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Abstract. It is the aim of this work to provide a concrete list of repre-
sentatives of the isomorphism classes of finite-dimensional Lie superalgebras
g = g0 ⊕ g1 supported over a reductive Lie algebra g0 = m ⊕ z , where m is
a simple Lie algebra and z , the center of g0 , is one-dimensional. The classifica-
tion given here does not impose the extra hypothesis that g1 be a completely
reducible g0 -module.
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1. introduction

The aim of this work is to classify finite-dimensional Lie superalgebras g = g0⊕g1

over an algebraically closed field F of characteristic zero, for which g0 is a reductive
Lie algebra of the form g0 = m ⊕ z , where m is a simple Lie algebra and z , the
center of g0 , is one-dimensional. In general, a Lie superalgebra structure over a
supervector space g = g0 ⊕ g1 is a bilinear map [[·, ·]] : g× g→ g satisfying:

(i) [[gi, gj]] ⊂ gi+j , i, j ∈ Z2 .

(ii) [[x, y]] = −(−1)|x||y|[[y, x]] ,

and the super-jacobi identity

(−1)|x||z|[[[[x, y]], z]] + (−1)|x||y|[[[[y, z]], x]] + (−1)|y||z|[[[[z, x]], y]] = 0, (1)

for all x, y, z ∈ (g0 ∪ g1) \ {0} , and |x| = i ∈ Z2 for any x ∈ gi .

A straightforward computation shows that g0 is a Lie algebra and g1 is
a representation space for g0 , via [[·, ·]]|g0×g1 : g0 → End(g1), and it is easy to
conclude that a Lie superalgebra can be viewed as a triple (g0, ρ,Γ) consisting of
a Lie algebra g0 with the bracket [·, ·] , a representation ρ : g0 → gl(g1) or –as it
is usual to say– a g0 -module g1 , and a symmetric bilinear map Γ := [[·, ·]]|g1×g1 :
g1 × g1 → g0 , satisfying the following identities:
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(J1) [x,Γ(u, v)] = Γ(ρ(x)u, v) + Γ(u, ρ(x)v), x ∈ g0, u, v ∈ g1 .

(J2) ρ(Γ(u, v))(w) + ρ(Γ(v, w))(u) + ρ(Γ(u,w))(v) = 0, u, v, w ∈ g1 .

Then, [[x + u, y + v]] = [x, y] + ρ(x)(v) − ρ(y)u + Γ(u, v), for any x, y ∈ g0 , and
any u, v ∈ g1 . One usually refers to the triple (g0, ρ,Γ) as a Lie superalgebra
supported over g0 .

Two such superalgebras g = g0 ⊕ g1 and g′ = g′0 ⊕ g′1 are isomorphic if
and only if there exist a Lie algebra isomorphism T : g0 → g′0 and a g0 -module
isomorphism S : g1 → g′1 such that

ρ′(T (x)) ◦ S = S ◦ ρ(x), x ∈ g0 (2)

Γ′(u, v) = T (Γ(S−1(u), S−1(v))), u, v ∈ g′1. (3)

A fundamental problem is to classify Lie superalgebras up to isomorphism.
The classification of large families has been achieved by making some special
assumptions on either g0 , or on the representation ρ , or on the lattice of ideals of a
given Lie superalgebra to be taken as starting point. Thus for example, a classical
Lie superalgebra is a simple Lie superalgebra g0⊕g1 such that the action of g0 on
g1 is completely reducible. V. Kac in [3] classified the classical Lie superalgebras
over an algebraically closed field of characteristic zero. As a by-product, simple Lie
superalgebras for which g0 is a simple Lie algebra were classified. Using the Kac’s
classification, A. Elduque classified in [2] the Lie superalgebras supported over a
reductive Lie algebra g0 , for which the g0 -action on g1 is completely reducible. It is
the aim of this work to provide a concrete list of representatives of the isomorphism
classes of Lie superalgebras supported over a reductive Lie algebra g0 with one-
dimensional center. The classification given here, however, does not need the extra
hypothesis on the complete reducibility of ρ .

Examples 1.1. Examples based on a supervector space V = V0 ⊕ V1 .

The general linear Lie superalgebra g = gl(V0|V1). This superalgebra
is supported over g0 = gl(V0) ⊕ gl(V1) and its representation space is g1 =
Hom(V1, V0) ⊕ Hom(V0, V1) with ρ : g0 → gl(g1) given by ρ((x, y))(a, b) = (x ◦
a − a ◦ y, y ◦ b − b ◦ x). Finally, Γ : g1 × g1 → g0 is given by Γ((a, b), (a′, b′)) =
(a ◦ b′+ a′ ◦ b, b ◦ a′+ b′ ◦ a). Notice that gl(V0|V1) ' End(V0⊕ V1), as Z2 -graded
vector spaces over F .

The Lie superalgebra Der(g). For the special case in which V = V0⊕V1

itself is a Lie superalgebra g = g0 ⊕ g1 , it follows from the super-jacobi identity
that for a given x ∈ (g0 ∪ g1) \ {0} , say x ∈ gi , so that |x| = i , the map
[[x, ·]] ∈ End(g0 ⊕ g1) satisfies: [[x, [[y, z]]]] = [[[[x, y]], z]] + [[y0 + (−1)iy1, [[x, z]]]], for
all y, z ∈ g0 ⊕ g1 . More generally, any map δ ∈ End(g) satisfying δ([[y, z]]) =
[[δ(y), z]] + [[y0 + (−1)iy1, δ(z)]] is called a derivation of g of degree i (i = 0, 1).
We write (Der(g))i for the F-vector space of derivations of degree i , and let
Der(g) = (Der(g))0 ⊕ (Der(g))1 be the Z2 -graded vector space of derivations of
g . A straightforward computation shows that Der(g) is a Lie subsuperalgebra of
gl(g0|g1).
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The following notation is used in the next examples. Given a finite dimen-
sional vector space U over F , and a non-degenerate bilinear form q : U ×U → F ,
we can define the following invertible linear maps:

q[ : U → U∗, u 7→ q(u, ·) and q] : U∗ → U, φ 7→ q](φ)

where q(q](φ), u) = φ(u), for any u ∈ U .

The orthosymplectic Lie superalgebra g = osp(V0|V1). Let
q : V0 × V0 → F and ω : V1 × V1 → F respectively be a symmetric and a
skew-symmetric, non-degenerate bilinear forms. Let g0 = o(V0) ⊕ sp(V1), the
orthogonal and the symplectic Lie algebras associated to q and ω , respectively,
and set g1 = Hom(V0, V1). In this case ρ and Γ are defined as:
ρ : g0 → gl(g1); ρ((x, y))(a) = y ◦ a− a ◦ x ,
Γ : g1 × g1 → g0 ; Γ(a, a′) = (∗a ◦ a′ + ∗a′ ◦ a, a ◦ (∗a′) + a′ ◦ (∗a)),
where ∗a ∈ Hom(V0, V1) is defined via the isomorphisms q[ : V0 → V ∗0 and
ω] : V ∗1 → V1 as ∗a = q] ◦ a∗ ◦ ω[ , and a∗ ∈ Hom(V ∗1 , V

∗
0 ) is the dual of a .

Examples 1.2. Examples associated to an ordinary vector space V .

The Lie superalgebra C(V ). For the special case dim(V0) = 2 of the
orthosymplectic Lie superalgebra just defined. In this case

o(V0) = {x ∈ End(V0) | q[ ◦ x+ x ◦ q] = 0}

is one-dimensional. Let x0 ∈ o(V0) be a generator. Therefore, g0 = osp(V0|V1)0 =
〈x0〉⊕ sp(V1) ' F⊕ sp(V1). In this case it is customary to drop the subindex from
V1 and simply write g0 = F⊕ sp(V ). Now g1 = Hom(V0, V ) ' V ∗0 ⊗ V , and it is
easy to see that the representation ρ is given by,

ρ(λx0, y)(φ⊗ v) = φ⊗ y(v)− λ(φ ◦ x0)⊗ v,

for any φ ∈ V ∗0 , v ∈ V , y ∈ sp(V ) and λ ∈ F . On the other hand, a
straightforward computation shows that the map Γ is given by

Γ(φ⊗ v, φ′ ⊗ v′) =
(
ω(v, v′)

(
φ⊗ q](φ′)− φ′ ⊗ q](φ)

)
,

−q(q](φ), q](φ′))
(
ω[(v)⊗ v′ + ω[(v′)⊗ v

))
,

for any φ, φ′ ∈ V ∗0 , and any v, v′ ∈ V . The resulting Lie superalgebra is denoted
by C(V ).

The Lie superalgebra sl(V |F). Consider again the Lie superalgebra
gl(V0|V1) of the Examples 1.1 above for the special case dim(V1) = 1. Thus,
V1 ' F , Hom(V0,F) ' V ∗0 and Hom(F, V0) ' V0 . Therefore, g1 = V0 ⊕ V ∗0 and
we shall write gl(V |F) instead of gl(V0|V1), understanding of course that V = V0

is now an arbitrary vector space over F . Clearly gl(V |F) is a Lie superalgebra
supported over gl(V ) ⊕ F . Now, we shall further restrict ourselves to the Lie
subsuperalgebra sl(V |F) of gl(V |F) consisting of supertrace-less elements. Thus,
g0 = {(x, tr(x)) | x ∈ gl(V )} ⊂ gl(V ) ⊕ F in this case. Clearly, g0 ' gl(V ).
Finally, ρ and Γ are then given by:
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ρ : g0 → gl(g1); ρ(x)(u, φ) = ((x− tr(x) id)u, φ ◦ (tr(x)id− x)),
Γ : g1 × g1 → g0 ; Γ((u, φ) (u′, φ′)) = φ′(·)u+ φ(·)u′ ,
respectively.

The Lie superalgebra P (V ). Let q : V × V → F be a non-degenerate
symmetric bilinear form, and let g0 = sl(V ) and g1 = Sym(V ) ⊕ Skw(V ) where
Sym(V ) ⊂ End(V ) consists of the q -adjoint elements and Skw(V ) ⊂ End(V ) of
the q -skew-adjoint ones. In this case, ρ and Γ are defined as:
ρ : g0 → gl(g1); ρ(x)((a, b)) = (x ◦ a− a ◦ ∗x, ∗x ◦ b− b ◦ x).
Γ : g1 × g1 → g0 ; Γ((a, b), (a′, b′)) = a ◦ b′ + a′ ◦ b ,
where ∗x = −(q[)−1x∗q[ .

Trivial extension of a simple Lie algebra. Let m be a simple Lie
algebra and consider the supervector space g = m⊕m , with g0 = m , and g1 = m .
It is useful to introduce the so called change of parity map Π = ( 0 id

id 0 ) : m⊕m→
m ⊕ m , as it makes it easier to distinguish even from odd elements as follows:
x ∈ m = g0 if and only if Πx ∈ g1 . Then, we may write g1 = ImΠ|g0 = Πm , and
define a Lie superalgebra structure on g = m⊕Πm by letting ρ(x)(Πy) = Π[x, y] ,
and Γ ≡ 0.

The Lie superalgebra Q(V ). Take the special case when m = sl(V ) in
the previous example. Then, it has the structure of simple Lie superalgebra on
the supervector space sl(V )⊕ Πsl(V ) by taking ρ as above and letting

Γ(Πy,Πy′) = y ◦ y′ + y′ ◦ y − 2 tr(y ◦ y′)
dim(V )

id . (4)

The resulting Lie superalgebra supported over sl(V ) with this particular Γ is
denoted by Q(V ) in order to distinguish it from the trivial extension of m = sl(V ).

Examples 1.3. Extensions of Lie superalgebras by derivations. Let
g = g0⊕g1 be a Lie superalgebra and h ⊂ gl(g0|g1) be a subalgebra of derivations.
The extension of g by h is the Lie superalgebra defined on g ⊕ h in such a way
that g and h are subalgebras and [[δ, x]] = δ(x), for any x ∈ g , and δ ∈ h .

The Lie superalgebra P (V )⊕ 〈∂0〉. Let ∂0 ∈ gl(P (V )0|P (V )1) defined
on generators through ∂0((x, (a, b))) = (a,−b). Then ∂0 is an even derivation and
Der(P (V )) = P (V ) ⊕ 〈∂0〉 (see [3], Proposition 5.1.2), and we can consider the
extension of P (V ) by 〈∂0〉 .

The Lie superalgebra m⊕Πm⊕ 〈δ0, δ1〉. Let m be a simple Lie algebra
and consider a pair of derivations δi ∈ gl(m|Πm)i , i = 0, 1, by letting them defined
on generators through the linear maps δ0((x,Πy)) = Πy and δ1((x,Πy)) = y ,
respectively. Then, we can consider any of the extensions m ⊕ Πm ⊕ 〈δ0, δ1〉 ,
m⊕ Πm⊕ 〈δ1〉 , and m⊕ Πm⊕ 〈δ0〉 .

The Lie superalgebra Q(v) ⊕ 〈∂1〉. Use the notation ∂1 for the corre-
sponding odd derivation ∂1 ∈ gl(Q(V )0|Q(V )1)1 defined on generators through
∂1((x,Πy)) = y , and consider the extension of Q(v) by 〈∂1〉 .

In the following table we summarize some of the examples just given,
together with some extensions by derivations. They are precisely the building
blocks of the classification theorem aimed at in this paper.



Hernández 539

s
=

s 0
⊕
s 1

m
s 0

s 1
ρ

:
s 0
→

g
l(
s 1

)
Γ

:
s 1
×
s 1
→

s 0

C
(V

)
sp

(V
)

o(
V

0
)
⊕

sp
(V

)
d
im

(V
0
)

=
2

H
om

(V
0
,V

)
ρ
(λ
x

0
,y

)(
φ
⊗
v
)

=
φ
⊗
y
(v

)−
λ

(φ
◦
x

0
)
⊗
v

Γ
(φ
⊗
v
,
φ
′
⊗
v
′ )

=
( ω(v

,v
′ )
( φ⊗

q]
(φ
′ )
−
φ
′
⊗
q]

(φ
)) ,

−
q(
q]

(φ
),
q]

(φ
′ )

)
( ω[ (

v
)
⊗
v
′
+
ω
[ (
v
′ )
⊗
v
))

sl
(V
|F

)
sl

(V
)

g
l(
V

)
V
⊕
V
∗

ρ
(a

)(
u
,φ

)
=

((
a

+
tr

(a
)

id
)u
,

φ
◦

(t
r(
a
)

id
−
a
))

Γ
((
u
,φ

),
(u
′ ,
φ
′ )

)
=
φ
′ (
·)u

+
φ

(·)
u
′

P
(V

)
⊕
〈∂

0
〉

sl
(V

)
sl

(V
)
⊕
〈∂

0
〉

S
y
m

(V
)
⊕

S
k
w

(V
)

ρ
(x

)(
b,
c)

=
(x
◦
b
−
b
◦
∗x
,

∗x
◦
c
−
c
◦
x

)
ρ
(∂

0
)(
b,
c)

=
(b
,−
c)

Γ
((
b,
c)
,(
b′
,c
′ )

)
=
b
◦
c′

+
b′
◦
c

m
⊕

Π
m
⊕
〈δ

0
,δ

1
〉

m
ar

b
it

ra
ry

m
⊕
〈δ

0
〉

Π
m
⊕
〈δ

1
〉

ρ
(x

)(
Π
y
,δ

1
)

=
Π

[x
,y

] m
ρ
(δ

0
)(

Π
(y

),
δ 1

)
=

(Π
y
,−
δ 1

)
Γ

((
Π
y
,δ

1
),

(Π
y
′ ,
δ 1

))
=
y

+
y
′

Q
(V

)
sl

(V
)

sl
(V

)
Π
sl

(V
)

ρ
(x

)(
Π
y
)

=
Π

[x
y
] s
l(
V

)

Γ
(Π
y
,Π
y
′ )

=
y
◦
y
′
+
y
′
◦
y
−

2
tr

(y
◦y

′ )
d

im
(V

)
id

Q
(V

)
⊕
〈∂

1
〉

sl
(V

)
sl

(V
)

Π
sl

(V
)
⊕
〈∂

1
〉

ρ
(x

)(
Π
y
,∂

1
)

=
Π

[x
,y

] s
l(
V

)

Γ
((

Π
y
,∂

1
),

(Π
y
′ ,
∂

1
))

=
y
◦
y
′
+
y
′
◦
y
−

2
tr

(y
◦y

′ )
d

im
(V

)
id

+
y

+
y
′

P
(V

)
sl

(V
)

sl
(V

)
S
y
m

(V
)
⊕

S
k
w

(V
)

ρ
(x

)(
b.
c)

=
(x
◦
b
−
b
◦
∗x
,

∗x
◦
c
−
c
◦
x

)
Γ

((
b,
c)
,(
b′
,c
′ )

)
=
b
◦
c′

+
b′
◦
c

m
⊕

Π
m
⊕
〈δ

1
〉

m
ar

b
it

ra
ry

m
Π
m
⊕
〈δ

1
〉

ρ
(x

)(
Π
y
,δ

1
)

=
Π

[x
,y

] m
Γ

((
Π
y
,δ

1
),

(Π
y
′ ,
δ 1

))
=
y

+
y
′

T
ab

le
1:

B
u
il
d
in

g
b
lo

ck
s

of
th

e
cl

as
si

fi
ca

ti
on

th
eo

re
m



540 Hernández

The principal results can be summarized in the following statement whose
proof is precisely the aim of this work (see Theorem 3.3 and Theorem 4.4).

Theorem 1.4. Let V , s, δi and ∂i be as in the table 1 above and as in the
examples 1.1, 1.2, and 1.3. Let g = g0⊕g1 be a finite dimensional Lie superalgebra
over F, such that g0 = m ⊕ z where m is a simple Lie algebra and z = 〈z〉 is
a one-dimensional center of g0 . Then g is isomorphic to one of the following
superalgebras.

(i) The semidirect product s ⊕ a(g) of the semisimple Lie superalgebra s '
sl(V |F), C(V ), P (V ) ⊕ 〈∂0〉, and the ideal a(g). Actually, a(g) is an
m ⊕ z-module. The m-action is trivial, and the z-action is defined via the
linear map g : a(g) → a(g), through ρ(z)(a) = g(a), including the cases
s = sl(V |F) and s = C(V ), for which g = 0. Finally, Γ|a(g)×a(g) = 0.

Furthermore, two such superalgebras s⊕ a(g) and s′⊕ a′(g′) are isomorphic
if and only if s ' s′ and if there exist a non-zero scalar α ∈ F \ {0}, and a
linear map S : a(g)→ a′(g′) such that g′ = α−1(S ◦ g ◦ S−1).

(ii) m⊕Πm⊕ 〈δ0, δ1〉 ⊕ a(u; g) where m⊕Πm⊕ 〈δ0〉 is a subalgebra and 〈δ1〉 ⊕
a(u; g) and a(u; g) are m ⊕ 〈δ0〉-modules such that the m-action is trivial,
and the action of δ0 is given by ρ(δ0)(δ1) = −δ1 + u for some u ∈ a(u; g)
and ρ(δ0)(a) = g(a) for some linear map g : a(u; g) → a(u; g). In this case
we have Γ|Πm×a(u;g) = 0 and Γ|〈δ1〉⊕a(u;g)×〈δ1〉⊕a(u;g) = 0.

Furthermore, two such superalgebras m ⊕ Πm ⊕ 〈δ0, δ1〉 ⊕ a(u; g) and
m′ ⊕ Πm′ ⊕ 〈δ0, δ1〉 ⊕ a′(u′; g′) are isomorphic if and only if m ' m′ and
if there exist a non-zero scalar β ∈ F, a vector u1 ∈ a′(u′; g′) and a
linear map S : a(u; g) → a′(u′, g′) such that g′ = S ◦ g ◦ S−1 and
u′ = β−1(S(u) + (g′ + id)u1).

(iii) s ⊕ z ⊕ a(B) where s ' m, P (V ), Q(V ), Q(V ) ⊕ 〈∂1〉, m ⊕ Π(m) ⊕ 〈δ1〉,
and a(B) is a trivial m⊕ z-module. The Lie algebra bracket on g0 is given
via the Lie bracket on s0 as [(x, z), (y, z)] = [x, y]s0 ; the s0 -action on s1 is
given as in s, and the z-action on s1 is trivial. Finally Γ is given in terms
of a symmetric, bilinear, g0 -invariant, non-zero map

B : s1 ⊕ a(g,B)× s1 ⊕ a(g,B)→ z,

as Γ(u+ a, u′ + a′) = Γs(u, u
′) + B(u+ a, u′ + a′).

Two such superalgebras s⊕ z⊕a(B) and s′⊕ z⊕a′(B′) are isomorphic if and
only if there exist an isomorphism of Lie superalgebras Φ = T ⊕ S1 : s→ s′ ,
a non-zero scalar α ∈ F \ {0}, and a linear map S2 : a(B) → a′(B′), such
that B′(S1(u) + S2(a), S1(u′) + S2(a′)) = αB(u+ a, u′ + a′).

(iv) s ⊕ z ⊕ a(g) where s ' m, P (V ), Q(V ), Q(V ) ⊕ 〈∂1〉, m ⊕ Π(m) ⊕ 〈δ1〉,
and a(g) is an m ⊕ z-module for which the m-action is trivial, and the z-
action is defined via a linear map g : a(g) → a(g) through ρ(z)a = g(a).
The Lie algebra bracket on g0 is given as in (i). The s0 -action on s1 is
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given as in s, and the z-action on s1 is trivial. Finally Γ is given by
Γ(u+ a, u′ + a′) = Γs(u, u

′).

Two such superalgebras s⊕ z⊕a(g) and s′⊕ z⊕a′(g′) are isomorphic if and
only if there exist an isomorphism of Lie superalgebras Φ = T ⊕ S1 : s→ s′ ,
a non-zero scalar α ∈ F \ {0}, and a linear map S2 : a(g) → a′(g′), such
that g′ = α(S2 ◦ g ◦ S−1

2 ).

(v) s ⊕ z ⊕ a(f, ρa, C) where s ' P (V ), Q(V ), Q(V ) ⊕ 〈∂1〉, m ⊕ Πm ⊕ 〈δ1〉,
and s1⊕a(f, ρa, C) and a(f, ρa, C) are m⊕z-modules for which the m-action
on s1 is given as in s, and the z-action on s1 is given by a non-zero linear
map f : s1 → a(f, ρa, C) as ρ(z)(w) = f(w). The m-action on a(f, ρa, C) is
given by ρa : m→ gl(a(f, ρa, C)) and the z-action is trivial. The Lie algebra
bracket on g0 is given as in (i), and Γ is given in terms of a bilinear g0 -
invariant, non-zero map C : s1 × a(f, ρa, C) → z by Γ(w + u,w′ + u′) =
Γs(w,w

′) + C(w, u′) + C(w′, u).

Two such superalgebras s ⊕ z ⊕ a(f, ρa, C) and s′ ⊕ z ⊕ a′(f ′, ρ′a, C ′) are
isomorphic if and only if there exist an isomorphism of Lie superalgebras
Φ = T ⊕ S1 : s → s′ , an isomorphism of m-modules S2 : a(f, ρa, C) →
a′(f ′, ρ′a′ , C ′), a non-zero scalar α ∈ F \ {0} and a linear map S21 : s1 →
a′(f ′, ρ′a′ , C ′) such that f ′ = α−1(S2 ◦ f ◦ S1), C ′(·, ·) = αC(S−1

1 (·), S−1
2 (·))

and C ′(S1(w1), S21(w2)) + C ′(S1(w2), S21(w1)) = 0 for any w1, w2 ∈ s1 .

(vi) s ⊕ z ⊕ a(f, g) where s ' P (V ), Q(V ), Q(V ) ⊕ 〈∂1〉, m ⊕ Πm ⊕ 〈δ1〉,
and s1 ⊕ a(f, g) and a(f, g) are m ⊕ z-modules for which the m-action on
s1 is given in s and the z-action on s1 is given by a non-zero linear map
f : s1 → a(f, g) as ρ(z)(w) = f(w). The m-action on a(f, g) is trivial, and
the z-action on a(f, g) is defined by the linear map g : a(f, g) → a(f, g) by
ρ(z)a = g(a). The Lie algebra bracket on g0 is given as in (i), and Γ is
given as in (ii).

Two such superalgebras s⊕ z⊕a(f, g) and s′⊕ z⊕a′(f ′, g′) are isomorphic if
and only if there exist an isomorphism of Lie superalgebras
Φ = T ⊕ S1 : s → s′ , two linear maps S2 : a(f, g) → a′(f ′, g′) and
S21 : s1 → a′(f ′, g′), and a non-zero scalar α ∈ F \ {0}, such that f ′ =
α−1(S2 ◦ f − αg ◦ S21) ◦ S−1

1 and g′ = α−1(S2 ◦ g ◦ S−1
2 ).

We give the proof of this theorem within the following sections. The proof
is naturally divided into two main subcases. Namely, the Lie superalgebras for
which Rad(g)0 = {0} , and those for which Rad(g)0 = z . These cases are worked
out in detail in sections 3 and 4, respectively. But first, in section 2, we deal with
the semisimple Lie superalgebras of the form g = m⊕ z⊕ g1 . The main technique
we use there to classify them up to isomorphism follows [2], and it consists in
determining all the possibilities for the minimal ideal I in g . It turns out, of
course (see Lemma 2.1 below), that I is unique and its possibilities are easy to
handle in a case-by-case proof of the main theorem. For the sake of completeness
and to make our exposition self-contained, we have included an Appendix with the
classification of those Lie superalgebras supported over a simple Lie superalgebra
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g0 . The results there are due to A. Elduque (see [2]), and we use them in our
classification for those superalgebras having Rad(g)0 = z .

2. Semisimple Lie superalgebras g = m⊕ z⊕ g1

In this section, all semisimple Lie superalgebras of the form g = m ⊕ z ⊕ g1

where m is a simple Lie algebra and z is one-dimensional will be described using
the classification of simple Lie superalgebras given in [3] and the description of
semisimple Lie superalgebras in terms of simple ones provided therein.

Lemma 2.1. Let g = m⊕ z⊕g1 be a semisimple Lie superalgebra and let I ⊂ g
be a minimal ideal. Then, I is unique, and I is a simple Lie superalgebra for
which I0 ' m or I0 ' m⊕ z, or I ' m⊕ Πm.

Proof. Let I ⊂ g be a minimal ideal. Then, I ' a⊗Λ(U) where a is a simple
Lie superalgebra and U is a finite-dimensional vector space (see [3], Proposotion
5.1.1). Thus, I0 ' a0⊗Λ(U)0⊕a1⊗Λ(U)1 . Since I0 ⊂ g0 is an ideal, it follows that
I0 ' z , I0 ' m , or I0 ' m⊕ z . Notice that I0 6' z . In fact, if I0 ' z , then a0 ' F
and U ' F , but this is not possible because there is no simple Lie superalgebra
with this property. Assume that I0 ' m and write Λ(U) = F⊕N ⊕Λ(U)1 where
N =

⊕
n∈N Λ2n(U). Then, a0 ⊗ N ⊕ a1 ⊗ Λ(U)1 = {0} because it is a nilpotent

ideal of m . Thus, a0 ' m and U = {0} , or a ' m and U ' F . Hence, I is
a simple Lie superalgebra for which I0 ' m or I ' m ⊗ ∧(F) ' m ⊕ Πm . Now
assume that I0 ' m ⊕ z . Then, U = {0} and a0 ' m ⊕ z . In fact, if U 6= {0} ,
then a0 ⊗ N ⊕ a1 ⊗ Λ(U)1 ' z . Thus, a1 ' z ' F . Again, this is not possible.
Finally, if I and J are minimal ideals, then m ⊂ I ∩ J . Hence, I = J .

Let g = m ⊕ z ⊕ g1 be a semisimple Lie superalgebra and let I ⊂ g be its
minimal ideal, then g ↪→ Der(I), via the monomorphism x 7→ ad(x) = [[x, ·]]|I . In
fact, from the proof of Lemma 2.1 it follows that I0 = m or I0 = m ⊕ z . Hence,
since ker(ad)0 ⊂ Z(I0) ⊂ z it follows that ker(ad)0 is a solvable ideal of g0 , and
as a consequence ker(ad) is a solvable ideal of g . Thus, since g is semisimple, it
follows that ker(ad) = 0.

Note that in the previous argument, we use the following result.

Proposition 2.2 ([6], Proposition 2, p. 236). A Lie superalgebra g = g0 ⊕ g1

is solvable if and only if g0 is.

It is well-known that, in general, a semisimple Lie superalgebra cannot
be written as a sum of simple Lie superalgebras. However, the following result
describes semisimple Lie superalgebras in terms of simple ones as follows.

Theorem 2.3 (see [3], Theorem 6). Let m1, . . . ,mr be finite-dimensional simple
Lie superalgebras. Let U1, . . . , Ur be finite dimensional vector spaces and let m =⊕r

i=1 mi ⊗ Λ(Ui). Finally, let Int(m) and Int(mi) be the set of inner derivations
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of m, and mi , respectively. Then,

m = Int(m) =
r⊕
i=1

Int(mi)⊗ Λ(Ui)

⊂ Der(m) =
r⊕
i=1

(Der(mi)⊗ ∧(Ui)⊕ id⊗Der(Λ(Ui))).

Let g ⊂ Der(m) be a subalgebra containing m, and let gi be the set of components
of elements of g in id⊗Der(Λ(Ui)). Then, g is semisimple if and anly if Λ(Ui)
is gi -simple, for all i = 1, . . . , r . Moreover, any finite-dimensional semisimple Lie
superalgebra arises in this manner.

The statement of this theorem uses the following:

Definition 2.4. Let A be a superalgebra and suppose L ⊂ Der(A). Then, A
is L-simple if A contains no non-trivial ideals that are invariant under L .

Proposition 2.5. Let g = m⊕z⊕g1 be a semisimple Lie superalgebra. Then, g
is isomorphic to one of the following superalgebras: C(V ), sl(V ′|F), P (V ′)⊕〈∂0〉,
or m ⊕ Πm ⊕ 〈δ0, δ1〉 where V and V ′ are finite-dimensional vector spaces such
that dim(V ) ≥ 2 and dim(V ′) ≥ 3 .

Proof. Let g = m ⊕ z ⊕ g1 be a semisimple Lie superalgebra and let I be its
minimal ideal. According to Lemma 2.1 there are three diferent structures for I .
Applying Theorem 2.3 to each one of them all the semisimple Lie superalgebras
are obtained.

(i) Case I0 ' m . If I is a simple Lie superalgebra for which I0 ' m and
I ⊂ g ⊂ Der(I), then Der(I)0 6= m . Therefore, I ' P (V ) where V is a
finite-dimensional vector space such that dim(V ) ≥ 3, (see [3], Proposition
5.1.2). Thus, P (V ) ⊂ g ⊂ P (V )⊕ 〈∂0〉 . Hence, g ' P (V )⊕ 〈∂0〉 .

(ii) Case I ' m ⊕ Πm . Let e be the generator of Λ(F), and let d0, d1 ∈
End(Λ(F)) be defined by

d0(1) = 0, d0(e) = e.
d1(1) = 0, d1(e) = 1.

Then, Der(Λ(F)) = 〈d0, d1〉 ; d0 is an even derivation and d1 is an odd
derivation. In this case we have:

m⊗ Λ(F) ⊂ g ⊂ m⊗ Λ(F)⊕ 〈id⊗d0, id⊗d1〉.

Notice that Λ(F) is not 〈id⊗d0〉-simple because id⊗d0(〈e〉) = 〈e〉 . Never-
theless, Λ(F) is 〈id⊗d0, id⊗d1〉-simple. Then, g ' m⊗Λ(F)⊕〈id⊗d0, id⊗d1〉 .
Hence, g ' m ⊕ Πm ⊕ 〈δ0, δ1〉 , under the identifications δ0 ↔ id⊗d0 and
δ1 ↔ id⊗d1 .
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(iii) Case I0 ' m⊕ z. Let I be a simple Lie superalgebra for which I0 ' m⊕ z .
Then I ' sl(V |F) or I ' C(V ), where V is a finite-dimensional vector space
such that dim(V ) ≥ 2, and in this case Der(I) ' Int(I) (see [3], Proposition
5.1.2). Thus, if I ⊂ g ⊂ Der(I), then g ' sl(V |F) or g ' C(V ). Finally,
when dim(V ) = 2, sl(V |F) ' C(V ).

3. Lie superalgebras g = m⊕ z⊕ g1 for which Rad(g)0 = {0}

Let g = m⊕z⊕g1 be a Lie superalgebra for which Rad(g)0 = {0} . Then, Rad(g) ⊂
g1 is an m ⊕ z-module and g̃ ' g/Rad(g) is a semisimple Lie superalgebra with
g̃0 ' m⊕z . Hence, g̃ is isomorphic to one of the superalgebras given in Proposition
2.5. Let W be an m-module such that g1 = W ⊕Rad(g). Then, g̃ ' m⊕z⊕W as
vector spaces because W is not necessarily invariant under the action of z . Thus,
the structure of g , (m ⊕ z, ρ,Γ), can now be written in terms of the structure of

g̃ , (m⊕ z, ρ̃, Γ̃), and the structure on Rad(g), as follows:
The Lie algebra bracket on g0 is given by:

[·, ·] = [·, ·]m⊕z.

The m-action on g1 is given by:

ρ(A) = ρ̃(A)⊕ ρR(A), A ∈ m

where ρR(A) = ρ(A)|Rad(g) . The z-action on g1 is given by:

ρ(z) = ρ̃(z) + f + ρR(z)

where ρR(z) = ρ(z)|Rad(g) , and f : W → Rad(g) is a linear map. Notice
that W is invariant under the action of z if and only if f = 0. Finally, since
Γ(g1,Rad(g)) = 0, then Γ is given by:

Γ(w1 + u1, w2 + u2) = Γ̃(w1, w2), w1, w2 ∈ W, u1, u2 ∈ Rad(g).

Lemma 3.1. Let g = m⊕z⊕g1 be a Lie superalgebra for which Rad(g)0 = {0}.
Then, Rad(g) is a trivial m-module.

Proof. Consider the decomposition g = m⊕z⊕W⊕Rad(g) given above. Notice
that Γ(W,W ) is an ideal of m⊕z and Γ(W,W ) 6= 0. In fact, if Γ(W,W ) = 0, then

Γ̃(W,W )⊕W is a solvable ideal of g̃ . Hence, Γ(W,W ) = m or Γ(W,W ) = m⊕ z .
On the other hand, it follows from the identity (J2) that,

ρ(m)(Rad(g)) ⊂ ρ(Γ(W,W ))(Rad(g)) ⊂ ρ(Γ(Rad(g),W ))(W ) = 0.

Therefore, Rad(g) is a trivial m-module. Moreover, if Γ(W,W ) = m ⊕ z , then
Rad(g) is a trivial m⊕ z-module, and this is just the case when g̃ is a simple Lie
superalgebra.
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Lemma 3.2. Let g = m⊕ z⊕g1 be a Lie superalgebra for which Rad(g)0 = {0}
and let f : W → Rad(g) be defined as above. Then,

(i) If g̃ ' C(V ), sl(V |F) or P (V )⊕ 〈∂0〉, then f = 0.

(ii) If g̃ ' m ⊕ Πm ⊕ 〈δ0, δ1〉, then f |Πm = 0 and f |〈δ1〉 is an arbitrary linear
map.

Proof. Notice that ρ(z) ◦ ρ(m) = ρ(m) ◦ ρ(z), and since Rad(g) is a trivial
m-module it follows that ρ(z)(ρ(m)(W )) ⊂ ρ(m)(W ). Hence, ρ(m)(W ) ⊂ W is
an m ⊕ z-module, and as a consequence f |ρ(m)(W ) = 0. On the other hand, since
ρ(m)(W ) = ρ̃(m)(W ) = W for g̃ ' C(V ), sl(V |F) and P (V ) ⊕ 〈∂0〉 (see table
1), it follows that f = 0 in these cases.

Finally, assume that g̃ ' m⊕Πm⊕〈δ0, δ1〉 . Then, ρ̃(m)(W ) = Πm . Hence
f |Πm = 0, and there are no restrictions for f |〈δ1〉 . This means that the action of
δ0 in δ1 is given by ρ(δ0)(δ1) = −δ1 + u , for some u ∈ Rad(g).

Theorem 3.3. Let g = m⊕ z⊕ g1 be a Lie superalgebra for which Rad(g)0 =
{0}. Then, g is isomorphic to one of the following superalgebras:

(i) The semidirect product s ⊕ a(g) of the semisimple Lie superalgebra s '
sl(V |F), C(V ), P (V ) ⊕ 〈∂0〉, and the ideal a(g). Actually, a(g) is an
m ⊕ z-module. The m-action is trivial, and the z-action is defined via the
linear map g : a(g) → a(g), through ρ(z)(a) = g(a), including the cases
s = sl(V |F) and s = C(V ), for which g = 0. Finally, Γ|a(g)×a(g) = 0.

Furthermore, two such superalgebras s⊕ a(g) and s′⊕ a′(g′) are isomorphic
if and only if s ' s′ and if there exist a non-zero scalar α ∈ F \ {0}, and a
linear map S : a(g)→ a′(g′) such that g′ = α−1(S ◦ g ◦ S−1).

(ii) m⊕Πm⊕ 〈δ0, δ1〉 ⊕ a(u; g) where m⊕Πm⊕ 〈δ0〉 is a subalgebra and 〈δ1〉 ⊕
a(u; g) and a(u; g) are m ⊕ 〈δ0〉-modules such that the m-action is trivial,
and the action of δ0 is given by ρ(δ0)(δ1) = −δ1 + u for some u ∈ a(u; g)
and ρ(δ0)(a) = g(a) for some linear map g : a(u; g) → a(u; g). In this case
we have Γ|Πm×a(u;g) = 0 and Γ|〈δ1〉⊕a(u;g)×〈δ1〉⊕a(u;g) = 0.

Furthermore, two such superalgebras m ⊕ Πm ⊕ 〈δ0, δ1〉 ⊕ a(u; g) and m′ ⊕
Πm′ ⊕ 〈δ0, δ1〉 ⊕ a′(u′; g′) are isomorphic if and only if m ' m′ and if there
exist a non-zero scalar β ∈ F, a vector u1 ∈ a′(u′; g′) and a linear map S :
a(u; g)→ a′(u′, g′) such that g′ = S◦g◦S−1 and u′ = β−1(S(u)+(g′+id)u1).

Proof. (i) Let Φ = T⊕S̃ : g→ g′ be an isomorphim of Lie superalgebras where

T : m⊕z→ m′⊕z is an isomorphism of Lie algebras and S̃ : s1⊕a(g)→ s′1⊕a′(g′) is
an isomorphism of m⊕z-modules. Since a(g) is a trivial m-module it follows that,

S̃(a(g)) = a′(g′) and S̃(s1) = s′1 . Hence, T ⊕ S̃|s1 : s→ s′ is an isomorphism of Lie

superalgebras and S = S̃|a(g) : a(g)→ a′(g′) satisfies S(ρ(z)(r)) = ρ′(T (z))(S(r)),

r ∈ a(g). Hence, since T = T̃⊕α with T̃ : m→ m′ an isomorphism of Lie algebras
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and α ∈ F \ {0} , it follows that g′ = α−1(S ◦ g ◦ S−1). The converse statement
follows by construction.

(ii) Let Φ = T ⊕ S̃ : g→ g′ be an isomorphim of Lie superalgebras, where
T : m⊕ 〈δ0〉 → m′ ⊕ 〈δ0〉 is an isomorphism of Lie algebras and

S̃ : Πm⊕ 〈δ1〉 ⊕ a(u; g)→ Πm′ ⊕ 〈δ1〉 ⊕ a′(u′; g′)

is an isomorphism of m⊕ z-modules. Similar to (i),

T ⊕ S̃|Πm : m⊕ 〈δ0〉 ⊕ Πm→ m′ ⊕ 〈δ0〉 ⊕ Πm′

is an isomorphism of Lie superalgebras and S̃(〈δ1〉 ⊕ a(u; g)) = 〈δ1〉 ⊕ a′(u′; g′).

Moreover, analogous to (i), it follows that S̃(a(u; g)) = a′(u′; g′) and S = S̃|a(u,g)

satisfies g′ = α(S ◦ g ◦ S−1). For this case a straightforward computation shows

that α = 1. Finally, S̃(δ1) = βδ1 + u1 for some β ∈ F \ {0} and u1 ∈ a′(u′, g′).

Moreover, S̃(ρ(δ0)(δ1)) = ρ′(T (δ0))(S̃(δ1)). Hence, u′ = β(S(u) + (g′ + id)u1).

4. Lie superalgebras g = m⊕ z⊕ g1 for which Rad(g)0 = z

Let g = m ⊕ z ⊕ g1 be a Lie superalgebra for which Rad(g)0 = z . Then,
Rad(g) = z ⊕ U , where U ⊂ g1 is an m ⊕ z-module, and g̃ ' g/Rad(g) is a
semisimple Lie superalgebra with g̃0 ' m (see the Appendix). Let W be an m-
module such that g1 ' W ⊕ U . Then, g̃ ' m⊕W as vector spaces. Notice that
ρ(z)(g1) ⊂ Rad(g)1 = U , then we set f = ρ(z)|W : W → U . Hence, W is an
m⊕ z-module if and only if f = 0. Thus, the structure of g , (m⊕ z, ρ,Γ), can be

written in terms of the structure of g̃ , (m, ρ̃, Γ̃), and the structure on Rad(g) as
follows:
The Lie algebra bracket on g0 is given by,

[·, ·] = [·, ·]m⊕z.

The m-action on g1 is given by:

ρ(A) = ρ̃(A)⊕ ρR(A), A ∈ m,

where ρR(A) = ρ(A)|U . The z-action on g1 is given by:

ρ(z)(w + u) = f(w) + ρR(z)(u), w ∈ W, u ∈ U,

where ρR(z) = ρ(z)|U . Finally, Γ is given by:

Γ(w1 + u1, w2 + u2) = Γ̃(w1, w2) + B(w1 + u1, w2 + u2), wi, w2 ∈ W, u1, u2 ∈ U,

where B : W ⊕ U ×W ⊕ U → z is a bilinear, symmetric map.

Remark 4.1. From (J1) it follows that B is ρ-invariant, i.e.

B(ρ(A)u, v) + B(u, ρ(A)v) = 0, A ∈ m⊕ z, u, v ∈ g1.
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Proposition 4.2. Let g = g0⊕g1 be a Lie superalgebra for which Rad(g)0 = z.
Using the notation above, we have:

(i) If B|U×U 6= 0, then the z-action on g1 is trivial, in particular ρ is completely
reducible.

(ii) If B|U×U = 0, and B|W×U 6= 0, then Rad(g) is an abelian ideal. Moreover,
if f 6= 0, then B|W×W = 0.

(iii) If B|U×U = 0, B|W×U = 0, and B|W×W 6= 0, then ρ is completely reducible.
Moreover, U is a trivial m⊕ z-module.

(iv) If B = 0, then U is a trivial m-module.

Proof. Since z is one-dimensional, we shall assume throughout the proof that
B is F-valued.

(i) Note first that for any u ∈ U , and any v1, v2 ∈ g1 ,

B(u, v1)ρ(z)(v2) + [Γ(v1, v2), u] + B(u, v2)ρ(z)(v1) = 0, (5)

which follows from the identity (J2). Then, taking u0 ∈ U such that
B(u0, u0) 6= 0, and v1 = v2 = u = u0 , it follows that ρR(z)(u0) = 0.
Hence, using the identity (5) one more time, and taking v2 = u = u0 , it
follows that ρ(z)(v1) = 0, v1 ∈ g1 . Thereby, ρ is completely reducible.

(ii) For the first statement, it is enough to prove that the z-action on U is trivial.
Let w0 ∈ W and u0 ∈ U be such that B(w0, u0) = 1. Setting v1 = w0 and
v2 = u0 in the identity (5), and since B|U×U = 0, it follows that

B(u,w0)ρR(z)(u0) + B(w0, u0)ρR(z)(u) = 0, u ∈ U.

For the particular case u = u0 , it follows that ρR(z)(u0) = 0. Hence,
ρR(z)(u) = 0, for any u ∈ U . Thus, Rad(g) is an abelian ideal.

On the other hand, for any w1, w2, w3 ∈ W , we have,

B(w1, w2)f(w3) + B(w2, w3)f(w1) + B(w1, w3)f(w2) = 0, (6)

which follows from the identity (J2). Now, let w0 ∈ W be such that
f(w0) 6= 0. Putting w1 = w2 = w3 = w0 in (6), it follows that B(w0, w0) = 0.
Now setting w1 = w2 = w0 in the identity (6), it follows that B(w0, w3) = 0,
for any w3 ∈ W . Finally, putting w1 = w0 in the identity (6), it follows that
B|W×W = 0.

(iii) First it will be proved that W is a completely reducible m⊕ z-module. It is
enough to prove that the z-action on W , given by f , is trivial. Let w0 ∈ W
be such that B(w0, w0) = 1. Taking w1 = w2 = w3 = w0 in the identity (6),
it follows that f(w0) = 0. Using in the identity (6) one more time, putting
w1 = w = w0 , it follows that f = 0. Hence, W is a completely reducible
m⊕ z-module.
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Now it will be proved that U is a completely reducible m ⊕ z-module. It
follows from (J2), under the current hypotheses, that

ρR(m)(U) ⊂ ρR(Γ(W,W ))(U) ⊂ f(Γ(W,U))(W ) = 0.

Hence, U is a trivial m-module, On the other hand, from (5), it follows that

ρR(Γ̃(w0, w0))(u) = −B(w0, w0)ρR(z)(u), u ∈ U.

Then, since B(w0, w0) = 1 and Γ̃(w0, w0) ∈ m , it follows that ρR(z) = 0.
Thus, U is a trivial m⊕ z-module. In particular, U is completely reducible.

(iv) The same argument used in (iii) shows that U is a trivial m-module.

Corollary 4.3. Let g = g0 ⊕ g1 be a Lie superalgebra for which Rad(g)0 = z.

(i) If ρ is completely reducible, then the m-action on U is trivial.

(ii) The solvability degree of Rad(g) is at most two.

Proof. Let B be the bilinear symmetric map associated to g .

(i) From Proposition 4.2.(iv), it is enough to assume that B 6= 0. Then, by
Proposition 4.2.(i), (ii), and (iii), it follows that the z-action on U is trivial,
and since ρ is completely reducible, i.e. f = 0, we obtain that the z-action
on g1 is trivial. Hence, from the identity (5) it follows that,

ρR(Γ̃(w1, w2))(u) = 0, u ∈ U, w1, w2 ∈ W.

Let A ∈ m . Since g̃ is semisimple, it follows that A can be written as a finite
linear combination of products of the form Γ̃(wi, wj) for some wi, wj ∈ W .
Hence, ρR(A) = 0. Thereby, the m-action on U is trivial.

(ii) The first derived ideal of Rad(g) satisfies:

(Rad(g)(1))0 = Span{B(u, v)|u, v ∈ U} and (Rad(g)(1))1 = Im(ρR(z)).

Notice that if B|U×U 6= 0, then by Proposition 4.2.(i), it follows that
Im(ρR(z)) = 0. Hence, clearly Rad(g)(2) = 0. Finally, if B|U×U = 0,
then (Rad(g)(1))0 = 0 and as a consequence Rad(g)(2) = 0.

Using Proposition 4.2, Corollary 4.3, and the description of semisimple Lie
superalgebras of the type g = m⊕ g1 , given in the Appendix, the following main
result is obtained.

Theorem 4.4. Let g = m⊕ z⊕g1 be a Lie superalgebra for which Rad(g)0 = z.
Then, g is isomorphic to one of the following superalgebras.
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(i) s ⊕ z ⊕ a(B) where s ' m, P (V ), Q(V ), Q(V ) ⊕ 〈∂1〉, m ⊕ Π(m) ⊕ 〈δ1〉,
and a(B) is a trivial m⊕ z-module. The Lie algebra bracket on g0 is given
via the Lie bracket on s0 as [(x, z), (y, z)] = [x, y]s0 ; the s0 -action on s1 is
given as in s, and the z-action on s1 is trivial. Finally Γ is given in terms
of a symmetric, bilinear, g0 -invariant, non-zero map

B : s1 ⊕ a(g,B)× s1 ⊕ a(g,B)→ z,

as Γ(u+ a, u′ + a′) = Γs(u, u
′) + B(u+ a, u′ + a′).

Two such superalgebras s⊕ z⊕a(B) and s′⊕ z⊕a′(B′) are isomorphic if and
only if there exist an isomorphism of Lie superalgebras Φ = T ⊕ S1 : s→ s′ ,
a non-zero scalar α ∈ F \ {0}, and a linear map S2 : a(B) → a′(B′), such
that B′(S1(u) + S2(a), S1(u′) + S2(a′)) = αB(u+ a, u′ + a′).

(ii) s ⊕ z ⊕ a(g) where s ' m, P (V ), Q(V ), Q(V ) ⊕ 〈∂1〉, m ⊕ Π(m) ⊕ 〈δ1〉,
and a(g) is an m ⊕ z-module for which the m-action is trivial, and the z-
action is defined via a linear map g : a(g) → a(g) through ρ(z)a = g(a).
The Lie algebra bracket on g0 is given as in (i). The s0 -action on s1 is
given as in s, and the z-action on s1 is trivial. Finally Γ is given by
Γ(u+ a, u′ + a′) = Γs(u, u

′).

Two such superalgebras s⊕ z⊕a(g) and s′⊕ z⊕a′(g′) are isomorphic if and
only if there exist an isomorphism of Lie superalgebras Φ = T ⊕ S1 : s→ s′ ,
a non-zero scalar α ∈ F \ {0}, and a linear map S2 : a(g) → a′(g′), such
that g′ = α(S2 ◦ g ◦ S−1

2 ).

(iii) s⊕ z⊕a(f, ρa, C) where s ' P (V ), Q(V ), Q(V )⊕〈∂1〉, m⊕Πm⊕〈δ1〉, and
s1 ⊕ a(f, ρa, C), and a(f, ρa, C) are m ⊕ z-modules for which the m-action
on s1 is given as in s, and the z-action on s1 is given by a non-zero linear
map f : s1 → a(f, ρa, C) as ρ(z)(w) = f(w). The m-action on a(f, ρa, C) is
given by ρa : m→ gl(a(f, ρa, C)) and the z-action is trivial. The Lie algebra
bracket on g0 is given as in (i), and Γ is given in terms of a bilinear g0 -
invariant, non-zero map C : s1 × a(f, ρa, C) → z by Γ(w + u,w′ + u′) =
Γs(w,w

′) + C(w, u′) + C(w′, u).

Two such superalgebras s ⊕ z ⊕ a(f, ρa, C) and s′ ⊕ z ⊕ a′(f ′, ρ′a, C ′) are
isomorphic if and only if there exist an isomorphism of Lie superalgebras
Φ = T ⊕ S1 : s → s′ , an isomorphism of m-modules S2 : a(f, ρa, C) →
a′(f ′, ρ′a′ , C ′), a non-zero scalar α ∈ F \ {0}, and a linear map S21 : s1 →
a′(f ′, ρ′a′ , C ′) such that f ′ = α−1(S2 ◦ f ◦ S1), C ′(·, ·) = αC(S−1

1 (·), S−1
2 (·)),

and C ′(S1(w1), S21(w2)) + C ′(S1(w2), S21(w1)) = 0, for any w1, w2 ∈ s1 .

(iv) s ⊕ z ⊕ a(f, g) where s ' P (V ), Q(V ), Q(V ) ⊕ 〈∂1〉, m ⊕ Πm ⊕ 〈δ1〉, and
s1 ⊕ a(f, g) and a(f, g) are m ⊕ z-modules for which the m-action on s1

is given in s, and the z-action on s1 is given by a non-zero linear map
f : s1 → a(f, g) as ρ(z)(w) = f(w). The m-action on a(f, g) is trivial and
the z-action on a(f, g) is defined by the linear map g : a(f, g) → a(f, g) by
ρ(z)a = g(a). The Lie algebra bracket on g0 is given as in (i), and Γ is
given as in (ii).



550 Hernández

Two such superalgebras s⊕ z⊕a(f, g) and s′⊕ z⊕a′(f ′, g′) are isomorphic if
and only if there exist an isomorphism of Lie superalgebras
Φ = T ⊕ S1 : s → s′ , two linear maps S2 : a(f, g) → a′(f ′, g′) and
S21 : s1 → a′(f ′, g′), and a non-zero scalar α ∈ F \ {0}, such that f ′ =
α−1(S2 ◦ f − αg ◦ S21) ◦ S−1

1 and g′ = α−1(S2 ◦ g ◦ S−1
2 ).

The statements regarding the isomorphisms between the Lie superalgebras
referred to in (i)-(iv) are proved in exactly the same way as in Theorem 3.3.

APENDIX
Lie superalgebras g = g0 ⊕ g1 for which g0 is a simple Lie algebra

In this section finite dimensional Lie superalgebras g = g0 ⊕ g1 for which g0 is a
simple Lie algebra are described. We also provide a list of those semisimple Lie
superalgebras with g0 simple (see [2]).

Theorem 4.5. Let g = g0 ⊕ g1 be a Lie superalgebra for which g0 is a simple
Lie algebra and g1 is a finite dimensional g0 -module. Then, g has one of the
following structures:

(i) g = g0 ⊕ g1 is a semidirect product of the simple Lie algebra g0 and the
g0 -module g1 ; in this case Γ = 0.

(ii) g ' s ⊕ h is a direct sum of two ideals, with s 6= g0 a semisimple Lie
superalgebra for which s0 ' g0 and h is a trivial g0 -module for which
Γ|h×h = 0.

Proof. Since g0 is a simple Lie algebra, it follows that Rad(g)0 = 0. Then,
Rad(g) ⊂ g1 is a g0 -module. Let W be a g0 -module such that g1 = W ⊕Rad(g).
Then g/Rad(g) ' g0 ⊕W is a semisimple Lie superalgebra.
Claim. If W 6= 0, then g0 ⊕W is an ideal of g and Rad(g) = Z(g), the center
of g . In fact, notice that Γ(W,W ) is an ideal of g0 and Γ(W,W )⊕W is an ideal
of g0 ⊕W . Then, since g0 is simple and g0 ⊕W is semisimple, it follows that
Γ(W,W ) = g0 . Hence, using (J2) it follows that:

ρ(g0)(Rad(g)) = ρ(Γ(W,W ))(Rad(g)) ⊂ ρ(Γ(W,Rad(g)))(W ) = 0.

This shows that g0⊕W is an ideal of g and Rad(g) ⊂ Z(g). Therefore, Rad(g) =
Z(g).
On the other hand, assume that W = 0. Then g/Rad(g) ' g0 . In this case there
are no restrictions for the g0 -module Rad(g), and since it is an odd ideal of g , it
follows that Γ = 0. Hence g = g0 ⊕ Rad(g) is a semidirect product.

The same technique used in section 2 is applied here for finding all semisim-
ple Lie superalgebras g = g0⊕g1 for which g0 is a simple Lie algebra. In this con-
text the following result holds, whose proof is analogous to the proof of Lemma 2.1.
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Lemma 4.6. Let g = g0 ⊕ g1 be a semisimple Lie superalgebra for which g0 is
a simple Lie algebra and let I ⊂ g be a minimal ideal. Then, I is unique and I
is a simple Lie superalgebra for which I0 ' g0 or I ' g0 ⊕ Πg0 .

Proposition 4.7. Let g = g0 ⊕ g1 be a semisimple Lie superalgebra for which
g0 is a simple Lie algebra. Then, g is a simple Lie algebra or g is isomorphic to
one of the superalgebras P (V ), Q(V ), Q(V )⊕ 〈∂1〉 or g0 ⊕Πg0 ⊕ 〈δ1〉 (see table
1) where V is a vector space of dimension greater than two.

Proof. Let I be the minimal ideal of g . Then, if I is a simple Lie superalgebra,
then I is isomorphic to the simple Lie algebra g0 or, using the results given in [3],
I is isomorphic to one of the superalgebras P (V ) or Q(V ) where dim(V ) ≥ 3.
On the other hand, since I ⊂ g ⊂ Der(I), Theorem 2.3 can be applied to every
possible minimal ideal. Hence, we end up with the following cases:

(i) Case I ' g0 . If I ' g0 , then g0 ⊂ g ⊂ Der(g0). Hence, g ' g0 is a simple
Lie algebra.

(ii) Case I ' P (V ). For this case we have that Der(P (V )) = P (V ) ⊕ 〈∂0〉 .
Then P (V ) ⊂ g ⊂ P (V )⊕ 〈∂0〉 . Hence, g ' P (V ).

(iii) Case I ' Q(V ). In this case Der(Q(V )) = Q(V ) ⊕ 〈∂1〉 . Then, Q(V ) ⊂
g ⊂ Q(V )⊕ 〈∂1〉 . Hence, g ' Q(V ) or g ' Q(V )⊕ 〈∂1〉 .

(iv) Case I ' g0 ⊕ Πg0 . Using the notation of the proof of Proposition 2.5, we
have Der(g0⊗Λ(F)) ' g0⊗Λ(F)⊕〈id⊗d0, id⊗d1〉 . Then, g0⊗Λ(F) ⊂ g ⊂
g0⊗Λ(F)⊕〈id⊗d0, id⊗d1〉 . Notice that Λ(F) contains no non-trivial ideals
invariant by 〈id⊗d1〉 . Hence, g'g0⊗Λ(F)⊕〈id⊗d1〉'go⊕Πg0⊕〈δ1〉 .
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