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Abstract.  We classify up to isomorphism a class of nonrigid Carnot groups.
As an application we obtain quasiisometric classification of a class of finitely
generated nilpotent groups. We also identify all C? quasiconformal maps of
these nonrigid Carnot groups.
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1. Introduction

Carnot groups (with Carnot metrics) have arisen in many branches of mathematics.
They are the simplest sub-Riemannian manifolds, and arise as the tangent cones
of general sub-Riemannian manifolds [M]. They are also (one-point complement
of ) ideal boundaries of certain negatively curved homogeneous manifolds [H|. The
rigidity property of Carnot groups has direct consequences for the rigidity property
of these negatively curved homogeneous manifolds and certain finitely generated
solvable groups. Furthermore, Carnot groups also arise as the asymptotic cones of
finitely generated nilpotent groups [G| and are closely related to the quasiisometric
classification question of finitely generated nilpotent groups.

Recent progresses suggest that Carnot groups are more rigid than previously
thought with respect to quasiconformal maps. On one hand, in [X1] it was
proved that all quasiconformal maps on nonrigid Carnot groups (except Euclidean
groups, Heisenberg product groups and complex Heisenberg product groups) are
biLipschitz. On the other hand, Michael Cowling and Alessandro Ottazzi [CO]
have shown that all C? quasiconformal maps on rigid Carnot groups are affine
maps, so in particular they are biLipschitz. It is known that there are non-
biLipschitz quasiconformal maps on Euclidean groups and Heisenberg groups [B].
The general Heisenberg product groups and complex Heisenberg product groups
are the least understood in this respect. In [CR], Cowling and Riemann studied
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quasiconformal maps of the product of two copies of the Heisenberg group under
the assumption that the quasiconformal maps have continuous differentials. In
[RR], Reimann and Ricci showed that C? contact maps on the complex Heisenberg
group must be holomorphic. In this paper we take a closer look at a class of
complex Heisenberg product groups.

Let H{ be the Heisenberg Lie algebra over C (that is the three dimensional
Lie algebra with generators X, Y and Z and the only nontrivial relation [X,Y] =
Z). We consider the induced real Lie algebra structure on H} with generators
Xi=X,Xo=1 X, V1 =Y,Y, =4, 7y =7 and Zy, = iZ. The nontrivial
relations are: [X1,Y)] = Z; = [Vs, Xo] and [X3,Ys] = [Xo, V1] = Z5. We denote
by Vi the real vector subspace spanned by X;, X5, Y; and Y5, and by V5 the
real vector subspace spanned by Z; and Z,. Notice that H(é =VieW.

Suppose that H} and ]:lé are two copies of the complex Heisenberg Lie
algebra, and f : V5 — ‘72 is an isomorphism of R-vector spaces. Then one can
see that Iy = {(z,—f(z)) | = € Vo} is an ideal in HE @ HE. We denote by
R, the quotient Lie algebra (HE @ HE)/I;. Notice that Ry = Wy @ Wa, where
W, =Vi@®V, and Wy = (Vo & XN/Q)/If. So MRy is a 2-step Carnot Lie algebra.
Let R; denote the connected and simply connected nilpotent Lie group with Lie
algebra ;. Then Ry is a 2-step Carnot group. Furthermore, it is a nonrigid
Carnot group, see Section 2. The class of nonrigid Carnot groups we shall study
is

{Rf| fiVo— V, is a real vector space isomorphism}.

For a € (0,1] we consider f, : Vo — Vy given by f.(Z1) = Z; and
fa(Z2) = aZy. We will denote Ry, by R, and Ry, by R,.

Our first result is a classification of this class of nonrigid Carnot groups up
to isomorphism.

Theorem 1.1.  Every Carnot group Ry is isomorphic to R, for some a € (0, 1].
Furthermore, R, and Ry (a,b € (0,1]) are isomorphic if and only if a =b.

A natural question is whether there is a similar classification result for
Carnot groups obtained from m > 2 copies of the n-th (n > 2) complex Heisen-
berg group by identifying the second layers through real linear isomorphisms. We
believe that the methods in this paper can be useful in proving such a result.

As an application of the above result, we obtain quasiisometric classification
of a class of finitely generated nilpotent groups. Let p,q be two relatively prime
integers such that 0 < p < ¢. Define a group G, , by presentation G, =< S|R >,
where S = {x1,y1, T2, Y2, 1,1, T2, Yo, 21, 22} 18 the set of generators and R is the
set of relators consisting of

[xla yl] = z%qa [3717 y2] = Z§p7 [$2ayl] = ng’ [x2>y2] = Zl_Qqa

[jla 3]1] = Z%qu [fla 3]2] = qua [92'27 Z/~1] = qu, [5527?92] = Zfzqa

[zj,x] =e for j=1,2 and any z € S,

[z, m0] = e, [y1,02] = €, [21,22] =€, [§1,72] = e,
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[z,y] = e for any = € {z1,22,y1,¥2}; v € {T1, T2, U1, P}

It is easy to see that Gy, is a nilpotent group. In fact, G, is a lattice in Rz, see
q
Lemma 4.1.

Theorem 1.2. Let 0 < p < q, 0 < p' < ¢ be integers such that (p,q) =
(p',¢) = 1. Then G,, and G, are quasiisometric if and only if p = p' and
a=q.

We also study quasiconformal maps on R,. It turns out that there are very
few C? quasiconformal maps on R,. See Section 2 for the definition of graded
isomorphism.

Theorem 1.3.  Every C? quasiconformal map F : R, — R, is an affine map;
to be more precise, every C? quasiconformal map F : R, — R, is the composition
of a left translation and a graded isomorphism.

Conjecturally the above statement holds for all quasiconformal maps, but
we are unable to remove the C? assumption at this point.

2. Preliminaries

In this Section we collect definitions and results that shall be needed later. We
first recall the basic definitions related to Carnot groups in Subsection 2. Then
we review the BCH formula (Subsection 2), the definition of quasiconformal maps
and Pansu differentiability theorem (Subsection 2).

2.1. Carnot algebras and Carnot groups.

A Carnot Lie algebra is a finite dimensional Lie algebra G over R together
with a direct sum decomposition G = V1 & Vo @ --- & V,. of non-trivial vector
subspaces such that [V,V;] = V;y; for all 1 < i < r, where we set V,; = {0}.
The integer r is called the degree of nilpotency of G. FEvery Carnot algebra
G =ViaVo®- - -®V, admits a one-parameter family of automorphisms \; : G — G,
t € (0,00), where M\(z) = t'w for x € V;. Let G = Vi@ Vo @ ---®V, and
G =V/eV]e- ---®dV! be two Carnot algebras. A Lie algebra homomorphism
¢ : G — G is graded if ¢ commutes with \; for all ¢ > 0; that is, if po\;, = A\, 0¢.
We observe that ¢(V;) C V/ forall 1 <7 <r.

A connected and simply connected nilpotent Lie group is a Carnot group
if its Lie algebra is a Carnot algebra. Let G be a Carnot group with Lie algebra
G=Vi®---®V,. The subspace V; defines a left invariant distribution HG C TG
on G. We fix a left invariant inner product on HG. An absolutely continuous
curve v in G whose velocity vector +'(t) is contained in H, )G for almost every
t is called a horizontal curve. By Chow’s theorem (|[BR, Theorem 2.4]), any two
points of G can be connected by horizontal curves. Let p,q € G, the Carnot
metric d.(p,q) between them is defined as the infimum of length of horizontal
curves that join p and gq.
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Since the inner product on HG is left invariant, the Carnot metric on GG
is also left invariant. Different choices of inner product on HG result in Carnot
metrics that are biLipschitz equivalent.

Recall that, for a connected and simply connected nilpotent Lie group G
with Lie algebra G, the exponential map exp : G — G is a diffeomorphism.
Under this identification the Lesbegue measure on G is a Haar measure on G.
Furthermore, the exponential map induces a one-to-one correspondence between
Lie subalgebras of G and connected Lie subgroups of G.

Let G be a Carnot group with Lie algebra G = V; & --- @ V... Since
MG — G (t>0)is a Lie algebra automorphism and G is simply connected,
there is a unique Lie group automorphism A; : G — G whose differential at the
identity is A;. For each t > 0, A; is a similarity with respect to the Carnot metric:
d(A¢(p), Ai(q)) = td(p, q) for any two points p,q € G. A Lie group homomorphism
f : G — G’ between two Carnot groups is a graded homomorphism if it commutes
with A; for all ¢ > 0; that is, if f o A; = A; o f. Notice that, a Lie group
homomorphism f : G — G’ between two Carnot groups is graded if and only if
the corresponding Lie algebra homomorphism is graded.

A C? map F : U — V between open subsets of Carnot groups is contact
if the differential sends horizontal subspaces into horizontal subspaces. A Carnot
group G is rigid if the space of C? contact maps is finite dimensional, and nonrigid
otherwise. A Carnot group G with Lie algebra G is nonrigid if and only if there
exists some nonzero X in the complexified Lie algebra G ®g C such that ad(X)
has rank at most one, see [OW]. In the proof of Theorem 1.1 (see Section 3) it will
be shown that 9y ®r C contains elements with rank one. Hence Ry is a nonrigid
Carnot group.

2.2. The Baker-Campbell-Hausdorff formula.

Let G be a connected and simply connected nilpotent Lie group with Lie
algebra G. The exponential map exp : § — G is a diffeomorphism. One can
then pull back the group operation from G to get a group structure on G. This
group structure can be described by the Baker-Campbell-Hausdorff formula (BCH
formula in short), which expresses the product X «Y (X,Y € G) in terms of the
iterated Lie brackets of X and Y. The group operation in GG will be denoted by -.
The pull-back group operation * on G is defined as follows. For XY € G, define

X *Y =exp !(expX - expY).
Then the first few terms of the BCH formula ([CG], page 11) is given by:

1 1 1
X*xY=X+Y+ §[X,Y] +E[X’ [X,Y]] — E[Y’ (X, Y]+
Let G =Vi®--- @V, be a Carnot Lie algebra and m; : G — V; be the
projection onto V;. Then it is easy to check using the BCH formula that m; is a
group homomorphism, where the group operation on V;j is vector addition.

2.3. Quasiconformal maps and Pansu differentiability theorem.
Here we recall the definition of quasiconformal maps and Pansu differentia-
bility theorem.
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Let F : (Xi,d;) — (Xa,d2) be a homeomorphism between two metric
spaces. For x € X; and t > 0, define

_ sup{da(F(2), F(x))|di (2, ) < t}
inf{dy(F(2'), F(2))|di(2/,2) >t}

HF(ZE, t)

The map F' is called A-quasiconformal if limsup, ,, Hp(z,t) < A for all z € X.
We say F' is quasiconformal if it is A-quasiconformal for some A > 1.

Definition 2.1. Let G and G’ be two Carnot groups endowed with Carnot
metrics d and d’ respectively, and U C G, U’ C G’ open subsets. A map
F : U — U’ is Pansu differentiable at x € U if there exists a graded homomor-
phism L : G — G’ such that

y
4 d(zx,y)

In this case, the graded homomorphism L : G — G’ is called the Pansu differential
of F' at x, and is denoted by dF'(z).

The following result (except the terminology) is due to Pansu [P].

Theorem 2.2.  Let G,G be Carnot groups, and U C G, U' C G" open subsets.
Let F : U — U’ be a quasiconformal map. Then F is a.e. Pansu differentiable.
Furthermore, at a.e. x € U, the Pansu differential dF(z) : G — G’ is a graded
1somorphism.

In Theorem 2.2 and the proofs below, “a. e.” is with respect to the Lesbegue
measure on G = G.

3. Classification

The goal of this Section is to prove Theorem 1.1. Since two connected and simply
connected Lie groups are isomorphic if and only if their Lie algebras are isomorphic,
it suffices to classify the Lie algebras R, up to isomorphism.

Lemma 3.1.  Suppose that u : HL — HL and v : H. — HL are graded
isomorphism of Carnot Lie algebras and f : Vo — V4 is an isomorphism of R-
vector spaces. Then there is a graded isomorphism Ry = NRyp,, where vfu =

(vlg,) o f o (uly,).

Proof. Define the map ¢ : HL & HL — HL & HE by ¢(z,y) = (u(x),v(y)).
One can easily check that ¢ is a graded isomorphism and ¢(If) = I,f,, which
induces a graded isomorphism R = R, 4, . [ |

Remark 3.2.  If the linear map f is the identity, then R;4 is the five dimensional
complex (with dimension ten over the reals) Heisenberg algebra HZ.
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It follows from the Singular Value Decomposition Theorem for matrices
(see for example [L], Section 7.4) that for every A € GLy(R) there exist U,
V € Oy(R), and A > 0, a € (0,1] such that A — (\I)DV where D — é !
Next we observe that for any A > 0 and any U € O,(R), there exists a graded
automorphism wu : H: — H{ such that uly, : Vo — V5 has matrix representation

AU with respect to the basis {Z;,Z2}. For A = 1 and U = ( (1) _01 ), the
corresponding graded automorphism is the complex conjugation 7y : Hf — HE

given by 79(X1) = X1, 10(X2) = —=Xo, 7o(Y1) = Y1, 10(Y2) = =Ys, 70(Z1) = 71,

cost —sint
10(Z3) = —Z3. For A >0 and U = sint  cost

automorphism v : H: — H{ is given by ¢(X;) = Acost X; +sint Xs), ¥(X3) =
A(—sint Xy + cost X)), ¥(Y1) = Y1, ¥(Ya) = Yo, ¥(Z1) = A(cost Zy + sint Zs),
W(Zy) = M(—sint Zy + cost Zy).

If we combine Lemma 3.1 with the above discussion we get the following
proposition:

, the corresponding graded

Proposition 3.3.  For any R-linear isomorphism f : Vo — Vy of vector spaces
there ezists a € (0,1] such that Ry = R, .

We will dedicate the rest of this section to proving that for a, b € (0,1] we
have R, = R, if and only if a = b.

Notice that R, is a ten dimensional real vector space with basis X, Y,
X, Y®, and Z* for i € {1,2}. The identification is given by X = (X;,0),
Yo = (1,,0), X¢ = (0,X,), Y = (0,Y), Z¢ = (Z,0) = (0,Z)) and Z§ =
(a1 Z5,0) = (0, Z3). The only nontrivial brackets are given in Table 1.

ve | yp |ye| vy
Xe| ze 1 aZs | 0O 0
X¢ [aZs | =201 0 0
Xel o 0 |z¢| z8
X! 0 0 |2y |-z

Table 1: Bracket relations in R,

We denote by W7 the vector subspace of R, spanned by X/, )?fl> Y® and

}71.“, © = 1,2, and by W3 the vector subspace spanned by Z{, Z$. Notice that
R, =W WS and Wi WP =WE. So R, is a 2-step Carnot algebra.

Lemma 3.4. Let G=V,®V, and QN = 171 &y XN/Q be 2-step Carnot Lie algebras.
If G and G are isomorphic, then there exists a graded isomorphism between them.

Proof. Let f:G — G be a Lie algebra isomorphism. Since [G,G] = V5 and
[G,G] = Va, we see that fl|y, : Vo — V4 is a linear isomorphism onto V;. In
general, f(V4) ¢ V4. For i = 1,2, let m; : G — V; be the projection onto V;.
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Set f; == m o (f|ly,). Then fl|y, = f1 + fo. Notice that f; : V3 — \71 is a linear
isomorphism. Now define a linear isomorphism h : G — G by

h(vy 4+ vg) = fi(v1) + f(va), for vy € Vi, vy € Vi

Since f is a Lie algebra isomorphism, f(vi + v2) = h(vi + v2) + f2(v1) and
[f2(V1),G] = 0, it is easy to check that h is a Lie algebra isomorphism. By
definition, h is graded. [ ]

If g is a real Lie algebra, we consider the complex Lie algebra structure on
g ®g C defined by [T'®g z1,U Qg 23] = [T, U] ®gr 2122. If w: g — b is a morphism
of real Lie algebras, then Q =w@rC: g@RrC = hRr C, QUT Qg 2) = w(T) Qg 2
is a morphism of complex Lie algebras. Since there is no danger on confusion we
will denote T'®r 1 € g®r C by T and T ®g z by zT. We will denote R, ®g C
by &,.

There is a natural conjugation map — : g g C — g ®r C, defined by
T®rz=T®rz. If W is a subset of g ®@g C then we define W = {w |w € W}.
One can check that if w : g — b is a morphism of real Lie algebras, then
Q:g®r C — h ®g C has the property QW) = Q(W).

Recall that R, = W @ W§. We have €, = (W{ ®r C) ® (Wg g C). We
want to find all "€ W' @g C with the property that ad(T) : €, — €, has rank
one. Let T' = a1Xa+CL2Xa+b1Xa+bQXa+01Ya+CQYa+d1Ya+d2Ya € WG®R(C
we have:

ad(T)(X}) = [T, X}] = —a1Zy — ac Z3,
ad(T)(X3) = [T, X5] = —ac1Z5 + 227,
ad(TV(X7) = [T,X{] = ~di 2} — 75,
ad(T)(X$) = [T,X8 = —d\Z8 + dy 22,
ad(T)(YY) = [T,Y"] = a1 Z} + aay Z§,
ad(T)(Yy) = [1Y5] = aaZ; — ax 27,
(T)(T7) = (DT =028 4024,
ad(T)(Yy) = [T,Y5) =028 — by 7¢.

If the rank of ad(T’) is one then ad(T)(X{) and ad(7T)(X$) must be linearly
dependent and so there exists @ € C such that,

—1 2y — aceZy = a(—acy Z§ + ¢ Z7)

or equivalently ¢; = —acy and ¢y = ae; which implies ¢; = —a?c;. If ¢; # 0 then
a? = —1. When « =i the image of ad(T) contains the vector —ci(Z¢ +iaZ), if
a = —i then the image of ad(T) contains the vector —c;(Z§ — iaZ$).

A similar argument shows that if d; # 0 then the image of ad(T) contains
either the vector —dy(Z{ +iZ§) or the vector —d,(Z§ —iZ$). Also if a; # 0 then
the image of ad(7T’) contains the element a;(Z{+iaZ$) or the vector a,(Zf zaZa)
and finally when b; # 0 the image of ad(7") contains the vector by (Z{ +iZ§) o
the vector by (2§ —iZ4). If we put all the information together we get two different
cases depending on whether a # 1 or a = 1.
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Let Rank,(€,) be the set of all elements T € W{ ®g C with the property
that ad(T") has rank one.
Set
Ly = {an (XY +iX5) + er (V1 +4Y5") [ a1, ¢ € C}
and B B N N
Ly = {by(XT +iX5) + di (Y +1Y5") | by, dy € C}.
If a # 1, then
Rank (€,)|_J{oy = L5 Zs £ | Z5.

If a =1, then Rank;(&;)J{0} = LU~Z, where L is the complex linear
subspace of W' ®r C spanned by X{ +iX5, X{ +iX$, Y* +iY5 and Y +4Y5.

Proposition 3.5. If a # 1, then R, and R, are not isomorphic.

Proof. Suppose that we have an isomorphism w : R, — R;. From Lemma 3.4
we may assume that w is a graded isomorphism. The induced map Q : €, — €&; is
also a graded isomorphism and Q(Rank;(€,)) = Rank;(€;). But this is obviously
impossible since from the above discussion we know that Rank;(€,) is a union
of four vector spaces of dimension two, while Rank;(€;) is a union of two vector
spaces of dimension four. [ |

Consider now a, b € (0,1). We want to show that R, and PR, are
isomorphic only when a = b. Suppose that w : R, — R, is an isomorphism of real
Lie algebras. From Lemma 3.4 we can assume that w is a graded isomorphism.
Also from the above discussion we have that Q(Rank,(€,)) = Rank;(€;). Since
Rank:(€,) {0} = LoUZeULeULE we must have Q(L%) e {L:, Lt L5, L5}.
Moreover, since Q(W) = Q(W) we must have {Q(L%), L%} = {L:, Lt} or
{(L9), L9} = {13, I8}

We consider the following R-vector spaces V|* = RX{®RX§ORY*SRYY,
Ve =RX*®RX{ ®RY* ®RYS and Vg = RZ¢ @ RZS.

Case I: {Q(LY), QL)Y = {Lb,L%}. Suppose that Q(L?) = L’ and
Q(LS) = L: (the case Q(L%) = Lb and Q(L9) = L! is similar). There exist
a, 8 € C such that

Q(X? +iXg) = a(X! +iXD) + BYV? +iY)
and B

Q(X] —iX5) = a(X) —iX3) + (YL —iYy).
This implies that

W(XF) = QXT) = Re(a)X} — Im(a) X} + Re(8)Y! — Im(B)Y) € V7.

A similar computation shows that w(X$), w(Y®) and w(Yy) € V. This means

that w(V;*) = V2. Similarly we can show that w(V*) = V. In particular we see
that

w:‘/la@‘/;%‘/lb@%b
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and
w: VeV Ve vy
are graded isomorphisms.

One can see that ¢, : V* ® V¥ — HL given by ¢,(X?) = X, ¢.(V*) = Vi,
0.(Z9) = Z; and $o(Z8) = a='Z, is a graded isomorphism. Also ¢, : Vi @ Vg —
H} given by ¢o(X¢) = X;, ¢a(Y) = Vi, ¢a(Z8) = Z1 and ¢o(Z5) = Zo is a
graded isomorphism.

This means that 6 = ¢wé,! and 0§ = Gywo,* : H{ — H{ are graded
isomorphisms. We recall from [S], page 110, the following result.

Lemma 3.6. If 0 : H: — H} is a graded isomorphism, then there exist o,
BER, o+ B2 #£0 such that 0(Z,) = aZy + BZy and 0(Zy) = +(—BZ1 + aZs).

Suppose that 0 = ¢ywe,! and 6 = %bw&ﬁgl correspond to the matrix

a Fp . v Fo L ipga G157
(5 j:a) respectively (5 4y ) Then wya = ¢, 0pa = ¢, 0@, corre-

sponds to the matrix

) (5 3) )= 5

This is equivalent to

<a ¥ ):<7 $a5>

bf +ba 0 ZFay )

It follows that oo = v, ba = ay, § = b and = ad. The last two equalities imply
p(ab—1) = 0. Hence =0 as a,b € (0,1). It follows that o # 0 and we must
have a = b.

Case II: {Q(L9),Q(L9)} = {L}, L5}. Using the same ideas as in the first
case, we can show that w: V* @ V3! — ‘711’ VY and w: ‘71“ VL= Vo V) are
graded isomorphisms. This implies that 6 = dywe; ! and 6 = ¢pwe, ' : HL — HL
are graded isomorphisms. Again we use Lemma 3.6 to get the following identity:

(5Z)Ga) -GG R)

In this case we obtain @ =0 and a = b.
The proof of Theorem 1.1 is now complete.
We extract the following fact from the proof:

Lemma 3.7.  Suppose a € (0,1) and h : R, — R, is a graded isomorphism.
Then exactly one of the following holds:

(1) h(VE) = V& and h(V) = V& ; in this case, there exists some ~ # 0 such
that h(Z¢) = ~vZ¢ and h(Z$) = £~y Z§;

(2) h(VE) = V& and h(V{) = V; in this case, there exists some 0 # 0 such
that h(Z$) = 6725 and h(Z$) = FOZ¢ .
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Remark 3.8. If we allow a € (0, 00) then one can see that u : R, = R,-1 given
by p(Xj) = X7 -, p(YV?) =Y, p(X7) = X7, p(Ye) =Y, u(2)) = 21,
and pu(Z$) = a=1Z4" is an isomorphism of Lie algebras.

4. Quasiisometric classification of a class of
finitely generated nilpotent groups

In this Section we shall give an application of Theorem 1.1. We shall use Theorem
1.1 to obtain quasiisometric classification of a class of finitely generated nilpotent
groups. These finitely generated nilpotent groups are lattices in R,, where a is
rational.

When a is rational, R, is rational; that is, it has a basis with rational
structure constants. It is well known that a connected and simply connected
nilpotent Lie group has lattices if and only if its Lie algebra is rational. And in
this case it is easy to construct lattices. See [CG]|, Theorem 5.1.8.

Recall that for a connected and simply connected nilpotent Lie group G
with Lie algebra G, the exponential map exp : G — G is a diffeomorphism. We
shall identify R, and R, via the exponential map. The group operation on R, is
given by the BCH formula (see Section 2).

Let a € (0,1] be rational. Write a = p/q where p and ¢ are relatively
prime integers. The least common multiple of the denominators of the structure
constants of the Lie algebra PR, with respect to the vector space basis

{X1>X27}/17}/27)?17Xv27i>17i>27 ZhZZ}

is ¢ (here we dropped the superscipt a in the notation for the basis elements). By
the proof of [CGJ, Theorem 5.1.8, the subset I',, C 2R, consisting of the integral
linear combinations of the following elements:

So = {20X1,2qY1, 29X, 2qY2, 29X1, 2qY1, 20X5, 2qY2, 221, 2020}

is a lattice in the Lie group R,. One can easily check that this is a subgroup by
using the BCH formula (see Section 2). The group I',, is generated by S, and
satisfies the following relations (here [g1, ga] = 919297 'g5 " for g1, 92 € Ty ):

29X1,29Y1] = (2¢21)*,  [29X1,2qY2) = (2925),

29X2,2qY1) = (2qZ2)%,  [29X2,2qY2) = (2qZ1)7%,
2qX1,2¢Y1] = (2¢Z1)%,  [2¢X1,2qYs] = (2q25)*,
29X5,20%1] = (2022)*,  [20X2,2qYa] = (2Z1) 7%,
[,2¢qZ;] =e for j =1,2 and any z € Sy,
[20X1,2qX5] = e, [2qY1,2¢Y3] = e,
29X1,2¢X5] =€, [2Y3,2¢Y2) = e,
[z,y] = e for any = € {2¢X1,20X5, 2qY1,2qYa}; y € {20X1,20X5, 2qY1, 29Y>}.
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We shall show that the set Sy of generators and the above relators form
a presentation of the group I',,. For this we let G, , be the group given by the
presentation
Gpq, =< S|R >,

where S = {x1,y1, T2, Y2, T1, U1, T2, Yo, 21, 22} is the set of generators and R is the
set of relators consisting of

[1’1, yl] = qu’ [351, yz] = nga [332,91] = ng’ [xza?b] = Zl_2qa

[T1, 9] = qua [T1, 7o) = qua [To, 1) = Z§q7 (T2, ] = Zf2qa

[zj,x] =e for j=1,2and any z € S,
[%1,%2] =€, [ylva] =€, [5&17‘%2] =€, [glqu] =€,
[z,y] =e for any =z € {x1, 22,91, %2}; ¥ € {T1, T2, U1, Yo }-

Because the relations in R are satisfied by the elements in I',,, there is
a unique group homomorphism ¢ : G,, — I',, such that ¢(z;) = 2¢X;, ¢(z;) =

20X, ¢(yi) = 203, &(§:) = 20V, $(z:) = 2qZ; for i = 1,2.
Lemma 4.1.  The homomorphism ¢ is a group isomorphism.

Proof. The homomorphism ¢ is clearly surjective. We shall show that it is also
injective. Let g € G,, be such that ¢(g) = 0. The relators in R show that z
and 2y lie in the center of G,, and that every element (hence g) of G, , can be
written as

g = (21)™ (22)" (Y1) (y2)"* (21) ™ (22)™ (1) ™ (52) " (21)7* (22)72,

where k;,1;, m;,n;,p; are integers. Since ¢ and m : R, — W] are homomor-
phisms, we have

0=moo(g) =k (2¢X1)+ ko (2¢X5) + 11 - (2¢Y1) + 15 - (2¢Y2)+
+mq - (2qX1) + mo - (2615(2) +nq - (261571) + ng - (2q3~/2) e Wi

Since So\{2¢Z1,2qZ,} is a basis of the vector space Wy we must have k; = [; =
my = ny = 0. Hence g = (2) ()7 and 0 = ¢(g) = p1 - (20%) + pa - (20%s).
Since Z; and Z; are linearly independent, we have p; = p, = 0. Hence g =¢. =

Proof of Theorem 1.2. Denote a = p/q and o’ = p'/q'. Suppose G, and G
are quasiisometric. By Lemma 4.1, G,, and I'y, are isomorphic. So I',, and
I'y ¢ are quasiisometric. Since I',, is a cocompact lattice in R, and similarly for
I'y o, we see that R, and Ry are quasiisometric. It follows that the asymptotic
cones of R, and R, are bilipschitz. Since R, and PR, are Carnot groups, their
asymptotic cones are themselves. So PR, and R, are biLipschitz. Now Pansu’s
differentiability theorem implies that R, and R, are isomorphic. Now the claim
follows from Theorem 1.1. ]
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5. C? quasiconformal maps

In this Section we identify all the C? quasiconformal maps on R,. It turns out
that all C? quasiconformal maps are affine maps. Recall that an affine map of a
Carnot group is the composition of a left translation and an automorphism.

We first construct some special graded automorphisms of 2,. One of them
is the conjugation 7 : R, — R, defined by:

7(x)=x for z € {Xf,YI“,)N(f,lN/l“,Zf};

T(y> =Y for y e {Xga }/éav X;Lv }/2[17 Zg}
It is straightforward to check (using Table 1) that 7 is a graded automorphism.
Also notice that 72 = id.
Next we construct the switch map s : R, — *R,, which is a graded
automorphism of R, that switch the two linear subspaces V)" := RX{ @ RY* ®
RX$ G RYS and V== RX? O RY ® RX§ @ RY of W

Lemma 5.1. There exists a graded automorphism s : R, — R, such that
s(Ve) = Ve and s(V{) = V. Furthermore, s has order 8.

Proof. Let s: R, — P, be the linear isomorphism defined by the following
formulas:
V2

s(X?) = Ja - L5(X7 + X9)

s(X5) = Va- (X7 + X5)
(V) = Va- 2T+ )
(g) = ¥a- LT+ 7)

(%) = o= 51+ X
(5) = 5o LKL+ XD
(7)== 07+ )
79 = = v )

It is now easy to check (using Table 1) that s is a graded automorphism.
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Geometrically, s[ya : V" — \71“ is the obvious identification followed by a
rotation of 7/4 and then a dilation by factor /a; similarly, s|‘71a V= Vo is the
obvious identification followed by a rotation of 7/4 and then a dilation by factor
1/v/a. Now, it is easy to see that s has order 8. n

Next we construct the graded automorphism Rz : R, — R,, which is a
rotation by angle 7/2 on W. We define the linear isomorphism Rz : R, = R,
by:

Rx(Z}) = -2 for j=1,2.

Notice that Rz = s?. Hence Rz is a graded isomorphism.

Given any A, B € GL(2,C) such that det(A) = det(B) is positive real,
we shall define a graded automorphism F(4 p) : R, — R,. First we notice that
V* admits a complex structure J : V* — V{* given by J := R§|Vf- We still use
A V* — V to denote the complex linear map whose matrix representation with
respect to the basis {X{,Y"} is A. Similarly we define a complex linear map
B: XN/IQ — \N/la. Now write R, = V|* @ \N/la @ V3 and define Fi4 ) : Ry — R, by

Fiap(x,,2) = (Ar, BT,det(A)z).

It is not hard to see that F(4 p) is a graded automorphism.

When a = 1, the group R, is the second complex Heisenberg group. In
this case, [X2], Proposition 4.2 says that every C? quasiconformal map is an affine
map. Our next Theorem is a similar result in the case when a € (0,1). Notice
that this result implies Theorem 1.3.

Theorem 5.2. Let a € (0,1) and F : R, — R, be a C? quasiconformal map.
There ezist A, B € GL(2,C) satisfying det(A) = det(B) > 0, some p € R, and
some i,j,k € {0,1} such that F = L,o0s" o7’ oR% o Fia,p), where L, : R, = R,
L,(x) =px*ax is the left translation by p.

Proof. By composing with a left translation we may assume F'(0) = 0. We
shall show that F' is a graded automorphism. By Theorem 2.2 and Lemma 3.7
we know that at every point x € R, where I’ is Pansu differentiable, the Pansu
differential dF'(z) : R, — R, satisfies either dF(z)(V}*) = V*, dF(z)(V}*) = V*
or dF(z)(Vy) = V@&, dF(z)(V*) = V. Since F is assumed to be C2, cither
dF (x)(V{") = Vi, dF (x) (V") = Vi* always hold or dF(«)(V") = Vi*, dF (x) (V") =
V" always hold. After possibly composing with the switch map s we may assume
dF (2) (V) = Ve, dF(z) (V) = Ve always hold. After further composing with the
conjugation map 7 if necessary, we may assume that for each = € R, , there exists
some 0 # y(z) € R such that dF(z)(Z§) = v(z)Z§ for j = 1,2. Here we used
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Lemma 3.7. Again since F' is C?, either y(z) is always positive or always negative.
After composing with the graded automorphism Rz if necessary, we may assume
~(z) is always positive.

Set H =V & Vg and H = 171“ @ V3'. These are connected subgroups
of M,. Since dF(z)(V?) = ‘/'1“7dF(:)3)(‘71") = V2 always hold, Proposition 3.4 in
[X3] implies that for each = € R,, F(x + H) is a left coset of H and F(z * H)
is a left coset of H. Since left cosets of Vit are exactly the intersections of left
cosets of H and left cosets of H , we see that F' must map left cosets of Vi to
left cosets of V4'. In other words, there is some map F; : W{* — W} such that
m o ' = F} om. Furthermore, there exist maps f : V}* — V|* and I XN/fl — XN/I“
such that Fy = f @ f.

Now consider the restriction F|z : H — H of F to H. Since F is C?
quasiconformal, so is F'|;. By [X2], Proposition 4.2, there exists some com-
plex linear isomorphism B : ‘71‘1 — ‘71“ such that either F|z has the form
F|z(y,2) = (By,det(B)z) or F|z(y,2) = (By,det(B)Z), where § denotes com-
plex conjugation. By the first paragraph, we may assume det(B) > 0 and
F|z(y,2) = (By,det(B)z). Similarly, F'|y is complex linear or complex anti-
linear. Since H N H = Vs, F|g must be complex linear and there exists some
complex linear isomorphism A : V* — V{* such that det(4) = det(B) and
Flu(z,2) = (Az,det(A)z). Then Fy(z,y) = (Az, By) for (z,y) € W& = Ve Ve,

We claim that F' = F4p). By composing with the inverse of F(4 p) we
may assume A = B = [, € GL(2,C). Then F; : W — W{ is the identity
map. We need to show that F' = idy,. Since F; : W{ — W] is the identity
map, at every point z € R,, the Pansu differential dF'(x) has the property that
dF(z)lwe = idwe. It follows that dF(z) = idg,. By Lemma 2.5 in [X2], F' must
be a left translation. Since F'(0) = 0, we must have F' = idw, . ]

We conclude the paper by briefly describing the group QC(R,) of all C?
quasiconformal maps of R, . Let G5 be the subgroup generated by s and 7; let G
be the subgroup generated by all maps of the form F4 p, where A, B € GL(2,C)
are such that det(A) = det(B) > 0; let G be the subgroup generated by G and
G3. We also denote by R, the subgroup consisting of left translations. Since all
elements in (G; are automorphisms, it is easy to check (using Theorem 5.2) that
QC(R,) = R, x G;. We already know that |s| = 8 and |7| = 2. One can check
the following relations:

TosorT '=s5"1

soFypos ' =Fpa,
7'OP147307'_1 = FZ,E?
where A is the complex conjugation of A. It follows that Gy = Dy, G5 < G4 and

G1 = G5 - G3. However, (G is not the semi-direct product of GG, and G3 since
Gy N Gs = {id, s} = Z, as one can check.



[BR]

[CG]

HucHES, StAIic, XIE 731

References

Balogh, Z., Hausdorff dimension distribution of quasiconformal mappings
on the Heisenberg group, J. Anal. Math. 83 (2001), 289-312.

Bellaiche, A., and J. J. Risler, “Sub-Riemannian Geometry,” Progress in
Mathematics 144, Basel 1996.

Corwin, L., and F. Greenleaf, “Representations of nilpotent Lie groups and
their applications, Part 1. Basic theory and examples”, Cambridge Studies
in Advanced Mathematics 18, Cambridge University Press, Cambridge,
1990.

Cowling, M., and A. Ottazzi, Global contact and quasiconformal mappings
of Carnot groups, http://arxiv.org/pdf/1408.1778.pdf

Cowling, M., and M. Reimann, Quasiconformal mappings on Carnot

groups: three examples, Harmonic analysis at Mount Holyoke (South
Hadley, MA, 2001), 2003, 111-118.

Gromov, M., Groups of polynomial growth and erpanding maps, Inst.
Hautes Etudes Sci. Publ. Math. 53 (1981), 53-73.

Heintze, H., On homogeneous manifolds of negative curvature, Math. Ann.
211 (1974), 23-34.

Lay, D., “Linear Algebra and Its Applications,” Pearson, Boston, 2012.

Mitchell, J., On Carnot-Caratheodory metrics, J. Differential Geom. 21
(1985), 35-45.

Ottazzi, A., B. Warhurst, Contact and I-quasiconformal maps on Carnot
groups, J. Lie Theory 21 (2011), 787-811.

Pansu, P., Métriques de Carnot-Caratheodory et quasiisometries des espaces
symetriques de rang un, Ann. of Math. (2) 129 (1989), 1-60.

Reimann, H.M., F. Ricci, The complexified Heisenberg group in: Proceed-
ings on Analysis and Geometry (Russian) (Novosibirsk Akademgorodok,
1999), Izdat. Ross. Akad. Nauk Sib. Otd. Inst. Mat., Novosibirsk, 2000,
465-480.

Saal, L., The automorphism group of a Lie algebra of Heisenberg type,
Rend. Sem. Mat. Univ. Politec. Torino 54 (1996), 101-113.



732 HucHEs, StAic, XIE

[X1] Xie, X., Quasiconformal maps on nonrigid Carnot groups, ,
http://front.math.ucdavis.edu/1308.3031.

[X2]  —, Quasiconformal maps on model Filiform groups, Michigan Mathemat-

ical Journal, to appear.

[X3]  —, Quasisymmetric homeomorphisms on reducible Carnot groups, Pacific
J. Math. 265 (2013), 113-122.

Michael R. Hughes

Department of Mathematics and
Statistics

Bowling Green State University
Bowling Green, OH 43403, USA
mrhughe@bgsu.edu

Xiangdong Xie

Department of Mathematics and
Statistics

Bowling Green State University
Bowling Green, OH 43403, USA
xiex@bgsu.edu

Received May 31, 2014
and in final form September 16, 2014

Mihai D. Staic
Department
Statistics
Bowling Green State University
Bowling Green, OH 43403, USA

and

Institute of Mathematics

of the Romanian Academy

PO.BOX 1-764, RO-70700 Bucharest,
Romania

mstaic@bgsu.edu

of Mathematics and



