a pseudo-product FGLA of the µ-th kind and
ϕ a surjective linear mapping of g−1 onto g′−1 such that ϕ(e) ⊂ e′ and ϕ(f) ⊂ f′ .
Then ϕ can be extended uniquely to a GLA epimorphism of m onto m′ .

In the previous paper [24], we investigated the prolongation of a free pseudo-
product fundamental graded Lie algebra (m; e, f) of type (n,m, µ). If µ = 2, then
the prolongation of (m; e, f) is isomorphic to a finite dimensional simple graded
Lie algebra (SGLA) of type (An+m, {αn, αn+1}) (resp. ((AI)n+m, {αn, αn+1})) in
case K = C (resp. K = R) (cf. Remark 5.4). If µ = 3, then the prolongation
g =

⊕
p∈Z

gp of (m; e, f) has the following model space: g−3 = S2(V )⊗W⊕V⊗S2(W ),

g−2 = V ⊗W , e = V , f = W , g0 = gl(V ) ⊕ gl(W ), gk = {0} (k = 1), where V
(resp. W ) is an n-dimensional (resp. an m-dimensional) vector space. Here the
bracket operations on g are defined by tensor products in a natural manner (For
the details, see Example 5.1).

The first purpose of this paper is to classify the prolongations of the un-
derlying FGLA m of free pseudo-product FGLAs (m; e, f) of type (n,m, µ) (The-
orem 5.6). In particular, the prolongation of the underlying FGLA m of a free
pseudo-product FGLA (m; e, f) of type (1, 1, 3) is a finite dimensional SGLA of
type (G2, {α1}) (resp. (G, {α1})) in case K = C (resp. K = R). Also the prolon-
gation g(m) of the underlying FGLA m of a free pseudo-product FGLA (m; e, f)
of type (1,m, 3) (m = 2) is as follows: g(m)−3 = S2(V ) ⊗ W ⊕ V ⊗ S2(W ),
g(m)−2 = V ⊗ W , g(m)−1 = V ⊕ W , g(m)0 = gl(V ) ⊕ gl(W ) ⊕ V ∗ ⊗ W ,
g(m)1 = V ∗ , g(m)k = {0} (k = 2), where V (resp. W ) is a 1-dimensional (resp.
an m-dimensional) vector space. Note that on this g(m) there exists another
important gradation g(m) =

⊕
p∈Z

ap as follows: ak = {0} for k 5 −6 or k = 2,

a−5 = V ⊗S2(W ), a−4 = S2(V )⊗W , a−3 = V ⊗W , a−2 = W , a−1 = V ⊕V ∗⊗W ,
a0 = gl(V )⊕gl(W ), a1 = V ∗ ; then g(m) =

⊕
p∈Z

ap becomes a pseudo-product GLA

of irreducible type.

D. Hilbert [7] and E. Cartan [3], [4] studied the following underdetermined
ordinary differential equation, which is called the Hilbert-Cartan equation:

dv

dx
=

(
d2u

dx2

)2

(also see [13]). To give a good illustration of regular differential systems, K. Yam-
aguchi [19] showed that a differential system (R,D) associated with the Hilbert-
Cartan equation is a standard differential system of type m6 , where m6 is the
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negative part of a finite dimensional SGLA of type (G2, {α1, α2}). Furthermore
he showed that the Lie algebra of the infinitesimal automorphisms of (R,D) is
isomorphic to the 14-dimensional exceptional simple Lie algebra G2 . In Section 6
we consider a little generalization of the above situation. Namely we consider a
differential system (R,D) associated with the following underdetermined ordinary
differential equations, which is called the Hilbert-Cartan equation in a wider sense:

dvab
dx

=
d2ua
dx2

d2ub
dx2

(1 5 a 5 b 5 m).

We show that the differential system (R,D) is a standard differential system
of type

⊕
p<0

ap and the Lie algebra of infinitesimal automorphisms of (R,D) is

isomorphic to the prolongation g(m) of the underlying FGLA of a free pseudo-
product FGLA of type (1,m, 3).

In the paper [2] E. Cartan showed that the symmetry algebra of the follow-
ing overdetermined involutive system of second order is the exceptional simple Lie
algebra G2 :

∂2z

∂x2
=

1

3

(
∂2z

∂y2

)3

,
∂2z

∂x∂y
=

1

2

(
∂2z

∂y2

)2

.

In [20], [21], and [22], K. Yamaguchi clarified the above results in the modern
procedures. Precisely starting from the standard differential system of type m5 , he
obtained the above differential equation and showed that the symmetry algebra is
the exceptional simple Lie algebra G2 by using the realization lemma and the first
reduction theorem, where m5 is a free pseudo-product FGLA of type (1, 1, 3). In
Section 7 we similarly see that the following system of partial differential equations
is associated with a free pseudo-product FGLA of type (1,m, 3) (m = 2).

∂2Zab
∂Xa∂Xb

=
1

3

(
∂2Zab
∂Ya∂Yb

)3

,
∂2Zab
∂Xa∂Yb

=
1

2

(
∂2Zab
∂Ya∂Yb

)2

,

∂2Zab
∂Ya∂Yb

=
∂2Zcd
∂Yc∂Yd

,
∂Zab
∂Xe

=
∂Zab
∂Ye

= 0

∂Zab
∂Xa

=
∂Zbb
∂Xb

,
∂Zab
∂Xb

=
∂Zaa
∂Xa

,
∂Zab
∂Ya

=
∂Zbb
∂Yb

,
∂Zab
∂Yb

=
∂Zaa
∂Ya

,

(1 5 a 5 b 5 m, 1 5 c 5 d 5 m, e 6= a, b).

(GA)

In recent years there have been a lot of interest on Tanaka prolongation theory
in relation to the study of rigidity of geometric structures on standard differential
systems associated with FGLAs. In particular, nondegenerate pseudo-product
structures considered in this paper have been investigated in great generality
under the name of multicontact structures (see [5], [6], [10], etc.). Although the
theory of multicontact structures is available for our paper, we construct this paper
within the framework of the geometric theory of differential equations studied
by N. Tanaka, T. Morimoto and K. Yamaguchi. In the future we would like to
contribute somewhat to the study of multicontact structures.

Finally the author is very grateful to the anonymous referee for numerous
useful suggestions and corrections.
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2. Preliminaries

All vector spaces are considered over the field K = C or R . We denote by CV
the complexification of a real vector space V . For a Lie algebra g we denote
by Aut(g) (resp. Int(g)) the group of all the automorphisms (resp. the inner
automorphisms) of g .

2.1. Graded Lie algebras. Let g =
⊕
p∈Z

gp be a graded Lie algebra (GLA). A

GLA g =
⊕
p∈Z

gp is called transitive if for X ∈ gp (p = 0), [X, g−] = 0 implies

X = 0, where g− is the negative part
⊕
p<0

gp of g . A GLA g =
⊕
p∈Z

gp is called

irreducible (resp. completely reducible) if the g0 -module g−1 is irreducible (resp.
completely reducible). If there exists an element E of g0 such that [E,X] = pX
for all p ∈ Z and X ∈ gp , then E is called the characteristic element of g =

⊕
p∈Z

gp .

For a GLA g =
⊕
p∈Z

gp we denote by Der(g)0 the Lie algebra of all the derivations

preserving the gradation (gp) of g .

Now we define fundamental graded Lie algebras. A GLA m =
⊕
p<0

gp is

called a fundamental graded Lie algebra (FGLA) if the following conditions hold:
(i) dimm <∞ ; (ii) g−1 6= {0} and m is generated by g−1 . An FGLA m =

⊕
p<0

gp is

said to be of the µ-th kind (or of depth µ) if g−µ 6= 0 and gp = 0 for all p < −µ .
An FGLA m =

⊕
p<0

gp is called nondegenerate if for X ∈ g−1 , [X, g−1] = {0}

implies X = 0.

Next, following [14], we introduce the notion of the prolongations of FGLAs.
Let m =

⊕
p<0

gp be an FGLA. A GLA g(m) =
⊕
p∈Z

g(m)p is called the prolongation

of m if the following conditions hold: (i) g(m)p = gp for all p < 0; (ii) g(m) is
a transitive GLA; (iii) If h =

⊕
p∈Z

hp is a GLA satisfying conditions (i) and (ii)

above, then h =
⊕
p∈Z

hp can be embedded in g(m) as a GLA. For the construction

of g(m), see [14, §5]. Note that g(m)0 is isomorphic to Der(m)0 .

Let m and g(m) be as above. Assume that we are given a subalgebra
g0 of g(m)0 . We define subspaces gp (p = 1) of g(m)p inductively as follows:
gp = {X ∈ g(m)p : [X, gk] ⊂ gp+k for all k < 0 } . If we put g =

⊕
p∈Z

gp ,

then g =
⊕
p∈Z

gp becomes a graded Lie subalgebra of g(m), which is called the

prolongation of (m, g0).

2.2. Differential systems. By a differential system (M,D), we mean a sub-
bundle D of the tangent bundle T (M) of a manifold M . For two differential
systems (M1, D1) and (M2, D2) a diffeomorphism ϕ of M1 onto M2 is called an
isomorphism of (M1, D1) onto (M2, D2) if ϕ∗(D1) = D2 .

For a differential system (M,D), we define a sequence of k -th weak derived
sheaves {∂(k)D}k=0 inductively by setting ∂(0)D = D (the sheaf of the germs of
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local sections of D) and

∂(k)D = ∂(k−1)D + [D, ∂(k−1)D]

for k = 1. By setting D−p = ∂(p−1)D , we have [Dp,Dq] ⊂ Dp+q for all p, q < 0.
Furthermore the Cauchy-Cartan characteristic system Ch(D) of (M,D) is defined
at each x ∈M by

Ch(D)(x) = {X ∈ D(x) : Xc(dω)x ≡ 0 (mod D⊥(x)) for all ω ∈ D⊥x },

where D⊥ is the annihilator subbundle of D in T ∗(M) and D⊥ is the sheaf of
the germs of local sections of D⊥ . We say that (M,D) is bracket generating if⋃
p<0

Dp = T (M). We say also (M,D) is regular if there exist subbundles {Dp}p<0

of T (M) such that Dp = Dp for all p < 0.

Let (M,D) be a differential system such that D is bracket generating and
regular. There exists a positive integer µ such that D−µ = T (M). The minimum
of such integers is called the depth of D . For each x ∈M we put

m(x) =
⊕
p<0

gp(x),

where gp(x) = Dp(x)/Dp+1(x). m(x) has a naturally defined bracket operation
and becomes an FGLA, which is called the symbol algebra at x of (M,D). Let m
be an FGLA. (M,D) is said to be of type m if it is bracket generating and regular
and if m(x) is isomorphic to m as a GLA for all x ∈M .

Example 2.1. Let m be an FGLA and M(m) a simply connected Lie group
with Lie algebra m . Identifying m with the Lie algebra of left invariant vector
fields on M(m), g−1 induces a left invariant subbundle Dm of T (M(m)):

Dm(x) = {Xx ∈ Tx(M(m)) : X ∈ g−1 }.

Then (M(m), Dm) becomes a differential system of type m , which is called a
standard differential system of type m .

Let (M,D) be a differential system and Γ(D) the space consisting of
sections of D . A vector field X on M is called an infinitesimal automorphism of
(M,D) if [X,Γ(D)] ⊂ Γ(D). We denote by A(M,D) the Lie algebra consisting
of all the infinitesimal automorphisms of (M,D). Let m be an FGLA. As well
known, A(M(m), Dm) is isomorphic to g(m) when the prolongation of m is finite
dimensional (see [19, §2.3]).

3. Finite dimensional simple graded Lie algebras

In this section, following [19], we describe the classification of finite dimensional
simple graded Lie algebras.

Let g =
⊕
p∈Z

gp be a finite dimensional simple graded Lie algebra (SGLA)

of the µ-th kind over C such that the negative part g− is an FGLA. Let h be a
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Cartan subalgebra of g0 ; then h is a Cartan subalgebra of g such that E ∈ h ,
where E is the characteristic element of g =

⊕
p∈Z

gp . Let Φ be a root system of

(g, h). For α ∈ Φ, we denote by gα the root space corresponding to α . We set
hR = {h ∈ h : α(h) ∈ R for all α ∈ Φ } and let (h1, . . . , hl) be a basis of hR such
that h1 = E . We define the set of positive roots Φ+ as the set of roots which are
positive with respect to the lexicographical ordering in h∗R determined by the basis
(h1, . . . , hl) of hR . Let ∆ = {α1, . . . , αl} ⊂ Φ+ be the corresponding simple root
system. In what follows, we assume that the ordering of (α1, . . . , αl) is as in the
table of [1]. We set Φp = {α ∈ Φ : gα ⊂ gp } (p ∈ Z). Then there exists a subset

∆1 of ∆ such that Φp = {α =
l∑

i=1

miαi ∈ Φ :
∑

αi∈∆1

mi = p } for all p ∈ Z . If g has

the Dynkin diagram of type Xl (X = A, . . . , G), then the SGLA g =
⊕
p∈Z

gp is said

to be of type (Xl,∆1). Here we remark that for an automorphism µ̄ of the Dynkin
diagram, an SGLA of type (Xl,∆1) is isomorphic to that of type (Xl, µ̄(∆1)). We
will identify a simple GLA of type (Xl,∆1) with that of type (Xl, µ̄(∆1)).

Similarly we can describe the gradations of real simple Lie algebras by
utilizing the Satake diagrams. For the details, see [19, §3].

4. Graded Lie algebras W (1,m;K) and K(n;K) of Cartan type

Let A(k) denote the monoid (under addition) of all k -tuples of non-negative in-
tegers. We put A(k) = K[x1, . . . , xk] . For any k -tuple s = (s1, . . . , sk) of positive
integers, we denote by A(k; s)p the subspace of A(k) spanned by polynomials

xα = xα1
1 · · ·x

αk
k (α = (α1, . . . , αk) ∈ A(k),

k∑
i=1

αisi = p).

Let W (k;K) be the Lie algebra consisting of all the operators of the form:

k∑
i=1

Pi
∂

∂xi
(Pi ∈ A(k)). (4.1)

For a k -tuple s = (s1, . . . , sk) of positive integers, we denote by W (k; s;K)p
the subspaces of W (k;K) consisting of those operators (4.1) such that the polyno-
mials Pi are contained in A(k; s)p+si ; then W (k; s;K) =

⊕
p∈Z

W (k; s;K)p is a tran-

sitive GLA. Now we assume that s is the (1 +m)-tuple (1, 2, · · · , 2︸ ︷︷ ︸
m

). We denote

by W (1,m;K) =
⊕
p∈Z

W (1,m;K)p the GLA W (1+m; s;K) =
⊕
p∈Z

W (1+m; s;K)p .

If m = 2, then W (1,m;K) is the prolongation of the negative part W (1,m;K)−
of W (1,m;K) (cf. [11]). Also W (1,m;K)− is isomorphic to the contact algebra
of the first order of bidegree (1,m) (cf. [17, p. 134]).

We denote by K(n;K) the subalgebra of W (2n + 1;K) consisting of op-

erators that multiply the form ωK = dx2n+1 −
n∑
i=1

xi+ndxi by an element of the
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algebra A(2n + 1). We set K(n;K)p = W (2n + 1; t;K)p ∩K(n;K), where t is a
(2n+ 1)-tuple of integers (1, . . . , 1, 2). Then K(n;K) =

⊕
p=−2

K(n;K)p is a transi-

tive irreducible GLA such that K(n;K) is the prolongation of K(n;K)− (cf. [9],
[11]). Note that the prolongation of W (1, 1;K)− is isomorphic to K(1;K).

5. Free pseudo-product fundamental graded Lie algebras

Let m =
⊕
p<0

gp be an FGLA, and let e and f be nonzero subspaces of g−1 .

The triplet (m; e, f) is called a pseudo-product FGLA if the following conditions
hold: (i) g−1 = e ⊕ f ; (ii) [e, e] = [f, f] = {0} . For a given pseudo-product
FGLA (m; e, f) we say that the pair (e, f) is the pseudo-product structure of
the FGLA m . Let (m; e, f) be a pseudo-product FGLA. We denote by g0 the
Lie algebra of all the derivations of m preserving the gradation of m , e and f :
g0 = {D ∈ Der(m)0 : D(e) ⊂ e, D(f) ⊂ f } . The prolongation g =

⊕
p∈Z

gp of (m, g0)

is called the prolongation of (m; e, f).

We say that two pseudo-product FGLAs (m; e, f) and (m′; e′, f′) are isomor-
phic if there exists a GLA isomorphism ϕ of m onto m′ such that ϕ(e) = e′ and
ϕ(f) = f′ .

Let (m; e, f) be a pseudo-product FGLA of the µ-th kind, where µ = 2.
The triplet (m; e, f) is called a free pseudo-product FGLA of type (n,m, µ) if the
following conditions hold: (i) dim e = n and dim f = m ; (ii) Let (m′; e′, f′) be a
pseudo-product FGLA of the µ-th kind and ϕ a surjective linear mapping of g−1

onto g′−1 such that ϕ(e) ⊂ e′ and ϕ(f) ⊂ f′ . Then ϕ can be extended uniquely to
a GLA epimorphism of m onto m′ .

Let m , n and µ be positive integers such that µ = 2. There exists a unique
free pseudo-product FGLA of type (n,m, µ) up to isomorphism ([24, Proposition
8.2]). Let (m; e, f) be a free pseudo-product FGLA of type (n,m, µ), and g =

⊕
p∈Z

gp

the prolongation of (m; e, f). Then the mapping Φ : g0 3 D 7→ (D|e, D|f) ∈
gl(e) × gl(f) is a Lie algebra isomorphism. In particular, the underlying FGLA
m of the free pseudo-product FGLA (m; e, f) is non-degenerate. By [15, Lemma
1.14], we see that g is finite dimensional (see also [24, Lemma 8.1]). In [6] a general
result was proved with the multicontact structure in place of the pseudo-product
structure.

A transitive GLA g =
⊕
p∈Z

gp is called a pseudo-product GLA if there are

given nonzero subspaces e and f of g−1 satisfying the following conditions: (i)
The negative part g− =

⊕
p<0

gp is a pseudo-product FGLA with a pseudo-product

structure (e, f); (ii) [g0, e] ⊂ e and [g0, f] ⊂ f . The pair (e, f) is called the pseudo-
product structure of the pseudo-product GLA g =

⊕
p∈Z

gp . If the g0 -modules e

and f are irreducible, then the pseudo-product GLA g =
⊕
p∈Z

gp is said to be of

irreducible type. Clearly the prolongation of a pseudo-product FGLA becomes a
pseudo-product GLA. Also the prolongation of a free pseudo-product FGLA is of
irreducible type.
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Example 5.1. Let V and W be finite dimensional vector spaces over K = R or
C such that dimV = n = 1 and dimW = m = 1, and let µ be a positive integer

with µ = 2. We set g−1 = V ⊕W , g−2 = V ⊗W , g−p =
p−1⊕
k=1

Sk(V ) ⊗ Sp−k(W )

(3 5 p 5 µ), p(V,W, µ) =
−µ⊕
p=−1

gp . The bracket operation of p(V,W, µ) is

defined as follows: [gp, gq] = {0} (p, q 5 −2 or − µ 5 p, q 5 −1, p + q < −µ),
[V, V ] = [W,W ] = {0} , [v, w] = −[w, v] = v⊗w , [v, α⊗β] = −[α⊗β, v] = v}α⊗β ,
[α ⊗ β, w] = −[w, α ⊗ β] = α ⊗ β } w , where v ∈ V , w ∈ W , α ∈ Sk(V ) and
β ∈ Sp−k(W ) (3 5 p 5 µ−1, 1 5 k 5 p−1). Equipped with this bracket operation,
p(V,W, µ) becomes a pseudo-product FGLA of the µ-th kind with pseudo-product
structure (V,W ). Let g =

⊕
p∈Z

gp be the prolongation of (p(V,W, µ);V,W ). Then

g0 is isomorphic to gl(V ) ⊕ gl(W ). Let m̂ =
⊕
p<0

ĝp be a free pseudo-product

FGLA of type (n,m, µ) with pseudo-product structure (e, f). There exists a
GLA epimorphism ϕ of m̂ onto m such that ϕ(e) = V and ϕ(f) = W . By
[24, Proposition 8.3], if µ 5 3, then (p(V,W, µ);V,W ) is free.

Example 5.2. We give a matrix representation of a free pseudo-product FGLA
of type (n,m, 2). We set g = sl(n + m + 1,K) and define subspaces gp (p =
−2, . . . , 2) of g as follows:

g−2 =


0 0 0

0 0 0
A 0 0

 : A ∈M(m,n)

 ,

g−1 =


0 0 0
ξ 0 0
0 η 0

 : ξ ∈M(1, n), η ∈M(m, 1)

 ,

g0 =


A 0 0

0 β 0
0 0 C

 : A ∈ gl(n,K), β ∈ K, C ∈ gl(m,K), trA+ β + trC = 0

 ,

gk = { tX : X ∈ g−k} (k = 1),

where M(p, q) denotes the set of p × q K-valued matrices. Then g =
⊕
p∈Z

gp is a

finite dimensional SGLA of type (An+m, {αn, αn+1}) (resp. ((AI)n+m, {αn, αn+1}))
in case K = C (resp. K = R). We set

e =


0 0 0
ξ 0 0
0 0 0

 : ξ ∈M(1, n)

 , f =


0 0 0

0 0 0
0 η 0

 : η ∈M(m, 1)

 .

Then (m =
⊕
p<0

gp; e, f) is a free pseudo-product FGLA of type (n,m, 2). If n = 1,

then m is isomorphic to the negative part of W (1,m;K).

As for the prolongation of a free pseudo-product FGLA, we already know
the following results ([24, Theorem 8.1 (2)]).
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Theorem 5.3. Let (m =
⊕
p<0

gp; e, f) be a free pseudo-product FGLA of type

(n,m, µ) over K = C or R. Let g =
⊕
p∈Z

gp be the prolongation of (m; e, f). If

g1 6= {0}, then g =
⊕
p∈Z

gp is a finite dimensional SGLA of type (An+m, {αn, αn+1})

(resp. ((AI)n+m, {αn, αn+1})) in case K = C (resp. K = R).

Remark 5.4. Although we assume that the ground field is C in the paper [24],
as is easily observed, all the results hold good even in the case that the ground
field is R by replacing the appeared complex simple Lie algebras with their normal
real forms.

Lemma 5.5. Let (m =
⊕
p<0

gp; e, f) be a free pseudo-product FGLA of type

(n,m, µ) over R. Let g(m) =
⊕
p∈Z

g(m)p be the prolongation of m. If the g(m)0 -

module g(m)−1 is irreducible, then the Cg(m)0 -module Cg(m)−1 is irreducible,

Proof. Assume that the Cg(m)0 -module Cg(m)−1 is reducible. Let U be a
nontrivial Cg(m)0 -submodule of Cg(m)−1 . Let g =

⊕
p∈Z

gp be the prolongation of

(m; e, f). Since U is a Cg0 -submodule, U = Ce or U = Cf . By [8, p. 64], we have
Cg(m)−1 = U ⊕ U . Since Ce = Ce and Cf = Cf , we get a contradiction. Thus
the Cg(m)0 -module Cg(m)−1 is irreducible.

The main purpose of the present section is to prove the following.

Theorem 5.6. Let (m =
⊕
p<0

gp; e, f) be a free pseudo-product FGLA of type

(n,m, µ) over K = C or R. Assume that n 5 m. Let g =
⊕
p∈Z

gp be the prolonga-

tion of (m; e, f) and g(m) =
⊕
p∈Z

g(m)p the prolongation of m. If dim g(m) = ∞,

then µ = 2. More precisely, we obtain the following:

(1) If n = m = 1 and µ = 2, then g =
⊕
p∈Z

gp is isomorphic to a finite

dimensional SGLA of type (A2, {α1, α2}) (resp. ((AI)2, {α1, α2})), and g(m)
is isomorphic to the contact algebra K(1;K).

(2) If n = 1, m = 2 and µ = 2, then g =
⊕
p∈Z

gp is isomorphic to a finite

dimensional SGLA of type (Am+1, {α1, α2}), (resp. ((AI)m+1, {α1, α2})) and
g(m) is isomorphic to W (1,m;K).

(3) If m = 2, n = 2 and µ = 2, then g(m) = g and g =
⊕
p∈Z

gp is iso-

morphic to a finite dimensional SGLA of type (Am+n, {αm, αm+1}) (resp.
((AI)m+n, {αm, αm+1})) in case K = C (resp. K = R).

(4) If n = 2, m = 2 and µ = 3, then g(m)0 = g0 and g(m)1 = {0}.
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(5) If m = n = 1 and µ = 3, then g(m) is a finite dimensional SGLA of type
(G2, {α1}) (resp. (G, {α1})) in case K = C (resp. K = R).

(6) If n = 1, m = 2 and µ = 3, then g(m)0/g0 (resp. g(m)1 ) is isomorphic to
Hom(e, f) (resp. e∗ ) as a g0 -module, and g(m)2 = {0}.

(7) If n = 1, m = 2 and µ = 4, then g(m)0/g0 is isomorphic to Hom(e, f) as a
g0 -module and g(m)1 = {0}.

(8) If n = m = 1 and µ = 4, then g(m)0 is isomorphic to gl(e ⊕ f) and
g(m)1 = {0}.

Proof. First note that in the real case the complexification Cp(V,W ;µ) of
p(V,W ;µ) is equal to p(CV,CW ;µ). Hence on account of Lemma 5.5, we can
prove the real version of the theorem as in the complex case. So we assume that
K = C . The results for the case dim g(m) =∞ are due to [24, Theorem 8.1 (1)].
Also the results for the case µ = 2 are due to the results of §4, Example 5.2 and
[19, Theorem 5.2].

We assume that µ = 3 and dim g(m) < ∞ . Considering g(m)0 as a
subspace of Hom(g−1, g−1), we get

g(m)0 = g(m)0 ∩ (gl(e)⊕ gl(f))⊕ g(m)0 ∩ Hom(e, f)⊕ g(m)0 ∩ Hom(f, e).

Let (e1, . . . , en) (resp. (f1, . . . , fm)) be a basis of e (resp. f), and let (e∗1, . . . , e
∗
n)

(resp. (f ∗1 , . . . , f
∗
m)) be the dual basis of (e1, . . . , en) (resp. (f1, . . . , fm)). Let D

be an element of g(m)0 ∩ Hom(e, f). The element D can be denoted as follows:

D =
n∑
i=1

m∑
a=1

αiafa ⊗ e∗i (αia ∈ C).

Then 0 = [D, [ei, ej]] = [[D, ei], ej] + [ei, [D, ej]] =
m∑
a=1

αia[fa, ej] + αja[ei, fa] . If

dim e = 2, then D = 0 and hence g(m)0∩Hom(e, f) = {0} . Similarly if dim f = 2,
then g(m)0∩Hom(f, e) = {0} . Hence if dim e = 2 and dim f = 2, then g(m)0 = g0 ,
which proves (4).

We assume that µ = 3, dim g(m) < ∞ , dim e = 1 and dim f = 2. In this
case, g1 = {0} . Let m̃ =

⊕
p<0

g̃p be a universal FGLA b(g−1, µ) of the µ-th kind (cf.

[14, pp. 14–17]). For nonzero elements λ ∈ e∗ and f ∈ f , there exists an element
D̃λ,f of Der(m̃)0 such that D̃λ,f (X) = λ(X)f and D̃λ,f (Y ) = 0 (X ∈ e, Y ∈ f).
Since D̃λ,f ([e, e] + [f, f]) = 0, D̃λ,f induces an element Dλ,f of g(m)0 ∩ Hom(e, f)
such that Dλ,f (X) = λ(X)f , Dλ,f (Y ) = 0 (X ∈ e, Y ∈ f). Thus

g(m)0 = g0 ⊕
∑

λ∈e∗,f∈f

CDλ,f

and g(m)0/g0 is isomorphic to Hom(e, f). Considering g(m)1 as a subspace of
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Hom(g−1, g(m)0), we get

g(m)1 = g(m)
(1)
1 ⊕ g(m)

(2)
1 ⊕ g(m)

(3)
1 ⊕ g(m)

(4)
1 ,

g(m)
(1)
1 = g(m)1 ∩ (Hom(e, sl(f))⊕ Hom(f,Hom(e, f))(1)),

g(m)
(2)
1 = g(m)1 ∩ (Hom(e, gl(e))⊕ Hom(e,C1f)⊕ Hom(f,Hom(e, f))(2)),

g(m)
(3)
1 = g(m)1 ∩ (Hom(e,Hom(e, f)),

g(m)
(4)
1 = g(m)1 ∩ (Hom(f, gl(e))⊕ Hom(f, gl(f)),

where 1f is the identity transformation on f ,

Hom(f,Hom(e, f))(1) = {
m∑

a,b=1

αabfa ⊗ e∗ ⊗ f ∗b : αab ∈ C,
m∑
a=1

αaa = 0 },

Hom(f,Hom(e, f))(2) = {
m∑
a=1

αaafa ⊗ e∗ ⊗ f ∗a : αaa ∈ C }.

Since g(m)
(4)
1 ⊂ g1 , we see that g(m)

(4)
1 = 0. Let D1 be an element of g(m)

(1)
1 ;

then D1 has the following form:

D1 =
m∑

i,j=1

αijfi ⊗ f ∗j ⊗ e∗1 +
m∑

i,j=1

βijfi ⊗ e∗1 ⊗ f ∗j .

Since

0 = [D1, (ad e1)µfa] =
m∑
i=1

(µαia − βia)(ad e1)µ−1fi,

0 = [D1, (ad e1)µ−2(ad fa)
2e1] = 2(µ− 2)

m∑
i=1

µαia(ad e1)µ−3(ad fi)e1,

we see that µαia − βia = 0 and αia = 0 for all a, i . Thus D1 = 0 and hence
g(m)

(1)
1 = 0. Let D2 be an element of g(m)

(2)
1 ; then D2 has the following form:

D2 = αe1 ⊗ e∗1 ⊗ e∗1 + β

n∑
i=1

fi ⊗ f ∗i ⊗ e∗1 + γ

m∑
i=1

fi ⊗ e∗1 ⊗ f ∗i (α, β, γ ∈ C).

Since

0 = [D2, (ad e1)µfa] =

(
µ(µ− 1)

2
+ µβ − γ

)
(ad e1)µ−1fa,

0 = [D2, (ad e1)µ−2(ad fa)(ad e1)fa] =

(
(µ− 2)(µ− 1)

2
α + 2(µ− 2)β

)
(ad e1)µ−1fa,

0 = [D2, (ad fa)
µ−3(ad e1)3fa] = (3α + 3β + (2µ− 7))(ad fa)

µ−3(ad e1)2fa,

we get 0 = µ(µ−1)
2

+ µβ − γ = (µ−2)(µ−1)
2

α+ 2(µ− 2)β = 3α+ 3β + (2µ− 7). Then

we can see that D2 = 0 if µ = 4. Therefore if µ = 4, then g(m)
(2)
1 = {0} . On the

other hand, if µ = 3, then

D2 = β(−2e1 ⊗ e∗1 ⊗ e∗1 +
m∑
i=1

fi ⊗ f ∗i ⊗ e∗1 − 3
m∑
i=1

fi ⊗ e∗1 ⊗ f ∗i ).
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Let D3 be an element of g(m)
(3)
1 ; then D3 has the following form:

D3 =
n∑
k=1

αkfk ⊗ e∗1 ⊗ e∗1.

Since 0 = [D3, (ad f1)µ−3(ad e1)3f1] =
∑
k

αk(ad fk)(ad f1)µ−3(ad e1)f1 , we see that

D3 = 0. Hence g(m)
(3)
1 = 0. Therefore if µ = 4, then g(m)1 = {0} . We consider

the case µ = 3. For any D ∈ g(m)1 , there exists an element λ of e∗ such that
[D,X] = λ(X)(2Je − Jf), [D, Y ] = −3Dλ,Y (X ∈ e, Y ∈ f), where Je (resp. Jf )
is an element of g0 such that [Je, X] = −X and [Je, Y ] = 0 (resp. [Jf, X] = 0 and
[Jf, Y ] = −Y ) for X ∈ e and Y ∈ f . Conversely, for an element λ of e∗ there exists
an element Gλ of g(m)1 such that [Gλ, X] = λ(X)(2Je − Jf), [Gλ, Y ] = −3Dλ,Y

(X ∈ e, Y ∈ f). Thus

g(m)1 =
∑
λ∈e∗

CGλ

and g(m)1 is isomorphic to e∗ . Finally we investigate g(m)2 . Let D be an element
of g(m)2 , and let λ be a nonzero element of e∗ . There exist α, βa ∈ C such
that [D, e1] = αGλ , [D, fa] = βaGλ . Then [D, (ad e1)3fa] = 10αλ(e1)[e1, fa]
and [D, [fa, [e1, [e1, fa]]]] = 5βaλ(e1)[e1, fa] . Thus D = 0 and hence we see that
g(m)2 = {0} . This proves (6) and (7). If dim e = dim f = 1 and µ = 3,
then g(m)1 6= {0} and the g(m)0 -module g−1 is irreducible, so g(m) is a finite
dimensional SGLA of type (G2, {α1}). This proves (5). Similarly we can prove
(8).

Corollary 5.7. Under the assumption of Theorem 5.6, if g(m)2 6= {0} and
µ = 3, then g(m) is isomorphic to a finite dimensional SGLA of type (G2, {α1})
(resp. (G, {α1})) in case K = C (resp. K = R).

6. Hilbert-Cartan equation in a wider sense

Using the methods in [19, §1.3, pp. 420–423] we calculate the symbol algebra of a
differential system (R,D) which is associated with the following underdetermined
ordinary differential equation, which is called the Hilbert-Cartan equation in a
wider sense:

dvab
dx

=
d2ua
dx2

d2ub
dx2

(1 5 a 5 b 5 m,m = 2). (HC)

Note that under the regularity condition u′′1 · · ·u′′m 6= 0 the solution (ua(x), vab(x))
of (HC) needs to satisfy the following compatibility condition:

2u′′au
′′
bv
′′
ab = (u′′b )

2v′′aa + (u′′a)
2v′′bb (1 5 a 5 b 5 m). (CC)

We consider a submanifold R defined by (HC) and (CC) in the space J2 of 2-jets

for (m(m+1)
2

+ m)-unknown and 1-independent variables with coordinate system
(x, ua, vab, u

′
a, v
′
ab, u

′′
a, v
′′
ab):

R =

{
v′ab = u′′au

′′
b , 2u′′au

′′
bv
′′
ab = (u′′b )

2v′′aa + (u′′a)
2v′′bb (1 5 a 5 b 5 m)

u′′1 · · ·u′′m 6= 0

}
.
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Our differential system (R,D) is obtained by restricting to R the canonical contact
system on J2 :

D = {ω′ab = θ′a = π′a = η′a = 0},
where 

ω′ab = dvab − (u′′au
′′
b )dx,

θ′a = dua − u′adx,
π′a = du′a − u′′adx,
η′a = d((u′′a)

2)− v′′aadx = 2u′′adu
′′
a − v′′aadx.

We take (x, ua, vab, pa, ra, ta) as a coordinate system on R , where pa = u′a , ra = u′′a
and ta = 1

2
(u′′a)

−1v′′aa . Then (R,D) is given on this coordinate system by

D = {ωab = θa = πa = ηa = 0 },

where ωab = dvab−rarbdx , θa = dua−padx , πa = dpa−radx and ηa = dra− tadx .
First we calculate 

dωab = radx ∧ ηb + rbdx ∧ ηa
dθa = dx ∧ πa
dπa = dx ∧ ηa
dηa = dx ∧ dta.

(6.1)

Next, we calculate the weak derived system {∂(k)D} . To locate the derived system
∂D , we look at the equation (6.1) modulo the ideal spanned by ωab , θa , πa , ηa :

dωab ≡ dθa ≡ dπa ≡ 0 , dηa ≡ dx ∧ dta (mod ωab, θa, πa, ηa).

Hence
∂D = {ωab = θa = πa = 0 }.

To locate ∂(2)D we proceed to look at dωab , dθa and dπa modulo 1-forms ωab , θa ,
πa and 2-forms ηa ∧ ηb . Putting ω̃ab = ωab − rbπa − raπb , we have

∂D = { ω̃ab = θa = πa = 0 }

and 
dω̃ab = πa ∧ drb + πb ∧ dra

= πa ∧ ηb + tbπa ∧ dx+ πb ∧ ηa + taπb ∧ dx ≡ 0,

dθa = dx ∧ πa ≡ 0,

dπa = dx ∧ dra = dx ∧ ηa, (mod ωab, θa, πa, ηa ∧ ηb).
Hence we get

∂(2)D = { ω̃ab = θa = 0 }.
To proceed, we put ω̄ab = ω̃ab + taθb + tbθa . Then we have

∂(2)D = {ω̄ab = θa = 0 },

and 
dω̄ab = πa ∧ ηb + ζa ∧ θb + πb ∧ ηa + ζb ∧ θa,
dθa = ξ ∧ πa,
dπa = ξ ∧ ηa,
dηa = ξ ∧ ζa,

(6.2)
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where ξ = dx and ζa = dta . Hence we get

dω̄ab ≡ 0, dθa = ξ ∧ πa, (mod ω̄ab, θa, πa ∧ πb, πa ∧ ηb, ηa ∧ ηb).

This implies that
∂(3)D = { ω̄ab = 0 }.

Furthermore we have

dω̄ab = ζa ∧ θb + ζb ∧ θa
(mod ω̄ab, θa ∧ θb, θa ∧ πb, θa ∧ ηb, πa ∧ πb, πa ∧ ηb, ηa ∧ ηb).

Hence we get
∂(4)D = T (R).

Thus we see that (R,D) is a regular differential system of type m5 , where m5

is an FGLA of the 5-th kind, whose Maurer-Cartan equation is given by (6.2).
Furthermore (R,D) is locally isomorphic with the standard differential system
of type m5 . Now we give a model space of the FGLA m5 . Let m =

⊕
p<0

gp be

the underlying FGLA of a free pseudo-product FGLA (p(V,W, 3);V,W ) of type
(1,m, 3) defined in Example 5.1, g =

⊕
p∈Z

gp the prolongation of (p(V,W, 3);V,W ),

and g(m) the prolongation of m . Then by Theorem 5.6,

g(m)0 = g0 ⊕ g(m)0,−1, g0
∼= gl(V )⊕ gl(W ),

g(m)0,−1
∼= Hom(V,W ), g(m)1

∼= V ∗, g(m)p = {0} (p = 2).

Let J be an element of g(m)0 such that [J, v] = −v, [J, w] = −2w for v ∈ V

and w ∈ W . We set ak = {X ∈ g(m) : [J,X] = kX } . Then g(m) =
1⊕

k=−5

ak ,

a−5 = V ⊗S2(W ), a−4 = S2(V )⊗W , a−3 = V ⊗W , a−2 = W , a−1 = V ⊕g(m)0,−1 ,
a0 = g0 , a1 = g(m)1 , ak = {0} (k = 2). Putting e′ = V and f′ = g(m)0,−1 =

V ∗ ⊗W , we see that g(m) =
1⊕

k=−5

ak is a pseudo-product GLA of irreducible type

with pseudo-product structure (e′, f′) and m5 is isomorphic to a− =
⊕
k<0

ak . Note

that g(m) =
1⊕

k=−5

ak is the prolongation of a− =
⊕
k<0

ak . Indeed, for k < 0 we

put kk = {X ∈ a−1 : [X, ak] = {0} } . Then kk is an a0 -submodule of a−1 and
hence k−2 = g(m)0,−1 and k−4 = V . Let ǎ =

⊕
p∈Z

ǎp be the prolongation of a− .

Then [ǎ0, kk] ⊂ kk and hence ǎ0 = g0 . Now suppose that ǎ =
⊕
p∈Z

ǎp is a finite

dimensional SGLA. Since a−1
∼= V ⊕ (V ∗ ⊗ W ) and ǎ0

∼= gl(V ) ⊕ gl(W ), an
SGLA ǎ =

⊕
p∈Z

ǎp is of type ((AI)l, {α1, α2}). Since a− is of the 5-th kind, this is

a contradiction. By [23, Theorem 3.3], ǎ1 = a1 and ǎk = 0 (k = 2), and hence

g(m) =
1⊕

k=−5

ak is the prolongation of a− . From this fact it follows that the Lie

algebra A(R,D) of infinitesimal automorphisms of (R,D) is isomorphic to g(m)
(cf. [19, pp. 419–420]).
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7. Partial differential equations associated with free pseudo-product
FGLAs

In this section we show that the system of partial differential equations (GA) is
associated with a free pseudo-product FGLA of type (1,m, 3) (m = 2).

7.1. Realization of the standard differential systems. Using the methods
in [14, §2] we realize the standard differential system of type p(V,W, 3).

Let m =
⊕
p<0

gp be a free pseudo-product FGLA p(V,W, 3), and up the

projection of m onto gp with respect to the decomposition m =
⊕
p<0

gp . Let M(m)

be a simply connected Lie group with Lie algebra m and (M(m), Dm) the standard
differential system. Furthermore let ξ be the Maurer-Cartan form on M(m), and
ξj the gj -component of ξ with respect to the decomposition m =

⊕
p<0

gp ; then Dm

is defined by the equation ξp = 0 (p 5 −2). Let f be the diffeomorphism of
M(m) onto m defined in [14, §2.3]. If we put η = (f−1)∗ξ and ηp = (f−1)∗ξp , then

D̂m is defined by the equations ηp = 0 (p 5 −2). We induce a Lie group structure
on m by requiring f : M(m) → m to be an isomorphism. With this Lie group
structure, m is a simply connected Lie group with Lie algebra m and an m-valued
1-form η is the Maurer-Cartan form on the Lie group m . In what follows we will
adopt (m, D̂m) as the standard differential system of type m and also denote by

(M(m), Dm) the standard differential system (m, D̂m).

Let (e1, . . . , en) (resp. (f1, . . . , fm)) be a basis of V (resp. W ). We define
a coordinate system {xi, ya, zia, wij,a, vi,ab} on M(m) as follows:

u−1 =
n∑
i=1

xiei +
m∑
a=1

yafa, u−2 =
n∑
i=1

m∑
a=1

ziaei ⊗ fa,

u−3 =
m∑
a=1

∑
i5j

wij,aei } ej ⊗ fa +
n∑
i=1

∑
a5b

ti,abei ⊗ fa } fb.

By virtue of the formula given by N. Tanaka in [14, §2.3], we obtain

Dm = { θij,a = ωi,ab = πi,a = 0 (1 5 i 5 j 5 n, 1 5 a 5 b 5 m) },

where 

θij,a = dŵij,a + (zja −
1

2
xjya)dxi + (zia −

1

2
xiya)dxj

(1 5 i < j 5 n, 1 5 a 5 m),

θii,a = dŵii,a + (zia −
1

2
xiya)dxi (1 5 i 5 n, 1 5 a 5 m),

ωi,ab = dt̂i,ab − (zia +
1

2
xiya)dyb − (zib +

1

2
xiyb)dya

(1 5 i 5 n, 1 5 a < b 5 m),

ωi,aa = dt̂i,aa − (zia +
1

2
xiya)dya (1 5 i 5 n, 1 5 a 5 m),

πi,a = dzia −
1

2
(xidya − yadxi) (1 5 i 5 n, 1 5 a 5 m),
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and ŵij,a = wij,a − 2
3
xizja − 2

3
xjzia + 1

3
xixjya (1 5 i < j 5 n, 1 5 a 5 m),

ŵii,a = wii,a − 2
3
xizia + 1

6
x2
i ya (1 5 i 5 n, 1 5 a 5 m), t̂i,ab = ti,ab + 2

3
yazib +

2
3
ybzia + 1

3
yaybxi (1 5 i 5 n, 1 5 a < b 5 m), t̂i,aa = ti,aa + 2

3
yazia + 1

6
(ya)

2xi
(1 5 i 5 n, 1 5 a 5 m). If we further put z̃ia = zia − 1

2
xiya (1 5 i 5 n, 1 5

a 5 m), t̃i,ab = t̂i,ab − z̃iayb − z̃ibya − xiyayb (1 5 i 5 n, 1 5 a < b 5 m),
t̃i,aa = t̂i,aa − z̃iaya − 1

2
xiy

2
a (1 5 i 5 n, 1 5 a 5 m), then

θij,a = dŵij,a + z̃jadxi + z̃iadxj (1 5 i < j 5 n, 1 5 a 5 m),

θii,a = dŵii,a + z̃iadxi(= θ̂ii,a) (1 5 i 5 m, 1 5 a 5 n),

ωi,ab = dt̃i,ab + ybdz̃ia + yadz̃ib + yaybdxi (1 5 i 5 n, 1 5 a < b 5 m),

ωi,aa = dt̃i,aa + yadz̃ia +
1

2
y2
adxi (1 5 i 5 n, 1 5 a 5 m),

πi,a = dz̃ia + yadxi (1 5 i 5 n, 1 5 a 5 m).

We set uij,a = 1
2
ŵij,a (i 6= j), uii,a = ŵii,a , pia = −z̃ia , vi,aa = 2t̃i,aa , vi,ab = t̃i,ab

(a 6= b) and ra = ya ; then
θij,a = duij,a −

1

2
(pjadxi + piadxj) (1 5 i 5 j 5 n, 1 5 a 5 m),

ωi,ab = dvi,ab − radpib − rbdpia + rarbdxi (1 5 i 5 n, 1 5 a 5 b 5 m),

πi,a = dpia − radxi (1 5 i 5 n, 1 5 a 5 m).

Note that
ωi,ab ≡ dvi,ab − rarbdxi (mod πia, πib).

We have
dθij,a =

1

2
(dxi ∧ πja + dxj ∧ πia) (1 5 i 5 j 5 n, 1 5 a 5 m),

dωi,ab = πib ∧ dra + πia ∧ drb (1 5 i 5 n, 1 5 a 5 b 5 m),

dπi,a = dxi ∧ dra (1 5 i 5 n, 1 5 a 5 m),

and
∂Dm = { θij,a = ωi,ab = 0 (1 5 i 5 j 5 n, 1 5 a 5 b 5 m) }.

7.2. Partial differential equations associated with free pseudo-product
fundamental graded Lie algebra of type (1,m, 3). From now on we assume
that n = 1 and m = 2. We use the notation as in the previous subsection. It is
convenient to set ωab = ω1,ab , θa = θ11,a , πa = π1,a , x = x1 .

For x ∈M(m) we define Rx as the collection of subspaces v of codimension
m(m+1)

2
in each tangent space Tx(M(m)) at x ∈ M(m) which contains the fiber

∂Dm(x) of the derived system ∂Dm of Dm :
Rx={v∈Gr(Tx(M(m)), 3m+ 1) : v⊃∂Dm(x)} , where Gr(Tx(M(m)), 3m+ 1)

denotes the Grassmann manifold consisting of (3m+ 1)-dimensional subspaces of
Tx(M(m)). We set

R =
⋃

x∈M(m)

Rx ⊂ J(M(m), 3m+ 1),
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where J(M(m), 3m+ 1) is the Grassmann bundle over M(m) consisting of (3m+
1)-dimensional contact elements of M(m) (cf.[17, §1.5]). Let pr−3 be the projec-
tion m onto g−3 with respect to the decomposition m =

⊕
p<0

gp , and pr−3,+ (resp.

pr−3,− ) the projection g−3 onto S2(V ) ⊗W (resp. V ⊗ S2(W )) with respect to
the decomposition g−3 = S2(V )⊗W ⊕ V ⊗ S2(W ). We denote by R0

x the subset
of Rx consisting of elements v of R such that

pr−3,+ |(pr−3((Lx)
−1
∗ (v)) : pr−3((Lx)

−1
∗ (v))→ S2(V )⊗W

is an isomorphism; then R0 =
⋃

x∈M(m)

R0
x is an open submanifold of R . Let

g =
⊕
p∈Z

gp be the prolongation of (m; e, f) and g(m) =
⊕
p∈Z

g(m)p the prolongation

of m . Then g(m)0 = g0 ⊕ g(m)0,−1 . The mapping τ : g(m)0,−1 → Hom(S2(V ) ⊗
W,V ⊗ S2(W )) defined by τ(A) = adA|S2(V ) ⊗ W is a monomorphism as a
g0 -module. Note that the image τ(g(m)0,−1) is an irreducible g0 -submodule of
Hom(S2(V )⊗W,V ⊗ S2(W )) isomorphic to V ∗ ⊗W . Furthermore we denote by
κ the mapping of R0 into Hom(S2(V )⊗W,V ⊗ S2(W )) defined by

κ(v) = (pr−3,−) ◦ (pr−3,+ | pr−3((Lx)
−1
∗ (v)))−1.

We denote by R̂x the subset of R0
x consisting of the elements v such that κ(v) ∈

τ(g(m)0,−1); then R̂ =
⋃

x∈M(m)

R̂x is a submanifold of R . We define two differential

systems D1 and D2 on R̂ as follows: D1 is the canonical system obtained by the
Grassmannian construction and D2 is the lift of Dm . More precisely

D1(v) = ν−1
∗ (v) ⊃ D2(v) = ν−1

∗ (Dm(ν(v))),

where ν is the natural projection of R̂ onto M(m): ν(v) = x if v ∈ R̂x . We

introduce a fiber coordinate system on R̂ by $ab = ωab + λaθb + λbθa , where

D1 = {$ab = 0 }, ∂Dm = {ωab = θa = 0}.

Here (x, ya, pa, vab, ua, λa) constitutes a coordinate system on R̂ . Since

d$ab = πa ∧ (drb − λbdx) + πb ∧ (dra − λadx) + dλa ∧ θb + dλb ∧ θa,
Ch(D1) = {$ab = πa = dra − λadx = dλa = θa = 0},
D2 = {$ab = πa = ωab = θa = 0 }, ∂D2 = {$ab = ωab = θa = 0 },

we get the following:

(R1) D1 and D2 is a differential system of codimension m(m+1)
2

and m(m+1)
2

+m
respectively.

(R2) ∂D2 ⊂ D1 .

(R3) Ch(D1) is a subbundle of D2 of codimension 2m .

(R4) Ch(D1)(v) ∩ Ch(D2)(v) = {0} for all v ∈ R̂ .
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Now we calculate

$ab = ωab + λaθb + λbθa = dZ ′ab − P ′adXb − P ′bdXa −Q′adYb −Q′bdYa,

where 

Z ′ab = vab − rapb − rbpa + rarbx+ λaub + λbua

− 1

2
(λarb + λbra)x

2 +
1

3
x3λaλb,

P ′a = ua − pax−
1

2
rax

2 +
1

2
λax

3,

Q′a = −pa + rax−
1

2
x2λa,

Xa = λa,

Ya = ra − xλa.

We solve 

ra = Ya +Xax,

pa = −Q′a + Yax+
1

2
Xax

2,

ua = P ′a −Q′ax+
1

2
Yax

2 +
1

6
Xax

3,

vab = Z ′ab − YaQ′b − YbQ′a −XaP
′
b −XbP

′
a + YaYbx

+
1

2
XaYbx

2 +
1

2
XbYax

2 +XaXbx
3.

From these results, we get
πa = −dQ′a + xdYa +

1

2
x2dXa,

θa = dP ′a −
1

2
x2dYa −

1

3
x3dXa + xπa.

Then
D1 = { dZ ′ab − P ′adXb − P ′bdXa −Q′adYb −Q′bdYa = 0 }

and (Xa, Ya, Z
′
ab, P

′
a, Q

′
a) constitutes a coordinate system on R′ = R̂/Ch(D1).

Also D1 drops down to R′ . Putting t = x , Pa = P ′a , Qa = Q′a , Zab = Z ′ab
(a 6= b), and Zaa = 2Z ′aa , we obtain

D2 = {Ωab = Θa = Πa = 0 },

where 

Ωab = dZab − PadXb − PbdXa −QadYb −QbdYa (a 6= b),

Ωaa = dZaa − PadXa −QadYa,

Θa = dPa −
1

2
t2dYa −

1

3
t3dXa,

Πa = dQa − tdYa −
1

2
t2dXa.

Now we introduce the third gradation (bp) of g(m) as follows: g(m) =
b−2⊕b−1⊕b0 , b−2 = V ⊗S2(W ), b−1 = (V ∗⊗W )⊕W ⊕(V ⊗W )⊕(S2(V )⊗W ),
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b0 = V ⊕ (V ⊗ V ∗) ⊕ (W ⊗ W ∗) ⊕ V ∗ . Putting e′′ = (V ∗ ⊗ W ) ⊕ W and
f′′ = (V ⊗ W ) ⊕ (S2(V ) ⊗ W ), the GLA g(m) = b−2 ⊕ b−1 ⊕ b0 becomes an
irreducible transitive GLA such that (b−; e′′, f′′) is a pseudo-product FGLA of
the second kind, where b− = b−2 ⊕ b−1 . Let A0 be a Lie group consisting of
automorphisms of g(m) preserving the gradation (ap); then A0 is a closed Lie
subgroup of Aut(g(m)) with Lie algebra a0 . We put

G = Int(g(m))A0.

Then G is a Lie group with Lie algebra g(m). Also let G′ (resp. A′ , B′ ) be
the subgroup consisting of elements of G preserving the filtration (

⊕
p=k

g(m)p)k∈Z

(resp. (
⊕
p=k

ap)k∈Z , (
⊕
p=k

bp)k∈Z ); then G′ , A′ and B′ are closed subgroups of G

with Lie algebras
⊕
p=0

g(m)p ,
⊕
p=0

ap and
⊕
p=0

bp respectively. We denote by Mg

(resp. Ma , Mb ) the homogeneous space G/G′ (resp. G/A′ , G/B′ ). Also we
denote by πg (resp. πb ) the natural projection of Ma onto Mg (resp. Mb ).
Furthermore identifying g(m) with the Lie algebra of left invariant vector fields
on G ,

⊕
p=−1

gp ,
⊕
p=−1

ap and
⊕
p=−1

bp induce G-invariant differential systems Dg , Da

and Db on Mg , Ma and Mb respectively. Also the inclusion mapping of m into
g(m) induces an local isomorphism ig of (M(m), Dm) into (Mg, Dg). As in [22,
p. 371], by applying the realization lemma ([17, Lemma 1.5]) for (Ma, D

1
a , πg,Mg)

and by taking account of (R1)–(R4), we have a local isomorphism of (Ma, D
1
a , D

2
a)

into (R̂,D1, D2), where D1
a = ∂(3)Da and D2

a = ∂Da . Similarly e′ ⊕
⊕
p=0

ap and

f′′ ⊕ b0 induce G-invariant completely integrable differential systems Ea and Fb

on Ma and Mb respectively. Since Ker(πb)∗ = Ea = Ch(D1
a), the differential

system (R′, D1) is locally isomorphic to (Mb, Db). We shall identify (R′, D1) with
(Mb, Db). We set M ′

b = Mb/Fb and denote by π′b the projection of Mb onto M ′
b ;

then (Xa, Ya, Zab) constitutes a coordinate system on M ′
b .

Now recall that the Grassmann bundle and the canonical system. Following
[17, §1.5], we define the Grassmann bundle J(M ′

b, 2m) over M ′
b :

J(M ′
b, 2m) =

⋃
x∈M ′b

Jx, Jx = Gr(Tx(M
′
b), 2m).

J(M ′
b, 2m) is endowed with the canonical subbundle C of T (J(M ′

b, 2m)) as fol-
lows: Let ρ1

0 be the projection of J(M ′
b, 2m) onto M ′

b . For v ∈ J(M ′
b, 2m) we

set
C1(v) = (ρ1

0)−1
∗ (v) ⊂ Tv(J(M ′

b, 2m)).

Then C1 is called the canonical system on J(M ′
b, 2m). We have an inhomogeneous

Grassmann coordinate of J(M ′
b, 2m) as follows: We consider the open set U of

J(M ′
b, 2m) consisting of the elements v of J(M ′

b, 2m) such that

dX1 ∧ · · · ∧ dXm ∧ dY1 ∧ · · · ∧ dYm|v 6= 0

Then we have a coordinate system (Xa, Ya, Zab, P
c
ab, Q

c
ab) on U defined by

dZab|u =
m∑
c=1

P c
abdXc|u+

m∑
c=1

Qc
abdYc|u,
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where u ∈ U . Clearly C1 is given in the coordinate system by

C1 = { Ω̂ab = 0 },

where

Ω̂ab = dZab −
m∑
c=1

P c
abdXc −

m∑
c=1

Qc
abdYc.

Applying the realization lemma for (Mb, Db, πb,M
′
b) we have a local imbedding ϕ

of Mb into J(M ′
b, 2m) such that ϕ−1

∗ (C1) = Db and

R′ = Mb = {P c
ab = δacP

b
bb + δbcP

a
aa, Q

c
ab = δacQ

b
bb + δbcQ

a
aa (a 6= b) }.

We next define the second order prolongation J2(M ′
b, 2m) of J(M ′

b, 2m)
(cf. [18, §2]). For each u ∈ J(M ′

b, 2m), let J2
u be the set of all 2m-dimensional

integral elements v of (J(M ′
b, 2m), C1) at u such that v ∩ Q1(u) = {0} , where

Q1 = Ker(ρ1
0)∗ . Then J2(M ′

b, 2m) is defined by

J2(M ′
b, 2m) =

⋃
u∈J1(M ′b,2m)

J2
u.

Let ρ2
1 be the projection of J2(M ′

b, 2m) onto J1(M ′
b, 2m). We set ρ = ρ2

1 ◦ ρ1
0 .

The canonical system C2 is defined by

C2(v2) = (ρ2
1)−1
∗ (v2) for v2 ∈ J2(M ′

b, 2m).

Then we have a coordinate system (Xa, Ya, Zab, P
c
ab, Q

c
ab, R

cd
ab, S

cd
ab , T

cd
ab ) on ρ−1(U)

defined by

dP c
ab|u =

m∑
d=1

Rcd
abdXd|u+

m∑
d=1

ScdabdYd|u,

dQc
ab|u =

m∑
d=1

ScdabdXd|u+
m∑
c=1

T cdab dYd|u,

where u ∈ U . Clearly C2 is given in the coordinate system by

C2 = { Ω̂ab = Θ̂c
ab = Π̂c

ab = 0 },

where 
Θ̂c
ab = dP c

ab −
m∑
d=1

Rcd
abdXd −

m∑
d=1

ScdabYd,

Π̂c
ab = dQc

ab −
m∑
d=1

ScdabdXd −
m∑
d=1

T cdab dYd.

Applying the realization lemma for (Ma, D
2
a , πb,Mb) there exists a local imbedding

ψ of (Ma, D
2
a) into (J2(M ′

b, 2m), C2). From the above results R̂ is given by the
following equations:
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
Rab
ab =

1

3
(T abab )3, Sabab =

1

2
(T abab )2,

Rcd
ab = Scdab = T cdab = 0, T abab = T cdcd ,

P b
ab = P a

aa, P
a
ab = P b

bb, P
e
ab = 0,

Qb
ab = Qa

aa, Q
a
ab = Qb

bb, Q
e
ab = 0,

where 1 5 a 5 b 5 m , {c, d} 6= {a, b}, e 6= a, b . Thus we may consider that R̂ is
realized by the system of partial differential equations (GA).
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[10] Korányi, A., Multicontact maps: results and conjectures, Lecture Notes
Seminario Interdisciplinare di Matematica. 4 (2005), 57–63.

[11] Morimoto, T., Transitive Lie algebras admitting differential systems,
Hokkaido Math. J. 17 (1988), 45–81.

[12] Morimoto, T., and N. Tanaka, The classification of the real primitive infinite
Lie algebras, J. Math. Kyoto Univ. 10 (1970), 207–243.



506 Yatsui

[13] Strazzullo, F., “Symmetry anslysis of general rank 3 Paffian systems in five
variables,” All Graduate Theses and Dissertations, Paper 449, Utah State
University, 2009.

[14] Tanaka, N., On differential systems, graded Lie algebras and pseudo-groups,
J. Math. Kyoto Univ. 10 (1970), 1–82.

[15] —, On affine symmetric spaces and the automorphism group of product
manifolds, Hokkaido Math. J. 14 (1985), 277–351.

[16] Warhurst, B., Tanaka prolongation of free Lie algebras, Geom. Dedicata 130
(2007), 59–69.

[17] Yamaguchi, K., Contact geometry of higher order, Japan. J. Math. 8 (1982),
109–176.

[18] —, Geometrization of jet bundles, Hokkaido Math. J. 12 (1983), 27–40.

[19] —, Differential systems associated with simple graded Lie algebras, Advanced
Studies in Pure Math. 22 (1993), 413–494.

[20] —, G2 -geometry of overdetermined systems of second order, Trends in Math.
(Analysis and Geometry in Several Complex Variables), Birkhauser, Boston,
(1999), 289–314.

[21] —, Geometry of linear differential systems towards contact geometry of sec-
ond order, IMA Volumes in Mathematics and its Applications 144 (Symme-
tries and Overdetermined Systems of Partial Differential Equations) (2007),
151–203.

[22] —, Contact geometry of second order I, Differential equations: Geometry,
Symmetries and Integrability: The Abel Symposium 2008, Abel Symposia
5 (2009), 335–386.

[23] Yatsui, T., On pseudo-product graded Lie algebras, Hokkaido Math. J. 17
(1988), 333–343.

[24] —, On free pseudo-product fundamental graded Lie algebras, Symmetry,
Integrability and Geometry: Methods and Applications 8 (2012), 038, 18
pages.

Tomoaki Yatsui
1–9–2 Masakae
Otaru 047-0003, JAPAN
yatsui@frontier.hokudai.ac.jp

Received March 31, 2014
and in final form August 18, 2014


