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Abstract. It is the aim of this work to provide a concrete list of repre-
sentatives of the isomorphism classes of finite-dimensional Lie superalgebras
g = go @ g1 supported over a reductive Lie algebra go = m @ 3, where m is
a simple Lie algebra and 3, the center of gg, is one-dimensional. The classifica-
tion given here does not impose the extra hypothesis that g; be a completely
reducible gp-module.
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1. introduction

The aim of this work is to classify finite-dimensional Lie superalgebras g = go @ g1
over an algebraically closed field F of characteristic zero, for which g is a reductive
Lie algebra of the form gy = m & 3, where m is a simple Lie algebra and 3, the
center of gg, is one-dimensional. In general, a Lie superalgebra structure over a
supervector space g = go @ g1 is a bilinear map [-,-] : g X g — g satisfying:

(i) [gi,95] C 9ity, 1,7 € Zs.

(i) [z,9] = —(=1)"M]y, ],
and the super-jacobi identity

(=1 [, y]. 2] + (=)W ][y, 2], 2] + (~1)¥¥ ][z, 2], 4] = 0, (1)

for all z,y,z € (goUg1) \ {0}, and |z| =7 € Z, for any z € g;.

A straightforward computation shows that gy is a Lie algebra and g; is
a representation space for go, via [, ]|goxg : 80 — End(g1), and it is easy to
conclude that a Lie superalgebra can be viewed as a triple (go, p, ') consisting of
a Lie algebra go with the bracket [-,-], a representation p : go — gl(g1) or —as it
is usual to say— a go-module g1, and a symmetric bilinear map I' := [, -]|g,xq; :
g1 X g1 — @o, satisfying the following identities:
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(1) [, T(u, v)] = T(p(z)u,v) + T(u, p(x)v), = € go,u,v € g1
(J2) p(I(u, v))(w) + p(T(v, w))(u) + p(I'(w, w))(v) =0, w,v,w € g1,

Then, [z + u,y +v] = [z,y] + p(x)(v) — p(y)u + T'(u,v), for any z,y € go, and
any u,v € gp. One usually refers to the triple (go,p,I") as a Lie superalgebra
supported over gg.

Two such superalgebras g = go @ g1 and ¢ = gy @ ¢} are isomorphic if
and only if there exist a Lie algebra isomorphism 7" : go — g; and a go-module
isomorphism S : g; — g} such that

p(T(x)) oS ="Sop(x), € go (2)

[ (u,v) = T(T(S™H(u), S (v)), u,v € g. (3)

A fundamental problem is to classify Lie superalgebras up to isomorphism.
The classification of large families has been achieved by making some special
assumptions on either gg, or on the representation p, or on the lattice of ideals of a
given Lie superalgebra to be taken as starting point. Thus for example, a classical
Lie superalgebra is a simple Lie superalgebra gy g; such that the action of gg on
g1 is completely reducible. V. Kac in [3] classified the classical Lie superalgebras
over an algebraically closed field of characteristic zero. As a by-product, simple Lie
superalgebras for which gq is a simple Lie algebra were classified. Using the Kac’s
classification, A. Elduque classified in [2] the Lie superalgebras supported over a
reductive Lie algebra g, for which the gg-action on g; is completely reducible. It is
the aim of this work to provide a concrete list of representatives of the isomorphism
classes of Lie superalgebras supported over a reductive Lie algebra g, with one-
dimensional center. The classification given here, however, does not need the extra
hypothesis on the complete reducibility of p.

Examples 1.1. Examples based on a supervector space V =V, & V.

The general linear Lie superalgebra g = gl(15|V7). This superalgebra
is supported over gy = gl(Vp) @ gl(V1) and its representation space is g1 =
Hom(V3, Vo) @ Hom(Vp, V1) with p : go — gl(g1) given by p((z,y))(a,b) = (z o
a—aoy, yob—>box). Finally, I : g1 X g1 — go is given by I'((a,b), (¢',V')) =
(aob +a' ob, boa'+ b oa). Notice that gl(Vp|V1) ~ End(Vy @ V1), as Zy-graded
vector spaces over F.

The Lie superalgebra Der(g). For the special case in which V' =V, &V}
itself is a Lie superalgebra g = go @ gi, it follows from the super-jacobi identity
that for a given x € (go U g1) \ {0}, say = € g;, so that |z| = i, the map
[x,-] € End(go @ g1) satisfies: [z, [y, 2] = [[z,u], z] + [yo + (=1)'y1, [, 2]], for
all y,z € go ® g1. More generally, any map ¢ € End(g) satisfying o([y, z]) =
[6(v), 2] + [yo + (—1)%y1,8(z)] is called a derivation of g of degree i (¢ = 0,1).
We write (Der(g)); for the F-vector space of derivations of degree i, and let
Der(g) = (Der(g))o @ (Der(g)); be the Zy-graded vector space of derivations of
g. A straightforward computation shows that Der(g) is a Lie subsuperalgebra of

gl(golg1)-
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The following notation is used in the next examples. Given a finite dimen-
sional vector space U over F, and a non-degenerate bilinear form ¢ : U x U — F,
we can define the following invertible linear maps:

¢ :U—=U u—qu-) and ¢:U"=>U ¢— ¢

where q(¢*(¢),u) = ¢(u), for any u € U.
The orthosymplectic Lie superalgebra g = osp(15|V1). Let

q: VoxVyg — F and w : Vi x Vj — F respectively be a symmetric and a
skew-symmetric, non-degenerate bilinear forms. Let gy = o(Vy) @ sp(V4), the
orthogonal and the symplectic Lie algebras associated to ¢ and w, respectively,
and set g; = Hom(Vp, V1). In this case p and I' are defined as:
p:go— ol(g); p((z,y))(a) =yoa—aoux,
T:gr Xg1—go; [(a,d)=(xao0d +*a’ oa, ao (xa’)+ad o (*a)),
where xa € Hom(Vp, V7) is deﬁned via the isomorphisms ¢ : Vo — V; and

V= Vi oas xa = ¢f oa® ow’, and a* € Hom(V}*, V) is the dual of a.

Examples 1.2. Examples associated to an ordinary vector space V.
The Lie superalgebra C(V'). For the special case dim(Vy) = 2 of the
orthosymplectic Lie superalgebra just defined. In this case

0(%):{$€End(vo)’qbox+$oqﬁzo}

is one-dimensional. Let zy € o(Vp) be a generator. Therefore, gy = 0sp(Vp|V1)o =
(xo) ®sp(V1) ~ Fdsp(V1). In this case it is customary to drop the subindex from
V1 and simply write go = F @ sp(V). Now g; = Hom(Vp, V) ~ Vi ®@ V', and it is
easy to see that the representation p is given by,

p(Azo,y) (¢ @ v) = p @ y(v) — A(¢p 0 x) ® v,

for any ¢ € V7, v € V, y € sp(V) and A € F. On the other hand, a
straightforward computation shows that the map I' is given by

F(¢®v,¢/®v’)=(w<v,v’>(¢®q(¢’ — ¢ ®¢(9)),
—q(¢*(9),¢*(¢) (W (v) @V + W (V) @ v)),

for any ¢, ¢' € V', and any v,v" € V. The resulting Lie superalgebra is denoted
by C(V).

The Lie superalgebra sl(V|F). Consider again the Lie superalgebra
gl(Vo|V1) of the Examples 1.1 above for the special case dim(V;) = 1. Thus,
Vi ~ F, Hom(V,,F) ~ Vi and Hom(F,V;) ~ V;. Therefore, g = Vo & V" and
we shall write gl(V|F) instead of gl(V5|V1), understanding of course that V' =V}
is now an arbitrary vector space over F. Clearly gl(V|F) is a Lie superalgebra
supported over gl(V) @ F. Now, we shall further restrict ourselves to the Lie
subsuperalgebra sl(V|F) of gl(V|F) consisting of supertrace-less elements. Thus,
go = {(z,tr(z)) | = € gl(V)} C gl(V) @ F in this case. Clearly, go ~ gl(V).
Finally, p and I' are then given by:
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090 = ollgr); p(a)(u, 0) = (& — tr(x) id)u, Go
Dogix g1 — go: D((u0) (!, &) = &/ (-Ju+ 6,
respectively.

The Lie superalgebra P(V). Let ¢ : V x V — F be a non-degenerate
symmetric bilinear form, and let go = sl(V') and g; = Sym(V) @ Skw(V') where
Sym(V') € End(V) consists of the g-adjoint elements and Skw(V') C End(V) of
the g-skew-adjoint ones. In this case, p and I' are defined as:
p:go— gl(g1); p(z)((a,b)) = (roa—aox*x, xxob—boux).

U:gr xg1— g0; [((a,b), (/b)) =aob +d ob,
where *z = —(¢°) 'a*¢.

Trivial extension of a simple Lie algebra. Let m be a simple Lie
algebra and consider the supervector space g = m@&m, with go = m, and g; = m.
It is useful to introduce the so called change of parity map I = (%) : mdm —
m @ m, as it makes it easier to distinguish even from odd elements as follows:
r € m =g if and only if IIx € g;. Then, we may write g; = ImlI|,, = IIm, and
define a Lie superalgebra structure on g = m @ [Im by letting p(z)(Ily) = Iz, y],
and I'=0.

The Lie superalgebra Q(V). Take the special case when m = sl(V) in
the previous example. Then, it has the structure of simple Lie superalgebra on
the supervector space sl(V) @ Ils[(V') by taking p as above and letting

2tr(yoy/) .
——id. 4

dim(V) (4)
The resulting Lie superalgebra supported over sl(V) with this particular T' is
denoted by Q(V') in order to distinguish it from the trivial extension of m = sl(V').

Iy, y") =yoy' +y oy —

Examples 1.3. Extensions of Lie superalgebras by derivations. Let
g = goP g1 be a Lie superalgebra and h C gl(go|g1) be a subalgebra of derivations.
The extension of g by b is the Lie superalgebra defined on g @ h in such a way
that g and b are subalgebras and [0, z] = §(z), for any = € g, and § € h.

The Lie superalgebra P(V) @ (0y). Let dy € gl(P(V)o|P(V)1) defined
on generators through dy((z, (a,b))) = (a,—b). Then 0, is an even derivation and
Der(P(V)) = P(V) @ (do) (see [3], Proposition 5.1.2), and we can consider the
extension of P(V') by (dp).

The Lie superalgebra m @ IIm @ (g, d1). Let m be a simple Lie algebra
and consider a pair of derivations ¢; € gl(m|IIm);, i = 0, 1, by letting them defined
on generators through the linear maps do((x,Ily)) = Iy and &;((z,IIy)) = y,
respectively. Then, we can consider any of the extensions m @ I[Im @ (dy, 1),
m @ Mm@ (§;), and m P [Im & (dy).

The Lie superalgebra Q(v) @ (0;). Use the notation 9, for the corre-
sponding odd derivation 01 € gl(Q(V)o|@(V)1)1 defined on generators through
O1((z,Ily)) =y, and consider the extension of Q(v) by (0).

In the following table we summarize some of the examples just given,
together with some extensions by derivations. They are precisely the building
blocks of the classification theorem aimed at in this paper.



539

WOION) UOTYROYISSR[D 91} JO SYO0[q SuIp[me :T o[qe],

’,

HERNANDEZ

it = (i) (0 )1 ufi i = (1 11) (4)0 (16) & wr wo T g s e
200+ p09=((P'9 Q)1 AM*ooual\oeoo&Mv (09) ()¢ (A)MYS P (A)wmAS (A)s (A)s (A)d
! +|\wr o@@ ﬂaww — (% A1D) ‘(@ *A1D) 1 Arlfia]pr = (e ‘ALr)(x)d {le) ® (At (A)s (Ans {(le) © (10D
L (ymp
» ow\m R = (A Wrelfia]rr = (fr)(2)d (A)e1r (A)s (A)e (A0
i = (91D (A1) (= Co 0?1 tgour | egow | ga) gurow
(o—‘9) = (‘9(%)d
204+ p09=((2'40) Y\ (T092 —20zx (A)s ® (A)wdg) (%) @ (Ags | (AN (%) ® (Nd
‘wkoq—qox) = (2°9)(x)d
()0 +n()0 = (9510 1)1 e ooy A8 A ()8 (A)s (al.4)
((e® ()@ + 0@ (2)) () (9):)D— a® ("To @)y ‘04 Vo = (A)up
(0pap - (9989) (a0 = (1899001 | —iso=@aa@ors | @NWH | Clagpo| Wi | @0
05+ s x Ig: ] (1516 < 05 : d s Og w Is@0s =5




540

HERNANDEZ

The principal results can be summarized in the following statement whose

proof is precisely the aim of this work (see Theorem 3.3 and Theorem 4.4).

Theorem 1.4. Let V', s, §; and 0; be as in the table 1 above and as in the
examples 1.1, 1.2, and 1.3. Let g = go® g1 be a finite dimensional Lie superalgebra
over F, such that go = m @ 3 where m is a simple Lie algebra and 3 = (z) is
a one-dimensional center of go. Then g is isomorphic to one of the following
superalgebras.

(1)

(i)

(iii)

(i)

The semidirect product s @ a(g) of the semisimple Lie superalgebra s ~
s(VIF), C(V), P(V)® (0y), and the ideal a(g). Actually, a(g) is an
m @ 3-module. The m-action is trivial, and the j-action is defined via the
linear map g : a(g) — a(g), through p(z)(a) = g(a), including the cases
s =sl(V|F) and s = C(V), for which g =0. Finally, T'|ag)xa(g) = O0-

Furthermore, two such superalgebras s © a(g) and s’ ® d'(¢') are isomorphic
if and only if s ~ &' and if there exist a non-zero scalar o € F\ {0}, and a
linear map S : a(g) — o/(¢') such that ¢ = a'(SogoS71).

m @ [Im @ (o, 61) ® a(u; g) where m @ IIm @ (dg) is a subalgebra and (1) &
a(u; g) and a(u; g) are m & (dp) -modules such that the m-action is trivial,
and the action of &y is given by p(dy)(61) = —d1 + u for some u € a(u;g)
and p(do)(a) = g(a) for some linear map g : a(u;g) — a(u;g). In this case
we have Tlimxa(usg) = 0 and Tlis)@a(usg)x (1) @atusg) = 0-

Furthermore, two such superalgebras m & IIm @& (do,d1) & a(u;g) and

w @ I’ & (0, 01) & o'(u';¢") are isomorphic if and only if m ~ m' and
if there exist a non-zero scalar f € F, a vector uw; € o (u';¢") and a
linear map S : a(u;g) — d(u',¢") such that ¢ = Sogo S! and
W = 578 () + (¢ +id)u).

s D 3@ a(B) where s ~m, P(V), Q(V), Q(V)® (01), m@® II(m) & (),
and a(B) is a trivial m @ 3-module. The Lie algebra bracket on g is given
via the Lie bracket on sy as [(x,2), (y,2)] = [2,Y]s,; the so-action on s is
given as in §, and the j-action on sy s trivial. Finally I' is given in terms
of a symmetric, bilinear, go-invariant, non-zero map

B : s ®a(g,B) xs ®a(g,B) — 3,

as '(u+a, v’ +d') = Ts(u,v') + B(u+ a,u’ + d’).

Two such superalgebras s ®3®a(B) and §' G3da'(B') are isomorphic if and
only if there exist an isomorphism of Lie superalgebras ® =T @ S : s — &,
a non-zero scalar o € F\ {0}, and a linear map Sy : a(B) — o/(B'), such
that B'(S1(u) + Sa(a), S1(u') + Sa2(a’)) = aB(u + a, v’ + d').

s®D3®da(g) where s ~m, P(V), Q(V), Q(V)® (&), mdII(m) ® (),
and a(g) is an m @ 3-module for which the m-action is trivial, and the j-
action is defined via a linear map g : a(g) — a(g) through p(z)a = g(a).
The Lie algebra bracket on go is given as in (i). The sg-action on 1 is
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giwen as in §, and the j-action on s is triwvial. Finally ' is given by
Du+a, v +ad)=Ts(u,u).

Two such superalgebras s 3D a(g) and s’ B3> d'(g') are isomorphic if and
only if there exist an isomorphism of Lie superalgebras ® =T @& S, s — &,
a non-zero scalar o € F\ {0}, and a linear map Sy : a(g) — a'(¢’), such
that ¢ = a(Sy0 g0 Sy t).

(v) s ®3 @ a(f,pa,C) where s ~ P(V), Q(V), Q(V) @ (01), m & Hm @ (d1),
and s1®Da(f, ps,C) and a(f, ps,C) are m®j-modules for which the m-action
on §1 1S gien as in 5, and the j-action on s; is given by a non-zero linear
map f:51 — a(f,p.,C) as p(z)(w) = f(w). The m-action on a(f, ps,C) is
given by pe - m — gl(a(f, pe,C)) and the 3-action is trivial. The Lie algebra
bracket on go is given as in (i), and T is given in terms of a bilinear g -
invariant, non-zero map C : 61 X a(f,pe,C) — 3 by T'(w + u,w’ + ') =
Fs(w,w') + C(w,u) + C(w', u).

Two such superalgebras s & § & a(f, ps,C) and s & 3 & d(f',p,,C") are
1somorphic if and only if there exist an isomorphism of Lie superalgebras
O =TdS, : s = &, an isomorphism of m-modules Sy : a(f, ps,C) —
a(f, plr,C"), a non-zero scalar o € F\ {0} and a linear map Say : §1 —
o (f', pl,C") such that f' = a (S0 foS)), C'(-,-) = aC(S;'(), S5 ()
and C'(S1(wy), Sa1(ws)) + C'(S1(we), So1(w1)) = 0 for any wy,wy € 5.

(i) s© 5@ alf,g) where s ~ P(V), QV), QV) ® (By), m @ Mm@ (5),
and 51 ® a(f,g) and a(f,g) are m & 3-modules for which the m-action on
51 1S given in s and the j-action on s1 is given by a non-zero linear map
fis1—a(f,g) as p(z)(w) = f(w). The m-action on a(f,qg) is trivial, and
the 3-action on a(f,g) is defined by the linear map g : a(f,g) — a(f,g) by
p(z)a = g(a). The Lie algebra bracket on go is given as in (i), and T is
given as in (ii).

Two such superalgebras s 3D a(f,g) and s B3 d' (f',g") are isomorphic if
and only if there exist an isomorphism of Lie superalgebras

O =TaS 5 = &, two linear maps Sy : a(f,g9) — a(f',¢") and
So1 151 = d'(f',q'), and a non-zero scalar o € F\ {0}, such that f' =
a1 (Syof—agoSy)oS;t and ¢ =a(Syo0g05;7).

We give the proof of this theorem within the following sections. The proof
is naturally divided into two main subcases. Namely, the Lie superalgebras for
which Rad(g)g = {0}, and those for which Rad(g)y = 3. These cases are worked
out in detail in sections 3 and 4, respectively. But first, in section 2, we deal with
the semisimple Lie superalgebras of the form g = m ® 3 ® g;. The main technique
we use there to classify them up to isomorphism follows [2], and it consists in
determining all the possibilities for the minimal ideal I in g. It turns out, of
course (see Lemma 2.1 below), that I is unique and its possibilities are easy to
handle in a case-by-case proof of the main theorem. For the sake of completeness
and to make our exposition self-contained, we have included an Appendix with the
classification of those Lie superalgebras supported over a simple Lie superalgebra
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go- The results there are due to A. Elduque (see [2]), and we use them in our
classification for those superalgebras having Rad(g)o = 3.

2. Semisimple Lie superalgebras g =m & 3 H g,

In this section, all semisimple Lie superalgebras of the foom g = m ® 3 & gy
where m is a simple Lie algebra and 3 is one-dimensional will be described using
the classification of simple Lie superalgebras given in [3] and the description of
semisimple Lie superalgebras in terms of simple ones provided therein.

Lemma 2.1. Let g=m® 3D g1 be a semisimple Lie superalgebra and let I C g
be a minimal ideal. Then, I is unique, and I s a simple Lie superalgebra for
which Iy ~m or [y ~m @3, or [ ~m e IIm.

Proof. Let I C g be a minimal ideal. Then, I ~ a® A(U) where a is a simple
Lie superalgebra and U is a finite-dimensional vector space (see [3], Proposotion
5.1.1). Thus, Iy ~ ag@A(U)o®a;@A(U);. Since Iy C go is an ideal, it follows that
Iy~3, [y ~m,or [ ~m®j. Notice that I 2 3. In fact, if Iy ~ 3, then ap ~ F
and U ~ IF, but this is not possible because there is no simple Lie superalgebra
with this property. Assume that Iy ~ m and write A(U) =F & N & A(U); where
N =@, nA*"(U). Then, ag® N & a; ® A(U); = {0} because it is a nilpotent
ideal of m. Thus, ap ~ m and U = {0}, or a ¥ m and U ~ F. Hence, I is
a simple Lie superalgebra for which Iy ¥ m or [/ ¥ m ® A(F) ~ m @ [Im. Now
assume that Iy ~¥ m @ 3. Then, U = {0} and ap ~ m @ 3. In fact, if U # {0},
then ap @ N @ a; ® A(U); ~ 3. Thus, a; ~ 3 ~ F. Again, this is not possible.
Finally, if I and J are minimal ideals, then m C I N J. Hence, I = J. |

Let g =m @ 3@ g1 be a semisimple Lie superalgebra and let I C g be its
minimal ideal, then g < Der(I), via the monomorphism x — ad(z) = [z,]|;. In
fact, from the proof of Lemma 2.1 it follows that Iy = m or Iy = m & 3. Hence,
since ker(ad)y C Z(Iy) C 3 it follows that ker(ad), is a solvable ideal of g, and
as a consequence ker(ad) is a solvable ideal of g. Thus, since g is semisimple, it
follows that ker(ad) = 0.

Note that in the previous argument, we use the following result.

Proposition 2.2 ([6], Proposition 2, p. 236). A Lie superalgebra g = go & g1
1s solvable if and only if go is.

It is well-known that, in general, a semisimple Lie superalgebra cannot
be written as a sum of simple Lie superalgebras. However, the following result
describes semisimple Lie superalgebras in terms of simple ones as follows.

Theorem 2.3 (see [3], Theorem 6).  Let my,...,m, be finite-dimensional simple
Lie superalgebras. Let Uy, ..., U, be finite dimensional vector spaces and let m =
D._, m; ® A(U;). Finally, let Int(m) and Int(m;) be the set of inner derivations
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of m, and m;, respectively. Then,

m = Int(m) = é}lnt(mi) ® A(U;)

T

C Der(m) = @P(Der(m;) @ A(U;) ® id ® Der(A(T))).

=1

Let g C Der(m) be a subalgebra containing m, and let g; be the set of components
of elements of g in id® Der(A(U;)). Then, g is semisimple if and anly if A(U;)
is g;-simple, for all i = 1,...,r. Moreover, any finite-dimensional semisimple Lie
superalgebra arises in this manner.

The statement of this theorem uses the following:

Definition 2.4. Let A be a superalgebra and suppose L C Der(A). Then, A
is L-simple if A contains no non-trivial ideals that are invariant under L.

Proposition 2.5. Let g = m®3D g, be a semisimple Lie superalgebra. Then, g
is isomorphic to one of the following superalgebras: C(V'), sl(V'|F), P(V")®(0,),
or m @ [Im @ (dy,01) where V' and V' are finite-dimensional vector spaces such
that dim(V') > 2 and dim(V') > 3 .

Proof. Let g=m® 3@ g1 be a semisimple Lie superalgebra and let I be its
minimal ideal. According to Lemma 2.1 there are three diferent structures for I.
Applying Theorem 2.3 to each one of them all the semisimple Lie superalgebras
are obtained.

(i) Case Iy ~ m. If I is a simple Lie superalgebra for which [y ~ m and
I C g C Der(I), then Der(I)y # m. Therefore, I ~ P(V) where V is a
finite-dimensional vector space such that dim(V') > 3, (see [3], Proposition
5.1.2). Thus, P(V) C g C P(V) & (). Hence, g ~ P(V) & (o).

(i) Case I ~ m @ [Im. Let e be the generator of A(F), and let do,d; €
End(A(F)) be defined by

do(e) =

do(1) = 0,
1 O, d1 (6)

dy(1) 1

Then, Der(A(F)) = (do,d1); dop is an even derivation and d; is an odd
derivation. In this case we have:

Notice that A(F) is not (id ®dp)-simple because id ®@dy((e)) = (e). Never-
theless, A(F) is (id ®dp, id ®d;)-simple. Then, g ~ mRA(F)®(id ®dy, id ®d; ).
Hence, g ~ m @ IIm & (do, d1), under the identifications &y > id ®dy and
(51 > id ®d1 .
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(iii) Case Iy ~m@ 3. Let I be a simple Lie superalgebra for which lp ~ m @ 3.
Then [ ~ sl((V|F) or I ~ C(V'), where V is a finite-dimensional vector space
such that dim(V') > 2, and in this case Der(I) ~ Int(I) (see [3], Proposition
5.1.2). Thus, if I C g C Der(I), then g ~ sl[(V|F) or g ~ C(V). Finally,
when dim(V) =2, s((V|F) ~ C(V).

3. Lie superalgebras g = m @ 3 @ g1 for which Rad(g)o = {0}

Let g = m@3®g; be a Lie superalgebra for which Rad(g)o = {0}. Then, Rad(g) C
g1 is an m @ 3-module and g ~ g/ Rad(g) is a semisimple Lie superalgebra with
go ~ mdj3. Hence, g is isomorphic to one of the superalgebras given in Proposition
2.5. Let W be an m-module such that g = W@®Rad(g). Then, g ~ m@®3dW as
vector spaces because W is not necessarily invariant under the action of 3. Thus,
the structure of g, (m @ 3,p,T'), can now be written in terms of the structure of

g, (m@3,p,T), and the structure on Rad(g), as follows:
The Lie algebra bracket on gq is given by:

['7 ] = ['7 ']m@j'
The m-action on g; is given by:
p(A) = F(A) @ pr(4), Aem
where pr(A) = p(A)|raay)- The 3-action on g, is given by:

p(z) = p(2) + [ + pr(2)

where pr(2) = p(2)|Rad(g), and f : W — Rad(g) is a linear map. Notice
that W is invariant under the action of 3 if and only if f = 0. Finally, since
I'(g1,Rad(g)) = 0, then I' is given by:

F(w1 + Uy, we + UQ) = F(wl,wz), w1y, We € VV, U1, U € Rad(g)

Lemma 3.1. Let g = m®3dg; be a Lie superalgebra for which Rad(g)o = {0}.
Then, Rad(g) is a trivial m-module.

Proof.  Consider the decomposition g = m@3;dW & Rad(g) given above. Notice
that I'(W, W) is an ideal of m@3 and I'(W, W) # 0. In fact, if T'(W, W) = 0, then
T(W,W)@&W is a solvable ideal of §. Hence, (W, W) =m or (W, W) = m&}.
On the other hand, it follows from the identity (J2) that,

p(m)(Rad(g)) C p(I'(W, W))(Rad(g)) C p(I'(Rad(g), W))(W) = 0.

Therefore, Rad(g) is a trivial m-module. Moreover, if I'(W, W) = m & 3, then
Rad(g) is a trivial m & 3-module, and this is just the case when g is a simple Lie
superalgebra. [ |
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Lemma 3.2. Let g=m® 3D gy be a Lie superalgebra for which Rad(g)o = {0}
and let f: W — Rad(g) be defined as above. Then,

(i) If G~ C(V), si(VIF) or P(V) @ (), then f =0.

(ii) If g ~ m @ IIm @ (0o, 61), then flum = 0 and f|s,) is an arbitrary linear
map.

Proof. Notice that p(3) o p(m) = p(m) o p(3), and since Rad(g) is a trivial
m-module it follows that p(3)(p(m)(W)) C p(m)(W). Hence, p(m)(W) C W is
an m @ 3-module, and as a consequence flpemyowy = 0. On the other hand, since
p(m)(W) = p(m)(W) =W for g~ C(V), sl(V|F) and P(V) & (0) (see table
1), it follows that f = 0 in these cases.

Finally, assume that g ~ m® IIm@® (dy, d1). Then, p(m)(W) = IIm. Hence
flim = 0, and there are no restrictions for fl;,y. This means that the action of
do in 9y is given by p(dp)(d1) = —61 + u, for some u € Rad(g).

Theorem 3.3. Let g=m® 3 gy be a Lie superalgebra for which Rad(g)o =
{0}. Then, g is isomorphic to one of the following superalgebras:

(i) The semidirect product s © a(g) of the semisimple Lie superalgebra s ~
s(VIF), C(V), P(V) ® (0y), and the ideal a(g). Actually, a(g) is an
m @ 3-module. The m-action is trivial, and the j-action is defined via the
linear map g : a(g) — a(g), through p(z)(a) = g(a), including the cases
s =sl(V|F) and s = C(V), for which g =0. Finally, T'|ag)xa(g) = 0.

Furthermore, two such superalgebras s ® a(g) and s’ & d'(¢") are isomorphic
if and only if s ~ s' and if there exist a non-zero scalar o € F\ {0}, and a
linear map S : a(g) — a'(¢') such that ¢ = a'(SogoS71).

(i7) m @ Im @ (5o, 1) B a(u; g) where m G Mm@ (§g) is a subalgebra and (§;) ®
a(u; g) and a(u;g) are m @ (dy) -modules such that the m-action is trivial,
and the action of dy is given by p(dp)(61) = —61 + u for some u € a(u;g)
and p(do)(a) = g(a) for some linear map g : a(u;g) — a(u;g). In this case
we have Tlnmxa(usg) = 0 and Tlis)@a(usg)x (1) 0atusg) = 0-

Furthermore, two such superalgebras m & IIm @ (dg, 91) @ a(u;g) and m' ®
Im' @ (6o, 01) & o' (v;¢') are isomorphic if and only if m ~w' and if there
exist a non-zero scalar B € F, a vector uy € a'(v';¢’) and a linear map S :
a(u; g) — o' (v, g') such that ¢ = SogoS™' and v’ = B71(S(u)+ (¢’ +id)uy).

Proof. (i)Let®=T ®S g — ¢’ be an isomorphim of Lie superalgebras where
T : m@j; — m'®j is an isomorphism of Lie algebras and S : s;®a(g) — &, ®d'(¢') is
an isomorphism of m@ j-modules. Since a(g) is a trivial m-module it follows that,
S(a(g)) = d'(¢') and 8(51) = 51 Hence, TS|, : § — s’ is an isomorphism of Lie
superalgebras and S = S| a(g) = a (g’) satisfies S(p(2)(r)) = p'(T'(2))(S(r)),

r € a(g). Hence, since T' = T@a with 7 : m — m’ an isomorphism of Lie algebras
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and a € F\ {0}, it follows that ¢ = a~ (S ogo S™!). The converse statement
follows by construction.

(ii) Let =T S g — ¢’ be an isomorphim of Lie superalgebras, where
T :ma (6) — m' @ (d) is an isomorphism of Lie algebras and

S:Tma (6y) @ a(u;g) — [m' & (0;) & o' (u'; )
is an isomorphism of m & 3-modules. Similar to (i),
T @ S| : Mm@ () & Im — m' & (6) & M/

is an isomorphism of Lie superalgebras and S((6,) & a(u;g)) = (6,) @ o' (u';¢').
Moreover, analogous to (i), it follows that S(a(u;g)) = a'(¢;¢') and S = §|a(u,g)
satisfies ¢’ = a(S o go S™!). For this case a straightforward computation shows
that a = 1. Finally, S(6,) = 36, + uy for some 8 € F\ {0} and u; € a'(v/, ¢).
Moreover, S(p(80)(01)) = p'(T(8))(S(6,)). Hence, v/ = B(S(u) + (¢ +id)u;). m

4. Lie superalgebras g = m @ 3 @ g; for which Rad(g)o = 3

Let g = m @ 3 & g1 be a Lie superalgebra for which Rad(g)o = 3. Then,
Rad(g) = 3 ® U, where U C g; is an m & 3-module, and g ~ g/Rad(g) is a
semisimple Lie superalgebra with gy ~ m (see the Appendix). Let W be an m-
module such that gy ~ W @ U. Then, g ~ m @& W as vector spaces. Notice that
p(3)(g1) C Rad(g); = U, then we set f = p(2)|lw : W — U. Hence, W is an
m & 3-module if and only if f = 0. Thus, the structure of g, (m&3,p,I'), can be
written in terms of the structure of g, (m,p,T"), and the structure on Rad(g) as
follows:
The Lie algebra bracket on gg is given by,
['7 ] = ['7 ']mEBZ'

The m-action on g; is given by:

p(A) = p(A) ® pr(4), Aem,
where pr(A) = p(A)|y. The 3-action on g, is given by:

p(2)(w+u) = f(w) + pr(2)(u), weW, uel,

where pr(z) = p(2)|y. Finally, T" is given by:

T(wy + uy, wy + ug) = D(wy, wa) + Blwy + ug, wy + uz),  ws,we € W, uy, uy € U,
where B: W & U x W @& U — 3 is a bilinear, symmetric map.

Remark 4.1.  From (J1) it follows that B is p-invariant, i.e.

B(p(A)u,v) + B(u, p(A)v) =0, Aemej;, u,vEg.
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Proposition 4.2.  Let g = goD g1 be a Lie superalgebra for which Rad(g)o = 3.
Using the notation above, we have:

(i) If Bluxuy # 0, then the 3-action on gy is trivial, in particular p is completely

reducible.

(ii) If Bluxu =0, and Blwxuy # 0, then Rad(g) is an abelian ideal. Moreover,

fo 7é 0, then B‘WXW =0.

(111) If Bluxv =0, Blwxv =0, and Blwxw # 0, then p is completely reducible.

Moreover, U 1is a trivial m & 3-module.

() If B=0, then U is a trivial m-module.

Proof. Since 3 is one-dimensional, we shall assume throughout the proof that
B is F-valued.

(i)

(iii)

Note first that for any v € U, and any vy, vy € g1,
B(u, v1)p(2)(va) + [['(v1, v2), u] + B(u, v2)p(2)(v1) = 0, (5)

which follows from the identity (J2). Then, taking wy, € U such that
B(ug,ug) # 0, and vy = vy = u = g, it follows that pgr(z)(ug) = 0.
Hence, using the identity (5) one more time, and taking vy = u = ug, it
follows that p(z)(v1) =0, vy € g1. Thereby, p is completely reducible.

For the first statement, it is enough to prove that the 3-action on U is trivial.
Let wy € W and wuy € U be such that B(wp,uy) = 1. Setting v; = wy and
ve = ug in the identity (5), and since Blyxy = 0, it follows that

B(u, wo)pr(2)(uo) + B(wo, uo)pr(2)(u) =0, wueU.

For the particular case u = ug, it follows that pgr(z)(ug) = 0. Hence,
pr(2)(u) =0, for any u € U. Thus, Rad(g) is an abelian ideal.

On the other hand, for any wy,ws, w3 € W, we have,

B(wy, wy) f(ws) + B(wg, ws) f(w1) + Bw:, ws) f(ws) = 0, (6)

which follows from the identity (J2). Now, let wy € W be such that
f(wg) # 0. Putting w; = we = w3 = wy in (6), it follows that B(wg, wy) = 0.
Now setting w; = wy = wyp in the identity (6), it follows that B(wg, ws) = 0,
for any ws € W. Finally, putting w; = wy in the identity (6), it follows that
Blwxw = 0.

First it will be proved that W is a completely reducible m & 3-module. It is
enough to prove that the 3-action on W given by f, is trivial. Let wy € W
be such that B(wg,wy) = 1. Taking w; = ws = w3 = wy in the identity (6),
it follows that f(wp) = 0. Using in the identity (6) one more time, putting
wy = w = wp, it follows that f = 0. Hence, W is a completely reducible
m @ 3-module.
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Now it will be proved that U is a completely reducible m & 3-module. It
follows from (J2), under the current hypotheses, that

pr(m)(U) C pr(T'(W,W))(U) C f(T(W,U))(W) = 0.

Hence, U is a trivial m-module, On the other hand, from (5), it follows that

pr(I'(wo, wo))(u) = —=B(wo, wo)pr(3)(u), u € U.

Then, since B(wg, we) = 1 and T'(wp, wy) € m, it follows that pr(3) = 0.
Thus, U is a trivial m & 3-module. In particular, U is completely reducible.

The same argument used in (iii) shows that U is a trivial m-module.

Corollary 4.3.  Let g = go ® g1 be a Lie superalgebra for which Rad(g)y = 3.

(i) If p is completely reducible, then the m-action on U is trivial.

(ii) The solvability degree of Rad(g) is at most two.

Proof. Let B be the bilinear symmetric map associated to g.

(i)

From Proposition 4.2.(iv), it is enough to assume that B # 0. Then, by
Proposition 4.2.(i), (ii), and (iii), it follows that the j-action on U is trivial,
and since p is completely reducible, i.e. f = 0, we obtain that the 3-action
on g, is trivial. Hence, from the identity (5) it follows that,

pR(F(whw?))(u) =0, ue U; Wi, Wz € W.

Let A € m. Since g is semisimple, it follows that A can be written as a finite
linear combination of products of the form I'(w;,w,) for some w;,w; € W.
Hence, pr(A) = 0. Thereby, the m-action on U is trivial.

The first derived ideal of Rad(g) satisfies:
(Rad(g)™M)o = Span{B(u,v)|u,v € U} and (Rad(g)M); =Im(pg(2)).

Notice that if B|yxy # 0, then by Proposition 4.2.(i), it follows that
Im(pr(2)) = 0. Hence, clearly Rad(g)®® = 0. Finally, if Blyxy = 0,
then (Rad(g)")y = 0 and as a consequence Rad(g)® = 0.

Using Proposition 4.2, Corollary 4.3, and the description of semisimple Lie

superalgebras of the type g = m @ gy, given in the Appendix, the following main
result is obtained.

Theorem 4.4. Let g=m®d3Dg; be a Lie superalgebra for which Rad(g)o = 3.
Then, g is isomorphic to one of the following superalgebras.
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s® 3P a(B) where s ~m, P(V), Q(V), Q(V) & (01), ma& I(m) & (1),
and a(B) is a trivial m @ 3-module. The Lie algebra bracket on go is given
via the Lie bracket on sy as [(x,2), (y,2)] = [2,Y]s,; the so-action on s; is
gien as in §, and the j-action on sy s trivial. Finally I' is given in terms
of a symmetric, bilinear, go-invariant, non-zero map

B:si ®a(g,B) x s @alg,B) =3,

as T'(u+a,v’' +a') = Ts(u,v') + B(u + a,v’ +a').

Two such superalgebras s 3@ a(B) and §' @3B’ (B') are isomorphic if and
only if there exist an isomorphism of Lie superalgebras ® =T & S; : 6 — 5,
a non-zero scalar o € F\ {0}, and a linear map Sy : a(B) — o' (B'), such
that B'(S1(u) + S2(a), S1(v') + Sa(a’)) = aB(u + a,uv’ + d').

s @3 alg) where s ~m, P(V), Q(V), Q(V) @ (01), m @ I(m) @ (dy),
and a(g) is an m & 3-module for which the m-action is trivial, and the j-
action is defined via a linear map g : a(g) — a(g) through p(z)a = g(a).
The Lie algebra bracket on go is given as in (i). The sg-action on 1 is
giwen as in §, and the j-action on s is triwvial. Finally ' is given by
C(u+a,u' +ad) =Ts(u,u).

Two such superalgebras s 3 d a(g) and s’ B 3D a’(g') are isomorphic if and
only if there exist an isomorphism of Lie superalgebras ® =T & S;: 6 — 5,
a non-zero scalar o € F\ {0}, and a linear map Sy : a(g) — a'(¢'), such
that ¢ = a(Sy 0 go Syt).

sD3Dalf, pa,C) where s ~ P(V), Q(V), Q(V)®(01), m@IImd (§,), and
s1 @ a(f, pa,C), and a(f,p.,C) are m @ 3-modules for which the m-action
on s1 18 given as in S, and the j-action on s 15 given by a non-zero linear
map f:8; — a(f, pa,C) as p(z)(w) = f(w). The m-action on a(f,ps,C) is
given by pe - m — gl(a(f, pa,C)) and the 3-action is trivial. The Lie algebra
bracket on go is given as in (i), and T is given in terms of a bilinear go-
invariant, non-zero map C : 51 X a(f, ps,C) — 3 by N'w + u,w’ + ') =
Fy(w,w’) + C(w,u') + C(w', u).

Two such superalgebras s & § & a(f, ps,C) and s & 3 & d(f,p,,C") are
isomorphic if and only if there exist an isomorphism of Lie superalgebras
O =TdS, : s — &, an isomorphism of m-modules Sy : a(f, ps,C) —
a(f', pls,C"), a non-zero scalar o € F\ {0}, and a linear map Soy : 61 —
o« (f,ply,C') such that f' = a '(Sy0 foS)), C'(--) = aC(S'(-),55()),
and C'(S1(wy), Sa1(ws)) 4+ C'(S1(ws), So1(wq)) = 0, for any wy,wy € 5.

s®3da(f,g) where s ~ P(V), Q(V), Q(V) @ (01), m@ IIm @ (61), and
s1 @ a(f,g) and a(f,g) are m @ 3-modules for which the m-action on s;
1s given in S5, and the j-action on s is given by a non-zero linear map
f 81— a(f,g9) as p(z)(w) = f(w). The m-action on a(f,g) is trivial and
the 3-action on a(f,g) is defined by the linear map g : a(f,g) — a(f,g) by
p(z)a = g(a). The Lie algebra bracket on go is given as in (i), and T' is
given as in (ii).
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Two such superalgebras s 3D a(f,g) and s B3 d (f',g") are isomorphic if
and only if there exist an isomorphism of Lie superalgebras
O =TdS s — ¢, two linear maps Sy : a(f,g9) — d(f',¢") and
So1 1 81 — d'(f',¢"), and a non-zero scalar a € F \ {0}, such that ' =
a }(Syof—agoSy)oS;t and ¢ =aH(Sy0g05;1).

The statements regarding the isomorphisms between the Lie superalgebras
referred to in (i)-(iv) are proved in exactly the same way as in Theorem 3.3.

APENDIX
Lie superalgebras g = go @ g, for which gq is a simple Lie algebra

In this section finite dimensional Lie superalgebras g = go @ g, for which gq is a
simple Lie algebra are described. We also provide a list of those semisimple Lie
superalgebras with gy simple (see [2]).

Theorem 4.5. Let g = go @ g1 be a Lie superalgebra for which gy is a simple
Lie algebra and g, is a finite dimensional go-module. Then, g has one of the
following structures:

(i) 9 = go ® g1 is a semidirect product of the simple Lie algebra go and the
go-module g, ; in this case I' = 0.

(i) g ~ s @b is a direct sum of two ideals, with s # go a semisimple Lie
superalgebra for which sq ~ go and b is a trivial go-module for which
F|h><h — O.

Proof. Since go is a simple Lie algebra, it follows that Rad(g)o = 0. Then,
Rad(g) C g; is a go-module. Let W be a go-module such that g; = W @ Rad(g).
Then g/ Rad(g) ~ go & W is a semisimple Lie superalgebra.

Claim. If W # 0, then go @ W is an ideal of g and Rad(g) = Z(g), the center
of g. In fact, notice that T'(W, W) is an ideal of go and I'(W, W) @ W is an ideal
of go @ W . Then, since g, is simple and gy ® W is semisimple, it follows that
I(W, W) = go. Hence, using (J2) it follows that:

p(go)(Rad(g)) = p(I'(W, W))(Rad(g)) C p(I'(W, Rad(g)))(W) = 0.

This shows that go® W is an ideal of g and Rad(g) C Z(g). Therefore, Rad(g) =
Z(g).

On the other hand, assume that W = 0. Then g/ Rad(g) ~ go. In this case there
are no restrictions for the go-module Rad(g), and since it is an odd ideal of g, it
follows that T' = 0. Hence g = go ® Rad(g) is a semidirect product. [

The same technique used in section 2 is applied here for finding all semisim-
ple Lie superalgebras g = go @ g; for which g is a simple Lie algebra. In this con-
text the following result holds, whose proof is analogous to the proof of Lemma 2.1.
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Lemma 4.6. Let g = go D g1 be a semisimple Lie superalgebra for which go is
a simple Lie algebra and let I C g be a minimal ideal. Then, I is unique and I
15 a simple Lie superalgebra for which Iy ~ go or I ~ gy ® Ilgg.

Proposition 4.7. Let g = go @D g1 be a semisimple Lie superalgebra for which
go s a simple Lie algebra. Then, g is a simple Lie algebra or g is isomorphic to
one of the superalgebras P(V'), Q(V), Q(V) & (01) or go & gy ® (61) (see table
1) where V' is a vector space of dimension greater than two.

Proof. Let I be the minimal ideal of g. Then, if I is a simple Lie superalgebra,
then I is isomorphic to the simple Lie algebra go or, using the results given in [3],
I is isomorphic to one of the superalgebras P(V') or Q(V) where dim(V) > 3.
On the other hand, since I C g C Der(/), Theorem 2.3 can be applied to every
possible minimal ideal. Hence, we end up with the following cases:

(i) Case I ~ gg. If I ~ go, then gy C g C Der(go). Hence, g ~ go is a simple
Lie algebra.

(ii) Case I ~ P(V). For this case we have that Der(P(V)) = P(V) @ (0p).
Then P(V) CgC P(V)® (). Hence, g ~ P(V).

(iii) Case I ~ Q(V). In this case Der(Q(V)) = Q(V) & (0y). Then, Q(V) C
g C Q(V)® (01). Hence, g~ Q(V) or g~ Q(V) & (01).

(iv) Case I ~ gy @ IIgg. Using the notation of the proof of Proposition 2.5, we
have Der(go ® A(F)) ~ go @ A(F) @& (id ®dy,id @d;). Then, go®@ A(F) C g C
go @ A(F) @ (id ®dp, id ®d, ). Notice that A(F) contains no non-trivial ideals
invariant by (id ®d;). Hence, g~go@A(F)®(id @d;)~g,BIgo®(d1) . -
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