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Abstract.  Motivated by the description of the C*-algebras of 5-dimensional
nilpotent Lie groups as algebras of operator fields defined over their spectra,
we introduce the family of C*-algebras with norm controlled dual limits and
we show by explicit computations that the C*-algebras of every 5-dimensional
nilpotent Lie group belong to this class.
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1. Introduction.

In recent papers, the C*-algebra of the Heisenberg groups, of threadlike groups
and “ax + b”-like groups have been described as algebras of operator fields (see
[LT11] and [LLI0]). For this description a precise understanding of the topology
of the spectrum of these groups was essential (see for instance [ALS07] for the
case of threadlike groups). In this paper we study the group C*-algebra of all
connected nilpotent Lie groups of dimension < 5 as an algebra of operator fields.
This family of Lie groups has been classified by several authors; a list can be
found for instance in [Nie83]. It contains the Heisenberg groups of dimensions 3
and 5 and also the threadlike groups F), and F5. There are 6 simply connected
nilpotent undecomposable Lie groups of dimension 5. Thanks to Kirillov’s orbit
picture of the spectrum of a connected simply connected nilpotent Lie group, we
have a description of the spectrum of these groups in terms of the structure of
the space of its co-adjoint orbits. But the orbit theory is only an algorithm, it
does not give us any detail about the result of computations. The topology of the
orbit space or the behaviour of the operators 7(F), F € C*(G) as m varies in the
spectrum is different for each of these groups and must be studied case by case.
The paper begins with section 2, where some definitions, methods and
results are presented which are needed in the sequel. In section 3, a family of
C*-algebras, which we call C*-algebras with norm controlled dual limits (see
Definition is introduced. This is a family of separable C'C'R-algebras A,
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for which there exists a finite increasing family Sy C 51 C ... C Sy = A of
closed subsets of the spectrum A of A, such that for i = 1,--- ,d the subsets
g =Sy and T'; := S;\ S;_1 have separated relative topologies and which have the
property that for every converging sequence ¥ = ((yx, Hx))r C S; with limit set
L(7) C S;_1 there exists a sequence (054); : CB(S;—1) — B(Hy) (here CB(S;_1)
denotes the C*-algebra of continuous bounded operator fields defined over S;_1)
of linear mappings, which is uniformly bounded in &, such that for every a € A
we have ;}g&”%(a) —o(a)llop = 0, where Gx(a) = 65x(as,_, ). These C*-algebras
are then completely determined by the topology of their spectra (in particular by
the limit sets L(7) of properly converging sequences in ﬁ) and these mappings
(G5 )k (see Corollary [3.6)).

We then study the 6 groups of dimension < 5 case by case and we show
that all of them have C*-algebras with norm controlled dual limits. For the
Heisenberg and the threadlike groups this has already be shown in the paper
[LT11]. There remains then only the 4 groups Gs 2, G5 3, G54 and G5, which are
treated separately in the sections 6,7,8 and 9. Since the structure of the dual space
of these groups is different for each of them, we must determine the topology of
G group by group and construct by hand for every limit set O of a properly
converging sequence in g*/G, these essential mappings 0ok
To understand these mappings 05 ., one has to recall a theorem of Fell (see [F%el60]),
where he shows that in the case of a properly converging net O = (m;) C A of a
C*-algebra A, with limit set L, one has that

lim [ (a)]lop = sup [[w(a)|lop, @ € A.
k—00 rel

To implement that theorem we need the mappings o5 ;. To explain roughly these
mappings we shall take our properly converging sequence O = (Oy) C S;,with
limit set L C S;_1, realize the representations m; of the co-adjoint orbits O, as
T = indgkxgk, for some ¢, € Oy, choose for our limit sets L, for every £ € N, a
partition L = J; I j’“ of L with small measurable sets I jk and we consider a cor-
responding partition (9;C COr=U ; Of where the distance from the O}“ to the
corresponding set [ Jk is going to 0 as k goes to co. We can find for every k,j
and element pg in IF, an element gf € UF := {g € G;Ad*(g){), € OF}, such that
Ad*(g})lr = P}, and such that P} := Ad(g})P; is subordinated to p¥.

Let oy = ind%c X - These data can be chosen in such a way, that the differ-
ence of operators M, ; o (mx(F) — ok ;(F)) o My,; goes to 0 uniformly in j as k
tends to co. Here M} ; denotes the multiplication operator with the character-
istic function of the set Uy ;. It suffices now to disintegrate the representations
Ok = fsf Thj.sfir,j(s) over a measure set (SF, ju ;) into an integral of irreducible

representations 7 ;s contained in S;_;, to obtain these mappings o4 :

05 x(p) = ZMk,j o (/Sk

J

so(m,j,s)duk,j(s)> o My, € CB(Si_1).

The mappings g, determine the “control” of the behaviour of the sequences
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of operators m(a),a € C*(G). In some forthcoming papers, they will also be
constructed for all nilpotent Lie groups of dimension 6.

Let A be a separable CCR C*-algebra, let 7 = ((my, Hy))r be a properly
converging sequence in A with limit set L. Let 7 : A — B>, Hk) be the
corresponding C*-homomorphism, i.e. 7(a) = (m(a),m(a), m(a), --),a € A.
Let A= be the image of T and K= be its kernel. Let N be the closed two-
sided ideal of A consisting of all @ € A for which limy ||mgx(a)|lop = 0. Let
Kr = (e ker(p) be the kernel of the closed subset L C A. By the theorem
of Fell, K; = N= since for every a € A

lim || (a)llop = sup [|p(a) lop-
peL

This observation allows us to define the homomorphism 7 : A/K; — 7(A)/7(I=).
By [CET6], Corollary 3.11, there exists a bounded linear mapping ¢ : A/ K —
7(A), such that for every a € A: ¢Y(a+ Kp) +7(l7) = 7(a+ KL).

The operator valued Fourier transform:

Fla)(r) =a(x) :=7(a),a € A, 7 € A,

maps A/Kj, isometrically onto the algebra of operator fields F(A).={a.,acA}.
We obtain in this way a bounded linear mapping & : F(A), — 7(A),

5'(6@) = w(a—i-KL),a € A,

which satisfies the relation 7(a) — 7(a)L) € T(I7), ie. if we write 5(a.) as a
sequence, i. e.

d(ar) = (ox(ayL) € K(Hr))x
then
i 154 312) — 71(@)llop = .

Hence this “norm control” ¢ always exists in an abstract way. The problem is
how to find a precise expression for the mappings 7, whenever the algebra A and
the representations 7, are concretely given.

2. Preliminaries.

2.1. Orbit picture.
In this section we indicate some definitions, methods and results, which will be
essentially needed in the sequel.

Kirillov theory.

The orbit method developed by Kirillov for a connected simply connected nilpotent
Lie group G tells us that for every irreducible unitary representation © of G
there exists an ¢ € g* and a polarization p C g at ¢ (i.e. a subalgebra p of
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g of dimension d = dim(g)+;1 M) with the property (¢, [p,p]) = {0}) such

that 7 is equivalent to the induced representation 7, = ind%y, of the unitary
character x, = e 2™lslr from P = exp(p) to G. Furthermore for two linear
functionals ¢, ¢ on g and the Pukanszky polarizations p at ¢ ( resp p’ at ¢'), the
representations 7y, and my, are equivalent if and only if ¢ and ¢’ are contained
in the same G-orbit (see [CG90]). Let [r] denote the unitary equivalence class of
a unitary representation 7w of G'. The Kirillov map

K :g*/G = G;0 = Ad*(G)l — [my,] = o,

is a homeomorphism of the orbit space g*/G onto G (see [LL94]).

Coadjoint orbits.

Let g be a nilpotent Lie algebra of dimension n. In this paper we shall use
the following notation: If Xi,..., X, are any vectors of g, < X1,..., X, > will
denote the subspace generated by Xi,...,X,. Let’s now fix a Jordan-Holder
basis Z2 = {Z;,...,Z,} of g, i. e. such that [Z;, Z;| C< Z,14,...,Z, > where
r =max(i, j), for all 4,57 € {1,...,n}. Let gy =< Zj,...,Z, > and {;, = {|,, for
all ¢ € g*. Denote by I, the set of Pukanszky jumping indices for ¢ in g*. This
means by definition that

jeli < gl)+gin S 90+ gj,

where g({) is the stabilizer of ¢ in g, i.e. g(¢) = {U € g; (¢,[U,g]) = {0}}. The
number of Pukanszky jumping indices for ¢ in g is equal to the dimension of the
coadjoint orbit of ¢ in g*. Furthermore, for any ¢ € g*, we have I, = I, for any
¢ in the coadjoint orbit of /.

For an index set I = {i; < --- <4} let g} be the G-invariant subset of all the £’s
in g* for which I, = I. Denote by ZZ the collection of all index sets I for which
g% is not empty. For every I € Z% the subset g} is Zariski locally closed in g*.
For an index set I € Z% of length d;, let P;: g* — R be the polynomial function
defined by P;(¢) = det(M;(¢)), where M;(¢) = (a;;(£))ijer is the d; x d; matrix

with coeflicients
aij(0) = ((,[Z;, Zj)).

This polynomial function is G-invariant on gj. There exists an order on the set
of indices Z# such that

g = {6: Py(0) = 0, Pp(0) = 0,91 < I},

For each index set I = {i; < ---ig} € Z? we can find a smooth parametrization of
all the orbits contained in gj: Let d be the dimension of the orbits in gj. There
exist n rational functions p;(z,¢) on R? x g*, which are regular on R? x g}, given
by polynomials in z € R? for fixed £, such that:

o pi(z,0) =z fori=1i; €1,
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o pi((z1, -+ ,2q4),£) does only depend on (z4,--- ,2;) if i, <i <1y,
o A (G)={>"1 pi(z,0)Z;,z € R}.
Let for I € Z7:
n={leg,{(,Z)=0,i €}

Then every orbit O C g; has a one point intersection with nj given by

Onn; ={lo=>Y_ pi0,0)Z}.

=1

The mapping O — (o from the orbit space (g7)/G into g} is continuous, since
the functions ¢ — p;(z, ¢) are G-invariant and continuous on g} for fixed z € R?.
(For more details on the parametrization of co-adjoint orbits see [CGI0]).

It follows from the trace formula of Kirillov, that for any Schwartz function F' on
G and for any I € 77, the function gi/G — C, O s tr(no(F)) is continuous (see
for instance [CG90]).

Induced representations.

Definition 2.1.  Let H = exp(h) be a closed connected subgroup of a connected
nilpotent Lie group G = exp(g) and let x; : H — T; xo(h) = e 2millosh) p ¢
H(¢ € g*), be a unitary character of H. The quotient space G/H has a unique
left invariant measure dg. With this measure we can define the Hilbert space
H = HH’g = L2(G/H,€) by

L*(G/H,0) = {¢:G — C,¢ measurable, £(gh) = xo (R H)é(g),h € H, g € G,
lelgs= [ leto)Pdj < oc}.
G/H

The group G acts by left translation on this space and defines a unitary represen-
tation

oup(9)&(u) = &(g7'w), & € L*(G/H, (), g,u € G,

called the induced representation of x, (from H to G).

If b is a polarization at ¢, then the representation o,y is irreducible and we
denote it sometimes by my. If we take a Malcev basis B = {Xi,---, X4}
of g relative to b, which means that the subspaces g; := span{X,,---, X4, b}
are subalgebras of g and that g = @?leXj @ bh is a direct sum, then the
mapping Ep : R x H — G, Ep(ty, -+ ,tg,h) = exp(t; X1) -+ -exp(tgXq)h is a
diffeomorphism and it allows us to identify the Hilbert space L?(G/H, () with the
space L?(R?). We shall consider in the following pages always the representations
oy as representations on the space L*(R?) (see [CGI0]).

It is well known that for F' € L'(G) the operator o, (F) is a kernel operator
with kernel function

Fun(s,t) — / Fsht=)xo(h)dh, 5,1 € G.
H
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If H = exp(h) is a normal subgroup of G, then the function Fyj can be written
as

Fuo(s,t) = FO(st™ Ad*(1)ly), 5,1 € G,
where

F\h(s,q) = / F(sh)e 2maleM)gn s € G, q € b*. (2.1)
H

We denote for a normal subgroup H = exp(h) by L} = L, the subspace of L'(G)
consisting of all F’s in L!(G) for which F" € C(G/H x b*). This space L} is
dense in L'(G) and hence it is also dense in C*(G). The functions FY satisfy the
covariance condition

F(sh,q) = xq(h™)F"(s,q),s € G,h € H,q € b".

Let g € G, let h? := Ad(g)h, H? := gHg™! and ¢9 := Ad*(g)¢. The representa-
tions o,y and oy e are equivalent, the intertwining operator 7}, is given by:

T,6(x) :==¢(xg),x € G, € € L*(G/H, ). (2.2)

Since for every F € L! the function FY is smooth with compact support on
G/H x b*, there exists a function ¢ € C.(G/H) such that

[F"(s,q)] < llallle(s)],s € G, q € b*.

We shall often use in the sequel the following fact.
Let F : R?x R? — C be a smooth function with compact support for which there
exists some continuous function ¢ : R? — R, with compact support, such that

|F(z,y)] < oz —y),z,y € R

Then by Young’s inequality, for the kernel operator Tr defined on L?*(R%) by
Tr(©)(w) = [ Py for ¢ € LR, x € B,
Rd
its operator norm ||Tr||op is bounded by the L'-norm |[j¢l||; of ¢.

Convergence of traces.

Let g be a nilpotent Lie algebra. We fix a Euclidean scalar product on g. Let
(k)ren be a converging sequence in g* with limit ¢. Let (hy)r be a sequence
of subalgebras of g, such that dim(hy) = n — d,k € N, for some d € N*,
and such that (g, [he, be]) = {0}, k € N. We pick for every k& € N a Malcev
basis Z;, = {ZF,---,ZF } of g, such that b, = span{Z* _, --- ZF}. Assume
(passing if necessary to a subsequence), that the vectors Z;C converge for every
j=1,---,n to avector Z;, such that Z := {Z;,---,Z,} is a Malcev basis of
g which passes through b := span{Z,_4,---,Z,}. Then b is a subalgebra of g,
which is subordinated to ¢, i.e. (¢,[h,h]) = {0}. Let Hjy := exp(bhy),k € N and
H =exp(h). Let oy := 0y, p, and o = o,. This gives us the following.
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Proposition 2.2.  The representations o converge weakly to the representation
o. This means that for every &,m € LA2(RY), for every a € C*(G):

Jim oy (a)€,n) = (a(a)€,n).

Proof. Take first F' € C,(G) and &, 1 € C.(R?). We have then that:

o = [ [ B o
where
Fio(u,v) == /Rn_d F(Ey(u) By a(h) By(v) ™) xk(Eg,a(h))dh, u, v € R",

and where By, = Fz,, Fpq = Egrn-a,k € N. We get a similar expression for
k = oo, i.e. for Ez etc. It is easy to see that the supports of the functions
fr : R x R4 x R""9 — C defined by

Ji(u, v, h) = E(u)F(Erp(u) B a(h) Ey(v) ") Xk (Era(h))7(v),

are contained in a common compact set and that the functions converge pointwise
to the function

flu, v, ) i= E(u)F(E(u) Bq(h) E(v) ™) x(Ea(h))i(v),

where Ey = Epgn-a. Therefore by Lebegue’s theorem of dominated convergence,
Jim (o4 (F)E,m) = {o(F)E,n).

The proposition now follows from the density of C.(G) in C*(G) and the density
of C.(RY) in L*(R%). n

Theorem 2.3.  Let (mg)r C G be a sequence which converges to a single limit
point m, such that limy_, tr(mp(a)) = tr(w(a)) for every a in the Pedersen ideal
(@) of C*(G). Then there exists a subsequence (also indexed by k for simplicity
of notations), a Hilbert space H, for every k € N a concrete realization (o, H)
of mx and a concrete realization (o,H) of m on H, such that

Jim [lox(a) = o(a)llop = 0,a € C*(G).

Proof. We write 7, >~ o4,k € N, where o, = indgkxgk, k € N, where ¢, is an
element in the Kirillov orbit of 7, and where P, = exp(py) is a polarization at

(. Since m; converges to m, we can assume that lim ¢, = ¢ for some ¢ in the
k—o0

orbit of 7 and that (passing to a subsequence) klim pr = p in the sense of the
—00

preceding Proposition Then p is a polarization at £, since 7 is the only limit
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of the sequence (my);. For every a in the Pedersen ideal € j((), the operators
or(a),k € N, and o(a) have finite rank. Take now a = a* € j(0)). Then

low(a) — o(a) s

= tr(op(a)?) +tr(o(a?) — tr(ok(a) o o(a)) — tr(o(a) o op(a))
= tr(og(a)?) +tr(c(a?)) — 2tr(ox(a) o o(a))
— tr(o(a)?) + tr(c(a?)) — 2tr(c(a) o o(a))

= 0,

by Proposition , the continuity of the trace and the fact that o(a) has finite
rank. Hence

lim ||o(a) — o(a)|lop = O.
k—o0

The theorem now follows from the density of j(0) in C*(G). n

2.2. Multiplication operators. Denote for a measurable subset S C X of a

measure space (X, u) the multiplication operator with the indicator of a measur-
able subset S on L?(X,pu) by Msg.

Proposition 2.4.  Let (X, p) a measure space, let (0;)ier be a family of bounded
linear operators on the Hilbert space H = L*(X, ), such that ||o;|lop < C, Vi € I,
for some C > 0. Suppose furthermore that there exists families (1} ;)icr(j =
L,---,N) and (S;)icr of measurable subsets of X such that T, ; NTy; = 0,(5 =
L,---,N), S;NSy =0 whenever i #1i'. Then the linear operator

N
a:E E Mz, , o 0;0 Mg,
el

j=1

s bounded by NC'.

Proof. Let us write

0’ :=Y Mg, o000 Mg, j=1,--- ,N.

il
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Then o = Zjvzl o/ and for £ € L*(X,u),j € {1,---, N} we then have:

@ = /X > M, 0050 Ms, (€)(@)| du)
=Z/ 03(Ms, () (@) Pdu(z)
< /\mMs () Pdp(z)
< 202/|Ms o)) du(a)
- (Z | et )
< ¢ /X () Pdu(a)
— el
Hence ||o|lo, < NC'. [

2.3. Quotient groups. Let G be a locally compact group and H a closed
normal subgroup of G. Then the canonical projection Pg/y : L'(G) — L'(G/H)
defined by:

PonF(x) = / F(zh)dh,F € L'(G),z € G,
H

is a surjective homomorphism (see [RS00]). Let pg/u : G — G/H be the quotient

map. Then we can identify G/H with H* through the mapping G/H > 7@
T opa/p € G, where

H* = {7r € G n(H) = ]IHW}.
Evidently for any F € L}(G) and 7 € H*:
(7 © payu)(F) = T(Peyu(F) = 7(F)
and so
ker(Pg/p) = {F € L'(G),n(F)=0,m€ H"}.

Since for F' = P/ (F) € LY(G/H)

1Ellermy = sup [|7(F)llop < [|F]

reHL

(@)

the mapping Pg iy extends then to a surjective x-homomorphism (also denoted
by Pg/u) of C*(G) onto C*(G/H). Let Iy be the kernel of the (closed ) subset
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H- c G in C*(G). Then C*(G/H) is isomorphic to the quotient C*-algebra
C*(G)/1g.

2.4. Stone Weierstrass. We shall use several times in this paper the following
version of the Stone-Weierstrass Theorem:

Theorem 2.5.  ([Diz77], Proposition 11.1.6)
Let A be a C*-algebra, and B a sub-C*-algebra of A. Suppose that A is of type I,
that every irreducible representation of A restricts to an irreducible representation

of B and that this restriction mapping A > © — mp € B 1is injective. Then
B=A.

2.5. Riemann-Lebesgue Lemma.

Definition 2.6. We say that a net(7;);er in a topological space I' goes to
infinity, if the net contains no converging subnet. In particular, a sequence of
orbits O = (Op)ren C g* goes to infinity, if for any compact subset K C g* there
exists an index kg such that K N O, = () whenever k > k.

Proposition 2.7.  (Riemann-Lebesque Lemma) Let A be a C*-algebra. If a net
() C A goes to infinity, then klim |7k (a)|lop =0 forall a € A.
—00

Proof. We know from [Dix77] Proposition 3.3.7, that for every ¢ > 0 and
a € A, the subset {7T € A; |7 (a)||op > c} is quasi-compact. This shows that

klim | 7k(a)|lop = 0, if the net (my), goes to infinity. ]
—00

3. A special class of C*-algebras.
Definition 3.1.  Let A be a C*-algebra with spectrum A. We choose for every

-~

v € A a representation (m,,#,) in the equivalence class 7. Let [*°(A) be the
algebra of all bounded operator fields defined over A by

I>(A) = {¢ = (¢(my) € B(H+)) e 19]loc = sup [|§(my)[lop < OO} :

Y

~

We define for a € A its Fourier transform F(a) =a by:

Fla)(7) =a(y) == m(a), v € A,
Then @ is a bounded field of operators over A, ie. a € l”(A\). The mapping
F:A—I1®A); a—a

is an isometric *-homomorphism.

Definition 3.2.  Let S be a topological space. We say that S is locally compact
of step < d if there exists a finite increasing family Sy C S; C ... C Sq = S of
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closed subsets of S, such that the subsets Ty = Sy and T'; := S;\S;_1, i =1,...,d,
are locally compact and Hausdorff in their relative topologies. Let A be a separable
CCR C*-algebra, i.e. for every irreducible representation (mw,H) of A, the image
of 7 is the algebra of compact operators K(H). We assume that the spectrum
Aof Aisa locally compact space of step < d and that for every i € {0,--- ,d}
there is a Hilbert space H; and for every v € I'; a concrete realization (., H;) of
~ on the Hilbert space H;. The set Sy is the collection X of all characters of A.

For a closed subset C' C S, denote by C'B(C') the x-algebra of all uniformly
bounded operator fields (¢(v) € B(H;))yesnr; i=1, 4, which are operator norm
continuous on the subsets I'; N C' for every i € {1,--- ,d} for which I'; N C' # 0.
We provide the algebra C'B(C') with the infinity-norm:

[elle == sup [|o()]|op-
yeC

Definition 3.3. We say that our C*-algebra A has norm controlled dual limits
(NCDL for short), if for every a € A:

1. The mappings v — F(a)(y) are norm continuous on the difference sets I';.

2. For any ¢« = 0,---,d, and for any converging sequence contained in I’
with limit set outside I';, there exists a properly converging sub-sequence
¥ = (Vk)ken, & C > 0 and for every k € N an involutive linear mapping
G5 : CB(S;—1) — B(H,;), which is bounded by CI|.||s,_,, such that

kh_)rgloH.F(a)(’)/k) — 57,k(F(a)IS¢71)HOP =0.

By the condition 1. the restriction of F(a) to the limit set L(¥) is contained
in CB(Sfol) .

Definition 3.4. Let S = Sy C S; be a locally compact topological space of
step < d. Choose for every ¢ = 1,---,d a Hilbert space H; and assume that
Ho = C. Let B*(S) be the set of all operator fields ¢ defined over S such that

1. p(y) € K(H;) for every y e lyi=1,--- ,d.

2. The field ¢ is uniformly bounded, i.e. [|¢| = sup|lp(¥)|lop < 0.
WGA\

3. The mappings v — ¢(v) are norm continuous on the difference sets T';.

4. We have for any sequence (7;)renCS going to infinity, that klim le(7e) lop=0.
—00

5. For any ¢ = 0,---,d, and for any converging sequence contained in T}
with limit set outside I';, there exists a properly converging sub-sequence
¥ = (Vk)ken, & C > 0 and for every k € N an involutive linear mapping
G5k CB(S;—1) = B(H,;), which is bounded by C||.||s,_,, such that

i—1)

Jim flo (k) = 05.4(#15,1)llop = 0.
—00
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By the condition 1. the restriction of F(a) to the limit set L(%) is contained in
CB(S;-1)).

Theorem 3.5. Let S be a locally compact topological space of step < d. Then
the subset B*(S) of Definition[3.4] is a closed involutive subspace of 1°°(S).
Furthermore B*(S)is a C*-subalgebra of 1°°(S) with spectrum S if and only if
either

1. all the mappings 054 are almost homomorphisms, i.e.
kh—golo ||6-7,/€(90 ' ’QZ)) - 5-7,19(90) ’ &V,k(@D)HOP = 07 %7/’ € B*(S)v

and the restrictions B*(S)s, contain the spaces Co(I';,H;),i=0,--- ,d,

2. or B*(S) contains a sub-algebra D*(S) whose spectrum is homeomorphic to
S, i.e. such that for every s € S, the representation ms 1 ¢ — @(s),p €

—

D*(S) is irreducible and such that the mapping S 3 s — 7, € D*(S) is a
bijection.

Proof.  We easily see that the conditions 1. to 4. imply that B*(S) is a closed
involution-invariant subspace of [*°(S). For ¢ = 0,---,d, let B be the set of
all operator fields defined over S;, satisfying conditions 1. to 5. on the sets
S;, j=1,---,i. Then obviously for every i the restriction B*(S5)s, of the space
B*(S) to S; is contained in Bj.

Assume first the condition 1). Then obviously B*(.S) is also an algebra and hence a
C*-subalgebra of [*°(S). Let us show that the spectrum of B*(S) can be identified
with the space S. Since Cy(I';, H;) is contained in B for every i, it follows that
the representations 7, : ¢ — @(s) € K(H;) of B*(S) are irreducible. It follows
from the choice of H, and the properties of B*(S), that Bj = B*(S)|s, = Co(50).
Suppose that for some 0 < @ < d the spectrum of the algebra B} ; is the space

Si;—1. Let m € B\Z* Consider the kernel K; ; of the restriction mapping R; 1
from B} into (*°(S;_1). If 7(K;_1) = {0}, then we can consider 7 as being a
representation of the quotient algebra B /K;_;. But the image B*(S)s,_, of R;_1
is a C*-subalgebra of B} ,, the spectrum of B} ; is by assumption the set S;_;
and S;_; is also contained in the spectrum of the subalgebra B*(S)s, ,. Hence
by the theorem of Stone-Weierstrass the algebras B; | and B*(S)s,, coincide.
Hence 7 is an evaluation at a point in S;_;. If 7(K;_1) # {0}, then we look at
the restriction of 7 to the ideal K;_ ;. The elements in K;_; are operator fields
defined on S; which are norm continuous, which go to 0 at infinity and by condition
5., for any properly converging sequence 7 C I'; with limit outside I';, for every
p € K;_1, we have

Tim [lo()lop = 1m [0(3) — 674215 lop = 0.
This shows that K; ; C Co(I';,K(H;)). Since by condition 1) we know that

Co(T;, K(H;)) C K;_1 it follows that Co(T';, K(H;)) = K;_1 and then 7 is an eval-
uation at an element s € I';. Finally the spectrum of B} is the set S;. Therefore
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again by the theorem of Stone-Weierstrass the algebras B; and B*(S)s, coincide.
Let us assume now condition 2). Let Df = D*(S)s,, @ = 0,--- ,d. These sub-
spaces are then C*-subalgebras of [*°(S;) for every ¢. Furthermore, the evaluation
at s € S; defines an irreducible representation of D} by the property of D*(S)

and every irreducible representation 7 € l/)\j defines an irreducible representation
of D*(S) and so m = 7, for some s € S. Taking i = 0, we see that D§ is a C*-
subalgebra of Cy(Sy) by the conditions 1) to 4) and Sy separates the elements of
Dj. Hence the classical Stone-Weierstrass theorem implies that D = Cy(S) = Bj.
Let us assume now that for some 1 < i < d, D} ; = B ;. We shall prove then
that B} is an algebra too. Let ¢,1 be in B;. Obviously the product ¢ -1 sat-
isfies then also the conditions 1. to 4. for i. We shall show that it satisfies also
condition 5) for i. By assumption, there exists a,b € D}, such that a5, , = ¢s,_,
and bs, , = s, , Then we have for any properly converging sequence (yx)r C I';
with limit set outside I'; that:

[0 v() — o5k( 0 Yysii ) lop
= lle(m) o (1) — o7k(@1s,21 © Yisioy) o
() © () — F7(ays, s © bys,y )lop
(k) © P(k) — G5k (215:1) © T3k (Y51 [lop
105 (@15:-1) © o5 (Wys,-1) — alve) © b(ve) [lop
lla(vk) © b(vk) — G3x(ais,, 0 bis,,)llop
(k) © V(k) — F71(@y15:1) © T3k (Y1) [lop
o7k (ays, 1) © o5k(bis, 1) — alyk) © b(k)lop
[[(ab) (k) — 6ﬁ,k(ab|5i71)”op'

This shows that klim oY) — 5%(¢ - Yisi,)|lop = 0 and so ¢ -4 € B;. Hence
—00

=+ + IA

+ +

the subspace B is a C*-sub-algebra of [*°(S;) containing the algebra Dj. In
order to prove that B = D}, by Stone-Weierstrass it suffices to show that the
spectrum of B equals that of Dy, i.e. that every element in 1/3\;* is an evaluation
at some point in S;. Let 7w € E} Consider the kernel K;_; of R;_1, the restriction
mapping from B} into [*(S;_1). If n(K;—1) = {0}, then we can consider 7 as
being a representation of the quotient algebra B}/K; ;. But the image of R; 4
is contained in Bj ; and contains D; ; and so by assumption R,_,(B}) = D} ;.
Hence B}/K; 1 ~ D} ; and therefore 7 is an evaluation at a point in S; ;. If
7m(K;-1) # {0}, then we look at the restriction of 7 to this ideal. The elements in
K;_1 are operator fields defined on S; which are norm continuous, which go to 0
at infinity and by condition 5., for any properly converging sequence 7 C I'; with
limit outside I';, for every ¢ € K; 1,

Jim [[o(yi)llop = lim () = 054210 llop = 0-

This shows that K; 1 C Co(I';, K(H;)). On the other hand the elements of
D! N K;_ separate the points of I'; (see Proposition 2.11.2 in [Dix77] for details).
Therefore by the theorem of Stone-Weierstrass the algebras Co(T;, K(H;)) and
K;_1 coincide. This tells us that 7 is an evaluation at a point in I';, since the
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spectrum of the algebra Co(I';, (H;)) is homeomorphic to I';. We conclude that
By = Dy. If B*(S) is a C*-algebra, then obviously condition 1) of the theorem is
fulfilled and for condition 2) we can take D*(S) = B*(S5). n

Corollary 3.6.  Let A be a C*-algebra with norm controlled dual limits. Then
the Fourier transform of A is the C*-algebra B*(A).

4. The list of the nilpotent Lie algebras of dimension < 5 according
to [Nie83].

There are 8 un-decomposable nilpotent non-abelian Lie algebras of dimension < 5:
the Heisenberg Lie algebras of dimension 3 and 5, h; and by, the thread-like Lie
algebras of dimension 4 and 5, f4 and f5, the step 2 Lie algebra gso, two step 3
Lie algebras, g53 and gs4 and the step 4 Lie algebra gs.

1. The Heisenberg Lie algebras b,,,n > 1:
Let b,, be the nilpotent Lie algebra of dimension 2n+1 spanned by the basis

B = {X17”' 7X7L7Y17"' 7Y7L7Z}
equipped with the Lie bracket

[XZ7Y]:| = 5i,jzai7j = 17 , 1.

2. The thread-like Lie algebras f,,n > 4 :
Let f, be the nilpotent Lie algebra spanned by the basis B ={X,, -+, X1}
equipped with the Lie brackets:

[Xn,Xj]:Xj_hj:n—l?... ’2.

3. The step 2 Lie algebra g5 :
Let g5 2 be the nilpotent Lie algebra spanned by the basis B = {A, B,C, U, V'}
equipped with the Lie brackets

[C, Al =-U, [C,B]=V.
This is a semi-direct product of R with R*.
4. The step 3 Lie algebras g5 3 and g5 4:

e Let g5 3 be the nilpotent Lie algebra spanned by the basis B={A, B,C,U, V'}
equipped with the Lie brackets

[A,B]=U, [A,U] =V, [B,C] = V.

This is a semi-direct product of R with h; x R.
e Let g54 be the nilpotent Lie algebra spanned by the basis B={A, B,C,U, V'}
equipped with the Lie brackets

[A,B]=C, [A,C]=U, [B,C] =V.
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This is a semi-direct product of R with h; x R.

5. The step 4 Lie algebra g5 :
Let gs6 be the nilpotent Lie algebra spanned by the basis B = {A, B,C, U, V'}
equipped with the Lie brackets

[A,B]=C, [A,C]=U, [A,U]=V, [B,C] =V.

This is a semi-direct product of R with h; x R.

5. The C*-algebras of H,,n > 1 and F,,n > 4.

The C*-algebras of the Heisenberg groups H, and of the threadlike groups F;,
have been realized as algebras of operator fields in [LTT1I]. It is shown there that
the corresponding C*-algebras have the norm-controlled dual limit property and
the mappings 75, are explicitly given.

6. The C*-algebra of the group G5 ;.

6.1. We shall describe in this and in the following sections for our 4 remaining
groups the limit sets of properly converging sequences O = (), in their dual
spaces and we are explicitly constructing the mappings og ;. In this way it will
turn out that the C*-algebra of every connected Lie group of dimension < 5 has
norm controlled dual limits.

6.2. Recall that the Lie algebra of g5 - is spanned by the basis B={ A, B,C,U, V'}
equipped with the Lie brackets

(C,A] = ~U, [C,B] =V.

The Lie algebra gso has a two-dimensional centre 3 = span{U,V}. The group
G52 = exp(gs2) can be realized as R® with the Campbell-Baker-Hausdorff multi-
plication
exp(a, b, ¢, u,v)exp(a’, b, u',v")
1 1
= (a+d,b+b,c+,u+u + §(ac’ —dc),v+v + §(b’c —bcd)).

For all (a,b,c,u,v) € @52, (7,y,t,1,) € g5, We obtain the following expression
for Ad*(a,b,c,u,v) :

Ad*(exp(a,b, ¢, u,v))(z,y,t, p,v) = (v — pe,y + ve,t + pa — vb, p,v).  (6.1)

We give now a description of the co-adjoint orbits:
1. The generic elements (o, 8, p, p,v) in g5, are those for which TEW =7r? =
p? +v* # 0. It follows from equation (6.1) that a generic orbit O is

determined by 3 parameters (3, u,v) € R3,r,, # 0:

O=0s,, ={2A"+yB" +cC"+pU" +vV* ' ce Rive + py = pru,}.
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Let
lg = %(VA* +uB*) + pU" +vV* (6.2)

We take a new basis B, , of gso. For that, letting g := T:y,ﬂ = T:U we
put:

B,, = {A,,=pgA-0B,B,, =vA+uB,C,UV}. (6.3)
Let also

Zyy = pU +vV, T, , =0vU — aV.

Then:

[AM,IM C] = Zu,m [Bu,m C] = T[,L,l/
<€5,H,l’7 [AM,W C]> =Tuv-

In this basis for any R = zA,, +bB,, +yC + 22, +t1,,, resp R’ =
2'A,, +0UB,,+yC+2Z7,,+1T,, in g5, we obtain the multiplication:

exp(R) - exp(R') = (x +2")Au, + (b +0) By, + (y +y)C +
+ (z + 2+ %(xy' — x’y)) Zyy+ (t +t + %(by’ — b’y)) Ty
(6.4)

We see that the vectors A, ,,C, Z,, span the three dimensional Heisenberg
Lie algebra, that B, , is contained in the stabilizer of the linear form /g, ,
and that 7),, is contained in the kernel of the restriction of f3,, to the
centre of g, ,. In the dual basis Bfw of the basis B, the orbit Os,, (for
some (3 € R) of the element

Copw = BB, +Tpu ),
is given by:
Opppw = {aA},,+ BB, +cC*+pU" +vV* a,c € R} (6.5)
The stabilizer of 3, is the set
052(0s,0) = span{B,,,, U, V}.
We can take as polarization at ¢g,, the sub-algebra
p:=span{A, B,U,V}, P :=exp(p).

We denote by F?’Q the orbit space of this layer and we parametrize it by

0% = {lg = (B, p,v), BER, (1,v) €R* 12, = > +1° £ 0} (6.6)
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2. The second layer, denoted by

F52 (97 2/G5 2)char ™ ~ R? (6.7)

is the collection of all characters ¢, 3, = aA* + BB* + pC*, «,B,p € R.
Their orbits are the one point sets {{n3,}

Theorem 6.1.
1. On the set F?’Q the dual topology is Hausdorff.

2. Let O = (Op, yomn ) be a sequence such that klim Tweww = 0. Then this
—00

sequence has a converging sub-sequence if and only if liminfy |Bk| is finite.
If O s properly converging, then, passing to a sub-sequence (also denoted by
the same symbol for simplicity of notations) we can assume that lim Bk =7

exists, that the sequences of vectors (A; = A% , )k, Tesp. (B* B* )k

. Wk, Vi KV
converges to a A%, resp. Bi in gi, and then

o0

L(O) = RA* + BB, +RC* C Tp”.

Proof. 1. The point 1) is evident.
2. If liminfy |Bx| exists in R, then we take a sub-sequence (indexed also

by (6Bk)x for simplicity of notation) such that klim Br = [ exists in R and such
— 00

that the sequences of vectors (A = Ay, )i, resp. (By = B, , ) converges to a

A%, resp. B in gi,. It follows then from the description (6.5]) of the coadjoint

orbits that the limit set L(O) of the sub-sequence is the set described in the
theorem. If liminfy |Bx| = +oo, then klim{|<(’)k,Bk>|} = kl1m{]6k|} = +o00.
—00 —00

Hence O goes to infinity. [ |

6.3. The unitary dual of G5,.
The spectrum of the group G5 o can be identified by Kirillov’s orbit theory with

the orbit space g5 ,/Gs» = G52 =T2*UT)?. For every (B, p,v) € Rx (R xR)*,

we take the irreducible representation 73, = ind%° 72X g0 which is associated to
Opg v~ This representation acts on the Hilbert space L?*(R) and is given by the
formula

Wﬁvuvl’(l’7 b’ Y, z, t)f(s)
_ 672i7r(6b+ru,yz+m,uxsf%xy)g(s . y)’ s € R, f c LZ(R), (.1', b,y, Z,t) c G572,

using the coordinates coming from the basis
B ={A,., By, C, Z,,, T}

and formula (6.4). Since Gjo is nilpotent, by Lie’s theorem every irreducible
finite dimensional representation of G52 is one-dimensional. Any one-dimensional
representation is a unitary character xa5,, (o, 3,p) € R*, of G54 which is given
by

Xepp(@,b, ¢, u,v) = e 2m@atBoree) (g b ¢y v) € Gyo.
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For F € LY(Gsy2), let
ﬁ(a,ﬁ,p) = Xapp(F) = / Fl(a,b, ¢, u,v)e 2 @at840) dodbdedudy
G52

= /ﬁ”’”(a,b,c,O,O)eZ”i(o‘a+5b+pc)dadbdc.
R3

~

Definition 6.2. Define for a € C*(G55) its Fourier transform F(a) = @ €
loo(Gg),g) by

F(a)(B, p,v) = mp,0(a) € B(L*(R)), (B, p,v) € T7”

and
f(a)(a,ﬁ’p) = Xa,ﬂ,p(a)7 Q, ﬁ,p c R.

By Formula (2.1, for all F € L'(Gs), and (3, u,v) € T}? the operator s, (F)
is a kernel operator with kernel function Fjp,, given by:

Fg,u(s,¢) = ﬁp(s —c,cru AL, + BB, +ulU” + vV, (6.8)

where

~

FP(c,q) = / F(exp(cC)p)emalsrldp ¢ € R, q € p*.
P

The following proposition is a consequence of Formula .

Proposition 6.3.  (Proposition 2.3 in [LT11]). For any a € C*(Gs2) and
(8, 1,v) € T3?, the operator g, (a) is compact, the mapping I — B(L*(R)) :
(B, V) — mau(a) is norm continuous in (B,p,v) and tending to 0 for r,,
going to infinity. Furthermore the restriction of the operator field F(a) to F8’2 is
contained in Co(R3).

Definition 6.4. Let as before for p* +v* # 0, A,, == A — 0B, B,, =
A+ iB. Choose a Schwartz-function 7 in S(R) with L*-norm equal to 1. For
(o, p) € R? we define the function 1, (a, p) by

RS

. 1
o )(5) = ™ (54

a )) , seR. (6.9)

LTRY

6.4. A (C*-condition.
The C*-conditions for the group G52 can be copied from the corresponding
conditions for the Heisenberg groups (see [LT11]).

Lemma 6.5. Let £ € S(R). Then,

e = — [ (€ mola il pldadp
R2

787
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Proof.  The proof is the same as the proof of Lemma 2.8 in [LT11]. ]

Definition 6.6. 1. Forall (o, p) € R? and k € N, let P, v(a,p) be the orthogonal
projection onto the one dimensional subspace Cn, (e, p).
2. Define for (3, p,v) € I'? and h € Cy(R?) the linear operator

1

O-B,M,V(h) = /RQ h(OzA;,V + ﬁB;,V + pO*)PMﬂ,(a,p)dOzdp (610)

Tp

Proposition 6.7.  (Proposition 2.11 in [LT11])

1. For every (B,p,v) € IS? and h in the Schwartz space S(R®), the integral
(6.10) converges in operator norm.

2. 0guu(h) is compact and |00 (h)|lop < ||h]loo, h € S(R3).

3. The mapping og,, : Co(R?) — 1°(Gl) is involutive, i.c. oguv(h*) =
0. (R)*, h € C*(R?), where by 05, we denote also the extension of o .,
to CB(R?).

Theorem 6.8. Let a € C*(G52) and let ¢ be the operator field ¢ = F(a).
Let 7 = (v = (B, pks Vk))& be a properly converging sequence in 2% having its
limit set L(7) = RA% 4+ BB*, + RC* in T*. Then the function () : (a,p) —
F(a)(a, p, B) is contained Co(R?) and

Tim (o) — 73, (£(8)) o = 0. (6.11)
Proof.  The proof is the same as that of Theorem 2.12 in [LT11]. n

Remark 6.9. Proposition and Theorem imply that C*(G52) has the
NCDL property.

7. The C*-algebra of the group G5 3.

Recall that the Lie algebra gs3 is spanned by the basis B = {A,B,C,U,V}
equipped with the Lie brackets

[A,B] =U, [A,U] =V, [B,C] = V.

This Lie algebra has a one-dimensional centre 3 = RV. The group Gs3 can be
realized as R® with the Campbell-Baker-Hausdorff multiplication

1 1 1
X-Y=X+Y+ §[X7Y] + E[X7 [X7YH + E[K [Y’XH7 X7Y € 95,3,

ie. (a,b,c,u,v)-(a b, u' 0
(040!, bV, e ut ,+ab’ a'b N ,+au’ a'u b/c+bc’+a’26
= (a+a c+c utu'+——— v+ —————+—
’ ’ ’ 2 2’ 2 2 2 2 12
a’t’  dab  ad't/

12 12 12 )
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For all (a,b,c,u,v) € g53, (o, B, p, 1, v) € g5 3 we obtain the following expression
for Ad*(a, b, c,u,v) :

Ad*(a,b,c,u,v)(a, B, p, pt, V)
ab a?
= (a—ub—l/u—I/E,B—l—ua—yc—i—VE,p—{—ub,u—i—au,y). (7.1)
We obtain the following description of the co-adjoint orbits:
1. The generic orbits: They have a non-zero value v on the central element V.
It follows from (7.1) that we can characterize such an orbit O by v € R.

There exists in each generic orbit O, a unique element ¢, which is zero on
the vectors A, B,C,U, i.e. {, = vV* and so

0, ={(a,b,c,u,v), (a,b,c,u) € R*}.

We denote by Ty = (953/G53)gen this family of generic co-adjoint orbits,
parameterized by the set I['y° := {f, = vV* = v; v € R*}.

2. The second layer is given by the set of linear functionals, which are 0 on
V, but not 0 on U. We can characterize such an orbit O by the pair
(p, ) € R x R* and so

Op,u = {(&7 ba PaU>0)> (a7b> € R2}

We denote by F?’3 this family of co-adjoint orbits, parameterized by the set
TP = {ly, = pC* + pU* = (p, 1); (p, 11) € R x R*}.

3. The last layer, denoted by I't™® = (g5.3/G5.3)char ~ R? is the collection of all
characters {, 5, = aA*+ BB* + pC*, a, B, p € R. Their orbits are the point

set {lapp}
Theorem 7.1.
1. On the set F‘;”3 ( resp on the set F?’?’ ) the dual topology is Hausdorff.
2. Let O = (0,)r C I® be a sequence, such that klim e = 0. Then O is
—00

properly converging and L(O) =T>*uTy?,
3. Let O = (O, .. )x be a sequence such that klim pe = 0. If O has a limit then
—00
p = klim pr exists in R. Conversely, if klim pr = p exists, then the sequence
—00 —00
O converges and L(O) = RA* + RB* + pC*.

Proof. The proof is straightforward, since all the coadjoint orbits are affine
linear. ]

7.1. The Fourier transform for C*(G53). The spectrum of the group G 3
can be identified by Kirillov’s orbit theory with the orbit space

933/G5,3 = C/}’; = 1“273 U F?’?’ U Fg,:a'
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1. Let ¢ € I')% its orbit O, is of dimension 4. A polarization at ¢,
vV* is given by p = p, := span{C,U,V}. We realize then 7, as =, :
mdP Xv- The Hilbert space L?*(Gs3/P,,x,) is in fact isometric to L?*(R?).
Let E: R*—>G53, E(a,b) := exp(aA)exp(bB) and S = exp(RA)exp(RB) =
E(R?). Then Gs3 = S.P, as topological product and the mapping

Ug: L*(Gs3/P,, x»)—L*(R?) defined by Ugé(t) == £(E(t)), t € R?
is unitary. Let us compute for E € p* the operator m(F), F € L*(G53) for

the representation 7, = Ugoind 2> y,0U% explicitly. For £ € L2(R?), E(d,V) =
s € S we have m,(F)&(d',b') =

/R 2 &(a,b) ( /P F(E(d',V)(E(a,b)" ) (E(a,b)pE(a, b)-l))e—%“vmdp) dadb =

/ﬁ P(E(a~a, V' ~b), (A" (E(a, b)) ,)e (D £a D050V (. p)dadb,

RQ

2. Let t=¢,, € s A polarization at ¢ is given by p,,, = span{B,C,U,V}.
We take m,, = mdP “Xpu- This representation acts on the Hilbert space
LA(G53/ Py Xpp) = LQ(R) and for F € LY(G53), & € L*(R), we have:

Tou(F)E(d) = /Rﬁpp’“(exp(a’ —a)A),a-p,,)§(a)da,
where pyy =€), and a- £ = Ad'exp(ad)l.

3. Any one-dimensional representation is a unitary character x.s,, (o, f,p) €
R, of G55 which is given by

Xos.p(a, b, c,u,v) = e~ 2im(aatBbtpe) (a,b,c,u,v) € Gs3.

For F € L'(Gs3), let

F(o, B,p) := Xap,(F) = / F(a,b,c,0,0)e2m@atbbtr0) qudbde, o, B, p € R.
Gs3

Definition 7.2.  Define for a € C*(G53) its Fourier transform F(a) € lw(@)
by

a(v) = Fla)(v) == m,(a) € K(L*(R?)), v € I3
(p, 1) = Tppula) € K(LA(R)), (p,p) € 177

a(a, B, p) = Fla)(e, B, p) == Xa(a), (@, B, p) € RY).

7.2. The changing of layers condition.

e Passing from T'}* to I'}? U F3’3.

Let 5:(ng)kCFg’3 be a properly converging sequence where ¢,=(0,0,0,0,vy),
k € N such that kh_)rgoyk = 0. Let pg := ({x)p,- By Theorem the restriction of

the limit set L(O) to p is the closed set L = L(O), = {(p, 11,0), p € R, € R}.
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Definition 7.3. For k€ N and 4,5 € Z, let:

3
er = |wl4,
IZ-'fj = {(c,u,v) € p*icy < ¢ <iegp +ep and je, < u < jeg + e},
Ufj = {(x,y) € R* Ad*(exp(x A+ yB))pu(= (zA+yB) - pr. = (z,y) - pi) € ]fj} )
The sets If], i,J € Z, form a partition of Oy,. Let also for k €N, 4,5 € Z:
xf = ]ﬁ, ylk = ng, g” —xkA—i—y B.
Vi Vi

Let for 7,5 € Z, ke N:
pi; o= (igg, jex, 0).
An easy computation gives:
gﬁj.pk = (ick, Jer, Vi) = pﬁj + (0,0, 1) = pﬁj +4,,. (7.2)

Proposition 7.4. Let K be a compact subset of R* ~ G53/P. For k large
enough we have

k k
KUmC U Upsiges = Vi

5"
il j'=—1

Proof. We can suppose that K P is contained in [—M, M]*P for some M > 0.
For r = (u,v) € K C G53/P and s = (z,y) € R?

(rs).pr. = (v + vy, e + viu, vg)
and so, for k large enough such that |vx|M < e,

(x, ) € Uk
(ZIT -pr € 1

Jek S k¥ < JEg + €k,
1€ < vy < i€ + €k,

j — 1)6k <y + 1 < (j + 1)6k + €k,
=
(1 — Dep <y + 5 < (1 + Deg + &5
It follows that KU}, C U Uf+” e ]

/ /_

Definition 7.5. For k € N* let
Rb [_&&] y [_S_kg_k} |
Az Az

Lemma 7.6. For k € N* large enough, for any i,j € Z* the set Ui’fj I8
contained in R* + gﬁf ;-
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Proof. Let s = (z,y) € Uf;. Then:

(I,y) * Pk GIZ‘k,j

jer S v < jep +ep = |x — ’“|< :>;,;6[_6_ ]—l—x

lvie|? (vl

EdAS [—ﬁ —‘] +yz

. - . |V\
ier < vy <dep +er = |y —yF| < S

|Vk\

- SERk‘i_gﬁJ,

Lemma 7.7.  For k € N* large enough, for i,j € Z* and any (x,y) € U};
I(zA +yB) - pr — (xA+yB) - (g5,) ") - b1l < 3.

Proof.  For (z,y) € U, we have (z,y) = (¢/ + 2%,y + yf) where |[2'| < &
and |y | < ey Therefore by (9.3)

1((2" + 25)A+ (v + i) B)px — (a"A+y'B) - pf |
12", y) - g1y e — (2'y) - i

1wy’ v, v |

= |y’ + [vid| + |1

< epFep + k] < 3er

Definition 7.8. For 3, p e R and pu € R* let
loppu = BB" + pC* + pU”, lg, = BB+ pU~, and £, , = pC* + pU” € gg 5.

The sub- algebra m :=pg, = span{B,p} is a polarization at {3, and also at ¢z,
if u?+ p? # 0. Since both linear functlonals are on the same orbit, we, have the
equivalent representations mg, = mdP Xts, € Gs3 and B = 1ndP53XgﬂM
Let wug,, be the unitary operator which gives the equivalence between both

representations. For the 0 functional on m, the representation indfj’gx() is a
direct integral of the unitary characters of G53. For (u,p) # (0,0) we take the
direct integral representation

@ D
Topu = (/R ﬂ-gﬂ,p’udﬁ’/ﬂg LQ(G5,3/P7 ng,p*b)dﬂ) (73)

resp.
@
To,o = / XangdﬂdOd. (74)
R2
This representation 7, , is in fact equivalent to the representation ap,u::indlcis”3 Xt, .,

and a unitary intertwining operator U, , is given by:

UP,,UJ : Lg(G5,3/P7 Xfp,#) = fﬂ? LQ(G5,3/P7 Xffg,p“u)dﬁ7
Upn(§)(B)(g) = = [z&(gexp(sB))e ?™Fds, g € G5 3,8 € R.

Hence for every a € C*(G53)

lopu(@llop = sup|ime,, ,(a)llop- (7.5)
BER
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Definition 7.9.

o Let C5 = CB(L(0O), B(L*(R?))) be the C*-algebra of all continuous, uni-
formly bounded mappings ¢ : L(O) ~ B(L?*(R?)) from the locally com-
pact space L(O) into the algebra of bounded linear operators B(L?(R?))
on the Hilbert space L*(R?). By Theorem we observe that for any
a € C*(Gs3), the operator field @ ;@) is contained in Cg. Furthermore, for
¢ = pC* + pU* € g5 5, we obtain a representation 7, , = d, on the Hilbert
space L*(R?) of the algebra Cy defined by:

D
5i()€ = U2 ( JACIRCYE uﬁ,p,uwp,u@xﬁ))dﬁ) b€ Cy. (76)

e Define for k € N and ¢ € (5 the linear operators 7, 5(¢) and &, 5(¢) by

5k,6(¢) = Z Z Ugo Mij © 5(gﬁj)‘1~pﬁj(¢) © MUik,j o Ug

50() = 3@10(0) + (5,0(6°)) (7.7

where ¢, for £ = (g;)~" - p};, is as in Equation (7.6). For a € C*(G53)

Grol@u@) = (DD Uso Myx 00y 1y 4(a)o My o Up,(738)

i€l jeT.
where as before o), = ind?ﬁ%@, leg".
Theorem 7.10.  Let a € C*(Gs3). Then:
i |17, a) — 7,54 o = 0.

Proof.  Take first F' € L!(G53). Let us choose a compact subset K C p* and an

M > 0 such that the function R? x p* 3 ((z,9),p) — FF(E(z,y),p) is supported
in [—-M, M]* x K. By Proposition [7.4] we have for k large enough:

Ty (F) o Myr = Myx omy (F) o My , i,j € Z.
¥ 2,7 ¥
Let us write according to relation ({2.2)):

MVZkJ (e} ng(F) @) MUik,j — MVsz o 5(9%)_1, k (F) e} MU;?]_

P
= T, 10(Myx _, ompr , (F)o Myr _
95 ( Vii—9i; gi,j'f’c( ) Uii=9is

(F)o MUz'k,j_gzk,j) 0Tk

— o
ka k g k . gi,j

4,5 94, Py 5P

The kernel function F}, of the operator
ka k. OT (F) OMU_k‘_gl_@‘ _Mv}c__gk (o))
i,7 i

_ k . k
=905 9yl .j ii 90 Pogb

(F) o My

9
is given by

Fk(S,t) - 1Vk‘

2,7 ?,

i (e g (6) (F7(st70 8 gl i) = PP (st 70t )
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Since the function (s,p) — |li’\P(s,p)|2 is in C°(G53/P,p*) there exists a non-
negative continuous function with compact support ¢ : G53/P — R, such that
for any ¢,p € p*, s € G53/P :

|FP(s,q) — F(s,p)| < ¢(s)llg — p|-

It follows then from Formula ((7.2)), Formula ([7.4]), Lemma and Lemma that
for k € N large enough, i,j € Z, a,b,a’, b € R :

IFL(E(d.¥), B(a,b))]
< ((CL/ a, b/ b)v(avb) 'gzk,j'pk)_ﬁp«a/_aﬂb/_b)?pﬁj)
+IFP((@ = b = D), (a,b) - gl - pi) (je (el memaly a0EOUREEI) g

1
< (Ber + r|{v, §a2(b’ —b)V))p(d —a,b' —b)

ngi / /
< (3€k+r|—3 Ne(a" —a, b’ —b)
Vi

< (3€k+rlyk\1/4) (@' —a,b' —b),

for a constant r > 0 independent of k. Using now Young’s estimate and Propo-
sition [2.4] we see that there exists a constant D = Dpg, such that for k large
enough:

~

176, (F) = & o(Fn@))llop < Dlvil /™.
Hence we also have

176, (F*) = (6ro(F* @) llop < D' |vi]
for a new constant D’ > (. Therefore:

|70, (F) = (0. 5(F*3)" llop
= |Ime, (F*) = 6, 5(F* @) llop < D' ui|"*

and so

lim [[7(F) — 5(Fig)lop = 0.
The theorem follows from the fact L.(G53) is dense in C*(Gs3). ]
%k

e Passing from '} to I'7°.

Definition 7.11.  Choose a Schwartz-function 7 in S(R) with L?-norm equal
to 1. For (a,3) € R?* we define the function n,(«a, 3) by

mulon B)(s) = [l 5™l (s + §>>, sER (7.9)



638 LubpwiG AND REGEIBA

Lemma 7.12.  Let £ € S(R). Then,
1
€= 1 [ (o Ao Bydads

Proof.  The proof is the same as the proof of Lemma 2.8 in [LT11]. ]

Definition 7.13. 1. Forall (o, ) € R? and k € N, let P,(, ) be the orthogonal
projection onto the one dimensional subspace Cn,(«, 3).
2. Define for (p, ) € T7® and h € Cy(R?) a the linear operator

1

h) = —
Up’u( ) 1] Jre

h(aA* + BB* + pC*) Pyyap dodp. (7.10)

Proposition 7.14.  (Proposition 2.11 in [LT11)])

1. For every (p,p) € I2° and h € S(R?) the integral (7.10) converges in
operator norm.

2. 0,,u(h) is compact and ||, (h)|lop < ||P]so-

3. The mapping o,, : Co(R*) — loo(@573) is involutive, i.e. o,,(h*) =
oou(h)* h € C*(R?), where by o,, we denote also the extension of o,,
to CB(R?).

Theorem 7.15.  Let a € C*(G53) and let ¢ be the operator field ¢ = F(a). Let
5 = (v& = (pr, jux))& be a properly converging sequence in T'2° having its limit set
L(7) = RA*+RB*+pC* in TY®. Then the function ¢(p) : (a, ) — F(a)(e, 5, p)
is contained Co(R?) and

Jim () = o (())llop = 0. (7.11)
Proof.  The proof is the same as that of Theorem 2.12 in [LT11]. n

Remark 7.16.  Theorem and Theorem imply that C*(G53) has the
NCDL property.

8. The C*-algebra of the group G5 4.

Recall that the Lie algebra of gs4 is spanned by the basis B = {A,B,C,U,V}
equipped with the Lie brackets

[A,B] = C,[A,C) = U, [B,C] = V.

This Lie algebra has a two-dimensional centre 3 = span{U, V'}. The group G54 =
exp(gs.4) can be realized as R® with the Campbell-Baker-Hausdorff multiplication

1 1 1
X Y=X+Y+ §[X,Y] + E[X, (X, Y]] + E[Y, Y, X]], X,Y € g54,
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ie. (a,b,c,u,v)-(a', b, d u'v)

(a+d’, b+b, ctc _|_ab/ a'b wu +ac ac+a’26+a b adl d'ab
=  (a+d c - _ - g _ _
2 2’ 2 2 12 12 12 127
bd  be adb?  ab?  abl  d'bb
vtV +— - — — — + + ).

2 2 12 12 12 12

For all (a,b,c,u,v) € gsa, (o, B, p,p1,v) € g5, We obtain the following expression
for Ad*(a,b,c,u,v) :

Ad*(a,b, ¢, u,v)(e, B, p, 1, v)

2 2

ab ab
= (a—bp—cu— py — Vg B+ pa—ve+v—+p

5 5 2,p+ua+vb,uw)-

Let us give the Pukanszky parameterization of the co-adjoint orbits:
The generic elements ¢ = ( , B,y p, 1, V) in 954, are those with a non-zero value

Tpy = \/u + 2. Asin we take a new basis B, of gs4. For that, letting

= v
= TW, v o we put

By=B,,:={A,, =A =pA+70B,B,, =B, :=—-1VA+iB,C,UV}.
Let also
Zyy =pU+0V,T,, =—0U+ V.
Then:
[Aprs Buwl = Cs [ A Ol = Zyus [Bu O =

In the dual basis Bj of the basis By the orbit O, of the element ¢ = (g,, =
BB} + pU* + vV* is given by:

2

Oz = {aAZ—i—(ﬂ—l— 27"

)BE—I—CC*—l—,uU*—I—VV*,a,cER}. (8.1)

v

The stabilizer g5 4(¢) of ¢ is the sub-algebra
g5.4(0) = span{B,, U, V'}.

We denote by Fg’4 the orbit space of this family of generic co-adjoint orbits
parameterized by the set

Io* o= {lg, = (B, v), BER, (n,v) € R*\{(0,0)}}

Since Gsa4/exp(3) = Hi we can decompose the orbit space g ,/Gs4, and hence

also the dual space @574, into the disjoint union
054/Gsa = T3 UT Uy,

where I'} and T'} are the two Pukanszky layers for the Heisenberg group H; .
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8.1. Limit sets of properly converging sequences in I";’A.

Theorem 8.1.  The sequence (Og, u.. )k goes to infinity if and only if the
real sequence (ry + exfBr + (e — 1)Brrr)x goes to infinity, where for k € N,
=\/ui+vi and
o { 1 ifBp>0
L0 if B <0,

Proof.  Suppose that the sequence of orbits (Og, ., ., )& does not tend to infinity.
Then there is a convergent sub-sequence (also indexed by k& € N for simplicity)

2
2:§,V)Bz+ck‘0*+ﬂkU*+Vkv* € Oy, such that
limy ¢ = ¢ exists. Hence ¢, converges to ¢, ry := /ui + vi to r and 2ﬁk7’k+ck)
to b as k tends to infinity. Then Syry — br — % Hence the sequence (1 — Br7k )k

converges. Moreover, if Sy > 0 for any k, then 0 < £, < i + % <b+1 for k
large enough and so the sequence (1 + fi)x is bounded.

Conversely, suppose that (ry 4 gk + (e — 1) Bx7x) does not tend to infinity. Then
there is a convergent sub-sequence (ry) such that (Sgrg) is also convergent. We
may choose a convergent sequence (c;) such that 287y, + ¢z = 0 for all k. Then
(0,0, cg, px, V) € O and the sequence of functionals converges as k — oo. Hence
the sequence of orbits (Oy) does not tend to infinity. [

and for any k£ an element ¢}, = (

Theorem 8.2. 1. On the set FSA the dual topology is Hausdorff.

2. Let O = (O, = 05k3*+#kU*+ka*) (where By := By, ,k € N) be a sequence in

F54 with hm rE = khm V2 +vE=0. We can assume (passing if necessary to a
— 00

k—o0
sub-sequence) that the real sequence (fix)y (res. (Vx)x ) converges to fi (resp. to v).

Then the sequence of vectors (A = Ag )k, resp. (Br = By, )i converges to the
vector Ao = A+ DB (resp. to B = —VA+ iB).

o If O has a limit, then d := lim (=28, =: d}.) exists and d > 0.

k—o0

e Suppose now that O = (O, = Op,B: 4y U=+ v+ )k 18 @ properly converging
sequence in T, If O admits a limit in T U TS, then its limit set L(O) is

given by:
1. if d # 0 then L(O {(’)\/a, _\/3}.
2. if d =0, then the number Boo := limsupy, By, is contained in [—oo, +00]
and

0) = RAZ, + [Boo, +00[ B, if Boo € R
©)= { RA* +] — o0, +00[B:, =T} if foo = —0 (8.2)

Proof.  The point 1) is evident.
For point 2) we observe the following:

e Let O be such a sequence in FSA having a limit. Let ¢ be a point in a limit
orbit of the sequence O and let
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2

be such that lim m, = ¢. Then:
k—o00

2 2
((B) = limmy(By) = lim 2275 T MO
k—o0 k—o0 27’k

k—o0

This shows that klim (2Bkri+my(C)?) = 0 since limry, = klim Vi +vE=0,
—00 — 00

1.e.

1.

2.

k11_>m (—28rk) = €(C)* =: d.

Let now O be properly convergent and suppose that d > 0. For k
large enough, S, > 0 and then the element my 4 1= +/=28,r,C* +
wU* + v, V* of O converges to ++/dC*. Hence the orbits 0,5 are
contained in L(O). On the other hand, every other ¢ in the limit set
L(O) satisfies the relation d = ¢(C')?, which means that ¢(C) = £/d.
Hence L(O) = {0 3, 0_ s}

If now d = 0, we see in a similar manner that the limit of the sequence
O must be characters, i.e. vanish on C'. Choose a sub-sequence (also

denoted by O for simplicity), such that
k—00
Take any sequence

2B,y + 2

(mk = (lkAz + ( 27“k

)BZ + ¢, C* + MkU* + v, V* e Ok)
k

which converges to ¢ = aA* + bB, € L(O) for some a,b € R. Since

2 2
. Ck . . Ck .
frg _—) = —_— > =

it follows that B, < b < +00. On the other hand, for any a € R, b >
B, we have b > [y for k large enough and the sequence

(171 = 0 i+ bB; + V(b= B)2rsC" + " + V" € Ok>k

converges to aA’ + bB}

*, since klim Brr = 0. Hence, since L(O) is
— 00

closed,

L(O)=RA’_+[Bs, +0o[ B ( resp.,L(O)=RA* +] — 00, +oc[B%). m

8.2. The Fourier transform. Let p = span{C,U,V}, P := exp(p). Let £ €
I'>*. The dimension of a generic orbit is 2. A polarization at such an ¢ = lopy =
BB} + pU* + vV* is given by py = p,, = span{By,p}. Then G54 = exp(RA,) P,

(where P, = exp(ps)) as topological products. We take m, := indgj"lxg. Its
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Hilbert space is isomorphic to L*(R) and for ¢ = exp(sA¢)p,s,u € R, p € P,
and £ € L*(R) we have

We(g)ﬁ(u) _ 6—27ri<exp(u—s)Ag)-E,log(fw))g(u_8)7

and so for F € L'(Gs,4):

m(F)§(t) = F(g)mi(g)€(t)dg

5,4

FP(s —t,5.0,,)¢(s)ds. (8.3)

—

Here
ﬁP‘(s, q) = / F(exp(sAo)p)xq(p)dp,q € p;,s € R.
P,

and s-q=-exp(sd,,) q, q€p;.
Let L!(Gs4) be the subspace of L'(G5,4) consisting of all the F’s in L'(Gs4), for
which the partial Fourier transform

FP(E(a,b), q) = / Flexp(ad)exp(bB)p)e @50 gy 0 b € R, g € p*

P

is smooth and has compact support. For F € L!(G5,), the function FPe s of
compact support in s € R and Schwartz in the variable ¢ € pj.

Definition 8.3.  The Fourier transform @ = F(a) of an element a € C*(G54)

is defined as the field of bounded linear operators over the dual space of G54 given
by:

(B, p,v) = Fla)(B,pv) = mauu(a) € K(LAR)), (B, v) €157
a(p) = Fla)(p) = m,(a) € K(L*(R)), p € Iy;
a(a, B) = Fla)(@,f) = (Xap,a), @B €R,
(= / F(g)e *mittaslosd)dg if g = F € LY(Gs.4)), .
G

8.3. The continuity condition. We have seen in Theorem [8.2] that the topol-
ogy of the sub-set I'5* is Hausdorff. This means for the F’s in C*(G5.4), that the
functions © — ||7(F)||op are continuous on this set.

Theorem 8.4.  The mapping I'5"* — B(L*(R)) : £ — my(F) is norm-continuous
for all F € C*(Gj54).

Proof. This follows at once from Theorem 2.3 [
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8.4. Passing from I';* to 'l UT}.

Definition 8.5. Let O = (Ot,=p,,Bs +u,U*+1,v+) be a properly converging se-
quence in T'5* such that klim (re = \/ui +v3) = 0. We can assume (passing if
—00

necessary to a subsequence) that klim [ = i and klim U, =: U exist too. Let
—00 —00
=28 Vdy

——k N.
Tk Tk

dk = —261&“1C > (0 and t =

By Theorem [8.2] and its notations, d = klim dy, exists. If d =0, then B := klim B
—00 —00

exists in [—oo, +oo[ and the limit set of O is the set

L(O)={RA; _+|[fs,+00|B; _}, where A] =iA*+vB* and B} = — vA*+uB*.
Otherwise, i.e. if d # 0, the limit set L(O) is given by L(O) = {/dC*, —/dC*}.
Recall that:

re(s k) o ) N "
exp ((tr +8)AL) o = | Be+ — Bi+ ((s+te)ry) C*+ U+ V

—s (rk§+rktk> Bi+((s + ty)re)C* + U+, V*, k € N.

e15 case if d # 0. We consider first the case where d := klim di #0. Let
—00

g, = VA C* k€ N*.

Let us compute:

exp((s + *tg)Ax) - pr — exp(sAg) - (£qr)

+ ;)
— (Bk rk(sfkﬂ:\/ S) Bk—f- (Tk(:i:tk—l—s :|:\/ dk> C*—f-,ukU*—f—VkV*

= (Tk; ) B} + (res)C* + i U™ 4+ v, V™.

Let (Ry)r be a sequence in R, such that klim Riry, = O,inm R, = +o0. Let for
—00 —00
keN:

Jk = [_Rk‘yRk];
]k,:t = (:i:tk—i-(]k).

Our condition on Ry tells us that hm b= limy_y o ——E— \/7 = lim,, R”’“ =0 and

so Iy 4+ NI, =0 for k large enough.

Lemma 8.6.  Let K be a compact subset of p*. Then exp((R\ (Ix+ Ul -))Ag)-
Uy VK =0 for k large enough.
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Proof. Take R > 0 such that K C [-R, R|. For s > 0,s & I, . we have either
s>tp+ Ry or 0 < s <tp— Ry (for k large enough): In the first case:

lexp(sAy) - O(Br)| = [((s —t) - (& - €))(Bi)]
(S — tk) <7“k (8 _2tk) + Tktk)

d
> Rpvd, > RkQ\/_ ( for k large enough).

In the second case:

lexp(sAg) - li(Br)| = [((s —tr) - (tx - ) (Bi)|
(S — tk)
= (S — tk) (Tk B —+ T'ktk> ’
> R (tkrk _ M) > kai( for k large enough).

Similarly for s < 0, s & I, _. This means that for k large enough, exp(tAy)-lx ¢ K
for t ¢ [k,i . |

Definition 8.7. Let C5 = CB(L(O), B(L*(R))) be the C*-algebra of all con-
tinuous, uniformly bounded mappings ¢ : L(O) + B(L*(R)) from the locally
compact space L(O) into the algebra of bounded linear operators B(L?*(R)) on
the Hilbert space L*(R). Let for k € N*,

. dG5,4 . dG5,4
Ok,+ = IMAp " Xexp(+tpAp)-(VdeC*)s Tdyo+ = MAp - X /d,c*

and let ug + be the unitary intertwining operator between 7 g-c. and oy .

1. Let for ¢ € Cp, k€N,

Oro(9) = ou(0)
= My, oupy o d(Vdp)ou oMy,

+ My, _ou_od(—/dy)o up oMy, _ € B(L*(R)),

50() = 3(00(8) + (Grole")" (5.4

2. For a € C*(G54) let

Uk,@(a) = Uk,@(am )

Theorem 8.8. Let O = (O —p Bripus+vv+) be a properly converging se-

quence in T3 with limit set L = {0 /g, O_ sz} where d = —2lim B/ i3 + v} =
klim (=2Bkr) > 0,k € N. Then for every a € C*(Gs4),
—00

lim ||, (a) = 0. 5(a) op = 0.
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Proof. Let F € L(Gs4). Let for k € N*

Pr = Py, Pk = ng - eXp(RBk) P = eXp(pk)

The normal subgroup P, = exp(px) is a polarization at ¢, for every k. Let for
ke N*:

Fi(u,t) := P (exp(udy),exp(tAk) - lip, ), u, t € R.
Then the kernel function K} of the linear operator m, (F) is given by:
Ki(s,t) = Fr(s —t,t),s,t € R.

Since F' € L!(Gs,4), there is an M > 0 such that Fj(s —t,t) =0, if [s — | > M
and together with Lemma we have therefore for k large enough that

Ty, (F) = Mlk,+ © Ty, (F) © Mfk,+ + M]k,— © Ty, (F) © Mfk,—'

The kernel function Fj, of the operator m, (F) — 6, 5(F) is given by

Fk(57 t) = 1Ik,+(8) 1Ik,+ (t) (ﬁpk (exp <8 - t>AI€)7 exp((t + tk)Ak) ) gklpk)

Since F € L.(Gs4), there exists a continuous function ¢ > 0 on Gs,4/F, with
compact support, such that

|FP (exp(sA), £y, ) — F7 (exp(sAr), €y )| < @(8) 1€, — Lo, |l 5 € G50, 0,0 € g .
It follows for t = v+t € Iy 4,5 = u+t; € I 4 that
|FP(exp(u — 0) Ag), (U + i) - Cepp,) — F7(exp(u — v)Ag), v - )]
< o(u —v)|lexp((v + tr) Ax) - Px — exp(vVAg) - |
rRv>
< (175504 o+ bl + ) ol =)

TkR]%
< 5 + 1Ry + || + Vel ) o(u —v),

for k large enough. Similarly for ¢ € I _,s € I _. Since klim reR2=0, Young’s
— 00

inequality implies that

lim ||y, (F) = 03, 5(F)llop = 0,

k—oo

L(Gs4) being dense in C*(G54) the theorem follows. [
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*

02" case if d = 0. We suppose now that klim (dp = —2Bm1) = 0.
— 00

Definition 8.9. Let O = (Oy,—g,5; 4,01, v+) be a properly converging se-
quence in Fg’4. We can suppose that klim Br = oo exists in [—oo, +oo[ and that

—00
klim iy = [t, klim v = U. Let as before Ay, := iz A+ vy B, By :== —p A+ i B and
—00 —00
Ay = [iA+DB, By = —vA+[iB. The limit set is given by L(O) = RA;+[fx, 0o[ B}
if B € R otherwise L(O) =T}.

1. Let (ex)r C Ry be a decreasing sequence converging to 0 such that lim 2t =

k—o0
+00,
2. let
k . [ 2e .
ti=J\/—keN,jEL
Tk
Then:

exp((th + ) Ax) - pr

2

B o 2 s\ 2k . . .
= | Br+j%r —11J T_S+Tk§ By 4| kg T—Jrrks C*" + U+ 1V
k k

. . s .
= (5k + jen — jV2emis + Tk?) By + (v 2erri + 148) O + i U” + 13, V™.

th 4 5)?
= (ﬁk =+ Tkg> By + (T’k(t? + S))C* + u U™ + 1, V™

pi = exp(thAL) - pe = (B + j%ex) By, + (v 2e1m)C* + U + 1.V,
(8.5)
{ = (Bt Pen)Bi + VIO
Let se[th t¥ [, je€Z.Then for k large enough: |lexp((th+s)Ay)-pr—exp(sAz)-¢F||
&2
= [reg L Trs] o+ [l + v

(t§+1 - t§)2

< |7k 5 ’+’Tk(t§+1—t§)’+|uk|+|Vk\
< ek + V2rerk + || + vl
1
< gf. (8.6)

Definition 8.10. Let for k € N and j € Z:
Ik,j = [t;catg‘:-i-lL

]k = U Ik,j'

Jj€Jx
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Lemma 8.11. For all R > 0,5 € Z, we have R+ I;,; C Iy ; U I j11, for k
large enough.

Proof.  This follows from the fact that lim (¥, — %) = 2k = o0, [
k— o0 Tk

Definition 8.12.

1. Let for ke N and j € Z

. Gs,4
Oy, :=indp Xexp(£ty Ar)-q*

and let uy; be the unitary intertwining operator between m_; prmre- and
Ok,j-

2. Let as before Cg be the C*-algebra of all continuous bounded mappings
from L(O) into B(L*(R)). Let for ¢ € Cy:

Gro(@) = Y (M, + My ) ouy;oo0k,(¢)ous oMy,
JEZ
1
0ro(9) = 5(0o(0) + (5,o(¢7))- (8.7)

3. For a € C*(G54) let

Uk,@(a) = Uk,@@L(@))-
The proof of the next proposition is similar to that of Proposition [2.4]

Proposition 8.13.  The linear mappings 7,5,k € N, are bounded by 2.

Theorem 8.14.  Let O = (Op—p,Br U+, v=)r be a properly converging se-
quence in Fg’4 with the properties of Definition . Then for every a € C*(Gs4),

lim ||, () = 0. 5(a) op = 0.

Proof. Let F € L!(G54). Then, for k large enough, we have by Lemma [8.11]
that

Wﬁk(F) - Z(Mfk,j + M]k,j+1) © 7Tk<F) © Mfk,j'
JEZ

Therefore the kernel function Fj ; of the operator
(Mfk,j + MIk,j+1) © (Wk(F) - 5-k7j(F)) © Mfk,j
is given by:

Fk,j<87 t) = 1Ik,jUIk,j+1 (U + t?)(ﬁpk (u -, (U + t?) : pk) - F\Pk<8 - ta v - Qf))u
with s = u 45, ¢t = v +t].
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Since F' € L}(G5,4) there exists a continuous function ¢ > 0 on R with compact
support, such that

|FP(s —t,p) = FP(s — t,q)] < (s = t)|Ip — g
for every k£ € N and every p, q € p;. Hence, by
‘Fk7j<87 t)‘ < 1Ik:,jUIk,j+1 (u + t_]]?)llk,j (’U + tf)
X’FP’“(’LL—U,<U—|—25§) o) — FP (s —t,v- qf)\
plu—o)|[(v+15)-pr—v- g

IN

1
< gpp(u—v).

It follows now from Young’s inequality and from the properties of the sequence
that there exists a constant D = D > 0 such that for k£ large enough:

176, (F) = 6 o(F)llop < Deg. (8.8)

Since L!(Gs4) is dense in C*(Gs54) and since the mappings 0} are all bounded in
k by a fixed constant, it follows that relation (8.8)) also holds for a € C*(G54). =

Remark 8.15. Theorem and Theorem imply that C*(Gs4) has the
NCDL property.

9. The C*-algebra of the group Gsg.

Recall that the Lie algebra gsg is spanned by the basis B = {A,B,C,U,V}
equipped with the Lie brackets

[4,B] = C,[A,C] =U,[A, U] =V,[B,C] =V.

It has a one-dimensional centre 3 = RV. The group G55 can be realized as R®
with the Campbell—Baker—Hausdorff multiplication

LYY X LV XYL X Yegsg,

XY= X+Y+ [X Y]+ 51

SIGIX Y

iLe. (a,b,c,u,v)-(a', b, u v) =

/ / s/ ab’ _a'b 1 ac a2t | a?b  a’ab__ adl/
(ata', b+l et/ +L —2b gy 498 —acyall yarb aab_adl

,U_|_Ul_|_a_u’_a’2u b;’ be | a?c | a?c ab/2 abz_i_alb;)’_i_a’b’b aa’c

2 12 12 12 12 12 12
__dac a?a't) a’2ab>
12 24 24

We use the Euclidean scalar product on gs¢ to identify g; with gs6 = R° and
we obtain the following expression for Ad*(a,b,c,u,v):

Ad*(a,b,c,u v)( By pspsv) =
(a—pb—,uc—,u%b—l/u—yb u——uﬁ, B+ pa+ u— —ve+v2 + 1/12,

p+,ua+ub+u77u+1/a,u).
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We give now a description of the co-adjoint orbits:
The generic orbits: if v # 0. The orbit O, of the element ¢, = (0,0,0,0,v) is
given by:

O, = {(a,b,c,u,v), a,b,c,u € R}.

The stabilizer of £, is the set gs6(f,) = span{V}, we denote by I'y® the orbit
space of this layer and we parametrize it by

Y%= {t, =v,v e R*}. (9.1)

Since Gpp/V = Fy = exp(fs) (where f4 the thread-like Lie algebra of dimension
4) we can decompose the orbit gi /G5 6 and hence also the dual space Gsg, into
the disjoint union

9i6/Gse =13° U3 UTTUTY.

Theorem 9.1. Let O = (O,,), C I'7° be a sequence, such that limuy, = 0.

k—o0

Then O is properly converging and L(O) =T3UT}uUT}.

Proof. This follows immediately from the fact that a generic orbit O, is affine
linear and more precisely O, = vV* + V+. [

9.1. The Fourier transform.

Definition 9.2.  For £ = (0,0,0,0,v) = vV* € I'7°, the abelian sub-algebra p =
span{C, U, V'} is a polarization at . We realize then 7, p = 7, as m := indIGf"‘Xg‘
The Hilbert space L*(Gsg/P,¢) is in fact isomorphic to L?(R?): let as before
E:R? — G5, E(a,b):=exp(aA)exp(bB) and S=exp(RA)exp(RB)=F(R x R).
Then G = S - P as topological product and the mapping Ug: L*(Gs6/P, () —
L*(R?) defined by Ug&(t) := £(E(t)),t € R?, is unitary. We identify now 7, with
the corresponding representation on L*(R?). Let us compute the operator m,(F')
for FF € C*(Gs¢) explicitly. Now for (/,b'), (a,b) € R?,

E(d',V)E(a,b)™
= exp(a’A)exp(V' B)exp(—bB)exp(—aA)
= exp((a’ — a)A)exp(aA)exp((b' — b)B)exp(—aA)

= expl(a’ — a) A)exp((¥ ~ B)B +allf —H)C + 3 DU + L (b-H)V)

— B —a,t — bexpla(t — b)C + %aQ(b’ _ WU+ (%a?’(b’ _b) — a(ly — b))V
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For (€ g*, £ € L*(R?), t = (d/,V') € S,p € P we have:
me(F)E(t) (9-2)
= / £(s) (/ F(tpsl)e%ﬂs'e’mdp) ds (where s.t = Ad"(s).0)
Gs’G/P P

_ / FP(ts ™, 5.0],)€(s)ds

Gs’e/P
= / FP(d —a,b —b,(a,b).p)
G576/P

% 6721'71-(((a,b)l,exp(a(b’fb)CJr%a?(b’fb)U+(%a3(b’fb)fa(b’fb)2)V)€(a’ b)dadb.

Definition 9.3.  The Fourier transform @ = F(a) of an element a € C*(G5¢)
is defined as to the field of bounded linear operators over the dual space of Gsg.
This gives us the set TAUT*UTEUTS® and we define for a € C*(Gs) the operator
field:

a(v) = F(a)(v) .= m,(a) € K(L*(R?)), v € I

a(B,n) = F(a)(B, n) = ms,u(a) € K(L*(R)), (B, p) € T;
a(p) = Fla)(p) == m,(a) € K(L*(R)), p € Ty;

a(a, B) = Fla)(a, B) == (Xap; a), o, B € R?.

Theorem 9.4.  The mapping I'5° — B(L*(R?)) : £ — my(F) is norm-continuous
for all F € C*(Gsg).

Proof.  The proof is as before a consequence of Theorem [2.3] ]

9.2. Passing from 3% to TAUTYUTE.

Let O = (Op,)i C Fg’ﬁ be a properly converging sequence where ¢, = (0,0,0,0, ),

k € N such that klim v, = 0. Let p := (lk))p. By Theorem the restriction of
— 00

the limit set L(O) to p is the closed set L = L(O), = {(p,11,0), p € R, n € R}.

Definition 9.5. For £k € N,i,j € Z let:

7
Er = |Vk|9,
22 22 22
€ 5 €
Iik- = (e u,p) € p*;iek—j—kgc—J—kQék—j—k + e and jer<u < jepteg ¢,
7 2y, 2vy, 2uy,
Ui’fj = {(x,y) €R? (zA+yB) pp € ]Z-]fj} , ] € 7.

The sets If,i,j € Z, form a partition of O,.

Choose now a sequence Ry C R, such that lim Ry = +o0, klim Rie, = 0. Let also
—00

k—o00
for keN, i,je€Z:

. k\2 .
I (z3) Wy oy
J Vk; ) 2,7 " 2 Vk: ) 2y

fo—Fyij.
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Let for ¢, € Z, k € N*:
k’ L . .
p@j i (ngajgkao)‘
An easy computation gives:
Qf,j o = (e, jer, i) = pf,j + (0,0, ). (9.3)
Proposition 9.6. Let K be a compact subset, for k large enough
k k k
KU}, C U Ub iy = Vi
i j'=—1

Proof. We can suppose that K P is contained in [—M, M]*P for some M > 0.
For r = (u,v) € KP C G56/P and s = (z,y) € U*

x? u?

(rs).px = (v + vpy + vezu + Uk + vp—,

o VkE + vpu, k)

and so for k large enough vi|u| < e, vg|v| < ;. Hence

Jjex < v < JEg + &,
= T e
18 — Sy < igg — Jgfk + €k,

2
ek—jzf’“ vy + pv < (i + 1)eg —ths

N (7 — 1)5k <yx+yu < (§+ Deg + £,
(1—1)

It follows that KU}, C . /LJ Ul yijieg

Definition 9.7. For k£ € N* Let
RF = {_a_kf_k} « {_&,&} |
vil| " v vil " vkl
Lemma 9.8.  For k € N* large enough, for any i,j € Z, the set Ui’fj 15 contained
in R¥ + gﬁj.
Proof. Let s = (z,y) € UF; Then:

(xA+yB) - py € IZ-’fj

jskgykx<j5k—|—5k:>|x k|<|y‘:>xe[—f—"‘ 5—’“]—|—m’?
; Ik k
iep — 5=

= SERk—i-gffj. [
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Lemma 9.9.  For k € N* large enough, for i,j € Z and any (z,y) € Ui]fj
|(zA+yB) - pr. — (@A +yB) - (g5;)™") - vl < 4ey.

Proof. For (z,y) € Ui’fj we write according to the preceding Lemma: (z,y) =
(:c’—l—xf,y’—l—yf]) with (2/,1y') € R¥, ie. |2'] < &p and |1py| < ex. Therefore
by Relation [9.3 and the ch01ce of ey = |v|7*:

(2 + 25 A+ (y +yf)B) - px — (@’A+y'B) - pf|
— |[(A+yB) - (V)

12
= [[(wy' + ve— v, )|

2
/2
= |uy' + Vk—| + [vpa!| + v
e2
< e+ 2] + ex + |kl
S 4€k.

Definition 9.10.  For (p, ) # (0,0) € R?, 3 € R, let
lgpp = BB" + pC* + pU*and Ly, = BB* + pU™ € g5 6.

The subalgebra m := span{B,p} is a polarization at ¢, , and also at £z, ,. Since
both linear functlonals are on the same orbit, We have the equivalent representa-
tions g, = ind SGX% c G56 and 7g,,, = mdM”XgB - Let ug,, be the uni-
tary operator which gives the equivalence between both representations. For the
0 functional on m, the representation ind]\Gj’6 Xo is a direct integral of the unitary
characters of Gj¢. For (i, p) # (0,0) we take the direct integral representation

o ®
Top = </R Wﬁ’p’”dﬁ’/ﬁg LQ(G5,6/P,Xgﬁ’p7”)dB) (9.4)

resp.

@
To,o = / Xaygdﬁda. (95)
R2

This representation 7, , is in fact equivalent to the representation o, , := indg“)@w
and a unitary intertwining operator Ug, is given by:

Uppi i L*(Gs6/P.Xpw) = [ L*(Gs.6/Ps xa,,,)dP,
Upu()(B)(9) : = [z &(gexp(sB))e ™ ds, g € G5, 5 € R.

Hence for every a € C*(Gsg)

lopu(@)llop = sup [me,,, (@)llop- (9.6)
BeR

Let C5 = CB(L(0O), B(L ?(R?))) be the C*-algebra of all continuous, uni-
formly bounded mappings ¢ : L(O) — B(L?*(R?)) from the locally compact space
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L(O) into the algebra of bounded linear operators B(L?(R?)) on the Hilbert space
2( ?). For £ € V* C gt we obtain a representation 6, on the Hilbert space
L*(R?) of the algebra C5 defined by:

(&)
51(0)€ = U7 ( / uz,woqbw,mouﬁ,p,u(UAs)(m)dﬁ),aseco- (0.7

Definition 9.11.  Similarly to Definition [7.6] define for £ € N and ¢ € Cp =
CB(L(O)): the linear operators 7, 5(¢) and G, 5(¢) by

Oro(® ZZUEOMVk OU(g”) Lpk (¢)OMU§].OUE
1€EZ JEL
1
0ro(9) = 5(0o(@) + (Gp(¢7)") (9:8)

where ¢, for £ = (g;)~" - pf;, is as in Equation (9.7). For a € C*(G5)

Nl e ZZUEOMV’“ O T(gh y-1. fjp(a)OMUik;j oUp, (9.9)

1€EZ JEL
where as before oy, = ind%*°x,, ¢ € g*.
The proof of the next theorem is similar to that of Theorem [7.10]

Theorem 9.12.  Let a € C*(Gsg). Then:
Jim [l (@) = o5(@)lop = 0.
—00

Proof. Take first F' € L!(Gs¢). Let us choose a compact subset K C p* and an

M > 0 such that the function R? x p* > ((z,y),p) — F\P(E(:p,y),p) is supported
n [—M, M]? x K. By Proposition [7.4 we have for k large enough:

W@k(F) o MUz‘kj = Mvikj Oﬂgk(F) o MUikj’ 1,7 € Z.
Let us write according to relation ({2.2)):

Myx omy (F) o Myr — My 00 gr y-1pr o(F) o Mk
7 2] 7 2V

9r ) lpf e

= T, -10(Myk_ omer F) o M k. —
955 ( Vii=9i; gi,j‘fk( ) Uii—9;
— o o o .
MVilfj_gf,j Upﬁj’p(F) MUik,j_gf, ) Tgfz

The kernel function Fj of the operator
MV k Oﬂ—gk,-fk(F)oMUk

7 gl]

ka gic] e} UPfJ p(F) e} MUk

7 gl] 4,7 gl]

is given by

Fi(s,t) = 1yx_r (s )1Uk

i, 94,4 0] g”

(0 (PPt gty pi) = P (st 1)
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Since the function (s,p) — |li’\P(s,p)|2 is in C°(Gs6/P,p*) there exists a non-
negative continuous function with compact support ¢ : Gs56/P — R, such that
for any ¢,p € p*, s € G54/P :

|EP(s,9) — FP(s,p)] < ¢(s)]lq —pl.

It follows then from Relation (9.2, Lemma , Lemma and Lemma that
for k € N large enough, 1,7 € Z, a,b,a’, b € R :

|Fx(E(d, V), E(a,0))]

< ﬁp((a, - a v — b)7 (CL, b) ’ gf,j pk) - F\P((a/ - a, v — b)7pi])
+ ‘ﬁp(( - a, b — b)?(aab gzkdpk>
5¢ |<€—2i7r((€uk,(a(b’— )C+(a+%aQ(b’—b))U-&-(éaS(b’—b)—b—a—l—%a?—a(b’—b)z)\/)) — 1
1 1
< (dey + (g, (6a3(b’ —b)—b—a+ §a2 —a(b' = b)HV))p(d —a, b —b)
| vkl
< (dep+r AT Yo(a' —a, b/ —b)
< (45k+’r‘yk’1/9)gp(al_a’v bl_b)?

for some number r > 0 independent of k. Using now Young’s estimate and
Proposition 2.4] we see that there exists a constant D = Dp, such that for k large
enough:

176, (F) = &y,0(F)llop < Dlwa|'*.

The theorem follows from the fact L(Gsg) is dense in C*(Gsg). n

10. The final result.

We have treated now all simply connected, connected undecomposable Lie groups
of dimension < 5. The other simply connected connected groups of dimension
< 5 are of the form G; x R?, with G; undecomposable and dim(G;) +d <5. It
is easy to extend our methods to these groups to. We have thus established the
following theorem:

Theorem 10.1.  The C*-algebra of every connected nilpotent Lie group of di-
mension <5 has norm controlled dual limits.
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