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Abstract. Let g be a non-compact real simple Lie algebra without complex
structure, and denote by gc the complexification of g. This paper focuses on
non-zero nilpotent adjoint orbits in gc meeting g. We show that the poset
consisting of such nilpotent orbits equipped with the closure ordering has the

.. Ge . G, .
minimum Of . Furthermore, we determine such OJf = in terms of the
. ;

Dynkin-Kostant classification even in the cases where Ofl‘fn 4 does not coincide

with the minimal nilpotent orbit in gc. We also prove that the intersection

Ogi@n, ; Mg is the union of all minimal nilpotent orbits in g.
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1. Introduction and statement of main results

Let g be a non-compact real simple Lie algebra without complex structure. This
means that the complexified Lie algebra gc is simple. Denote by N the nilpotent
cone of gc and by N'/Gc the set of complex nilpotent (adjoint) orbits of the group
Gc¢ = Int(gc) of inner-automorphisms.

By abuse of notation, we write N,;/Gc for the set consisting of complex
nilpotent orbits that meet g. Note that

N/G(c DJ\/’Q/GC.

The finite sets N /G¢ and N;/Gc are both posets with respect to the closure
ordering such that the zero-orbit [0] is the minimum. We ask what are minimal
orbits in (N;/Gc) \ {[0]}. It is well known that (N/Gc) \ {[0]} has the minimum
(951&, which is called the minimal nilpotent orbit in gc. The minimal nilpotent
orbit Offn is the adjoint orbit that goes through a highest root vector with respect
to a positive system AT (gc,bhc) where he is a Cartan subalgebra of gc (see [0,
Chapter 4.3] for the details). In order to investigate N;/Gc, we need a positive
system X1 (g, a) of the restricted root system of a maximally split abelian subspace
a of g (see Section [2| for the definition of maximally split abelian subspaces of g).

*The author is supported by Grant-in-Aid for JSPS Fellow No.25-6095
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Our concern in this paper is with minimal orbits in (N;/Gc) \ {[0]}. Our
first main result is here:

Theorem 1.1.  The following three conditions on a complex nilpotent orbit OF¢
in gc with O%cNg#0 are equivalent:

(i) O% is minimal in (N/Gc) \ {[0]} with respect to the closure ordering.
(i) The dimension of OFc attains its minimum in (N,/Gc) \ {[0]}.

(i) O%c D (gx\ {0}), where X is the highest root of ¥ (g, a) and gy is the root
space of A (the dimension of gy is not necessary to be one).

Furthermore, there uniquely exists such O% in (Ny/Gec) \ {[0]}.

The unique complex nilpotent orbit in g¢ in Theorem will be denoted

by ngn’g. In many cases, ngmg = 0¢c .
Our second main result concerns detailed properties of Ogﬁl’g when (’)g‘fmg #
ose.
Theorem 1.2. (1) The following five conditions on g are equivalent:
() Oning # O
(i) OfsNg=10.
(iv) There exists a black node « in the Satake diagram of g such that « has

some edges connected to the added node in the extended Dynkin diagram
of gc-

(v) g is isomorphic to one of su*(2k), so(n — 1,1), sp(p,q), fa—20 or
ee(—26) where k>2,n>5 and p,q > 1.

(2) If the above equivalent conditions on g are satisfied, then the complex nilpo-
tent orbit ngmg 15 characterized by the weighted Dynkin diagram in Table

via the Dynkin—Kostant classification.

The equivalence between and in Theorem was stated on
Brylinski [4, Theorem 4.1] without proof. We provide a proof for the convenience
of the readers.

Our work is motivated by the recent progress in the theory of infinite
dimensional representations. For an irreducible (admissible) representation 7 of a
real reductive Lie group G with its Lie algebra g, one can define the associated
variety AV(Ann 7)(C N) of the annihilator Ann 7 in the enveloping algebra
U(gc). Tt is known that there uniquely exists a complex nilpotent orbit O%c

meeting g such that AV(Ann 7) = O°. Half the complex dimension of OFc
coincides with the Gelfand—Kirillov dimension of 7.
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Table 1: List of O%S for the cases OS¢ £ O%¢

min,g min,g min *
g dime OS¢ o Weighted Dynkin diagram of oo g
sw(2k)  8k-—8 oo o9 0288 (k=3
0 2 0
o0—0—o0 (k = 2)
so(n—1,1) 2n—4 %_g_g_ _8:>g (nis odd, n > 5)
0
g_g_g_ 4g<§ (n is even, n > 6)
o100 --- 00
sp(p, q) Ap+9)—2 oo o0 o —oeo (P+a=3, pg=1)
0 2 o
oo (P=¢g=1)
5(_20) 39 1 0 0 0 1
i 0
0 0 0 1
f4(720) 22 O0—0=—>0—0

If 7 is a minimal representation in the sense that the annihilator of 7 is the
Joseph ideal ([I ]) then AV(Ann 7) = 0% . Hence, by Vogan [24], OSC Npe # 0

or equivalently Omm Ng # 0, by the Kostant—Sekiguchi correspondence, where
g = £+ p is a Cartan decomposition of g and pc denotes the complexification
of p. Therefore, minimal representations do not exist for simple Lie groups G if
0% Ng =0 or equivalently, if the Lie algebra g of G is one of the five simple Lie

min

algebras in Theorem [1.2]

In the cases where OYS Ng = () or equivalently Og‘fn # 0% | there
is no minimal representation of G, however, Hilgert, Kobayashl and Méllers [11]

recently constructed the “smallest” irreducible unitary representations 7 of certain
families of reductive Lie groups G. They proved that AV(Ann 7) = 0%

for their representations 7. Therefore, m attains the minimum of the GelfamdE
Kirillov dimensions of infinite dimensional irreducible representations of G. They
constructed an L2?-model of such representations on a Lagrangian subvariety of
minimal nilpotent G-orbits in g. Our results here were used in [I1), Section 2.1.3] in
their proof that their representation 7 attains the minimum of the Gelfand—Kirillov
dimension of all infinite dimensional irreducible (admissible) representations of G.

Our work is also related to [16, Corollary 5.9] by Kobayashi and Oshima,
on the classification of reductive symmetric pairs (g,h) for which there exists a
(g, K)-module that is discretely decomposable as an (h, H N K)-module in the
sense of [15].

With apphcations to representation theory in mind, we also study the

intersection (’)m(fng N g as a union of real nilpotent (adjoint) orbits in g in this
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paper.
We denote the nilpotent cone for g by

N(g)=Nng

and by N(g)/G the set of real nilpotent (adjoint) orbits in g by the group
G := Int(g) of inner-automorphisms. The set N (g)/G is a poset with respect
to the closure ordering, where the zero-orbit [0] in g is the minimum in N (g)/G.

For each real nilpotent orbit O in g, there exists the unique complex
nilpotent orbit @%¢ in g¢ which contains O%. Then O¢ is a real form of O%c.
The correspondence O to Q% gives a surjective map

N(9)/G = Ng/Ge (C N/Ge).

We remark that this map needs not be injective. It is known that for a complex
nilpotent orbit 0% in N,/Gc, the intersection O% N g splits into finitely many
real nilpotent orbits.

Our third main result is a characterization of minimal orbits in (N (g)/G) \ {[0]}
as real forms of Oﬁ;cn,g. More precisely, we prove the next theorem:

Theorem 1.3.  The following four conditions on a real nilpotent orbit OF in g
are equivalent:

(1) O% is minimal in (N'(g)/G) \ {[0]} with respect to the closure ordering.
(i) The dimension of OF attains its minimum in (N'(g)/G) \ {[0]}.

(i1i) OF is contained in O o

(iv) OF is a real form of OS¢

min,g *

In particular, the real dimension of such OF is equal to the complex dimension of
G
Om(icn,g :

We say that a real nilpotent orbit O in g is minimal if OF satisfies the
equivalent conditions in Theorem . In this sense, the intersection Og‘fn’g Ngis
the disjoint union of all minimal real nilpotent orbits in g.

Our fourth main result is to determine the number of minimal real nilpotent
orbits in g as follows:

Theorem 1.4.  For a non-compact real simple Lie algebra g without complex
structure,

#{ minimal real nilpotent orbits in g }

{1 if (g,%) is of non-Hermitian type,

2 if (g, is of Hermitian type,

where g =€+ p is a Cartan decomposition of g.
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Note that all of five real simple Lie algebras g in Theorem are of non-
Hermitian type, and therefore there uniquely exists a minimal real nilpotent orbit
in such g.

In our proof of Theorem [1.4] we study M A-orbits in a highest root space
g, of g (see Section |§| for the notation of a group M A and more details).

Our results on real nilpotent orbits (Theorems and yield those on
Kc-orbits on the nilpotent cone N (p¢) via the Kostant—Sekiguchi correspondence.
To be precise, we fix some notation.

Let g = ¢+ p be a Cartan decomposition of g, denote its complixification
by gc = tc + pc, and K¢ the connected complex subgroup of Int(ge) with its Lie
algebra tc. We define the nilpotent cone for pc by

N(pc) :== N Npc,

on which K¢ acts with finitely many orbits. The Kostant—Sekiguchi correspon-
dence is a bijection between two finite sets

N(9)/G <5 N(pe)/Ke

which preserves the closure ordering (Barbasch—Sepanski [3]).

Let us denote by N,./Gc the subset of N'/G¢ consisting of complex nilpo-
tent orbits in gc meeting pc. Recall that a complex nilpotent orbit O%c in g¢
meets g if and only if it meets pc (Sekiguchi [23, Proposition 1.11]). Thus N,./Gc
coincides with N, /G¢ as a subset of N'/Gc.

Further, for each nilpotent Kc-orbit O¥c¢ in A (pc)/Kc, there uniquely
exists a complex nilpotent G¢-orbit O% containing O*¢ | and the correspondence
OKe to 0% gives a surjective map

N(pc)/Kc — Ny /Ge (C N/Ge).

Thus, the Kostant—Sekiguchi correspondence gives the following commutative di-
agram:

'N,Q/G(C = MC/GC
i i
N(g)/G <5 N(pe)/Ke

Therefore, we have next two corollaries to Theorems [I.3] and [T.4}

Corollary 1.5.  For a non-compact real simple Lie algebra g without complex
structure and its Cartan decomposition g = € + p, the following conditions on a
nilpotent K¢ -orbit OK¢ in pc are equivalent:

(1) OFc 4s minimal in (N (pc)/Kc) \ {[0]} with respect to the closure ordering.
(1) The dimension of OKc attains its minimum in (N (pc)/Ke) \ {[0]}.

, _ G
(1ii) OKc s contained in OJF o
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We say that a nilpotent Kc-orbit OFc is minimal if OFc satisfies the
equivalent conditions on Corollary [L.5]

Corollary 1.6.

#{ minimal nilpotent Kc-orbits in pc }

)1 if(g,¥) is of non-Hermitian type,
|2 if (9.%) is of Hermitian type.

Remark 1.7. e A part of our main results, e.g. Theorem and The-
orem [1.4], could be proved by using the classification of real nilpotent orbits
in g (see Remark for more details). In this paper, our proof does not
rely on the classification of real nilpotent orbits.

e Theorem and Corollary should be known to experts. In particular,
the claim of [16, Proposition 2.2] includes Corollary [1.6]. For the sake of
completeness, we give a proof of Theorem in this paper.

The paper is organized as follows. In Section [2| we recall the definition of
weighted Dynkin diagrams of complex nilpotent orbits in complex semisimple Lie
algebras and some well-known facts for a highest root of a restricted root system of
(g,a). We prove Theorems [I.1] and [1.3]in Section [3] In Section [4] we give a proof
of the first claim of Theorem [1.2l We determine the weighted Dynkin diagrams of
O in Section . Finally, we give a proof of Theorem in Section |§|

min,g

2. Preliminary results

2.1. Weighted Dynkin diagrams of complex nilpotent orbits.
Let gc be a complex semisimple Lie algebra. In this subsection, we recall
the definition of weighted Dynkin diagrams of complex nilpotent orbits in g¢.
Let us fix a Cartan subalgebra hc of gc. We denote by A(gc, he) the root
system for (gc, hc). Then the root system A(gc, he) becomes a subset of the dual
space bh* of

h:={Hebc|alH) R for any a € A(gc, be) }-

We write W (gc, hc) for the Weyl group of A(gc, he) acting on . Take a positive
system A (gc, he) of the root system A(gc, hc). Then a closed Weyl chamber

by :={Hebh|a(H)>0forany a« € A (gc,be) }

becomes a fundamental domain of h for the action of W (gc, bhc).
Let IT be the simple system of A*(gc, hc). Then for each H € b, we define
a map by
Uy I =R, a— o(H).
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We call Uy the weighted Dynkin diagram corresponding to H € b, and a(H) the
weight on a node « € II of the weighted Dynkin diagram. Since II is a basis of
h*, the map

U:h— Map(Il,R), H— Vg

is bijective. Furthermore,
h+ — Map(H,Rzo), Hw— Yy

is also bijective.
A triple (H, X,Y) is said to be an sly-triple in g¢ if

[H, X]|=2X, [HY]=-2Y, [X,Y]=H (H,X,Y €gc).

For any sly-triple (H, X,Y) in gc, the elements X and Y are nilpotent in gc,
and H is hyperbolic in gc, i.e. ady. H € End(gc) is diagonalizable with only real
eigenvalues.

Combining the Jacobson—Morozov theorem with the results of Kostant [17],
for each complex nilpotent orbit O%c, there uniquely exists an element Hy of b,
with the following property: There exists X, Y € O% such that (Hp, X,Y) is an
sly-triple in gc. Furthermore, by the results of Malcev [I8], the following map is
injective:

N/GC% bJr? OGC '_>H(97

where N'/G¢ denotes the set of all complex nilpotent orbits in gc. For each
complex nilpotent orbit O%, the weighted Dynkin diagram corresponding to
Hp is called the weighted Dynkin diagram of O%. Dynkin [9] classified all
such weighted Dynkin diagrams for each complex simple Lie algebra gc as a
classification of three dimensional simple subalgebras of gc (see also [2] for more
details). In particular, by his results, any weight of the weighted Dynkin diagram
of O% is given by 0, 1 or 2 for any complex nilpotent orbit Q%

In the rest of this subsection, we suppose that gc is simple. Let ¢ be the
highest root of A*(gc, hc). Then the minimal nilpotent orbit in gc can be written
by

OS5, = Ge - ((9c)s \ {0}),

where (gc), is the root space of ¢ in gc. We denote the coroot of ¢ by H,. That
is, Hy is the unique element in h with

2(a, ¢)
(9,9)

where ( , ) is the inner product on h* induced by the Killing form B¢ on gc.
Since ¢ is dominant, Hy is in b4 . Furthermore, H, is the hyperbolic element
corresponding to @Y since we can find Xy € 94, Yy € g_y such that (Hy, Xy, Ys)

is an sly-triple. Therefore, the weighted Dynkin diagram of ngn is

a(Hy) =

for any o € h*,

\I]H¢:H_)R20a o —

(2.1)
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In particular, for the cases where rank gc > 2 i.e. g¢ is not isomorphic to sl(2,C),
we observe that the weight on «a of the weighted Dynkin diagram of OS¢ is 1
[resp. 0] if and only if the nodes o and —¢ are connected [resp. disconnected] by
some edges in the extended Dynkin diagram of g¢. The weighted Dynkin diagram
of O%¢ for each simple ge can be found in [6, Chapter 5.4 and 8.4] (see also Table
in Section .

2.2. Highest roots of restricted root systems.

In this subsection we recall some well-known facts, which will be used for
proofs of Theorems and [L.3] for a highest root of a restricted root system of
real semisimple Lie algebra without proof.

Let gc be a complex simple Lie algebra and g a non-compact real form of
g with a Cartan decomposition g = € + p. We fix a maximal abelian subspace
a of p, which is called a mazimally split abelian subspace of g, and write ¥(g, a)
for the restricted root system for (g, a). For each restricted root ¢ of ¥(g,a), we
denote by A € a the coroot of &.

Then the lemma below holds:

Lemma 2.1.  For any restricted root £ of ¥(g,a) and any non-zero root vector
Xe in ge, there exists Ye € g_¢ such that (Ag, Xe, Ye) is an sly-triple in g.

We fix an ordering on a and write 7 (g, a) for the positive system of X(g, a)
corresponding to the ordering on a. We denote by A the highest root of X7 (g, a)
with respect to the ordering on a. Next lemma claims that the highest root A
depends only on the positive system X (g, a) but not on the ordering on a:

Lemma 2.2.  The highest root A\ of ¥ (g,a) is the unique dominant longest
root of 3(g,a).

The following lemma gives a characterization of the highest root A of
Xt(g,a):

Lemma 2.3.  Let £ be a root of X(g,a). If £ is not the highest root, then for
any non-zero root vector X¢ in ge, there exists a positive root n in X1 (g,a) and
a root vector X, € g, such that [X¢, X, # 0. In particular, £ is the highest root
if and only if €+ n € a* is not in X(g,a) U{0} for any n € ¥ (g,a).

3. Proofs of Theorem [1.1] and Theorem [1.3|

We consider the same setting as in Section [2, and fix connected Lie groups G¢
and G with its Lie algebras gc and g, respectively.

In this section, we give proofs of Theorems and [[.3] To this, we prove
the next two lemmas:

Lemma 3.1.  Let O} be a non-zero real nilpotent orbit in g. Then there exists
a non-zero highest root vector Xy in gy such that X, is contained in the closure

of 0.
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Lemma 3.2.  For any two non-zero highest root vectors Xy, X} in gy, there
exists g € Ge such that g X, = X} .

Theorems [I.1] and [I.3] follow from Lemmas [3.1] and [3.2] immediately.

We also remark that Lemma implies the next proposition, which will be
used in Section [6] to prove Theorem [1.4]

Proposition 3.3.  Any G-orbit in Ommg Ng meets g \ {0}.

Let us give proofs of Lemmas [3.1 and [3.2] as follows.

Proof of Lemma [B.I.  Let us put m = Zg(a). Then g can be decomposed as

g=modad @ ge-
£€X(g,a)

For each X’ € g, we denote by

X' =X, +X,+ Y X (Xpem X,€a X,€ge),
£€X(g,0)

and set

Sy = {€ € S(g,a) | XL £0).
Here we remark that if X’ is a non-zero nilpotent element in g, then the set Xy is
not empty. As a first step of the proof, we shall prove that for a non-zero nilpotent
element X' in g and N € Yy, if X' is the longest in Yy, then the root vector
X}, is in O} where O} is the real nilpotent orbit in g through X’. Let us take
A’ € a satisfying that

0 < N(A) and £(A") < N(A") for any £ € Xx \ {\N}.

Note that such A" exists since )\ is the longest in X x,. Let us put

1
X, = pevn] exp(ady kA) X' for each k € N.
Then X is in 66 for each k since 66 is stable by positive scalars. Furthermore,
since

I REA)-N () x1 — 7,

Jim X = Jim D ¢ X=X

§€EX/

we obtain that X}, is in O}). To complete the proof, we only need to show that
there exists X' € O’ such that A € X x/ since A is the longest in (g, a) by Lemma

2.2] Let us put

Yo = {¢ € %(g,a) | there exists X’ € O} such that X;#0}
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Then the Weyl group Wi(g,a) acts on Y, since W(g,a) = Nk(a)/Zk(a) and
K acts on 5/0 where K is the analytic subgroup of G with respect to €. In
particular, we can and do choose a dominant root Ag which is the longest one in
256‘ Then we can find a root vector X3 in gy, N O by using the fact proved
above. We assume that A\g # A. Then by Lemma [2.3| we can find n € (g, a)
and X, € g, such that [X} ,X,] # 0. Since )\ is dominant and 7 is a positive
root, a root Ag+n of (g, a) is more longer than \y. Furthermore, by considering

X" = exp(ady X)) X}, € Op, we have
)\0+7'} S EX” C 2076
This contradicts the definition of A\g. Thus Ay = A. [ |

Proof of Lemma [3.2. Fix non-zero highest root vectors X, and X}. Let A,
the coroot of A in a. Then by Lemma 2.1} we can find Y} and Y} in gc such that
(Ax, X, Y)) and (Ay, X5, Y)) are sly-triples in gc, respectively. Thus by applying
Malcev’s theorem in [I§] there exists g € G¢ such that gX, = X}. ]

4. Complex nilpotent orbits and real forms

Let gc be a complex simple Lie algebra and g a non-compact real form of g¢. In
this section, we will give a necessary and sufficient condition of g for 0% = (’)gfnyg
including the first claim of Theorem 1.2

We fix G, G¢ for the connected Lie group with its Lie algebra g, gc,
respectively. Let g = € + p be a Cartan decomposition of g. We fix a maximal
abelian subspace a of p and its ordering. Let A be the highest root of the restricted
root system (g, a) for (g, a) with respect to the ordering on a. Then by Theorem
1.1} which was already proved in Section [3] the complex nilpotent orbit

0% = Ge - (a2 \ {0})

is the minimum in (N;/Gc) \ {[0]}.

We extend a and its ordering to a Cartan subalgebra he of gec and an
ordering on it. Let ¢ be the highest root of the root system A(gc, bc) for (gc, be)
with respect to the ordering on he. We recall that the complex nilpotent orbit

O = Ge - ((9c)s \ {0})

is the minimum in (N/Gc) \ {[0]}.
Then the next proposition, including the first claim of Theorem [1.2] holds:

Proposition 4.1.  The following conditions on a non-compact real simple Lie
algebra g without complex structure are equivalent:

() Ofin # Ohiing-

(i) O Ng=0.
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(4id) Og;cn Npc = 0 where gc = tc + pc 1s the complexification of a Cartan
decomposition of g.

(iv) dimg gy > 2.
(v) The highest root ¢ of A(gc,be) defined above is not a real root.

(vi) The weighted Dynkin diagram of Og‘fn does not match the Satake diagram of
g (see Section [ for the notation).

(vii) There exists a node « of Dynkin diagram of gc such that a is black in the
Satake diagram of g and has some edges connected to the added node in the
extended Dynkin diagram of gc .

(viti) There exists an infinite-dimensional (non-holomorphic) irreducible (gc, Gy) -
module X such that X is discretely decomposable as a (g, K)-module, where
Gy is a connected compact real form of Gc (See [13, Section 1.2] for the
definition of the discrete decomposability).

(iz) There ezists an infinite-dimensional (non-holomorphic) irreducible (gc, Gy) -
module X such that X is discretely decomposable as a (tc, K)-module, where
Gy is a connected compact real form of Gc.

(z) pr,.(OSE) is contained in the nilpotent cone N (pc) :== N Npc in pc, where
pr,. : gc — Pc denotes the projection with respect to the decomposition
gc = tc +pc.

(71) pry, (0% ) is contained in the nilpotent cone N'Nec in tc, where DTy, : gc —
tc denotes the projection with respect to the decomposition gc = tc + pc -

(zi7) g is isomorphic to one of the following simple Lie algebras

su™(2k), so(n,1), sp(p,q), es(—26) and fa—20),

fork>2, n>5 and p,g>1.

The equivalences among (f), (i) and follow from the definition of Og‘fnﬁg
and |23 Proposition 1.11].

By the list of the Satake diagrams of non-compact real simple Lie algebras
(see also Table [2| for the Satake diagram of each g) and the extended Dynkin
diagrams of complex simple Lie algebras, one can easily check the equivalence
& ().

The equivalences among , , @, and were proved by
[16, Lemma 4.6 and Theorem 5.2] in a more general setting. In particular, the
equivalences & & and & & can be obtained by
applying their results for the symmetric pairs (gc,g) and (gc, €c), respectively
(see also |16, Remark 4.5] for the discrete decomposability of a representation of
G with respect to a symmetric pair (G, H) and its associated pair (G, H?)).

In this section, we give a proof of the remaining equivalences, namely, the

equivalences among , , , and .
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Note that the equivalence (i) < , which will be proved in Section |4 of
this paper, is used in a proof of [16, Corollary 5.9].

Remark 4.2. The equivalences among (fi), and in Proposition
were stated on Brylinski’s paper [4] without proof. It should be noted that

Brylinski [4] also claimed that the following condition on g is also equivalent to

the condition (fii]):

Gc

e ¢ has a Zariski open orbit in O ,where K¢ is the analytic subgroup of

G(C with Lie K(C = Ec.

4.1. Satake diagrams and weighted Dynkin diagrams of complex nilpo-
tent orbits.

In order to explain the notation in , we first recall the definition of the
Satake diagram of a real form g of g¢ briefly. All facts which will be used for
the definition of the Satake diagrams can be found in [I] or [2I]. Throughout this
subsection, gc can be a general complex semisimple Lie algebra and g a general
real form of gc¢.

We fix a Cartan decomposition g = £+ p of g. Take a maximal abelian
subspace a in p, and extend it to a maximal abelian subspace h = v/—1t + a in
v/=1&+p. Then the complexification, denoted by h¢, of b is a Cartan subalgebra
of gc, and b coincides with the real form

{X € bc | a(X) € R for any a € A(gc, be)}

of hc where A(gc, he) is the reduced root system for (gc, he). Let us denote by

X(g,a) :={ala | @ € A(ge, be)} \ {0} C o

the restricted root system for (g,a). We will denote by W (g, a), W(gc, hc) the
Weyl group of 3(g,a), A(gc, be), respectively. Fix an ordering on a and extend
it to an ordering on h. We write X7 (g,a), A*(gc, hc) for the positive system
of ¥(g,a), A(gc, bc) corresponding to the ordering on a, b, respectively. Then
¥*(g,a) can be written by

27(g,a) = {ala | @ € AT(gc, be)} \ {0}
We denote by II the fundamental system of A*(gc, hc). Then
= {al|aell}\{0}

becomes the simple system of X7 (g, a). Let us denote by Ily the set of all simple
roots in IT whose restrictions to a are zero.

The Satake diagram S of g consists of the following three data: the Dynkin
diagram of g¢ with nodes I, black nodes Ily in S, and arrows joining « € 1T\ 11,
and § € II'\ Il in S whose restrictions to a are the same.

Second, we define the relation “match” between a weighted Dynkin diagram
and a Satake diagram as follows:
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Definition 4.3 ([20, Definition 7.3]). Let ¥y € Map(II,R) be a weighted
Dynkin diagram (see Section [2| for the definition) and S the Satake diagram of
g with nodes II defined above. We say that Wy matches S if all the weights
on black nodes are zero and any pair of nodes joined by an arrow has the same
weights.

Remark 4.4.  The concept of “match” appeared earlier in Djokovic [7] (weighted
Satake diagrams) and Sekiguchi [22 Proposition 1.16].

The following two facts were proved in [20]. In particular, by using Theorem
4.0, one can easily check whether or not a given complex nilpotent orbit meets a
given real form.

Theorem 4.5.  The bijection ¥ between b and Map(Il,R) defined in Section
induces a bijection below:

a {Wy € Map(II,R) | Uy matches S }.

Theorem 4.6 ([20, Proposition 7.8 and Theorem 7.10]).  Let gc be a complex
semisimple Lie algebra and g a real form of gc. For a complex nilpotent orbit
0% in gc, the following conditions are equivalent:

(i) The orbit O meets g.

(1) The hyperbolic element Ho corresponding to OY is in a (see Section 2| for
the notation) .

(ii1) The weighted Dynkin diagram of O%¢ matches the Satake diagram of g (see
Section {| for the notation) .

We give examples for Theorem [4.6] as follows:

Example 4.7. If g is a split real form of g¢, then all nodes of the Satake
diagram of g are white with no arrows. Thus all complex nilpotent orbits in g¢
meet g since all weighted Dynkin diagram matches the Satake diagram of g.

Example 4.8. If u is a compact real form of g¢, then all nodes of the Satake
diagram of u are black. Thus any non-zero complex nilpotent orbit in g¢ does not
meet u since any non-zero weighted Dynkin diagram does not match the Satake
diagram of u.

By the list of the weighted Dynkin diagrams of the minimal nilpotent orbit
for simple g¢ (cf. [6l Chapter 5.4 and 8.4]) and the list of the Satake diagrams
G meets g or not as

min

Ge
Omin

of non-compact real forms g, one can easily check that O
follows:

Example 4.9. In Table [2, we check whether or not the minimal nilpotent orbit
O% in a complex simple Lie algebra gc meets a non-compact real form g. Here

min
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n>2k>1,m>1and p>1 in Table 2.

Table 2: List of the weighted Dynkin diagram of OS¢

and the Satake diagram of g.
g Weighted Dynkin diagram of OS¢, 0% meets g7
on the Satake diagram of g
sl(n,R) i_g_& T,,TJ_Q_é Yes
Qp—1
. 1 . 1
su*(2k) Lo 90 0l No
Q2k—1
1 0 0 O Y
o—o0——0—® €s
o Qp \9
SU.(?’L - p>p) ‘
Yes
su(k, k)
s0(2k, 1) o 9 e 9 No
Qg
so(2k+1-p,p) O 1 0 -~ 0 0 --- 0 O Yes
2<p<k-1 o—o—o—rmj.?p—oa *.:%?k
so(k+1,k) oo e jﬁg Yes
k
sp(k,R) too o 00 Yes
ap
1 e
sp(k —p,p) o—o—o 94 rrrr—o—O 94 *9<:9 No
Qagp (7
1
sp(m, m) 29 Ll No
2m
0
o (O
s0(2k — 1,1) o9 - '%999/ No
0
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0
o O
s50(2k —p,p) 0 1 0 -0 0 .- O/ Y.
2<p<k—2 a e *
\0
® (1
0
ap
sok+1,k—1) 9L L O - oo ¢ Yes
0
g1
0
Qf
so(k, k) g_})_g_ ,,,,,,,,,,, 0 0 0 Yes
0
a1
0
X 1
50%(4m) 9—0—94 ——————————— —2—9 OO&Qm_z Yes
0
[ ]
0
/D A2m41
50*(4m + 2) (.) 01 94 ,,,,,,,,,,, *9 Oo (.) Yes
N\
Qom
0 0 0 0 0
€6(6) o o o Yes
§
€6(2) g g ™0 8 Yes
g
0 0 0 0 0 Y
€6(—14) o——e ° e— o €s

1
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0 0 0 0 0

€6(—26) o——e ° e— o No
1
0 0 0 0 0 1
¢7(7) o o Yes
L
0 0 0 0 0 1 Y
€7(-5) o—oioj—o—@ €s
0
0 0 0 0 0 1
€7(—25) o—o—e ° e—o Yes
0
1
s(s) ! 0 0 0 0 0 g Yes
0
1 0 0 0 0 0 0 Y
€8(—24) o—o—0o e ° e o es
0
1
faa) o—g:>g—g Yes
1 0 0 0
fa(—20) ° o——0— 0 No
1
92(2) OEQ Yes

4.2. Proof of Proposition 4.1

We consider the same setting as in Section 4] and suppose that g¢ is simple
and g is not compact. In Proposition the equivalence between and is
obtained by Theorem [£.6] In this subsection, we complete a proof of Proposition

by proving the equivalence among , , and .

Proof of the equivalence between and in Proposition . Re-
call that

dimg gx = #{ o € A(gc, be) | oo = A}

If ¢ is a real root, then for each root a € A(gc,bc) except for ¢, we have
aly # X (= ¢|a) since ¢ is the longest root of A(gc, he). Thus dimg gy = 1 in this
case. Conversely, we assume that ¢ is not a real root. Let us denote by 7 the anti
C-linear involution corresponding to gc = g + +/—1g. That is, 7 is the complex
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conjugation of gc¢ with respect to its real form g. Then 7 induces the involution
7% on b*, and it preserves A(gc, hc). Since ¢| 5 # 0, we obtain that 7°¢ # ¢
and (7%¢)|s = ¢|la = A. Hence, dimg g\ > 2. [

Proof of the equivalence between (i) and in Proposition [4.1]. Re-
call that H, € b is the hyperbolic element corresponding to 0% (see Section
for the notation). Thus by Theorem O% meets g if and only if Hy is in a.
By the definition of Hy, the highest root ¢ is real if and only if Hy is in a. This
completes the proof. [ |

Proof of the equivalence between (vi) and (vii) in Proposition [£.1.  In
the case where gc ~ s((2,C), our non-compact real form g must be isomorphic to
s[(2,R). Then our claim holds since the Satake diagram of sl(2,C) has no black
node and matches any weighted Dynkin diagram. Let us consider the cases where
rank gc > 2. In these case, as we observed in the last of Section [2] for a simple root
o € 1, the weight on « for the weighted Dynkin diagram of OS¢ is 1 [resp. 0]
if a has some edges [resp. no edge| connected to the node —¢ in the extended
Dynkin diagram. Then we only need to show that for a pair «, € II joined by
an arrow on the Satake diagram of g, the node « has some edges connected to
—¢ if and only if 8 has some edges connected to —¢. By [10, Lemma 2.10], there
exists an involution ¢* of h* such that o*A(gc, bc) = A(ge, be), oI = II and
o*a = [. Note that "¢ = ¢ since ¢ is the unique longest dominant root in
A*(gc, be). Therefore, we have

<Oé, _¢> = <Oj, _U*¢> = <U*a7 _¢> = <57 —¢>

This completes the proof. [ ]

5. Weighted Dynkin diagrams of OS¢

min,g

Let gc be a complex simple Lie algebra and g a non-compact real form of g¢. In
this section, we determine OS¢  for each g by describing the weighted Dynkin

min,g
diagram of (’)gfmg. Recall that Proposition claims that Oﬁgﬂ = (’)S{fn’g if and
only if dimg gy = 1. Thus our concern is in the cases where dimg gy > 2 i.e. g is
isomorphic to one of su*(2k), so(n,1), sp(p,q), es(—26) Or fa(—20)-

We use the same notation as in Section {4 and assume that g¢ is simple and

g is non-compact. Let us denote by
a, :={Aea|&A)>0forany £ € X" (g,a)}.
Then a, is a fundamental domain of a for the action of W (g, a). Since

S7(g,a) = {afa | @ € Alge, be) }\ {0},

we have a; =bH, Na.
Recall that A is dominant by Lemma [2.2] Thus the coroot A, is in
a,(C by). Therefore, A, is the hyperbolic element corresponding to (’)g‘fm since

we can find X € gy, Yy € g_, such that the triple (A,, X,,Y)) is an sly-triple
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in gc. Therefore, to determine the weighted Dynkin diagram of Omm 0 We need
to compute the weighted Dynkin diagram corresponding to A, .

Our first purpose of this section is to show the following proposition which
gives a formula of A, by H,, where Hy is the hyperbolic element corresponding

Gc
to O,5 (see Section |2
Proposition 5.1.  We denote by 7 the anti C-linear involution corresponding
to gc = g+ —1g, i.e. T is the complex conjugation of gc with respect to the real
form g. Then
A, — H¢ ZfdlngA = 1,
A H¢—|—7'H¢ ’Lfdlng)\ Z 2.

In particular, if dimg g, > 2, then the weighted Dynkin diagram of OS¢ g
can be computed by the sum of the Welghted Dynkin diagrams corresponding to
Hy, i.e. the weighted Dynkin diagram of 0% and that corresponding to 7Hy.

We compute the weighted Dynkin diagram corresponding to A, for each g
with dimg gy > 2 in Section [5]

5.1. Proof of Proposition

Recall that Proposition claims that dimg gy, = 1 if and only if the
highest root ¢ of A(gc, bc) is real, i.e. ¢| — = 0. We give a proof of Proposition
as a sequence of the following two lemmas:

min >’

Lemma 5.2.

¢, )
200, \)

where ( , ) is the inner product on b* and on a* induced by the Killing form B¢
on gc. In particular, if ¢ is a real root, then Ay = H,.

A)\ (H¢+TH¢)

Lemma 5.3.  Suppose that ¢ is not a real root. Then (¢, d) = 2({\, \).

Proof of Lemma (2.  We consider h* as a* ++/—1t*. Then for each £ € a*,

6o+ v = 9Nt Gsince €(11,) = €(r11,)
- 2<<f ¢>> (by the definition of H,)
2<<f A; (since gl =
= (A
This completes the proof. "
Proof of Lemma [(.3.  We write 7* for the involution on h* induced by 7. It is

enough to show that (¢, 7*¢) = 0 because A = 1(¢+7¢). By [I Proposition 1.3],
7* is a normal involution of A(gc, hc), i.e. for each root @ € A(gc, hc), the element
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a— T*a is not a root of A(gc, he). In particular, for any root o € A(gc, he) with
T*a # a, we have (a,7"a) < 0. Recall that we are assuming that ¢ is not real.
Thus ¢ # 7*¢, and then (¢, 7*¢) < 0. The root 7*¢ is in A*(gc, hc) since the
ordering on b is an extension of the ordering on a. Then we also obtain that
(¢, 7*¢p) > 0 since the highest root ¢ is dominant. Therefore, (¢, 7*¢) = 0. u

5.2. Weighted Dynkin diagrams of O°¢

min,g *

We now determine the weighted Dynkin diagram of (’)g‘fm for each g with

dimg gy > 2, i.e. g is isomorphic to one of su*(2k), so(n,1), sp(p,q), eg—26) Or
fa(—20). By Proposition our goal is to compute the weighted Dynkin diagram
corresponding to Ay = Hy, + 7Hy.

For simplicity, we denote by S the Satake diagram of g. For each simple
root « in II, we denote by H, € h the coroot of «.

Then the next lemma holds:

Lemma 5.4.  The set
{H, | « is black in S } U{H, — Hg | o and B are joined by an arrow in S }
becomes a basis of \/—1t.

Proof. We denote by
Q={H,|aisblack in S}
LU{ H,— Hs| o and § are joined by an arrow in S }.

It is known that there is no triple {«, 5,7} in II \ I such that a|, = Bls = 7]«
(this fact can be found in [Il, Section 2.8]). Thus 2 is linearly independent and

HQ = #IT — 411

Recall that II is a simple system of the restricted root system X(g,a), we have
dimg a = §II. Since dimg b = £II and /—1t is the orthogonal complement space
of a in b for the Killing form B¢ on gc, it remains to prove that

Be(H',A) =0 forany H € Q, A€ a.
Let us take o € Iy, i.e. « is a black node in S. Since a|, = 0, we have

2a(A)

(o, a)

Be(Hy, A) = =0 forany A € a.

Furthermore, by [10, Lemma 2.10], there exists an involution ¢* of h* such that
o*a = f for all pair «, 5 € I\ Il such that |, = 5,4, i.e. @ and (3 are joined by

an arrow in S. In particular |o| = |g| for such pair. Thus for any A € a, we have
2a(A)  2B(A)
Pellle =t D= 0 ) " 5.9

=0 (since |y, = B, and |a| = |5]).

This completes the proof. [ |
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By using Lemma [5.4] we shall compute the weighted Dynkin diagram
corresponding to Ay = Hy, + 7Hy. In this paper, we only give the computation
for the case g = eg(_26) below. For the other g with dimg gy > 2, we can compute
the weighted Dynkin diagram corresponding to A, by the same way.

Example 5.5. Let (gc,9) = (esc, ¢6(—26)). We denote the Satake diagram of
€6(—26) by
a1 g (x3 Oy Oy
o—e—e—e—o0
o7}

By Table 2], the weighted Dynkin diagram corresponding to Hy is

0O 00 0 O
I1

We now compute the weighted Dynkin diagram corresponding to Ay = Hy+7H,.
By Theorem [4.5], the weighted Dynkin diagram corresponding to A, matches
the Satake diagram of eg_g). Thus we can put the weighted Dynkin diagram
corresponding to A, as

a 0 0 0 b

o—o—I—o—o for a,b € R.
0

To determine a,b € R, we also put
H(ibm =Hy, —717H; € V-1t

Since A, + Hé)m = 2Hy, the weighted Dynkin diagram corresponding to H ;m can
be written by

—a 0 0 0 —b
IZ

That is, we have

041(Him) = —a,

az(Hy") = as(Hy") = au(H") = 0,
065(H;5m) = —b,

OzG(H;m) = 2.

By Lemma , the set { Ha,, Hoy, Hoy, Hog } becomes a basis of \/—1t. Thus
Hé)m € v/ —1t can be written by

H;sm = C2Ha2 + C3Ha3 + C4Ha4 + C6Ha6 for C2,C3,C4,C6 € R.
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Since a;(H,,;) = 2(a;, o;)/{a;, o), by comparing with the Dynkin diagram of e ¢,
we obtain

Hence a = b = 1. Therefore, the weighted Dynkin diagram of Oﬁ;cn,g for g = eg(—26)

1S

1 0 0 01
I0

The result of our computations for all g with dimg gy > 2 is in Table [I] in
Section [

Remark 5.6.  The weighted Dynkin diagram of (’)g}cmg for each g with dimg gy >
2 can be determined by the classification result of real nilpotent orbits in g. For
example, let us consider the case where g = eg(_a6) as follows. Djokovic [8] proved
that there exist only two non-trivial real nilpotent orbits in eg_g26). The list of
real nilpotent orbits in eg_26 can be found in the table in [6 Chapter 9.6] and
the weighted Dynkin diagram of the complexification of each orbit is described in
the first column of the table. Recall that the real dimension of a real nilpotent
orbit and the complex dimension of its complexification are the same. In a table
in [0, Chapter 8.4], the complex dimensions of the complex nilpotent orbits in
¢g,c corresponding to the label 1 and 2 can be found as 32 and 48, respectively.
Therefore, eg_26) has a two real nilpotent orbits O; and O, with dimg O; = 32
and dimg O = 48, respectively. In particular, es_s) has the unique real nilpotent
orbit O; with the minimal positive dimension, and the weighted Dynkin diagram
of its complexification is

1 00 01

S

Furthermore, by the Hasse diagram of complex nilpotent orbits in ¢g ¢, which can
be found in [3, §13.4] we can observe that the complexification of O; is contained
in the closure of the complexification of Oy. Thus the complexification of Oy is
minimal in ./\f%(_%) /G except for the zero-orbit, and hence, the complexification

. G . .
of Oy is our O, in this case.
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6. G-orbits in 0% Ng

min,g
Let gc be a complex simple Lie algebra and g a non-compact real form of gc. A
proof of Thorem is given in this section.

Throughout this section, we take G for the connected linear Lie group
with its Lie algebra g and G¢ the complexification of G. We also fix a Cartan
decomposition g =€+ p of g, and write K for the maximal compact subgroup of
G with its Lie algebra £. We take a maximal abelian subspace a of p and fix an
ordering on a. Let A be the highest root of (g, a) with respect to the ordering
on a. Let us denote by M := Zk(a) and A := expa. Then the closed subgroup
MA of G coincides with Zg(a). Thus M A acts on the highest root space g, by
the adjoint action. Note that M is not connected in some cases.

Our purpose in this section is to show the following three propositions:

Proposition 6.1.  The map

{ non-zero M A-orbits in g\ } — { G-orbits in ngmg Ng}
oMA G- OMA

15 bijective.

Proposition 6.2.  Suppose that dimg gy > 2. Then gy \ {0} becomes a single
M A-orbit.

Proposition 6.3.  Suppose that dimg gy = 1. Then the following holds:

(i) If (g,%) is of non-Hermitian type, then gx\{0} becomes a single ( disconnected)
M A -orbit.

(i) If (g,%) is of Hermitian type, then g\ {0} splits into two connected M A -
orbits.

By combining the classification in Propositionwith the list of simple
Lie algebras of non-Hermitian type, we see that Q% = Og‘fnvg only if (g, ) is

of non-Hermitian type. Therefore, Theorem follows from above propositions
immediately.

6.1. Bijection between the set of non-zero M A-orbits in g, and the set
G-orbits in ngnjg Ng.

We prove Proposition [6.1] in this subsection.
By Theorem , the orbit O%C  can be written by

min,g

Optng = Ge - (g \ {0}),
Gc

and by Proposition any G-orbit in O;F Ng meets gy\ {0}. Thus the map in
Proposition is well-defined and surjective. Therefore, the proof of Proposition
is reduced to show that: For X, X| € gy, if there exists ¢ € G such that
gX) = X}, then there exists m € M and a € A such that maX, = X}.

We prove the claim above dividing into two lemmas below:



OKUDA 529

Lemma 6.4. For X, € g\ \ {0} and g € G, if gX, is also in gy, then there
exists m' € Nk(a) and a € A such that m'aX, = gX,.

Lemma 6.5.  For X, € g\ \ {0} and m' € Nk(a), if m'X, is also in gy, then
there exists m € M (= Zk(a)) such that mX, =m/X,.

Proof of Lemma [6.4. For simplicity, we put X} := gX,. Since Ng(a) =
Ni(a)A, it is enough to find ¢’ € G such that ¢ X, = X| and ¢'a = a. Let
Ay be the coroot of A in a. Then by Lemma , there exists Y),Y) € g_,
such that (Ay, Xy, Yy) and (Ay, X},Y)) are both sly-triples in g. Since g¢ is an
automorphism of g and ¢gX, = X}, the triple (gAx, X}, gY)) is also an sly-triple
in g. In particular, (Ay, X4,Y)) and (gAx, X}, gY)) are both sly-triples in g with
the same nilpotent element. Therefore, by Kostant’s theorem for sly-triples with
the same nilpotent element in a semisimple Lie algebra, there exists an element
g1 € G such that

91(gAx) = Ay, ;1 X, = X and g1(gY») = Y}.
Write g, := g1 - g. Then
924N = Ay, 92X\ = X} and g, =Y.
Recall that a = RA, & Ker \. If we find g3 € G such that
g3(g2 Ker \) = Ker )\, gzAy = Ay and g3X} = X},

then we can take ¢’ as g3 - go. We shall find such g3. Let us denote by I =
R-span(A,, X}, Y)) the subalgebra spaned by the sly-triple (Ay, X3,Yy). Then
there exists a Cartan involution 6" on g preserving I’ by Mostow’s theorem [19]
Theorem 6]. We set

go : = Z,(I')
={Xeg|[X,A]=[X,X}]=0},

where the second equation can be obtained by the representation theory of sl(2, C).
We note that go is a reductive subalgebra of g since the Cartan involution 6’
preserves go. The subspace Ker A of a is contained in gq since [Ker A, '] = {0}.
In particular, Ker A becomes a maximally split abelian subspace of go. We have

[92 Ker )\, A)\] = g2 [Ker /\7 A)\] - {0}7
[92 Ker )\, X;\] =g [Ker )‘7 X)\] = {O}

Thus the subspace go Ker A of goa is also contained in gg and becomes a maximally
split abelian subspace of gq. Let us write G for the analytic subgroup of G with
its Lie algebra gg. Recall that any two maximally split abelian subalgebras of g
are (Gg-conjugate. Then there exists g3 € Gy C G such that

93(g2 Ker \) = Ker A,

and hence gsA) = A\ and g3X} = X}. n
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Let us give a proof of Lemma [6.5 as follows.

Proof of Lemma [6.5.  We denote the element of W(g,a) = Nk(a)/Zk(a)
corresponding to m’ € Ng(a) by w. Then wA = X since m/gy = gur and
m'gyx N gr # {0} by the assumption. By [12], Section 10.4, Lemma B|, w is a
product of root reflections si, s9,...,s, in W(g,a) with s;A = X\. We write &; for
the root of ¥(g,a) corresponding to s; for each ¢ = 1,...,[. Let g; be the root
space of &. Since s;A = A, each & is orthogonal to A in a*. We can and do
choose X; be a non-zero root vector of g; such that
2

(&, &)

where 6 is the Cartan involution of g corresponding to g = £+ p. Then the
element k; = exp 3(X; + 0X;) in Ng(a) acts on a as the reflection s;. Thus
m = m'kk,_1 -k acts trivially on a. That is, m € Zk(a) = M. It remains to
prove that k; X, = X,. Since \ is longest root of X(g, a) by Lemmal[2.2] and ¢&; is
orthogonal to A, the element & + A\ of a* is not a root of ¥(g,a). In particular,
[X;, Xa] = 0 and [0X;, X,\] = 0. Hence, k; X, = X, for any i. Therefore, we
obtain that mX, = m'X,. n

B(C(XZ,HXZ) - —

6.2. M A-orbits in g, in the cases where dimg g, > 2.

In this subsection, we focus on the cases where dimg g, > 2, ie. g is
isomorphic to one of su*(2k), so(n —1,1), sp(p,q), es(—26) Or fa(—20), and give a
proof of Proposition

We write M, for the identity component of M. Then Mg, MyA are
the analytic subgroups of G' with its Lie algebra m = Zy(a), m @ a = Zy(a),
respectively.

Since dimg gy > 2, the space gy \ {0} is connected. Thus, to prove
Proposition it is enough to show the lemma below:

Lemma 6.6. [m® a, X,| = gy for any non-zero highest root vector X, in g, .
In particular, any MyA-orbit in g, is open.

Proof of Lemma [6.6l. We fix a non-zero highest root vector X, in g,. Let
A, be the coroot of A in a. By Lemma [2.1] there exists Y\ € g_, such that
(Ax, X, Y)) is an sly-triple in g. By the theory of representations of sl(2,R), we
obtain that

(90, Xa] = 02,
where

g ={Xeg|[A\X]=iX} foreachiecZ.

One can easily check that

go=mPad GB ge.
{€€5(g,0)|£(AX)=0}
Furthermore, g, = go since \ is a longest root of X(g, a) (see Lemma [2.2). Thus,
for each ¢ € X(g, a) with £(A)) = 0, we have ge, X3]Cg2 N gera=0x N gera = {0}.
Hence m @ a, X,] = [go, X»] = g2 = 9. [
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6.3. M A-orbits in g, in the cases where dimg g, = 1.

Throughout this subsection, we consider the cases where dimg g, = 1 and
give a proof of Proposition [6.3]

Let us denote by g and g) the connected components of g, \ {0}. Since
for any ¢t € R and X, € gy, we have (exptA,) Xy = e X},

where A, is the coroot of A in a, A = expa acts transitively on gy, g;,
respectively.

We ask what is the condition to the existence of m € M such that m-gy =
g, - The following lemma answers our question:

Lemma 6.7.  There exists m € M such that m-g = gy if and only if the type
of the restricted root system (g, a) is not C' nor BC'. Here, we consider the root
system of type Ay, By as Cp, Cy, respectively.

To prove Lemma [6.7, we use the following fact for a structure of M.

Theorem 6.8 (cf. [14, Chapter VII, Section 5]).  For any root £ of (g, a), we
define ¢ € Ge by

Ve = expmyV —1Ag,

where A¢ is the coroot of § in a. Let I be the subgroup of Gc generated by e
for all root & of ¥(g,a). Then all v¢ are in M and M = FM,, where M, is the
wdentity component of M .

Proof of Lemma [6.7. ~ We first assume that the type of X(g, a) is not C' and
not BC. Then X(g,a) is reduced and the Dynkin diagram of (g, a) satisfying
the following property: All nodes of the diagram corresponding to a longest root of
¥ (g, a) have some edges with odd multiplicity. This means that for any longest root
i, there exists a root £ of ¥(g,a) such that 2(u,&)/(&,€) is odd. In particular,
since the highest root A of X(g,a) is a longest root (by Lemma [2.2), we can
find a root £ of X(g,a) such that 2(\ £)/(£, &) is odd. Therefore, the element
ve = expmy/—1A4¢ of M (by Theoem acts on g, as the scalar multiplication
of —1. Thus in this case, we can take m = 7, satisfying that m - g7 = g .
Conversely, we suppose that the type of 3(g, a) is C' or BC'. Then we can observe
that for any longest root p and root & of X(g,a), 2(u,&)/(£, &) is even. Since
the highest root A is longest, all generators v = expmy/—14¢ of F act on gy
trivially. Thus all elements of M = F M, preserve gy and g, , respectively. |

By the list of non-compact simple Lie algebras and its restricted root
systems, we can obtain the following fact:

Theorem 6.9.  Suppose that g is a non-compact real simple Lie algebra with
dimg gy = 1 (thus, g is not isomorphic to one of su*(2k), so(n — 1,1), sp(p,q),
¢6(—26) NOT fa(—20) ). Then the type of the restricted root system of g is C or BC
if and only if (g,¢) is Hermitian. Here, we consider the root system of type A,
By as Cy, Cy, respectively.
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Combining Lemma [6.7] with Theorem [6.9 we obtain Proposition [6.3]
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