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Abstract. In this paper, Lie bialgebra structures on a class of not-finitely
graded Lie algebras B(I") of Block type are investigated. By proving the triviality
of the first cohomology group of B(T') with coefficients in its adjoint tensor
module, namely, H!(B(T), B(T') ® B(T')) = 0, we obtain that all Lie bialgebra
structures on B(T') are triangular coboundary.
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1. Introduction

Zassenhaus algebras were first introduced by Block [1] in 1958, which are a class of
infinite dimensional simple Lie algebras over a field of characteristic zero. Recently,
much attention has been paid to these algebras and generalizations of Block
algebras (usually referred to as Lie algebras of Block type), which play important
roles in many areas of mathematics and physics, see, for example, [2, 3, 6, 8, 14, 17,
18, 20, 24, 25, 27|. Surprisingly, Block type Lie algebras also appear in integrable
system [8]. In this paper, we study Lie bialgebra structures on a class of not-finitely
graded Lie algebras B(I") of Block type (see Definition 1.1 and Proposition 2.1).
Our motivations mainly originate from the following.

e Constructions of Lie bialgebras and their quantizations are important ap-
proaches to produce new quantum groups. Since the notion of Lie bialgebras
was introduced by Drinfeld in 1983 [4, 5], there have appeared several papers
on Lie coalgebras or Lie bialgebras (e.g., [7, 10, 11, 12, 13, 15, 22, 23]).

e Not-finitely graded Lie algebras play important roles in mathematical physics.
They appear naturally in the theory of Hamiltonian operators, the theory of
vertex algebras and their multi-variable analogues (e.g., [26]). They are also
important objects in Lie theory, whose structure and representation theories
are subjects of studies with more challenge than that of finitely graded Lie
algebras.
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e Block type Lie algebras are not only closely related to the Virasoro algebra or
the Virasoro-like algebra but also special cases of Lie algebras of Cartan type
S and Cartan type H (e.g., [19, 21, 25]). However, we observe that there has
been very little research on Lie bialgebras of the Block type algebra except
12, 9].

Let us give the precise definition of our object B(I") below. For an arbitrary
algebraically closed field F of characteristic zero, let I' be any additive subgroup
of F? satisfying

() #0 for p=1,2, (1)
where m, : F? — T is the p-th projection, namely, 7,(a) = a, for a = (a1, az) €
F?. Set

J =Z4 X Z4, which is a semigroup. (2)

Then one has the semigroup algebra A := F[[" x J] with basis {X*{|a € T',i € J}
and multiplication X*{XP4 = XAt We define two derivations d, of A as
follows,

dp(X*) = a, X* + i, X4 for p=1,2, (3)
where a = (a1, a2), i = (i1,42), and 1p; = (1,0), 1y = (0,1). Hereafter, we use
the convention that if an undefined symbol appears in an expression, we treat it
as zero; for instance, X*~ 'l = 0. By [21, 25], A is a Lie algebra with bracket
defined by

[b1,bo] = di(b1)da(by) — dy(bo)da(by) + bydy(by) — bady(by) for by,be € A, (4)
More precisely, in terms of basis elements, (4) becomes
(XL X0 = (a1(By — 1) — Bi(ag — 1)) XFHiH
+(i1(B2 — 1) — ji1(cp — 1)) X *FFEH 1)
+(Oé1j2 — ﬁlig)Xa+6’i+l_1[2] + (i1j2 _ jlig)Xa+’8’i+l_1[1]_1[2]. (5)

Observe that ¢ := X(©D is in the center of the Lie algebra A (we treat ¢ as
zero if (0,1) ¢ T'). We take A := A/Fc, and we use the same symbols to denote

elements in A.

Definition 1.1. The B(I') with I' satisfying (1) is the Lie algebra with the
underlined space A @ Fd; @ Fd, and the brackets (5) together with

[01,05] =0 and [9,, X = a,X** for p=1,2. (6)

We will simply denote B(I') as B throughout the paper. Then the main
result of the present paper is summarized as follows.

Theorem 1.2. Let B be the Lie algebra defined in Definition 1.1 with T’
satisfying (1).

(1) The first cohomology group of B with coefficients in its adjoint tensor module
is trivial, namely, H'(B,B® B) = 0.
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(2) All Lie bialgebra structures on B are triangular coboundary.

Finally we would like to remark that as we already indicated above, the
algebra B is not finitely graded (Proposition 2.1), while the Block type Lie algebras
considered in [2, 9] are finitely graded. Further, due to the fact that I" may not
be finitely generated (as a group), B may not be a finitely generated Lie algebra
as well. Thus the classical techniques (such as those in [2, 9]) cannot be directly
applied to our situation here. One must employ some new techniques in order
to tackle problems associated with not-finitely graded and not-finitely generated
Lie algebras (this is also one of our motivations to present our results here). For
instance, one of our strategies used in the present paper is to introduce the length
of a derivation (cf. Definition 3.9) so that the determination of derivations can
be done by induction on the length. We would also like to mention that though
the result that all Lie bialgebra structures on B are triangular coboundary is
not surprising, and coboundary triangular Lie bialgebras have relatively simple
structures, it seems to us that it is still worth paying more attention on them, as
one can see from [16] that by considering dual structures of Lie bialgebras, one
may expect to obtain some new Lie algebras. This is also our next goal.

2. Preliminaries

First let us recall some concepts. A Lie algebra L is finitely graded if there exists
an abelian group G such that £ = ®qcqLyy is G-graded satisfying

[ﬁ[a],ﬁ[b]] C E[a+b] and dim ,C[a} < oo for a, bed. (7)

In this case, we also say, L is finitely G-graded. If there does not exist any abelian
group G such that £ is finitely G-graded, then we say L is not-finitely graded.
Then similar to the proof of [3, Theorem 2.1(1)], one immediately obtains

Proposition 2.1.  The Lie algebra B is not finitely graded.

However, by (5) and (6), one can easily sees that B = @aerB, is still a
I'-graded Lie algebra with

B, = span{X**|i € J} @© 64,0(F0;, + F0,), (8)

which is infinite-dimensional for all a € T'.
We briefly recall some notions on Lie bialgebras, for details, we refer readers
to, e.g., [15].

Definition 2.2. (1) A Lie bialgebrais a triple (L, [-,-],0), where L is a vector
space, [,-]: L® L — L and § : L - L ® L are linear maps such that

(i) (L,[-,]) is a Lie algebra;
(ii) (L,9d) is a coalgebra;
(iii) o[z,y] = -0(y) —y-d(x) for z,y € L, where
- (y®z)=z,yl®@z+y® [z, 2] for v,y,2 € L.



778 WANG, XU, AND YUE

(2) A Lie bialgebra (L, [, ], d) is coboundary if ¢ is coboundary in the sense that
there exists » € L ® L written as 7 = Y7 @ r? such that §(x) =z -7 for
x € L.

(3) A coboundary Lie bialgebra (L, [+, -], ) is triangularif r satisfies the following
classical Yang-Baxter Equation (CYBE),

C(r) = [ri2, 73] + [r12, 23] + [r13,723] = 0, (9)

where rip = Y.l @rPl @1, rs =Y rll@1@r8, ry =Y 10 rlgr?
are elements in U(L)®@U(L)®U(L), and U(L) is the universal enveloping
algebra of L.

For simplicity, we denote V' = B ® B (the adjoint tensor module of B).
Then (8) naturally gives a I'-gradation of V' such that V' is a I'-graded B-module,
namely,

V=@V Vo= & B.®B, and B, Vs CVayp fora,8€T. (10)
ael a,bel: a+b=a

Recall that a linear map  : B — V satisfying Definition 2.2(1)(iii) is a derivation
from B to V. Denote by Der(B, V) the space of derivations. For any u € V', the
linear map i, : B — V defined by z +— - u for x € B is clearly a derivation,
called an inner derivation. Denote by Inn(B, V) the space of inner derivations.
Then it is well known that

HY(B,V) 2 Der(B,V)/Inn(B,V), (11)

where H(B, V) is the first cohomology group of the Lie algebra B with coefficients
in the B-module V.

3. A technical proposition and proof of Theorem 1.2

The proof of Theorem 1.2 heavily depends on the following technical proposition.
Proposition 3.1.  We have Der(B,V) = Inn(B,V).

The proof of this proposition will be divided into several lemmas. First we
will give some notations.

We choose a well-order on I' compatible with its group structure, i.e., a > (3
implies o« +~v > B+ v for any 7 € I'. We also define a well-order on J, for

i = (i1,12),5 = (J1,J2),
i>j <= li| >|j|, or|i] = |j| and i, > ji,
where [i| =iy + i2. Then we define a well-order on J x J,
(,7) > (k1) <= il +[j] > [E[+ ||, or [i] + |j] = |k| +|{] and 2 > k, or
il +1j] = [E[ + ]I, i =Ek and j > L



WANG, XU, AND YUE 779

A derivation D € Der(B,V) is called a-homogeneous if D(Bg) C V5.
Denote by Der(B,V), the space of a-homogeneous derivations. In general we
have Der(B,V) = [],cp Der(B,V),. However for arbitrary given b € B and
D € Der(B,V ), D(b) = cr Da(b) must be a finite sum.

We give the definition degree of the linear generators in B and V' (considered
as vector spaces) as follows. For elements X, Y € {X%¢ 0,05 |a € T',i € J}, we
define in B,

deg(Xal) = (OQD < (F7 ‘])7 deg(ap):(g7 _(p,p)) for p=1,2.

We add two elements —(1,1), —(2,2) into J with the order —(2,2) < —(1,1) <0,
and denote the resulting set as J. Define the order on I' x J by (a,i) > (83,j) i

a>fB, or a=0 and i>j.
With this order, the degrees of linear generators in B are totally ordered.

_ We define in V, deg(X ® Y)=(deg(X),deg(Y)). A well-order on T' x .J x
[' x J is defined by (o, i, 8,7) > (7,k,6,1) if

a+ B >v+9,or
a+pB=v+0d0and a> f, or
a=7,f=0and (i,j) > (k1)

With this order, the degrees of linear generators in V' are totally ordered.

We give the definition degree of arbitrary element b € B: deg(b) =
max{deg(X®) [b = >, XX, Aoy # 0} ; the definition degree of arbitrary
element v € V is similar.

We denote by VA (resp., VG”“)) the subspace of V' spanned by elements

Xig XAl 9@ XL Xil@a, 0,0 XL XZ@a,,
01 ® 01, 01 ® O, Oy ® 01, Oy ® O,

Lemma 3.2.  Let D, € Der(B,V), with 0 # « €'. Then D, € Inn(B,V).

Proof. Since a # 0, without lose of generality, we assume oy # 0. Let D, act
on both sides of [0y, X?1] = 8, X" we obtain,

O1 - Da(XP) = XPL- Do (81) = B1Da(X),

which implies D, (X?%) = X% - (a7 'Dy(01)), ie., Dy = Upnn € Inn(B,V) for
u=a; D, (). ]
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Now consider Dy € Der(B,V)y. Let a = (a1, as) € T', we write Dy(X )

as
Dy(X*%) = 3 e XX PE L S dno @ XU 4 Y e X @ 0y
(B,4,k)eTxIxJ kled jled
+ 3 [0 @ XOE 4+ g% X @ 0,
k2eJ j2ed

+ 0a0(ady ® Oy + b0y @ O + ¢y ® Oy + dDy @ D).
(12)

For an arbitrary fixed @ = (ay, ae) in I' satisfying ayay # 0, there exists minimal
(J, K) (which may depend on «) such that all corresponding coefficients are 0 if
their indices satisfy (j,k) > (J,K), or k', k* > J, or j',j* > K.

In the following, we assume a = (a1, ) € I' is a fixed element satisfying
ajas # 0, a > 0. Since X j =0,1,2,—1,—2 generate {X*C|¢ € Z}, we
have the following.

Lemma 3.3.  Given an expression of Do(X*0) asin (12) for some { € 7, there
exists minimal (J, K), which does not depend on ¢, such that all corresponding
coefficients are O if their indices satisfy (j,k) > (J,K), or k', k> > J, or j',j* >
K.

From (5) we immediately get the following.

Lemma 3.4. If [X**0 aX?4] =0 for all k € Z, , then a = 0. In general, if
X eB, [Xk0 X]=0 forall k € Z, , then X =0.

Lemma 3.5. Letv € V. If X*9%. v =0 forall k € Z,, then v = 0. In
particular, if XP4-v =0 for all (B,i) €T ®J, then v=0.

Proof. Suppose v # 0. We consider the highest degree summand of v, it
must be a nonzero multiple of X ® Y, in which X,Y € {X%¢ 9;,0,}. Since
deg(a) > 0, the condition X**? .y = 0 implies [X** X]® Y = 0, which then
implies [X**% X] =0 for k > 0. By Lemma 3.4, we get X = 0, a contradiction.
Hence v = 0. |

Lemma 3.6.  Dy(01) = Dy(02) = 0.

Proof. Let Dy act on both sides of [0, X*I] = 3, X" we obtain 9;-Dy(X"7)—
X541 Dy(0y) = B1Do(X?), which implies

X721 Do(81) =0 forall (B,j) €T xJ. (13)

This together with Lemma 3.5 implies Dy(9;) = 0. Similarly, we can obtain
DQ(@Q) =0. |

Lemma 3.7.  We have Dy(X%%) =0 mod VL),
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Proof. Let Dy act on both sides of [X%0 X509 = 8, XY we obtain

X00. Dy(XP0) — XPL. Dy(X20) = B, Dy(XPY). (14)

By Lemma 3.3, X%0. Dy(X?9) = 8,Dy(X?2) mod VLK) This together with
(14) gives

X% Dy(X%) =0 mod VEE) forall geT. (15)
We claim: Dy(X%%) =0 mod VZE) | Suppose not, we give a formal expression
of Do(X%9) mod VL) Dy(X09) =370 N X W @ X~ 04w mod VILE),
In which agy € T', iy, Z(k) e J, & # 0, @(k)’l(k)) = (J,K) for all k,
(Oé(k)’l(k)7 _a(k)’l(k)) > (a(k+1)71(k+1)a _Oé(kJrl)"Z(kJrl)) for k = 1’27 cey TV — 1. Here
we assume (g(k),z(k)) = (J,K) for all k since if we can prove Dy(X%0) #
0 mod VEM - for any (L, M) > (J,K), it’s trivial to see Do(X%) # 0
mod V) " and such (L, M) can be chosen as the largest one in (Z(k%l(k))

for all k. If oy = (0,1) for all k, it is easy to find a 8 > (0,0) such that
deg ([XA0, XO=D-K]) = (3—(0,1), K) from (5), which implies deg (X%C- Dy(X20)
mod VE)) = ((0,1),J, 8 — (0,1), K), it’s a contradiction with (15). Else, sup-
pose m (1 < m =< n) is the minimal subscript such that oy # (0,1), it is
easy to find a big enough 8 such that deg([X?C, X)) = (8 + o), J) from
(5) and B + a@my > (0,1), which implies deg(X?C - Dy(X%9) mod VLK) =
(B + amy, L, —a(m), ), it’s a contradiction with (15). n

Lemma 3.8. By replacing Dy by Dy — winn, where u € Vy (note that this
replacement does not affect the result we already obtain), we can suppose
Dy(X*%) =0 mod VL) for a = (ay,as) and ajas # 0.

Proof. Given an expression of Dy(X*Y) as in (12), we can write Dy(X*?) =
S1 + Sy mod VL) where
.S = Z cﬁXﬁvl R Xa—B,K’
jet (16)
So = doy @ X*E +eX @ 0y + f0, @ XK 4 gX ! ® 0,.

We want to prove the following.

Claim 1. By subtracting Dy by some suitable u;,, with © € V{, we can assume
Do(X*%) =S, mod VL,

It is sufficient to prove Claim 1 by showing that there exist v; € Vj for
1 =1, 2, 3, 4, such that

XYy, =u; mod VL)
in which

ulzal®Xa’K7 u2:Xajl®ala
Uz = 82 X XQ’K, Uy = Xa’l X 82.
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Such v;’s are found by explicit construction from (5), we simply give them as
follows,

1 1
v = ——0 © X0 4 — XL @ X~k
(03] 2&1

1 1
vp=——XM @0+ XX

aq aq
1 e
vy = ——8y © XOE 4 2yl g x-ek
o 201
— 0.J 2 y-aJ a,K
Vy = ——X (%9 82 + 2X & X
o 20

Claim 2. By further replacing Dy by Dy — ujn,, where u has the form
> per csXPP@ XAL we can suppose Do(X*%) =0 mod VL for a = (ay, as)
and ajag # 0.

To prove the Claim, let Dy act on both sides of the equation [X*2, X 0] =
—20; X0 we get,

X0 Do(X ™) = X0 Dy(X*%)  mod VILE). (17)

We can assume

DQ(XQ’Q) = Z Z ainﬁiJrja,l ® X*ﬁi*(jfl)a,g mod V(J’K)’

DY) = 33 X U o )

i=1 j=1
for some a;j,b;; € C, where, ' < 2 <--- < ™, and ' # 7 mod Za« if i # j.
By the above assumption, we only need to prove the claim in the case that

S¢ # 0 only for one i. To further simplify our notation, we denote this 5° as 3,
and rewrite (18) in the following simpler form,

DQ(XO"Q) = Z a; XPried X B-(—DaK o4 V(J’K),
- (19)
Do(X~*0) = Z b XAtied @ X —B-(HDak o /(LK)

=1

Before continuing the arguments in the proof of Claim 2, we give the following
notion.

Definition 3.9. Let i (resp., j) be the largest (resp., smallest) integer such
that a; # 0 (resp., a; # 0). We define the length of Dy to be i — j + 1.

We assume the length of Dy is m, i.e., aja,, # 0. We prove the claim
by reducing the length of Dy as follows. Since V&) is invariant under X*°
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and X% using (19) in (17), and comparing the coefficients of the same degree
summands on both sides, we can obtain bib,, # 0, and further,

b [ X0, XOFmend] @ X—B—(mthok = g poq VLK), o0
a [ XL Xl @ XPE =0 mod V),
Using
X0, Xﬁ+ma,J®X—B—moc,K = _QalXﬁ-i-ma,l@X—ﬁ—(m—l)a,K mod V(J,@’ (21>
by replacing Dy with Do + amﬁ(X pmad g x—BA-maK),  we can successfully

reduce the length of Dy by at least one. Repeat the above arguments, we obtain
the claim, thus the lemma. [ ]

From (19) and the above lemma, we immediately get the following conclu-
sion.

Lemma 3.10. Dy(X %) =0 mod VL),

Lemma 3.11.  Dy(X**%) =0 mod VL) ke Z.

Proof. We only prove this lemma in case £ > 0; the case k < 0 is similar.
Since X0 X?%0 generate {X**0|k € Z, k > 0}, it is sufficient to prove

Do(X?*%) =0 mod VL),
Let Dy act on both sides of the equation [X % X?*9] = 3a; X*C we have
X0 Do(X?*%) =0 mod VL), (22)

Assume Dy(X?*%) £ 0 mod VK Then we have a nonzero expression of
Do(X?*9) mod V) similar to (12). Consider the lowest degree summand of
such an expression, it must be a nonzero multiple of X ® Y for

XY e {XP g X Framk X2l g o 0,0 XK |i=1,2}.
From (22), we have
(X X]®@Y =0 mod VL), (23)

If one of X, Y is 0; for i = 1,2, then one can easily obtain a contradiction from
(23). Thus we may suppose X ® Y = XAJ @ X -FH20L " Firgt assume

X®[X 0 Y]=0 mod VL, (24)
Then (23) together with (24) implies

a1(52 — 1) + ﬁl(—CYQ — 1) = O,
a1(—P2 4+ 209 — 1) + (=1 + 201) (—ae — 1) = 0,

which forces a; = 0. This is a contradiction with the assumption in Lemma 3.8.

Now assume that (24) does not hold. From (22) and by induction on 1,
we obtain that, for all i € Z,, XP+iod g X—-F-iat2aK with suitable nonzero
coefficients must appeare as summands of the expression of Dy(X?*Y), which is
impossible since V' is a vector space (elements in V' can only be a finite sum).
Hence Dy(X**) =0 mod VL) ke 7Z. m
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From the order on J, we know that, for arbitrary two given elements in J,
there are only finite many elements between them. Thus from the above lemmas,
by induction on (J, K), we obtainthe following conclusion.

Lemma 3.12. By subtracting Dy by finitely many inner derivations in Vp, we
can assume Dy(X**9) =0 for k € Z.

Lemma 3.13.  For arbitrary 8 € T', we have Dy(X?2) =0.

Proof. Tt is sufficient to prove this lemma for 5 € I" \ {ka|k € Z}. We have
the following equation,

[Xka,% [Xla’Q,XB’Q]] — /\k,l[X(k“)a’Q,Xﬂ’Q],

where \g; can be given in an explicit form using (5), since it is not important for
our proof, we simply denote it as A; for convenience. Let Dy act on both sides
of the above equation, we get,

Xheb . X0, Dy (XPO) = )\ XDl Dy (X70), (25)

Assume Dy(XP9) # 0. Then we have an expression of Dy(X??) as in (12).
Consider its highest degree summand, it must be a nonzero multiple of X ® Y for

XV e{XeX 1 XPigo, 0o X%|i=1,2}.
From (25), we get,
[(X*Y X @ XY Y] =0 for k,l€Z,.

From Lemma 3.4, we get X ® Y = 0, a contradiction. [ ]
Lemma 3.14.  For arbitrary § € T', we have Do(X%'1) = 0 = Dy(X%121).

Proof.  We only prove this lemma for Dy(X%!11) = 0, the other is similar. We
have,
[XB’Q, [X'ng7 X(S)l[l]:l] — )\B,’y I:XBJ'_’Y’Q’ X671[1]:| + MB7,YXIB+’Y+6797

where \g ., 115, can be explicitly given using (12), since it is not important for our
proof, we simply denote them as Ag., 113, for convenience. Let Dy act on both
sides of the above equation, we get,

ngg ) X%Q ) DQ(X(S’I[”) _ /\B,WXB—W . DQ(Xé,l[l])_ (26)

Suppose Dy(X%'1) # 0. Using exactly the same arguments after (25) as in the
above lemma, from (26) we can get a contradiction. [

Lemma 3.15. Dy(B) =0.

Proof. It is trivial since B is generated by X®0, X®lm  Xvle 9, 0,. n

Now we can complete the proof of Theorem 1.2 as follows. Theorem 1.2 (1)
follows from (11) and Proposition 3.1, and Theorem 1.2 (2) follows from Theorem
1.2(1).
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