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Abstract. We classify up to isomorphism a class of nonrigid Carnot groups.
As an application we obtain quasiisometric classification of a class of finitely
generated nilpotent groups. We also identify all C2 quasiconformal maps of
these nonrigid Carnot groups.
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1. Introduction

Carnot groups (with Carnot metrics) have arisen in many branches of mathematics.
They are the simplest sub-Riemannian manifolds, and arise as the tangent cones
of general sub-Riemannian manifolds [M]. They are also (one-point complement
of) ideal boundaries of certain negatively curved homogeneous manifolds [H]. The
rigidity property of Carnot groups has direct consequences for the rigidity property
of these negatively curved homogeneous manifolds and certain finitely generated
solvable groups. Furthermore, Carnot groups also arise as the asymptotic cones of
finitely generated nilpotent groups [G] and are closely related to the quasiisometric
classification question of finitely generated nilpotent groups.

Recent progresses suggest that Carnot groups are more rigid than previously
thought with respect to quasiconformal maps. On one hand, in [X1] it was
proved that all quasiconformal maps on nonrigid Carnot groups (except Euclidean
groups, Heisenberg product groups and complex Heisenberg product groups) are
biLipschitz. On the other hand, Michael Cowling and Alessandro Ottazzi [CO]
have shown that all C2 quasiconformal maps on rigid Carnot groups are affine
maps, so in particular they are biLipschitz. It is known that there are non-
biLipschitz quasiconformal maps on Euclidean groups and Heisenberg groups [B].
The general Heisenberg product groups and complex Heisenberg product groups
are the least understood in this respect. In [CR], Cowling and Riemann studied
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quasiconformal maps of the product of two copies of the Heisenberg group under
the assumption that the quasiconformal maps have continuous differentials. In
[RR], Reimann and Ricci showed that C2 contact maps on the complex Heisenberg
group must be holomorphic. In this paper we take a closer look at a class of
complex Heisenberg product groups.

Let H1
C be the Heisenberg Lie algebra over C (that is the three dimensional

Lie algebra with generators X , Y and Z and the only nontrivial relation [X, Y ] =
Z ). We consider the induced real Lie algebra structure on H1

C with generators
X1 = X , X2 = iX , Y1 = Y , Y2 = iY , Z1 = Z and Z2 = iZ . The nontrivial
relations are: [X1, Y1] = Z1 = [Y2, X2] and [X1, Y2] = [X2, Y1] = Z2 . We denote
by V1 the real vector subspace spanned by X1 , X2 , Y1 and Y2 , and by V2 the
real vector subspace spanned by Z1 and Z2 . Notice that H1

C = V1 ⊕ V2 .

Suppose that H1
C and H̃1

C are two copies of the complex Heisenberg Lie

algebra, and f : V2 → Ṽ2 is an isomorphism of R-vector spaces. Then one can
see that If = {(x,−f(x)) | x ∈ V2} is an ideal in H1

C ⊕ H̃1
C . We denote by

Rf the quotient Lie algebra (H1
C ⊕ H̃1

C)/If . Notice that Rf = W1 ⊕W2 , where

W1 = V1 ⊕ Ṽ1 and W2 = (V2 ⊕ Ṽ2)/If . So Rf is a 2-step Carnot Lie algebra.
Let Rf denote the connected and simply connected nilpotent Lie group with Lie
algebra Rf . Then Rf is a 2-step Carnot group. Furthermore, it is a nonrigid
Carnot group, see Section 2. The class of nonrigid Carnot groups we shall study
is {

Rf |f : V2 → Ṽ2 is a real vector space isomorphism
}
.

For a ∈ (0, 1] we consider fa : V2 → Ṽ2 given by fa(Z1) = Z1 and
fa(Z2) = aZ2 . We will denote Rfa by Ra and Rfa by Ra .

Our first result is a classification of this class of nonrigid Carnot groups up
to isomorphism.

Theorem 1.1. Every Carnot group Rf is isomorphic to Ra for some a ∈ (0, 1].
Furthermore, Ra and Rb (a, b ∈ (0, 1]) are isomorphic if and only if a = b.

A natural question is whether there is a similar classification result for
Carnot groups obtained from m ≥ 2 copies of the n-th (n ≥ 2) complex Heisen-
berg group by identifying the second layers through real linear isomorphisms. We
believe that the methods in this paper can be useful in proving such a result.

As an application of the above result, we obtain quasiisometric classification
of a class of finitely generated nilpotent groups. Let p, q be two relatively prime
integers such that 0 < p ≤ q . Define a group Gp,q by presentation Gp,q =< S|R > ,
where S = {x1, y1, x2, y2, x̃1, ỹ1, x̃2, ỹ2, z1, z2} is the set of generators and R is the
set of relators consisting of

[x1, y1] = z2q1 , [x1, y2] = z2p2 , [x2, y1] = z2p2 , [x2, y2] = z−2q1 ,

[x̃1, ỹ1] = z2q1 , [x̃1, ỹ2] = z2q2 , [x̃2, ỹ1] = z2q2 , [x̃2, ỹ2] = z−2q1 ,

[zj, x] = e for j = 1, 2 and any x ∈ S,

[x1, x2] = e, [y1, y2] = e, [x̃1, x̃2] = e, [ỹ1, ỹ2] = e,
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[x, y] = e for any x ∈ {x1, x2, y1, y2}; y ∈ {x̃1, x̃2, ỹ1, ỹ2}.

It is easy to see that Gp,q is a nilpotent group. In fact, Gp,q is a lattice in R p
q
, see

Lemma 4.1.

Theorem 1.2. Let 0 < p ≤ q , 0 < p′ ≤ q′ be integers such that (p, q) =
(p′, q′) = 1. Then Gp,q and Gp′,q′ are quasiisometric if and only if p = p′ and
q = q′ .

We also study quasiconformal maps on Ra . It turns out that there are very
few C2 quasiconformal maps on Ra . See Section 2 for the definition of graded
isomorphism.

Theorem 1.3. Every C2 quasiconformal map F : Ra → Ra is an affine map;
to be more precise, every C2 quasiconformal map F : Ra → Ra is the composition
of a left translation and a graded isomorphism.

Conjecturally the above statement holds for all quasiconformal maps, but
we are unable to remove the C2 assumption at this point.

2. Preliminaries

In this Section we collect definitions and results that shall be needed later. We
first recall the basic definitions related to Carnot groups in Subsection 2. Then
we review the BCH formula (Subsection 2), the definition of quasiconformal maps
and Pansu differentiability theorem (Subsection 2).

2.1. Carnot algebras and Carnot groups.

A Carnot Lie algebra is a finite dimensional Lie algebra G over R together
with a direct sum decomposition G = V1 ⊕ V2 ⊕ · · · ⊕ Vr of non-trivial vector
subspaces such that [V1, Vi] = Vi+1 for all 1 ≤ i ≤ r , where we set Vr+1 = {0} .
The integer r is called the degree of nilpotency of G . Every Carnot algebra
G = V1⊕V2⊕· · ·⊕Vr admits a one-parameter family of automorphisms λt : G → G ,
t ∈ (0,∞), where λt(x) = tix for x ∈ Vi . Let G = V1 ⊕ V2 ⊕ · · · ⊕ Vr and
G ′ = V ′1 ⊕ V ′2 ⊕ · · · ⊕ V ′s be two Carnot algebras. A Lie algebra homomorphism
φ : G → G ′ is graded if φ commutes with λt for all t > 0; that is, if φ◦λt = λt ◦φ .
We observe that φ(Vi) ⊂ V ′i for all 1 ≤ i ≤ r .

A connected and simply connected nilpotent Lie group is a Carnot group
if its Lie algebra is a Carnot algebra. Let G be a Carnot group with Lie algebra
G = V1⊕· · ·⊕Vr . The subspace V1 defines a left invariant distribution HG ⊂ TG
on G . We fix a left invariant inner product on HG . An absolutely continuous
curve γ in G whose velocity vector γ′(t) is contained in Hγ(t)G for almost every
t is called a horizontal curve. By Chow’s theorem ([BR, Theorem 2.4]), any two
points of G can be connected by horizontal curves. Let p, q ∈ G , the Carnot
metric dc(p, q) between them is defined as the infimum of length of horizontal
curves that join p and q .
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Since the inner product on HG is left invariant, the Carnot metric on G
is also left invariant. Different choices of inner product on HG result in Carnot
metrics that are biLipschitz equivalent.

Recall that, for a connected and simply connected nilpotent Lie group G
with Lie algebra G , the exponential map exp : G → G is a diffeomorphism.
Under this identification the Lesbegue measure on G is a Haar measure on G .
Furthermore, the exponential map induces a one-to-one correspondence between
Lie subalgebras of G and connected Lie subgroups of G .

Let G be a Carnot group with Lie algebra G = V1 ⊕ · · · ⊕ Vr . Since
λt : G → G (t > 0) is a Lie algebra automorphism and G is simply connected,
there is a unique Lie group automorphism Λt : G → G whose differential at the
identity is λt . For each t > 0, Λt is a similarity with respect to the Carnot metric:
d(Λt(p),Λt(q)) = t d(p, q) for any two points p, q ∈ G . A Lie group homomorphism
f : G→ G′ between two Carnot groups is a graded homomorphism if it commutes
with Λt for all t > 0; that is, if f ◦ Λt = Λt ◦ f . Notice that, a Lie group
homomorphism f : G → G′ between two Carnot groups is graded if and only if
the corresponding Lie algebra homomorphism is graded.

A C2 map F : U → V between open subsets of Carnot groups is contact
if the differential sends horizontal subspaces into horizontal subspaces. A Carnot
group G is rigid if the space of C2 contact maps is finite dimensional, and nonrigid
otherwise. A Carnot group G with Lie algebra G is nonrigid if and only if there
exists some nonzero X in the complexified Lie algebra G ⊗R C such that ad(X)
has rank at most one, see [OW]. In the proof of Theorem 1.1 (see Section 3) it will
be shown that Rf ⊗R C contains elements with rank one. Hence Rf is a nonrigid
Carnot group.

2.2. The Baker-Campbell-Hausdorff formula.

Let G be a connected and simply connected nilpotent Lie group with Lie
algebra G . The exponential map exp : G → G is a diffeomorphism. One can
then pull back the group operation from G to get a group structure on G . This
group structure can be described by the Baker-Campbell-Hausdorff formula (BCH
formula in short), which expresses the product X ∗ Y (X, Y ∈ G ) in terms of the
iterated Lie brackets of X and Y . The group operation in G will be denoted by · .
The pull-back group operation ∗ on G is defined as follows. For X, Y ∈ G , define

X ∗ Y = exp−1(expX · expY ).

Then the first few terms of the BCH formula ([CG], page 11) is given by:

X ∗ Y = X + Y +
1

2
[X, Y ] +

1

12
[X, [X, Y ]]− 1

12
[Y, [X, Y ]] + · · · .

Let G = V1 ⊕ · · · ⊕ Vr be a Carnot Lie algebra and π1 : G → V1 be the
projection onto V1 . Then it is easy to check using the BCH formula that π1 is a
group homomorphism, where the group operation on V1 is vector addition.

2.3. Quasiconformal maps and Pansu differentiability theorem.

Here we recall the definition of quasiconformal maps and Pansu differentia-
bility theorem.
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Let F : (X1, d1) → (X2, d2) be a homeomorphism between two metric
spaces. For x ∈ X1 and t > 0, define

HF (x, t) =
sup{d2(F (x′), F (x))|d1(x′, x) ≤ t}
inf{d2(F (x′), F (x))|d1(x′, x) ≥ t}

.

The map F is called λ-quasiconformal if lim supt→0HF (x, t) ≤ λ for all x ∈ X .
We say F is quasiconformal if it is λ-quasiconformal for some λ ≥ 1.

Definition 2.1. Let G and G′ be two Carnot groups endowed with Carnot
metrics d and d′ respectively, and U ⊂ G , U ′ ⊂ G′ open subsets. A map
F : U → U ′ is Pansu differentiable at x ∈ U if there exists a graded homomor-
phism L : G→ G′ such that

lim
y→x

d′(F (x)−1 · F (y), L(x−1 · y))

d(x, y)
= 0.

In this case, the graded homomorphism L : G→ G′ is called the Pansu differential
of F at x , and is denoted by dF (x).

The following result (except the terminology) is due to Pansu [P].

Theorem 2.2. Let G,G′ be Carnot groups, and U ⊂ G, U ′ ⊂ G′ open subsets.
Let F : U → U ′ be a quasiconformal map. Then F is a.e. Pansu differentiable.
Furthermore, at a.e. x ∈ U , the Pansu differential dF (x) : G → G′ is a graded
isomorphism.

In Theorem 2.2 and the proofs below, “a. e.” is with respect to the Lesbegue
measure on G = G .

3. Classification

The goal of this Section is to prove Theorem 1.1. Since two connected and simply
connected Lie groups are isomorphic if and only if their Lie algebras are isomorphic,
it suffices to classify the Lie algebras Rf up to isomorphism.

Lemma 3.1. Suppose that u : H1
C → H1

C and v : H̃1
C → H̃1

C are graded

isomorphism of Carnot Lie algebras and f : V2 → Ṽ2 is an isomorphism of R-
vector spaces. Then there is a graded isomorphism Rf

∼= Rvfu , where vfu =
(v|Ṽ2) ◦ f ◦ (u|V2).

Proof. Define the map φ : H1
C ⊕ H̃1

C → H1
C ⊕ H̃1

C by φ(x, y) = (u−1(x), v(y)).
One can easily check that φ is a graded isomorphism and φ(If ) = Ivfu , which
induces a graded isomorphism Rf

∼= Rvfu .

Remark 3.2. If the linear map f is the identity, then Rid is the five dimensional
complex (with dimension ten over the reals) Heisenberg algebra H2

C .
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It follows from the Singular Value Decomposition Theorem for matrices
(see for example [L], Section 7.4) that for every A ∈ GL2(R) there exist U ,

V ∈ O2(R), and λ > 0, a ∈ (0, 1] such that A = (λU)DV where D =

(
1 0
0 a

)
.

Next we observe that for any λ > 0 and any U ∈ O2(R), there exists a graded
automorphism u : H1

C → H1
C such that u|V2 : V2 → V2 has matrix representation

λU with respect to the basis {Z1, Z2} . For λ = 1 and U =

(
1 0
0 −1

)
, the

corresponding graded automorphism is the complex conjugation τ0 : H1
C → H1

C
given by τ0(X1) = X1 , τ0(X2) = −X2 , τ0(Y1) = Y1 , τ0(Y2) = −Y2 , τ0(Z1) = Z1 ,

τ0(Z2) = −Z2 . For λ > 0 and U =

(
cos t − sin t
sin t cos t

)
, the corresponding graded

automorphism ψ : H1
C → H1

C is given by ψ(X1) = λ(cos tX1 + sin tX2), ψ(X2) =
λ(− sin tX1 + cos tX2), ψ(Y1) = Y1 , ψ(Y2) = Y2 , ψ(Z1) = λ(cos t Z1 + sin t Z2),
ψ(Z2) = λ(− sin t Z1 + cos t Z2).

If we combine Lemma 3.1 with the above discussion we get the following
proposition:

Proposition 3.3. For any R-linear isomorphism f : V2 → Ṽ2 of vector spaces
there exists a ∈ (0, 1] such that Rf

∼= Ra .

We will dedicate the rest of this section to proving that for a , b ∈ (0, 1] we
have Ra

∼= Rb if and only if a = b .

Notice that Ra is a ten dimensional real vector space with basis Xa
i , Y a

i ,

X̃a
i , Ỹ a

i , and Za
i for i ∈ {1, 2} . The identification is given by Xa

i = (Xi, 0),

Y a
i = (Yi, 0), X̃a

i = (0, X̃i), Ỹ a
i = (0, Ỹi), Za

1 = (Z1, 0) = (0, Z̃1) and Za
2 =

(a−1Z2, 0) = (0, Z̃2). The only nontrivial brackets are given in Table 1.

Y a
1 Y a

2 Ỹ a
1 Ỹ a

2

Xa
1 Za

1 aZa
2 0 0

Xa
2 aZa

2 −Za
1 0 0

X̃a
1 0 0 Za

1 Za
2

X̃a
2 0 0 Za

2 −Za
1

Table 1: Bracket relations in Ra

We denote by W a
1 the vector subspace of Ra spanned by Xa

i , X̃a
i , Y a

i and

Ỹ a
i , i = 1, 2, and by W a

2 the vector subspace spanned by Za
1 , Za

2 . Notice that
Ra = W a

1 ⊕W a
2 and [W a

1 ,W
a
1 ] = W a

2 . So Ra is a 2-step Carnot algebra.

Lemma 3.4. Let G = V1 ⊕ V2 and G̃ = Ṽ1 ⊕ Ṽ2 be 2-step Carnot Lie algebras.
If G and G̃ are isomorphic, then there exists a graded isomorphism between them.

Proof. Let f : G → G̃ be a Lie algebra isomorphism. Since [G,G] = V2 and

[G̃, G̃] = Ṽ2 , we see that f |V2 : V2 → Ṽ2 is a linear isomorphism onto Ṽ2 . In

general, f(V1) 6⊂ Ṽ1 . For i = 1, 2, let πi : G̃ → Ṽi be the projection onto Ṽi .
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Set fi := πi ◦ (f |V1). Then f |V1 = f1 + f2 . Notice that f1 : V1 → Ṽ1 is a linear

isomorphism. Now define a linear isomorphism h : G → G̃ by

h(v1 + v2) = f1(v1) + f(v2), for v1 ∈ V1, v2 ∈ V2.

Since f is a Lie algebra isomorphism, f(v1 + v2) = h(v1 + v2) + f2(v1) and

[f2(V1), G̃] = 0, it is easy to check that h is a Lie algebra isomorphism. By
definition, h is graded.

If g is a real Lie algebra, we consider the complex Lie algebra structure on
g⊗R C defined by [T ⊗R z1, U ⊗R z2] = [T, U ]⊗R z1z2 . If ω : g→ h is a morphism
of real Lie algebras, then Ω = ω⊗R C : g⊗R C→ h⊗R C , Ω(T ⊗R z) = ω(T )⊗R z
is a morphism of complex Lie algebras. Since there is no danger on confusion we
will denote T ⊗R 1 ∈ g ⊗R C by T and T ⊗R z by zT . We will denote Ra ⊗R C
by Ca .

There is a natural conjugation map − : g ⊗R C → g ⊗R C , defined by
T ⊗R z = T ⊗R z . If W is a subset of g⊗R C then we define W = {w | w ∈ W} .
One can check that if ω : g → h is a morphism of real Lie algebras, then
Ω : g⊗R C→ h⊗R C has the property Ω(W ) = Ω(W ).

Recall that Ra = W a
1 ⊕W a

2 . We have Ca = (W a
1 ⊗R C)⊕ (W a

2 ⊗R C). We
want to find all T ∈ W a

1 ⊗R C with the property that ad(T ) : Ca → Ca has rank

one. Let T = a1X
a
1 +a2X

a
2 +b1X̃

a
1 +b2X̃

a
2 +c1Y

a
1 +c2Y

a
2 +d1Ỹ

a
1 +d2Ỹ

a
2 ∈ W a

1 ⊗RC ,
we have:

ad(T )(Xa
1 ) = [T,Xa

1 ] = −c1Za
1 − ac2Za

2 ,

ad(T )(Xa
2 ) = [T,Xa

2 ] = −ac1Za
2 + c2Z

a
1 ,

ad(T )(X̃a
1 ) = [T, X̃a

1 ] = −d1Za
1 − d2Za

2 ,

ad(T )(X̃a
2 ) = [T, X̃a

2 ] = −d1Za
2 + d2Z

a
1 ,

ad(T )(Y a
1 ) = [T, Y a

1 ] = a1Z
a
1 + aa2Z

a
2 ,

ad(T )(Y a
2 ) = [T, Y a

2 ] = aa1Z
a
2 − a2Za

1 ,

ad(T )(Ỹ a
1 ) = [T, Ỹ a

1 ] = b1Z
a
1 + b2Z

a
2 ,

ad(T )(Ỹ a
2 ) = [T, Ỹ a

2 ] = b1Z
a
2 − b2Za

1 .

If the rank of ad(T ) is one then ad(T )(Xa
1 ) and ad(T )(Xa

2 ) must be linearly
dependent and so there exists α ∈ C such that,

−c1Za
1 − ac2Za

2 = α(−ac1Za
2 + c2Z

a
1 )

or equivalently c1 = −αc2 and c2 = αc1 which implies c1 = −α2c1 . If c1 6= 0 then
α2 = −1. When α = i the image of ad(T ) contains the vector −c1(Za

1 + iaZa
2 ), if

α = −i then the image of ad(T ) contains the vector −c1(Za
1 − iaZa

2 ).

A similar argument shows that if d1 6= 0 then the image of ad(T ) contains
either the vector −d1(Za

1 + iZa
2 ) or the vector −d1(Za

1 − iZa
2 ). Also if a1 6= 0 then

the image of ad(T ) contains the element a1(Z
a
1 +iaZa

2 ) or the vector a1(Z
a
1−iaZa

2 ),
and finally when b1 6= 0 the image of ad(T ) contains the vector b1(Z

a
1 + iZa

2 ) or
the vector b1(Z

a
1 − iZa

2 ). If we put all the information together we get two different
cases depending on whether a 6= 1 or a = 1.
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Let Rank1(Ca) be the set of all elements T ∈ W a
1 ⊗R C with the property

that ad(T ) has rank one.

Set
La1 = {a1(Xa

1 + iXa
2 ) + c1(Y

a
1 + iY a

2 ) | a1, c1 ∈ C}

and
La2 = {b1(X̃a

1 + iX̃a
2 ) + d1(Ỹ

a
1 + iỸ a

2 ) | b1, d1 ∈ C}.

If a 6= 1, then

Rank1(Ca)
⋃
{0} = La1

⋃
La1
⋃

La2
⋃

La2.

If a = 1, then Rank1(C1)
⋃
{0} = L

⋃
L , where L is the complex linear

subspace of W a
1 ⊗R C spanned by Xa

1 + iXa
2 , X̃a

1 + iX̃a
2 , Y a

1 + iY a
2 and Ỹ a

1 + iỸ a
2 .

Proposition 3.5. If a 6= 1, then R1 and Ra are not isomorphic.

Proof. Suppose that we have an isomorphism ω : Ra → R1 . From Lemma 3.4
we may assume that ω is a graded isomorphism. The induced map Ω : Ca → C1 is
also a graded isomorphism and Ω(Rank1(Ca)) = Rank1(C1). But this is obviously
impossible since from the above discussion we know that Rank1(Ca) is a union
of four vector spaces of dimension two, while Rank1(C1) is a union of two vector
spaces of dimension four.

Consider now a , b ∈ (0, 1). We want to show that Ra and Rb are
isomorphic only when a = b . Suppose that ω : Ra → Rb is an isomorphism of real
Lie algebras. From Lemma 3.4 we can assume that ω is a graded isomorphism.
Also from the above discussion we have that Ω(Rank1(Ca)) = Rank1(Cb). Since

Rank1(Ca)
⋃
{0} = La1

⋃
La1
⋃
La2
⋃
La2 we must have Ω(La1) ∈ {Lb1, Lb1, Lb2, Lb2} .

Moreover, since Ω(W ) = Ω(W ) we must have {Ω(La1),Ω(La1)} = {Lb1, Lb1} or

{Ω(La1),Ω(La1)} = {Lb2, Lb2} .
We consider the following R-vector spaces V a

1 = RXa
1 ⊕RXa

2 ⊕RY a
1 ⊕RY a

2 ,

Ṽ a
1 = RX̃a

1 ⊕ RX̃a
2 ⊕ RỸ a

1 ⊕ RỸ a
2 and V a

2 = RZa
1 ⊕ RZa

2 .

Case I: {Ω(La1),Ω(La1)} = {Lb1, Lb1} . Suppose that Ω(La1) = Lb1 and

Ω(La1) = Lb1 (the case Ω(La1) = Lb1 and Ω(La1) = Lb1 is similar). There exist
α , β ∈ C such that

Ω(Xa
1 + iXa

2 ) = α(Xb
1 + iXb

2) + β(Y b
1 + iY b

2 )

and
Ω(Xa

1 − iXa
2 ) = α(Xb

1 − iXb
2) + β(Y b

1 − iY b
2 ).

This implies that

ω(Xa
1 ) = Ω(Xa

1 ) = Re(α)Xb
1 − Im(α)Xb

2 +Re(β)Y b
1 − Im(β)Y b

2 ∈ V b
1 .

A similar computation shows that ω(Xa
2 ), ω(Y a

1 ) and ω(Y a
2 ) ∈ V b

1 . This means

that ω(V a
1 ) = V b

1 . Similarly we can show that ω(Ṽ a
1 ) = Ṽ b

1 . In particular we see
that

ω : V a
1 ⊕ V a

2 → V b
1 ⊕ V b

2
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and
ω : Ṽ a

1 ⊕ V a
2 → Ṽ b

1 ⊕ V b
2

are graded isomorphisms.

One can see that φa : V a
1 ⊕ V a

2 → H1
C given by φa(X

a
i ) = Xi , φa(Y

a
i ) = Yi ,

φa(Z
a
1 ) = Z1 and φa(Z

a
2 ) = a−1Z2 is a graded isomorphism. Also φ̃a : Ṽ a

1 ⊕ V a
2 →

H1
C given by φ̃a(X̃

a
i ) = Xi , φ̃a(Ỹ

a
i ) = Yi , φ̃a(Z

a
1 ) = Z1 and φ̃a(Z

a
2 ) = Z2 is a

graded isomorphism.

This means that θ = φbωφ
−1
a and θ̃ = φ̃bωφ̃

−1
a : H1

C → H1
C are graded

isomorphisms. We recall from [S], page 110, the following result.

Lemma 3.6. If θ : H1
C → H1

C is a graded isomorphism, then there exist α,
β ∈ R, α2 + β2 6= 0 such that θ(Z1) = αZ1 + βZ2 and θ(Z2) = ±(−βZ1 + αZ2).

Suppose that θ = φbωφ
−1
a and θ̃ = φ̃bωφ̃

−1
a correspond to the matrix(

α ∓β
β ±α

)
respectively

(
γ ∓δ
δ ±γ

)
. Then ω|V a2 = φ−1b θφa = φ̃−1b θ̃φ̃a corre-

sponds to the matrix(
1 0
0 b

)(
α ∓β
β ±α

)(
1 0
0 a−1

)
=

(
γ ∓δ
δ ±γ

)
.

This is equivalent to(
α ∓β
bβ ±bα

)
=

(
γ ∓aδ
δ ±aγ

)
.

It follows that α = γ , bα = aγ , δ = bβ and β = aδ . The last two equalities imply
β(ab − 1) = 0. Hence β = 0 as a, b ∈ (0, 1). It follows that α 6= 0 and we must
have a = b .

Case II: {Ω(La1),Ω(La1)} = {Lb2, Lb2} . Using the same ideas as in the first

case, we can show that ω : V a
1 ⊕ V a

2 → Ṽ b
1 ⊕ V b

2 and ω : Ṽ a
1 ⊕ V a

2 → V b
1 ⊕ V b

2 are

graded isomorphisms. This implies that θ = φ̃bωφ
−1
a and θ̃ = φbωφ̃

−1
a : H1

C → H1
C

are graded isomorphisms. Again we use Lemma 3.6 to get the following identity:(
α ∓β
β ±α

)(
1 0
0 a−1

)
=

(
1 0
0 b

)(
γ ∓δ
δ ±γ

)
.

In this case we obtain α = 0 and a = b .

The proof of Theorem 1.1 is now complete.

We extract the following fact from the proof:

Lemma 3.7. Suppose a ∈ (0, 1) and h : Ra → Ra is a graded isomorphism.
Then exactly one of the following holds:

(1) h(V a
1 ) = V a

1 and h(Ṽ a
1 ) = Ṽ a

1 ; in this case, there exists some γ 6= 0 such
that h(Za

1 ) = γZa
1 and h(Za

2 ) = ±γZa
2 ;

(2) h(V a
1 ) = Ṽ a

1 and h(Ṽ a
1 ) = V a

1 ; in this case, there exists some δ 6= 0 such
that h(Za

1 ) = δZa
2 and h(Za

2 ) = ∓δZa
1 .
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Remark 3.8. If we allow a ∈ (0,∞) then one can see that µ : Ra
∼= Ra−1 given

by µ(Xa
i ) = X̃a−1

i , µ(Y a
i ) = Ỹ a−1

i , µ(X̃a
i ) = Xa−1

i , µ(Ỹ a
i ) = Y a−1

i , µ(Za
1 ) = Za−1

1 ,
and µ(Za

2 ) = a−1Za−1

2 is an isomorphism of Lie algebras.

4. Quasiisometric classification of a class of
finitely generated nilpotent groups

In this Section we shall give an application of Theorem 1.1. We shall use Theorem
1.1 to obtain quasiisometric classification of a class of finitely generated nilpotent
groups. These finitely generated nilpotent groups are lattices in Ra , where a is
rational.

When a is rational, Ra is rational; that is, it has a basis with rational
structure constants. It is well known that a connected and simply connected
nilpotent Lie group has lattices if and only if its Lie algebra is rational. And in
this case it is easy to construct lattices. See [CG], Theorem 5.1.8.

Recall that for a connected and simply connected nilpotent Lie group G
with Lie algebra G , the exponential map exp : G → G is a diffeomorphism. We
shall identify Ra and Ra via the exponential map. The group operation on Ra is
given by the BCH formula (see Section 2).

Let a ∈ (0, 1] be rational. Write a = p/q where p and q are relatively
prime integers. The least common multiple of the denominators of the structure
constants of the Lie algebra Ra with respect to the vector space basis

{X1, X2, Y1, Y2, X̃1, X̃2, Ỹ1, Ỹ2, Z1, Z2}

is q (here we dropped the superscipt a in the notation for the basis elements). By
the proof of [CG], Theorem 5.1.8, the subset Γp,q ⊂ Ra consisting of the integral
linear combinations of the following elements:

S0 = {2qX1, 2qY1, 2qX2, 2qY2, 2qX̃1, 2qỸ1, 2qX̃2, 2qỸ2, 2qZ1, 2qZ2}

is a lattice in the Lie group Ra . One can easily check that this is a subgroup by
using the BCH formula (see Section 2). The group Γp,q is generated by S0 and
satisfies the following relations (here [g1, g2] = g1g2g

−1
1 g−12 for g1, g2 ∈ Γp,q ):

[2qX1, 2qY1] = (2qZ1)
2q, [2qX1, 2qY2] = (2qZ2)

2p,

[2qX2, 2qY1] = (2qZ2)
2p, [2qX2, 2qY2] = (2qZ1)

−2q,

[2qX̃1, 2qỸ1] = (2qZ1)
2q, [2qX̃1, 2qỸ2] = (2qZ2)

2q,

[2qX̃2, 2qỸ1] = (2qZ2)
2q, [2qX̃2, 2qỸ2] = (2qZ1)

−2q,

[x, 2qZj] = e for j = 1, 2 and any x ∈ S0,

[2qX1, 2qX2] = e, [2qY1, 2qY2] = e,

[2qX̃1, 2qX̃2] = e, [2qỸ1, 2qỸ2] = e,

[x, y] = e for any x ∈ {2qX1, 2qX2, 2qY1, 2qY2}; y ∈ {2qX̃1, 2qX̃2, 2qỸ1, 2qỸ2}.
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We shall show that the set S0 of generators and the above relators form
a presentation of the group Γp,q . For this we let Gp,q be the group given by the
presentation

Gp,q =< S|R >,

where S = {x1, y1, x2, y2, x̃1, ỹ1, x̃2, ỹ2, z1, z2} is the set of generators and R is the
set of relators consisting of

[x1, y1] = z2q1 , [x1, y2] = z2p2 , [x2, y1] = z2p2 , [x2, y2] = z−2q1 ,

[x̃1, ỹ1] = z2q1 , [x̃1, ỹ2] = z2q2 , [x̃2, ỹ1] = z2q2 , [x̃2, ỹ2] = z−2q1 ,

[zj, x] = e for j = 1, 2 and any x ∈ S,

[x1, x2] = e, [y1, y2] = e, [x̃1, x̃2] = e, [ỹ1, ỹ2] = e,

[x, y] = e for any x ∈ {x1, x2, y1, y2}; y ∈ {x̃1, x̃2, ỹ1, ỹ2}.

Because the relations in R are satisfied by the elements in Γp,q , there is
a unique group homomorphism φ : Gp,q → Γp,q such that φ(xi) = 2qXi, φ(x̃i) =

2qX̃i , φ(yi) = 2qYi, φ(ỹi) = 2qỸi , φ(zi) = 2qZi for i = 1, 2.

Lemma 4.1. The homomorphism φ is a group isomorphism.

Proof. The homomorphism φ is clearly surjective. We shall show that it is also
injective. Let g ∈ Gp,q be such that φ(g) = 0. The relators in R show that z1
and z2 lie in the center of Gp,q and that every element (hence g ) of Gp,q can be
written as

g = (x1)
k1(x2)

k2(y1)
l1(y2)

l2(x̃1)
m1(x̃2)

m2(ỹ1)
n1(ỹ2)

n2(z1)
p1(z2)

p2 ,

where kj, lj,mj, nj, pj are integers. Since φ and π1 : Ra → W a
1 are homomor-

phisms, we have

0 = π1 ◦ φ(g) = k1 · (2qX1) + k2 · (2qX2) + l1 · (2qY1) + l2 · (2qY2)+
+m1 · (2qX̃1) +m2 · (2qX̃2) + n1 · (2qỸ1) + n2 · (2qỸ2) ∈ W a

1 .

Since S0\{2qZ1, 2qZ2} is a basis of the vector space W a
1 we must have kj = lj =

mj = nj = 0. Hence g = (z1)
p1(z2)

p2 and 0 = φ(g) = p1 · (2qZ1) + p2 · (2qZ2).
Since Z1 and Z2 are linearly independent, we have p1 = p2 = 0. Hence g = e .

Proof of Theorem 1.2. Denote a = p/q and a′ = p′/q′ . Suppose Gp,q and Gp′,q′

are quasiisometric. By Lemma 4.1, Gp,q and Γp,q are isomorphic. So Γp,q and
Γp′,q′ are quasiisometric. Since Γp,q is a cocompact lattice in Ra and similarly for
Γp′,q′ , we see that Ra and Ra′ are quasiisometric. It follows that the asymptotic
cones of Ra and Ra′ are biLipschitz. Since Ra and Ra′ are Carnot groups, their
asymptotic cones are themselves. So Ra and Ra′ are biLipschitz. Now Pansu’s
differentiability theorem implies that Ra and Ra′ are isomorphic. Now the claim
follows from Theorem 1.1.
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5. C2 quasiconformal maps

In this Section we identify all the C2 quasiconformal maps on Ra . It turns out
that all C2 quasiconformal maps are affine maps. Recall that an affine map of a
Carnot group is the composition of a left translation and an automorphism.

We first construct some special graded automorphisms of Ra . One of them
is the conjugation τ : Ra → Ra defined by:

τ(x) = x for x ∈ {Xa
1 , Y

a
1 , X̃

a
1 , Ỹ

a
1 , Z

a
1};

τ(y) = −y for y ∈ {Xa
2 , Y

a
2 , X̃

a
2 , Ỹ

a
2 , Z

a
2}.

It is straightforward to check (using Table 1) that τ is a graded automorphism.
Also notice that τ 2 = id.

Next we construct the switch map s : Ra → Ra , which is a graded
automorphism of Ra that switch the two linear subspaces V a

1 := RXa
1 ⊕ RY a

1 ⊕
RXa

2 ⊕ RY a
2 and Ṽ a

1 := RX̃a
1 ⊕ RỸ a

1 ⊕ RX̃a
2 ⊕ RỸ a

2 of W a
1 .

Lemma 5.1. There exists a graded automorphism s : Ra → Ra such that
s(V a

1 ) = Ṽ a
1 and s(Ṽ a

1 ) = V a
1 . Furthermore, s has order 8.

Proof. Let s : Ra → Ra be the linear isomorphism defined by the following
formulas:

s(Xa
1 ) = 4

√
a ·
√

2

2
(X̃a

1 + X̃a
2 )

s(Xa
2 ) = 4

√
a ·
√

2

2
(−X̃a

1 + X̃a
2 )

s(Y a
1 ) = 4

√
a ·
√

2

2
(Ỹ a

1 + Ỹ a
2 )

s(Y a
2 ) = 4

√
a ·
√

2

2
(−Ỹ a

1 + Ỹ a
2 )

s(X̃a
1 ) =

1
4
√
a
·
√

2

2
(Xa

1 +Xa
2 )

s(X̃a
2 ) =

1
4
√
a
·
√

2

2
(−Xa

1 +Xa
2 )

s(Ỹ a
1 ) =

1
4
√
a
·
√

2

2
(Y a

1 + Y a
2 )

s(Ỹ a
2 ) =

1
4
√
a
·
√

2

2
(−Y a

1 + Y a
2 )

s(Za
1 ) =

√
a · Za

2

s(Za
2 ) = − 1√

a
· Za

1 .

It is now easy to check (using Table 1) that s is a graded automorphism.
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Geometrically, s|V a1 : V a
1 → Ṽ a

1 is the obvious identification followed by a

rotation of π/4 and then a dilation by factor 4
√
a ; similarly, s|Ṽ a1 : Ṽ a

1 → V a
1 is the

obvious identification followed by a rotation of π/4 and then a dilation by factor
1/ 4
√
a . Now, it is easy to see that s has order 8.

Next we construct the graded automorphism Rπ
2

: Ra → Ra , which is a
rotation by angle π/2 on W a

1 . We define the linear isomorphism Rπ
2

: Ra → Ra

by:
Rπ

2
(Xa

1 ) = Xa
2 , Rπ

2
(Xa

2 ) = −Xa
1 ;

Rπ
2
(Y a

1 ) = Y a
2 , Rπ

2
(Y a

2 ) = −Y a
1 ;

Rπ
2
(X̃a

1 ) = X̃a
2 , Rπ

2
(X̃a

2 ) = −X̃a
1 ;

Rπ
2
(Ỹ a

1 ) = Ỹ a
2 , Rπ

2
(Ỹ a

2 ) = −Ỹ a
1 ;

Rπ
2
(Za

j ) = −Za
j for j = 1, 2.

Notice that Rπ
2

= s2 . Hence Rπ
2

is a graded isomorphism.

Given any A,B ∈ GL(2,C) such that det(A) = det(B) is positive real,
we shall define a graded automorphism F(A,B) : Ra → Ra . First we notice that
V a
1 admits a complex structure J : V a

1 → V a
1 given by J := Rπ

2
|V a1 . We still use

A : V a
1 → V a

1 to denote the complex linear map whose matrix representation with
respect to the basis {Xa

1 , Y
a
1 } is A . Similarly we define a complex linear map

B : Ṽ a
1 → Ṽ a

1 . Now write Ra = V a
1 ⊕ Ṽ a

1 ⊕ V a
2 and define F(A,B) : Ra → Ra by

F(A,B)(x, x̃, z) = (Ax,Bx̃, det(A)z).

It is not hard to see that F(A,B) is a graded automorphism.

When a = 1, the group Ra is the second complex Heisenberg group. In
this case, [X2], Proposition 4.2 says that every C2 quasiconformal map is an affine
map. Our next Theorem is a similar result in the case when a ∈ (0, 1). Notice
that this result implies Theorem 1.3.

Theorem 5.2. Let a ∈ (0, 1) and F : Ra → Ra be a C2 quasiconformal map.
There exist A,B ∈ GL(2,C) satisfying det(A) = det(B) > 0, some p ∈ Ra and
some i, j, k ∈ {0, 1} such that F = Lp ◦ si ◦ τ j ◦Rk

π
2
◦F(A,B) , where Lp : Ra → Ra ,

Lp(x) = p ∗ x is the left translation by p.

Proof. By composing with a left translation we may assume F (0) = 0. We
shall show that F is a graded automorphism. By Theorem 2.2 and Lemma 3.7
we know that at every point x ∈ Ra where F is Pansu differentiable, the Pansu
differential dF (x) : Ra → Ra satisfies either dF (x)(V a

1 ) = V a
1 , dF (x)(Ṽ a

1 ) = Ṽ a
1

or dF (x)(V a
1 ) = Ṽ a

1 , dF (x)(Ṽ a
1 ) = V a

1 . Since F is assumed to be C2 , either

dF (x)(V a
1 ) = V a

1 , dF (x)(Ṽ a
1 ) = Ṽ a

1 always hold or dF (x)(V a
1 ) = Ṽ a

1 , dF (x)(Ṽ a
1 ) =

V a
1 always hold. After possibly composing with the switch map s we may assume

dF (x)(V a
1 ) = V a

1 , dF (x)(Ṽ a
1 ) = Ṽ a

1 always hold. After further composing with the
conjugation map τ if necessary, we may assume that for each x ∈ Ra , there exists
some 0 6= γ(x) ∈ R such that dF (x)(Za

j ) = γ(x)Za
j for j = 1, 2. Here we used
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Lemma 3.7. Again since F is C2 , either γ(x) is always positive or always negative.
After composing with the graded automorphism Rπ

2
if necessary, we may assume

γ(x) is always positive.

Set H = V a
1 ⊕ V a

2 and H̃ = Ṽ a
1 ⊕ V a

2 . These are connected subgroups

of Ra . Since dF (x)(V a
1 ) = V a

1 , dF (x)(Ṽ a
1 ) = Ṽ a

1 always hold, Proposition 3.4 in

[X3] implies that for each x ∈ Ra , F (x ∗ H) is a left coset of H and F (x ∗ H̃)

is a left coset of H̃ . Since left cosets of V a
2 are exactly the intersections of left

cosets of H and left cosets of H̃ , we see that F must map left cosets of V a
2 to

left cosets of V a
2 . In other words, there is some map F1 : W a

1 → W a
1 such that

π1 ◦ F = F1 ◦ π1 . Furthermore, there exist maps f : V a
1 → V a

1 and f̃ : Ṽ a
1 → Ṽ a

1

such that F1 = f ⊕ f̃ .

Now consider the restriction F |H̃ : H̃ → H̃ of F to H̃ . Since F is C2

quasiconformal, so is F |H̃ . By [X2], Proposition 4.2, there exists some com-

plex linear isomorphism B : Ṽ a
1 → Ṽ a

1 such that either F |H̃ has the form
F |H̃(y, z) = (By, det(B)z) or F |H̃(y, z) = (Bȳ, det(B)z̄), where ȳ denotes com-
plex conjugation. By the first paragraph, we may assume det(B) > 0 and
F |H̃(y, z) = (By, det(B)z). Similarly, F |H is complex linear or complex anti-

linear. Since H ∩ H̃ = V a
2 , F |H must be complex linear and there exists some

complex linear isomorphism A : V a
1 → V a

1 such that det(A) = det(B) and

F |H(x, z) = (Ax, det(A)z). Then F1(x, y) = (Ax,By) for (x, y) ∈ W a
1 = V a

1 ⊕ Ṽ a
1 .

We claim that F = F(A,B) . By composing with the inverse of F(A,B) we
may assume A = B = I2 ∈ GL(2,C). Then F1 : W a

1 → W a
1 is the identity

map. We need to show that F = idRa . Since F1 : W a
1 → W a

1 is the identity
map, at every point x ∈ Ra , the Pansu differential dF (x) has the property that
dF (x)|Wa

1
= idWa

1
. It follows that dF (x) = idRa . By Lemma 2.5 in [X2], F must

be a left translation. Since F (0) = 0, we must have F = idRa .

We conclude the paper by briefly describing the group QC(Ra) of all C2

quasiconformal maps of Ra . Let G2 be the subgroup generated by s and τ ; let G3

be the subgroup generated by all maps of the form FA,B , where A,B ∈ GL(2,C)
are such that det(A) = det(B) > 0; let G1 be the subgroup generated by G2 and
G3 . We also denote by Ra the subgroup consisting of left translations. Since all
elements in G1 are automorphisms, it is easy to check (using Theorem 5.2) that
QC(Ra) = Ra o G1 . We already know that |s| = 8 and |τ | = 2. One can check
the following relations:

τ ◦ s ◦ τ−1 = s−1,

s ◦ FA,B ◦ s−1 = FB,A,

τ ◦ FA,B ◦ τ−1 = FA,B,

where A is the complex conjugation of A . It follows that G2
∼= D8 , G3 C G1 and

G1 = G2 · G3 . However, G1 is not the semi-direct product of G2 and G3 since
G2 ∩G3 = {id, s4} ∼= Z2 as one can check.
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