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Abstract. We study the PBW filtration on the irreducible highest weight
representations of simple complex finite-dimensional Lie algebras. This filtration
is induced by the standard degree filtration on the universal enveloping algebra.
For certain rectangular weights we provide a new description of the associated
graded module in terms of generators and relations. We also construct a basis
parametrized by the integer points of a normal polytope. The main tool we use
is the Hasse diagram defined via the standard partial order on the positive roots.
As an application we conclude that all representations considered in this paper
are Feigin-Fourier-Littelmann modules.
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1. Introduction

We recall briefly the construction of the PBW filtration. We consider a sim-
ple complex finite-dimensional Lie algebra g and a triangular decomposition
g=n"®hdn". We denote by V()) the irreducible finite-dimensional module of
highest weight A and by vy a highest weight vector, then we have V(\) = U(n™)v,.
The degree filtration U(n~)s on the universal enveloping algebra U(n~) over n~
is defined by:
Un™)s=span{zy---x; | z; en", | < s}

This filtration induces the PBW filtration on V()\), where the s-th filtration
component is given by V(\)s = U(n™)sv,. The associated graded space V/(A)?,
with respect to the PBW filtration, is a S(n~)-module generated by vy, where
S(n~) is the symmetric algebra over n~. Then we have for I(A) C S(n~) the
annihilator of the generating element:

VA" =S )oa = Sn7)/I(A).

There are some natural questions (see also [FFol.11al):

* The work of T. B. was funded by the DFG Priority Program SPP 1388 “Representation
Theory”; C.D. was partially funded by this program.
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e Is it possible to describe V(A)® explicitly as a S(n~)-module, i.e. is it
possible to describe the generators of the ideal I(\)?

e [sit possible to find an explicit combinatorial description of a monomial basis

of V(\)*?

We will call such a basis a Feigin-Fourier-Littelmann or just FFL basis and V' (\)*
a FFL module, if the bases of V(mA\)®, m € Z>( are parametrized by the integer
points of a normal polytope P(m).

For both questions there is a positive answer in the cases of sl, and sp,, for
arbitrary dominant integral weights (see [FFoL11la] and [FFoL11b]). Further the
second question is positively answered for G, (see [Gorll]). In this paper we focus
on certain rectangular weights and prove the following theorem:

Theorem 1.1.  Let g be a simple complex finite-dimensional Lie algebra and

A =nw;, m € Z>o be a rectangular weight, where g and w; appear in the same
row of Table 1. Further let V(A)* =2 S(n~)/I()\). Then there is a positive answer
for both questions above, in particular:

e /(\)=Sn) (U(n+) o span{fé)"ﬁv>+1 | B € A+}) :
o V(N is a FFL module.

Here we denote with A, the set of positive roots of g.

’ Type of g ‘ weight w H Type of g ‘ weight w ‘

A, wp, 1 <k<n Es Wy, We
B, w1, Wy E7 wry
Cn w1 Fa Wy
Dn Wi, Wp—1, Wy G2 w1

Table 1: Solved cases

Remark 1.2. The Theorem above implies the existence of a normal polytope
P(mw;) such that the integer points S(mw;) parametrize a basis of V' (mw;). This
polytope is the m-th Minkowski sum of the polytope P(w;) corresponding to
V(w;). In general this is not true for different fundamental weights, because the
number of integer points in the Minkowski sum is too small. For example in the
case of g = sl5, we have |(P(w;) + P(wz) + P(ws) + P(wy)) N ZY,| = 1023 and
dim V (wy + we + w3 + wy) = 1024. -

Remark 1.3. The bases obtained in [FFoLlla], which were conjectured by
Vinberg (see [V05]) and obtained in [FFoL11b] are different from our bases. This
is due to a different choice of the total order on the monomials in S(n™). As
a consequence the induced normal polytopes are also different. Nevertheless in
the cases (A, wy) the corresponding projective toric varieties are isomorphic. In
contrast, these are in general not isomorphic to the toric varieties corresponding
to Gelfand-Tsetlin polytopes investigated in [GLI7] and [KMO5].
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We explain briefly the methods used in our paper. Our main tool is the
Hasse diagram of g given by the standard partial order on the positive roots of
g. We associate to this directed graph a normal polytope P()\) = P(mw;) C RY,
via the directed paths. If the Hasse diagram satisfies certain properties, the set
of integer points S(\) = P(\) N ZY, parametrizes a FFL basis of V(\)*. So we
reduce the questions above to the combinatorics of the Hasse diagram and provide
a general procedure which uses the structure of the Hasse diagram. As an impor-
tant application we show that the modules V(mw;), m € Z>q are FFL modules,
where w; appears in Table 1.
Except for the cases listed in Table 1 it is much more involved to obtain a polytope
which parametrizes a FFL basis. Even in the cases (B,,w; ), (Fs,ws) and (Gg,w; )
we have to change the Hasse diagram slightly, to be able to apply our procedure.
The property of being a FFL module implies some nice consequences. For example
the corresponding degenerate flag varieties are normal and Cohen-Macaulay. Fur-
ther there is an explicit representation theoretical description of the corresponding
homogeneous coordinate rings. Another important property is the interpretation
of the describing polytopes as Newton-Okounkov bodies (see [FFol.13] and for
more details on Newton-Okounkov bodies see [KK12] and [HK13]).

In the recent years it turned out that the PBW theory has a lot of connections
to many areas of representation theory. For example to the geometric representa-
tion theory: Schubert varieties ([CIL14], [CLalL14]) and degenerate flag varieties
([FFiL11], [Feill], [Feil2], [CIFR12] and [Hagl3]). Further there are connections
to combinatorial representation theory for example to Schur functions ([Foul4]),
combinatorics of crystal basis ([Kusl3a], [Kus13b]) and Macdonald polynomials
([CF13], [FM14]). A purely combinatorial research on the FFL polytopes can be
found in [ABS11]. A general formular for the maximal degree of V' (\)* for arbi-
trary dominant integral weights A is provided in [BBDF14].

Our paper is organized as follows:

In Section 1 we introduce the constructions and tools we use. Furthermore we
state our Main Theorems and provide the connection to FFL modules. In Section
2 we prove that all polytopes considered in this paper are normal. Sections 3, 4
and 5 are devoted to the proof of our Main Theorems. In Section 4 we calculate
explicitly FFL bases of V' (w) for all cases listed in Table 1. Finally in the Appendix
we give some explicit examples of Hasse diagrams and normal polytopes.

2. PBW Filtration

Definitions. Let g be a simple complex finite-dimensional Lie algebra and let
g=n"®Hhdn" be a triangular decomposition.

For a dominant integral weight A we denote by V(A) the irreducible g-module
with highest weight A. We fix a highest weight vector vy, € V(\). Then we have
V(A) = U(n)vy. The degree filtration U(n~)s on U(n~) is defined by:

U™ ), =span{z, -2y | z; € n™, [ < s}. (1)

In particular, U(n™)q = C1. So we have an increasing chain of subspaces:
Un ) CUM ) CUMm ) C.... The filtration (1) induces a filtration on V(\):
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V(A)s =U(n)svy, the PBW filtration.
We consider the associated graded space V(A)* of V() defined by:

V<)‘>CL = @ V(A)s/v()‘)sfly V()‘>fl = {0}

86220

Let A, C b* be the set of positive roots of g and &, = {ay...,a,} C A, the
subset of simple roots, where n € N is the rank of the Lie algebra g. Further we
denote by fs € n~ the root vector corresponding to € A, . Let (X, 8Y) = 200

)
(8.8) ?
where Y = % is the coroot of 8 and (-,-) is the Killing form. We define

ny :=span{fs | (\,8Y) > 1} Cn".

Throughout this paper we focus on certain rectangular weights A = mw;, m € Zxg
(see Table 1).

Let 5 = Z;;l n;og, nj € Zso be a positive root with n; > 1. Then we have for
the coroot 8¥ =377 nfaf: n/ > 1. Conversely starting with a coroot 8, with
n; > 1 we have for the corresponding positive root §: n; > 1. Hence, independent
of the choice of m > 1:

is the Lie subalgebra spanned by those root vectors fz, where o, is a summand

of 3.
From the PBW-Theorem we get U(ny)* = S(ny) = C[fs | (A\,8Y) > 1], where
S(ny) is the symmetric algebra over nj .

Remark 2.1. (i) We have V(X) = U(n, )vx. The action of U(ny) on V(A)
induces the structure of a S(ny )-module on V(\)* and

V(A =S )vy = S(n, ). (2)

(17) The action of U(n*) on V(A) induces the structure of a U(n*)-module on
V(A)®. Note for e, € nt — U(n™), fg € ny — S(ny), [, f5] is not in general
an element of S(ny ), but for f, € S(n™)\ S(n,) we have f,uy =0. That follows
from the well known description (see [Hum72]) of V' (\):

V) =00 ) /(77 B e Ay). (3)

Equation (2) shows that V(X)® is a cyclic S(n, )-module and hence there
is an ideal I, C S(ny) such that V(A\)* >~ S(ny)/I\, where I, is the annihilating
ideal of vy. We have therefore the following projections:

Sn7) = S@7)/ {fs [ (A BY) =0) = S(ny) = S(ny)/ L.

Hence, although we work with n, , we actually consider n™-modules. So our aims
in this paper are

e To describe V(A\)* as a S(n, )-module, i. e. describe explicitly generators of
the ideal 1.
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e To find a basis of V(\)* parametrized by integer points of a normal polytope
P(X) (see (7)).

To achieve these goals we have to introduce further terminology. We denote the
set of positive roots associated to n, by

Ai:{ﬁe A-|—| </\75v> Z 1} = {Blu"'7ﬁN} g A-l—v ’Ai’ :NEZZO-

Example 2.2.  We write (ry,72,...,7,) for the sum: > ¢, rzax. Let g be of
type A4 and \ = w3, the third fundamental weight. Then we have:

Aﬁs - {Bl = (17 17 ]-7 1)7&2 - (07 17 17 1)763 = (17 ]-7 170)7
ﬁ4 = (0707 17 1)765 = (07 17 170)766 = <0707 170)} C AJr'

We choose a total order < on A% :
Pr < P2 = < PByo1 < B (4)
We assume that this order satisfies the following conditions:

(i) Let > be the standard partial order on the positive roots, then
Bi > B = Bi =< B;.

(ii) Let g; = (r1,...,mn), B85 = (t1,...,t,) and we define the height as the sum
over these entries: ht(5;) = >, r;,ht(8;) = Y1, t;. Then

(iii) If B; and f; are not comparable in the sense of (i) and (i7), then
Bi < Bj < [ is greater than ; lexicographically, i.e. there exists 1 < k < n,
such that r, > ¢, and r;, =¢; for 1 <7 < k.

Remark 2.3. The explicit order of the roots depends on the Lie algebra and
the chosen weight, see Section 5. But in all cases considered in this paper we have
fB1 = 6, the highest root of g and Sy is the simple root «;.

In order to make our equations more readable we write for 1 <7 < N: f; = f3,
and s; = sp,. We associate to the multi-exponent s = (s;); € Z%; the element

N
o= Hfzsz € S(ny),

and define the degree of fSvy # 0 in V(\)* by deg(f5vy) = deg(f®) = Zf\il Si,
or deg(f3vy) = 0 if f%vy = 0. We extend < to the homogeneous lexicographical
total order on the monomials of S(n,) (resp. multi-exponents).

Let s,t € ZY, be two multi-exponents. We say f* = f* or s = t if
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o deg(f*) > deg(f*) or

o deg(f%) =deg(f*) and 31 <k < N: (s >t) AVE<j<N:(s;=t).
For example: flf3f) < f1f3fs < fififs.

Remark 2.4. Because the action of n™ on V()\) is induced by the adjoint
action, we know that V(\)s, s € Zq is stable under the action of n™: for e € n™
and z; - - x50\ € V() we have

S
e.xl .. .xsv)\ — le . ‘%—1[@%]%#1 .. -:ﬁs’U}\ G V()\)S
i=1

Hence V(\), is a U(n")-module. So for f*vy in V(A)* = @0 V(A)s/V(N)s—1
we have deg(uftvy) € {0,deg(ftv,)} for all w € U(n™). -

The next Lemma is devoted to give a better understanding of the module
V(A)*, but we will not need it to prove our main statements.

Lemma 2.5. Let f™ € S(n~) with f™vy # 0 in V(N)* and weight wt(f™) =
A — wo(N), where wy is the longest element in the Weyl group of g and wo(\) is
the lowest weight of V(X). Then

deg(f?) < deg(f™), V[ ux # 0 € V(A
Proof.  Let v,,\) be a lowest weight vector such that:
VA) = U )vuen)-

Hence we can interpret V() as a lowest weight module. The lowest weight wy(\)
is in the Weyl group orbit of A, thus dim V' (A)y,) = 1 = dim V' (X)x. So there is
a minimal s € Zx such that: V(A)y,,) € V(A)s. Further there exists a scalar
c € C with f™vy = vy, -

For an arbitrary element vy # 0 € V(\)® we fix the order of the factors
to obtain f™vy € V(A). Then there exists an element z € U(n") such that:
ffuy = z(f™vy). This implies with Remark 2.4: deg(f™) < deg(f™). ]

Associated to the set ny we define a directed graph H(n}), := (A}, E).
The set of vertices is given by Ai‘r and the set of edges E is constructed as follows:

V1§Z;]§N (ﬁigﬁj)eE@E'Oéke(I)+l ﬁi—ﬁj:ak.

We call this directed graph Hasse diagram of g associated to A. For our further
considerations H(n) )y is the most important tool.

Example 2.6. The Hasse diagram H(n_ ), is given by:

w3
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B
1 4 Bl - (171>1v1)
62/ \63 52:(0717171)
yNE Y By =(1,1,1,0)
s” Vs 5= 001
Y Bs = (0,1,1,0)
b 85 = (0,0,1,0)

We define an ordered sequence of roots in A}: (53;,,..., /3, ) with Bi; < Bijpy toO
be a directed path from B, to f3;, .

Remark 2.7.  For our purposes we want to allow the trivial path () and any
ordered subsequence of a directed path to be a directed path again. So in Example

2.6 (B4, Ba, B4, Bs) and (1, B2, Pg) are two possible directed paths.

In general it is possible that two edges in H(n) ),, one ending in a root f
and one starting in 3, have the same label:

YY)
We call this construction a k-chain (of length 2).
Associated to H(n} ), we construct two subsets Dy, Dy C P(A%}) of the power set

of A’}: For p € P(A}) we define

pED)\ :<:>p:{ﬂ747"'7/6ir}7 (5)

for a directed path (5;,,...,0;.) in H(ny )y. So from now on by (5) we interpret
p € D, as a directed path in H(n),.

Remark 2.8. Let 3, 3; € A} be arbitrary. Then there exist a p € D, with
Bi, B; € p if and only if 3; — 3; or 8; — [3; is a non-negative linear combination of
simple roots.

Remark 2.9. A staircase walk from (0,0) to (n,n) beyond the diagonal in
a n X n-lattice is a called Dyck path. In the general A,-case ([FFoLlla]) the
constructed directed paths are Dyck paths in this sense. To be consistent with
their notation we call our directed paths D), also Dyck paths.

Further we define the set of co-chains by

. . = f e .
If necessary we use an additional index D ;ype ”% to distinguish which type of g we
consider. We want to consider the integral points of a polytope which is connected

to Dy in a very natural way. Fix A\ = mw;, with m € Z-,. Let

P(mw) ={x €RY | > x;<m, VpeD,} (7)

Bj€P
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be the associated polytope to D,,,. Denote by S(mw;) the integer points in P(mw;):
S(mw;) = P(mw;) N ZY,. We define the map

supp; : S(w;) = P(AY), supp,(s) = {3, | s; > 0}.

For s € S(w;) we have with (6) immediately supp,(s) € D,,,. Conversely every
p € D,,, has a non-empty pre-image. With s € {0, 1} we conclude that supp, is
injective and that we have the immediate proposition:

Proposition 2.10.  The map supp, : S(w;) — D,, is a bijection. [

Hence in Section 5 it is sufficient to determine the co-chains in H(nj, ), to
find the elements in S(w;). Now we are able to formulate our main statements.

Main statements. Let g be a simple complex finite-dimensional Lie algebra and
A = mw; be a rectangular weight, with (w;,6") =1 and m € Zs(, where 6 is the
highest root of g. Further we assume that H(nj ), has no k-chains of length 2.
In the following table we list up all cases where these assumptions are satisfied.
Additionally in the cases (Bn,w:), (Fa,ws) and (Gz,w1), we can rewrite H(ng ) in
a diagram without k-chains of length 2:

’ Type of g \ weight w; H Type of g \ weight w; ‘

An W, 1 S k S n EG w1, We
B, w1, Wp E7 Wy
Ca w1 Fy Wy
Dn Wi, Wnp-1, Wy G2 w1

Table 2: Solved cases
Let I(mw;) C S(n~) be the ideal such that V(mw;)* = S(n~)/1(mw;).

Theorem 2.11.
N — - + (mw;,BY)+1
I(mw;) = S(n") (U(n ) o span{ f; | € A+}> :
Proof. This statement follows by Theorem 6.4. |
Theorem 2.12. B, = {f*Umw, | 8 € S(mw;)} is a FFL basis of V (mw;)®.

Proof. In Section 3 we show that the polytope P(mw;) is normal. By Theorem
4.4 we conclude that B,,,, is a spanning set for V (mw;)*. After fixing the order of
the factors, with Theorem 6.2 we have a FFL basis of V(mw;). Because this basis

is monomial and V (mw;) = V(mw;)* as vector spaces, we conclude that B,,,, is
a FFL basis of V(mw;)®. ]

Applications.To state an important consequence of Theorem A and The-
orem B we give the definitions of essential monomials due to Vinberg (see [V05],
[Gorl1]) and Feigin- Fourier- Littelmann (FFL) modules due to [FFolL13]. Let A
be a dominant integral weight. Recall that we have a homogeneous lexicographical
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total order < on the set of multi-exponents induced by the order on A;\L:

Bi < P2 < < PN

In the following we fix a ordering on the factors in a vector
fva = f]?i[N 11\7[11711 R flv)\. (8)
Definition 2.13. (i) We call a multi-exponent p € ZY; essential if

fPux ¢ span{fux | q < p}-

(ii) Define es(V (X)) € ZY; to be the set of essential multi-exponents.

By [FFoL13, Section 1] {fPvy | p € es(V(\))} is a basis of V(\)* and of
V().

Let M = U(n )vy and M = U(n" v, be two cyclic modules. Then we denote
with M ® M := Un™)(vy @ vyp) € M ® M’ the Cartan component and we
write M®":= M ©---©® M (n-times).

Definition 2.14.  We call a cyclic module M a FFL module if:

(i) There exists a normal polytope P(M) such that es(M) = S(M), where
S(M) is the set of lattice points in P(M).

(ii) Vn € N: dim M®" = |[nS(M)|, where nS(M) is the n-fold Minkowski sum
of S(M).

Corollary 2.15.  For the cases of Table 2 V(mw;) is a FFL module.

Proof. Proposition 3.8 shows that P(mw;) is a normal polytope. By Theorem
B a basis of V(mw;) is given by B, , hence with Lemma 6.1 we have S(mw;) =
es(V (mw;)).

Let n € N be arbitrary, then dim V (mw;)®" = dim V (nmw;). Again by Theorem
B we have dim V (nmw;)) = |S(nmw;))|. Because P(nmuw;)) is a normal polytope
and therefore satisfies the Minkowski sum property, we conclude |S(nmw;))| =
|nS (mw;))| . n

Remark 2.16.  We note that in [FFoL13] the FFL modules are called favourable
modules.

3. Normal polytopes

Our goal in this section is to show, that the polytopes defined in (7) are normal.
A convex lattice polytope P C RE K € Zs, i.e. P is the convex hull of finitely
many integer points, is called normal, if the set of integer points in the m-th
dilation mP is the m-fold Minkowski sum of the integer points in P.

To achieve our goal we will prove the normality condition for a larger class of
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polytopes in a more abstract setting than in Section 2.

General setting. Let A = {21, 29,..., 2K} be a finite, non-empty set with a total
order: z; = z5 > -+ > zx. We extend > to the (non-homogeneous) lexicographic
order on P(A), the power set of A. Let D = {p1,...,p:} C P(A) be an arbitrary
subset.

Remark 3.1. (i) To illustrate this non-homogeneous lexicographical order we
give for K > 3 an example:

{z1,20} = {z1} = {22, 23}

(ii) Let p ={zi,,..., 2.} € P(A) be an arbitrary set. We always assume without
loss of generality (wlog): z;, > - > 2.

We can associate a collection of polytopes to D in a natural way:

P(m):{xeRgo | Z z; <m, Vp € D}, m € Zxy. (9)

Z; EP

To work with these polytope, in particular with the elements in D, we define the
following.

Definition 3.2.

(1) For p € P(A) define puin = m;n{z € p} and ppax analogously.

(2) Let p,q € P(A), p={%,---»2.}, 4 =1{%,---, %, } With Pmin = Amax-
Then we define the concatenation of p and q by

P U q = {Zi17zi2 ce ey R =Ry Ry e ,st} c P(A)
Normality condition.

Definition 3.3.  Assume D C P(A) has the following properties:

1. Subsets of elements in D are again in D:
VACpeD:AeD.

2. Every z € A lies at least in one element of D:

Up=A

peD
3. The concatenation of two elements in D, if possible, lies again in D:
Vp,q € D with puin = Quax: PUQq E D.

Then we call D C P(A) a set of Dyck paths.
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We define for m € Zsq, supp,, : S(m) — P(A), by
6= (12)eca — suppy(t) = {2 € A | £. > 0},

Note that the map supp, is in general not injective. Furthermore we have
supp; (S(1)) C suppm(S(m)), because of S(1) C S(m) and suppm|s@) = supp; -

Remark 3.4. Let D C P(A) be a set of Dyck paths, then P(m) defined in
(9) is a bounded convex polytope for all m € Z.

By the definition of P(m) and the second property of D, which guarantees
that each z € A lies in at least one Dyck path, we have ¢, € {0,1},Vz € A,
for t € S(1). Hence supp, is an injective map and we get an induced (non-
homogeneous) total order on S(1).

Now we want to give a characterization of the image of supp; .

Remark 3.5. Let D C P(A) be a set of Dyck paths, then
supp;(S(1)) ={A € P(A) | |Anp|<1,Vpe D} =T.

7C”: Assume there is an element t € S(1) with supp,(t) = A € P(A) and
|ANp| > 1 for some p € D. Then we have » - t. > 1, since t, >0, Vz € A.
And so we have: >  _ ¢, > 1. But this is a contradiction to the assumption

te S(1).

"D”: Let B € I' be arbitrary. Associated to B we define g € Zgo by
q? =1if 2 € B and ¢% = 0 else. By the definition of T' we have for every Dyck
path pe D: 37 qP <1. Hence q” € S(1) with supp,(q”) = B.

Let s € S(m), m € Z>o,s # 0 be an arbitrary non-zero element. Consider

suppm(s) € P(A), we have P(suppm(s)) € P(A). Let
V = (supp; (S(1)) N P(supp,,(s)) < P(A). (10)

Note that V is a total ordered, non-empty set, because S(1) contains all unit
vectors and s # 0 by assumption. So there is a unique maximal element (with
respect to > ), denoted by Mg € V.

Lemma 3.6. Let D be a set of Dyck paths, s € S(m) non-zero and p € Ms.
Then we have s, =0 for all v € A such that (v > p and 3q € D: v, pu € q).

Proof. We assume the contrary. That means there exists v € A with v = pu,
s, # 0 and a Dyck path p € D such that v, u € p. Define

Vi={reM;|3qeD:v,T€q,v>=T1}C M

and M. := ({v}UM;)\V. By assumption we have ;€ V and so |V| > 1. Further
we have M, € P(supp,,(s)) and we want to show that M. € supp,(S(1)).
We assume that this is not the case. So there exists some b € D such that
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|M.NDb| > 1. By the definition of V this can only happen, if there exists a a € Mg
with a > v and a,v € b. The following picture is intended to give a better
understanding of the foregoing situation.

1

T—)V—)-—)-g,lh T, T2 €V,
b

o — - — - To

We can assume wlog that b.;, = v and pun.x = v, because subsets of Dyck
paths are again Dyck paths. So the concatenation b U p € D is defined and we
have a,v € bU p. But then, because of a,v € Mg: |MgNb| > 1, which is a
contradiction to My € supp,(S(1)).

So for all ¢ € D we have |M. N q| < 1. By that and with M. € P(A) we
conclude M/ € supp,(S(1)). Therefore M. € V and by construction, because >
is a lexicographic order, M. > My, which is a contradiction to the maximality
of M. So the assumption on the existence of v was wrong, which proves the
Lemma. [ |

Proposition 3.7.  Let D C P(A) be a set of Dyck paths, then we have for the
integer points S(m) of the polytopes P(m) associated to D :
where the left-hand side (1hs) of (11) is the Minkowski sum of S(m—1) and S(1).

Proof. Let m > 1. From the definition of P(m) and of the Minkowski sum
follows S(m — 1) 4+ S(1) C S(m). So it is sufficient to show that

S(m—1)+5(1) D S(m)

holds. For that let s = (s.).ca € S(m) \ S(m — 1) be an arbitrary element. We
show that there exists an integer point t' € S(1)\{0} such that: s—t' € S(m—1).
We define for My defined as in (10):

t' := supp; ' (M) € S(1) \ {0}

This element is unique because of the injectivity of supp;. Now we consider the
integer point s — t'. We know that there are no negative entries, because s, = 0
implies for all A € V: 2 ¢ A and so t. = 0. Hence s — t' € S(m) and so the
second step is to show that s — t' lies already in S(m —1).

To achieve that we assume contrary s —t! € S(m)\ S(m — 1), i.e. that there is a

Dyck path p € D such that:
Z(sz —t) =m.

zZEP
Since s € S(m) we have:

m:Z(sz—ti):ZSZ—Ztiﬁzgsz:mand Ztizo.

ZEP zEp zeEp zep ZEP
N——
<m >0
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We want to construct another Dyck path p € D such that Zzeﬁ 5, >m.
Let 8 € A be maximal with the property 8 € p A sg > 0. In particular, since
> eep(8: —t1) =m we have pN M = () and so 3 ¢ M. We define

P =p\{veplv>5}

which is an element of D since subsets of Dyck paths are again Dyck paths. By

construction we have
E S, =m = E S,.
zep’ zZEp

There are two possibilities to extend the path p’ with a further Dyck path p” € D:
(Z) pgqin = ﬂ or (”) pglax = Pmin-

To obtain a path p = p” Up’ (respectively p =p’Up”) with > o
extension p” has to satisfy the following condition: p” N Mg # ().

s, > m, the

Assume we are in the case (i7). Then there exists 7 € p” N Mg with s, > 0.
Further we have s > 0 and 7,8 € p’Up” =p € D. By construction we have
B < 7 and so Lemma 3.6 implies that sg = 0. This is a contradiction to sg > 0.

So we want to show the existence of a path p” € D with condition (i) and
p”’ N Mg # (0. We assume contrary there is no such Dyck path p”:

Vq € D with quin = 8 : qN Mg = 0. (12)
Under this assumption and by using Lemma 3.6 we will show:
Vqe D with S eq:qnN Mg =0. (13)

Assume (13) is not true, so there is some  # 7 € qN Mg for q € D with 5 € q.
Then we have two cases.

Let 7 > [, then 7 and § lie in q. Now the path from 7 to [ is again a Dyck
path. But this is a contradiction to Assumption (12).

Let 8 = 7, by 7 € N Mg we have t! # 0. Then Lemma 3.6 implies sz = 0,
which is a contradiction to the choice of j.

Therefore (13) holds. Recall the properties of Ms. We have

M, = supp, (t') € P(A) with |M;Nq| <1, Vq € D.

Now consider M{ := M;U{3} € P(suppm(s)). We will show that M. € supp,(S(1)).
For q € D with § € q we have |[M.Nq| =1 by (13).

For q € D with § ¢ q we have |[MNq| <1 by |[MsNq| <1.

We conclude M. € supp,(S(1)) and so

Mg € V = supp; (S(1)) NP (suppu(s)).

But with M. > M we get a contradiction to the maximality of Mj.
So Assumption (12) was wrong and there exists

p’ € D withpl. =3:p" N M # 0.
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We recall that 8 ¢ My and therefore p # {f}. Define the concatenation of p” and
p' in § as p :=p” Up’ € D which is indeed defined because p’, = = Plax-
From Definition 3.3(3) we know that p is a Dyck path. Now by construction we

conclude
ZSZ: Zsz—l—ZSZ > m.

ZEP zep” zep’
——  N——
>0 =m

But this is a contradiction to the choice of s € S(m) and the assumption
> ep(s2—11) = m was wrong. We conclude s —t' € S(m—1) and with t' € S(1)
we have s € S(m — 1) + S(1). Finally we get S(m) C S(m — 1)+ S(1). ]

Consequences. We recall the construction of the Hasse diagram and the
Dyck paths from Section 2 and show that we can apply Proposition 3.7 to this
setup. Let A = mw; as before and we set A = AY", D = D,,. Then we have for
the associated polytopes:
P(m) = P(mw;).

For A} = {f4,...,8n} we chose in Section 2 the order 8; < --- < By. To apply
Proposition 3.7 we can use the same order on the positive roots and extend this
order to the (non-homogeneous) lexicographical order on P(AY) as before. We
want to show that the Dyck paths defined in Section 2 are Dyck paths in the sense
of Definition 3.3.

(1) Every p’ C p € D,, is again a Dyck path: We saw that any ordered subset of
a directed path in H(n, ), is again a Dyck path.

(2) For each B € AY there is at least one p € D, such that 5 € p: The set of
vertices in H(n, )y is exactly AY'. By construction we allow paths of cardinality
one, so for example the path () contains f.

(3) Let p,p’ € D, be two Dyck paths, such that pyin = pl,..- Then there are
directed paths W, W’ in H(nj, ), realizing p and p’ such that the end point of
W is equal to the starting point of WW’. We consider the directed path, which we
obtain by the concatenation of the directed paths W and W'. This directed path
realizes pUp’. Hence pUp’ lies in D, .

With Proposition 3.7 we get immediately for S(mw;) = P(mw;) NZY,,m € Zsq :

Proposition 3.8.  S(mw;) = S((m — Dw;) + S(w;), m € Z>;. [

Finally we conclude that the polytopes constructed in (7) are normal convex
lattice polytopes.

4. Spanning Property

Let g be a simple complex finite-dimensional Lie algebra, A = mw be a rectangular
dominant integral weight such that (w,6") = 1, where 6 is the highest root in A
and m € Zso. In this section we show that By = {f5v, | s € S(\)} is a spanning
set for V' (A)*. Recall that we have

V(A" = Sny)/ I,
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where [, is the annihilating ideal of vy. We know that fci/\’alem is zero in V()
(see (3)). Hence FRTY = 0 in V(A)*. By the action of U(n™) on V/(\)*
we obtain further relations. We will see that these relations are enough to rewrite
every element as a linear combination of fSvy,s € S(\).

In our proof it is essential to have a Hasse diagram H(n, ), without k-chains. A
Dyck path is defined as before to be the set of roots corresponding to a directed
path in H(n} ),.

Let o be the action of U(n") on S(g) induced by the adjoint action of n* on
g. Via the isomorphism S(n~) = S(g)/S(g)(S+(n" @ b)) we obtain an action on
S(n7), where Sy (nT@®h) C S(n"@ h) is the augmentation ideal. By

S(ny) = S(n7)/Sn™)(span{fs | B € Ay \ AL})

we get an action on S(n ). We denote this action again by o. Since the action
of U(n*) on V(A\)* is induced by the action of U(n*) on V() (which is again
induced by the adjoint action), we obtain that for all e € U(n™), f € S(n})

e(for) = (eo fux, (14)

holds. Therefore we can restrict our further discussion on the U(n')-module
S(ny). Equation (14) and U(n*)(fvy) = U(n")(0) = {0} for all f € I, imply
that I, is stable under o. Furthermore, by Remark 2.4 the total degree of a
monomial in S(ny)/I, is invariant or it is zero under o. We denote as before
A%} ={Bi,...,n} and use the same total order < on the multi-exponents (resp.
monomials) as defined in Section 2, which is induced by f; < 52 < -+ < .

We define differential operators; for o, 5 € A let

e A
Oty = {fﬁ_a, if3—aec At

0, else.

The operators satisfy
aafﬂ = Ca,B[eaa fﬂ]a

for constants c, s € C. So instead of using o we can work with these differential
operators. We point out that we need the differential operators for arbitrary roots
n A+ .

Remark 4.1. Here we want to illustrate the problem which occurs if we allow

k-chains in our Hasse diagram. Let v < 8 < ¢ the roots of a k-chain ~ LN 6] LNF)
and consider for ¢ > 2:

Ocfy =Ou(lf3 1) = colfsfof; + alt =151 (15)
imal ial

with ¢g = ¢,4,C0, and ¢, = &, where ¢,4,,¢p4, are the structure constants
corresponding to [e,,, f3] and [eq,, f,] respectively. So it is more involved to find
a relation which contains 5 and §.
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The next Lemma describes the action of the differential operators and gives
an explicit characterization of the maximal monomial of 0, f* for certain v € A,
and s € Z4.

Lemma 4.2.  Assume H(n) )y has no k-chains.

(i) Let p = {Bi,,...,0:,} € D\ with 5;; < -+ < B;. and v € Ay. Further
let By, k < 1 be mazimal such that 9,fs, # 0. Let s € 75, be a multi-
exponent supported on p, i.e. sg =0 for ¢ p. Then the maximal monomial in
OLfs =0Lfr .. ), 1 < sp, is given by

S1 Sk— l Ssp—1 S Sp

[ B B BTV --
(ii) Let Zuezgo caf®€Sn7) and v € Ay Let h= mjx{u | O, f* #0,¢cq #0}.
Further let By = mjx{ﬁ | fais a factor of f*,0,fs # 0,cu # 0} and assume

hg, > 0. Then for I < hg, the maximal monomial in

0, Y cuft= D callf*

N N
uEZZO ueZZO

appears in OLf".

Proof. (i) Assume we have two roots 3;, 3; € A} with 8; < 8; and 8; —v and
Bj — v are again roots in A}. For §; —v ¢ A} we have 9, fs, = 0, so we do
not need to consider such roots 3;, € Ai. So in order to prove (i), because our
monomial order is lexicographic, it is sufficient to show that

Bi < Bj=Bi—v=<Bi—v (16)

If B; > B; with respect to the standard partial order we have 3; —v > ; — v and
therefore 3; — v < 8; — v, by the choice of the total order (4) on A7 .

If the roots are not comparable with respect to the standard partial order, the
second step is to compare the heights of the roots. So if ht(f;) > ht(3;) then
ht(5; — v) > ht(f; — v) and again 5, —v < ; — v.

If ht(B;) = ht(5;), we have to consider 8; = (s1,...,,) and B; = (t1,...,t,)
in terms of the fixed basis of the simple roots (see Remark 2.3). Then there
isal <k < n, such that s > ¢, and s; = t; for all 1 < ¢ < k. Let
v=(uy,...,up), then B; —v = (s; —uy,..., s, — uy,) is lexicographically greater
than 5, —v = (t; —w,...,t, —u,). Thus §; —v < B; — v and (16) holds.

(ii) We only have to consider the multi-exponents s € Z%, such that 9, f5 # 0.

Now let t be the maximal multi-exponent with this property and let [ < t5, . Then
we have 9! f* # 0 and by (i) the maximal monomial appearing in 9!f* is

tg, —1 t
R | R (17)
BeA BB
B#Br—v
The observation (16) tells us that fz,_, = max{fs_, | 0,fs # 0,s5 > 0}. So
by the choice of t and because our order is lexicographic, the element (17) is the
maximal monomial in ) ez, csOLfS. [
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Proposition 4.3.  Assume H(n) ), has no k-chains and let p € Dy be a Dyck
path, s € Z]ZVO be a multi-exponent supported on p. Suppose further (\,0V) =m

and Y Sq > m. Then there exist constants ¢, € C, t € Z]ZVO such that:
acp

fs+Ztht € Iy.

t<s

We follow an idea of [FFoll11la, FFoL11b] who showed a similar statement
in the cases sl,, and sp,, for arbitrary dominant integral weights.

Proof. Let p={7,71,...,7} € D) be an arbitrary Dyck path. By construc-
tion we have for 1 <7 <r: 7,_; < 7;. Because Z;:o sy, > m we have

s7‘0+"'+$7‘r
I, e l,.

By the construction of the Hasse diagram there is a Dyck path p’ € D, with
p C p’, such that there is no path p” with p’ C p”. Hence we can assume wlog

p:{T[):eaTla"'?TTfl:TT :BN}

Let vi,...,v, € Ay, with v; # v;41 be the labels at the edges of p. We
consider f:m T e 1. Because Iy is stable under o, we have for arbitrary

Ty, ..., 7 €A, and fte Iy:
Oy - O [t € 1.
We define
A= aj:f 8:2+W+STT8:1+W+STTf9570+'.'+5” e I,.

Claim: There exist constants ¢s # 0,¢; € C, t € ZJZVO with t <'s, such that:

A=cf+) aft el

t<s
If the claim holds the Proposition is proven.

Proof of the claim. Now we need the explicit description of the Dyck paths
given by the Hasse diagram. Above we defined 14 to be the label at the edge
0 = 1 in H(n}),. Because we assumed that H(n) ), has no v;-chains of length
2, there is no edge labeled by 14 starting in the vertex § — vy = 7;. That means
9, fe_y1 = 0. Therefore we obtain

Sty + -+ 81,

vl

Srg + -+ 87,

S Sy + -
f, =aof,” f, .

0—vq

T+

0 e,

for some constant ag € C\ {0}. Now 1y is the label at the edge between the
vertices 7 and 7. Again there is no vp-chain in H(ny )y, so d,,f,_, _, =0 and
O fy_., =0, so we have for k = min {s.,, s, + -+ s}, b, € C\ {0}:

+ -+ s,

(lof(jT0 fST1 =

8572 + o+ 87,
0—vq

v2

: (18)
Stg pS7Ty pSTy toco ST Sto—q ;ST +q (St + -+ S —q
bof," £ f Y A R f,
g=1

0—vy1 Y 0—v1—vo 6—vq 0—v1—vo 7u2'



832 BACKHAUS AND DESCZYK

For our purposes, we do not need to pay attention to the scalars unless they are

zero. We also notice that the terms of the sum are only non-zero, if § — vy € A% .

The first part of Lemma 4.2 implies, that the monomial f :m fromopor AT

the largest (with respect to <) in (18), because 6 < 0 — vy < 0 — v — vs.

By construction 0y, , fo—1,—vp—.m, 7# 0, because § —vy —vp — -+ —v; — 144 is an
element of A%, for i < r. So the second statement of Lemma 4.2 implies that the
largest element is obtained by acting in each step on the largest root vector. To
be more precise, we consider the following equations:

O0—v1 Y 0—v)—vo

837'7. ] aST2+"'+sTTaST1+"'+ST7‘fSTO+"'+sTT _
v vy vy 0
ST Sty + o+ Sr. JS7g ST+ ST
apd,” ... 0, fo T, =
St Srg + St WSt ST Sty F+ -+ St .
b0, " ... 8V3 I, fe_y1 f@_ul_u2 - g smaller monomials =

Sty

;) pST0 pST1 pST2 . .
bof, [, [ . ‘fe_ul_,,g_m_w + Z smaller monomials € 1.

0—vy Y 0—v—vg

for some b, € C\ {0}. But the last term is exactly what we wanted to obtain, so
for constants ¢; € C, ¢ € C\ {0} we have by assumption that s, =0 if o ¢ p:

y”'”a%+~ﬁwnyn+~ﬁwnfm+m+&r:
vr vy vy 0

Sty pST1 pSTo St t

Csfo le fT2 ...fTT +§ coft =
t<s

t
Csfs+ E th e 1. u

t<s

Theorem 4.4.  The set { f5vy | s € S(\)} spans the module V (\)®.

Proof. Let m € Zx and t € Z%, with t ¢ S(\). That means there exists a
Dyck path p € D) such that ) tg > m. Define a new multi-exponent t’' by

JERS) o)
t/ L tﬁa lfﬂ € p,
B

0, else.

Because of > t; = >tz > m we can apply Proposition 4.3 to t’ and get
Bep Bep

Y= o € Sny)/ I,

s/ <t/

for some ¢y € C. Because the order of the factors of f* € S(n}) is arbitrary and
since we have a monomial order, we get

F=1T108 =D esr® € Say)/ I, (19)
B¢p s<t

where ¢s = ¢y and [ = 5[] se¢p f;ﬂ . Equation (19) shows that we can express
an arbitrary multi-exponent as a sum of strictly smaller multi-exponents. We
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repeat this procedure until all multi-exponents in the sum lie in S(\). There are
only finitely many multi-exponents of a fixed degree and the degree is invariant
or zero under the action o. So after a finite number of steps, we can express t in
terms of r € S(\) for some ¢, € C:

=) aff€smy)/

reS(A)

Corollary 4.5.  Fix for every s € S(\) an arbitrary ordering of the factors fz
in the product H5>of;B € S(ny). Let f° = H5>of;B € U(n™) be the ordered
product. Then the elements f5v,,s € S(\) span the module V (X).

Proof. Let f'vy € V(\) with t € ZY arbitrary. We consider f*v, as an
element in V(A)?. By Theorem 4.4 we get

ffuy = Z csfouy in V(A

seS(N)

The ordering of the factors in a product in S(n)) is irrelevant, so we can adjust the
ordering of the factors to the fixed ordering and get an induced linear combination:

ftoy = Z csf5uy in V/(N). =

seS(N)

5. FFL Basis of V(w)

Throughout this section we refer to the definitions in Section 2. In this section
we calculate explicit FFL bases of the highest weight modules V(w), where w
occurs in Table 2. We will do this by giving characterizations of the co-chains
P € D,, (see (6)) and using the one-to-one correspondence between D, and S(w)
(see Proposition 2.10).

The results of this section, i.e. B, = {f%v, | s € S(w)} is a FFL basis of V(w),
provide the start of an inductive procedure in the proof of Theorem 6.2. With
Proposition 3.7 we will be able to give an explicit basis of V(mw), m € Zs,
parametrized by the m-th Minkowski sum of S(w).

Type A,. Let g be a simple Lie algebra of type A, with n > 1 and the associated
Dynkin diagram

A o [ o o---0
noog 2 3 4 n

The highest root is of the form 6 = Y"1  «;. Since a Lie algebra g of type A, is
simply laced we have ¥ =>"" ) and so (w,0Y) =1 we {w| 1<k <n}.
The positive roots of g are described by: Ay = {«a;; = Z{:Z a|1<i<j<n}.
So for the roots corresponding to n; we have:

AT ={ai; € AL 1<i<k<j<n}CA,. (20)
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Before we define the total order on A%*, we define a total order on A :

Bl = 01,
B2 = A2 n,s B3 = A1,n—1,
By = A3.n, Bs = A2 n—1, Bs = A1 n—2,
5n(n—1)/2+1 = Op, /Bn(n—l)/2+2 =0p-1,""", 5n(n+1)/2 = Q.
Now we delete every root 5; € A, \ AY* and relabel the remaining roots. For
an example of this procedure see Appendix, Figure 2 and Example 2.6. In the

following it is more convenient to use the description «; ; instead of ;. First we
give a characterization of the co-chains p € D,, C P(AL").

Proposition 5.1.  Let be p = {cvi, j,,---, i, j. } € P(AL®) arbitrary, then:
D€ Dy, & Vay, i, g €D, it <l i) <im <k <51 < jim- (21)

Further we have: p € D, = s < min{k,n+ 1 — k}.

Proof. First we prove (21): “<”: Let p = {1, 5.} € P(AY)

be an element with the properties of the right-hand side (rhs) of (21). Let
QG g Qi i € P, With 4 < 4,,. Consider now:

jl jm im—l jm
Qi gi = Qi i = § Qp — § Qp = E Qp — § Q.
=i r=im r=i; r=7;+1

Since j; < j,, holds, Remark 2.8 implies that there is no Dyck path q € D,, such
that «;,, j,, and o, ; are contained in q.

“=": Let be p € D, and o, j, € P with «a;,;, # «;, ;. . Further
we have i < ji, % < Jm. Assume wlog i, = jn,, then «;, ;. = o and 4 < j;.

Hence
k—1 Ji
Qg 5 — O = E oy + E A,

r=i; r=k+1

which is a contradiction to p € Ewk by Remark 2.8. So i < j;,4m < Jm and we
assume wlog i; < i,,.

1. Step: iy =i, = y. Set x = min{j;, j,,} and T = max{Jj;, jm}:

T T T
Oéyj - Cl/yJ; = E oy — E Qp = E (67"
r=y r=y

r=x+1
Again this contradicts to p € Ewk. Hence we have: i; < i,,.
2. Step: (i <'im) A (Ji = jm =t 0):

im—1

x x
gy o — Q0 = E oy — E Q. = E Q.

r=1] r=1lm r=1]
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We conclude: j; # jpm -
3. Step: (i; < im < jm) A (iy < ji1). So there are three possible cases:
(a) 4 < 31 < < Jm, (b) @ <y < J1 < Jm and (¢) 4 < by < Jm < J1-

The case (a) can not occur because k < j, < i,, < k is a contradiction. So let us
assume q, ;,, ¢, ;. satisfy the case (c), then we have:

jl ]m im—1 jl
Qi = Qi = DO = Y Ap =Yt > .
r=1] r=1lm r=1] r=Jm

Finally we conclude that for two arbitrary roots o, j,, i, ;. € P € D,, with
1 <1,, we have: 7; < iy, <71 < Jm-

It remains to show that the cardinality s of p is bounded by min{k,n + 1 — k}:

1. Case: min{k,n+1—k} = k. Let a;,; € P be an arbitrary root in
p. Then we know from (20) 1 <, < k. But we also know that for any two roots
G, s Qi € P We have 4 # i,,,. So there are at most k different roots in p.

2. Case: min{k,n+1—k} =n+1— k. For two roots «, j, . . €P
we have j; # j, and k& < 75,7 < n. So the number of different roots in p is
bounded by n+1 — k.

Finally we conclude: |p| =s < min{k,n+1—k}. n

Remark 5.2. Let p = {a,j,...,qi ;. } € D, then (21) implies
1 <ig < - <ig<k<j <jo<- < Js.

Assume wlog k = j; = ja, then there is Dyck path containing «;, ;, and o, j,,
because oy, j, — iy j, = -1 € A

Because of Corollary 4.5 we know that the elements {f%v,, | s € S(ws)}
span V' (wy) and by Proposition 2.10 there is a bijection between S(wy) and D, .
We want to show that these elements are linear independent. To achieve that we

will show that |D,, | = dim V(w;). To be more explicit:

Proposition 5.3.  For all 1 <k < n we have: |D,,|=dimV(w;) = ("}).

Proof. Let V(w;) be the vector representation with basis {ey,ea,...,€n41}.
Then A"V (wy) is a U(g)-representation with v, = e; A ey A--- A ey

fail,].l Uy, = €1 N A €i1—1 N €j1+1 A €i1+1 VANEIEIVAN €L, (22)

and we have /\kV(wl) = V(wy). We define fpu,, = Joui, g feig sy -+« fai, i Ve, TOT
P ={,j1s Qs s, iy } € D,,, and claim that the set {fsv,, | P € Dy, } is
linear independent in A*V(w). If the claim holds we have [D,, | < dim V (wy)

and with Corollary 4.5 we conclude that [D,, | = dim V (wg) = ("}).

Proof of the claim. Assume we have p; = {, j, Qiyjps - - -, Qi j b a0d Py =
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{11 Qsyts - -y Qlspp, b N Ewk with linear dependent images under the action
(22), 1. e. fp,Vuw, = £fp,V0,. Then we have m =€, {j1,...,jm} = {t1,..., L}
and we can assume wlog: m =k = (. Hence: f5 v, =¢ej N---Nej, = £fp,00,,
with Remark 5.2 we conclude p; = p,. [

Example 5.4. The non-redundant inequalities of the polytope P(mws3) in the
case g = sl5 are:

x1+m2+x4+m6§m
P(mws) = ¢ x € R | 1+ a2+ 25+ 26 <M

T1+r3t+as+re <M

Example 2.6 shows the corresponding Hasse diagram H(ng, )s -
Proposition 5.3 implies immediately for 1 < k < n:
Proposition 5.5.  The vectors f3v,,,s € S(wi) are a FFL basis of V(wg). ™

Type B,. Let g be a simple Lie algebra of type By, n > 2 with associated
Dynkin diagram

B o o---o0 ) o
n 1 2 n-2 n-1 n

The highest root for a Lie algebra of type B, is of the form 6 = a; +237" , ;.
So we have 0¥ = o) + 237 oY +a) and (w,0Y) =1 w € {wi,wn}.

First we consider the case w = w;. We want to consider the case By, w; separately.
Because there are not enough roots, this case does not fit in our general description
of By,w;. We claim that the following polytope parametrizes a FFL basis of
V(mwy), m € Zxo:

$2+:131§m
_ 3
P(mw,) = {XERZO| £q 4 24 Sm}'

We fix §, = (2,1),B2 = (1,1),63 = (1,0) and the order By < (87 < fB3. Then
with Proposition 3.7 it is immediate that this polytope is normal. The following

actions of the differential operators imply the spanning property in the sense of
Section 4 Proposition 4.3.

S1 fS1+82 S1 £82
o fi = cofy" f3? + smaller terms € I

Oatees fratss — o f52 £5 4 smaller terms € I, ¢; € C\ {0}.

We conclude that {f5v,, | s € S(mw1)} = {vuys fivws foVurs f3Vur, f1f300,, } 1S a
spanning set of V' (wy).

Now we consider the case n > 3. If we construct H(nj ), as in Section 2 we get
a n-chain of length 2. Therefore we choose a new order on the roots and change
our Hasse diagram slightly to obtain a diagram without k-chains of length 2. We
illustrate this procedure for g of type Bz. Then the roots A%' are given by

5 =(1,2,2)[8=(1,1,2) | B3 =(1,1,1) | Bs = (1,1,0) | B5 = (1,0,0) |
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We choose a new order
B < B2 < Ba < Bs < B,

and change the Hasse diagram

B2
2 3 3 2 011 /2 ‘)12
By — B2 — B — By — Bs ~ B — B3 Bs.
N
B4

First we check, if the new diagram has no k-chains. The first edge is labeled
by a2 + a3 = 011 and we have (53 — (ag + a3) = f5. If we have a monomial
Mk e Sn; ), k1, k2 > 1 and we act by Oayia, We get:

Cofk1 ! k2+1 f k2 1f5, c; € C.

By the change of order fs is larger than (5 and so fi1—!faeth o gl gha=l g
Therefore we can neglect the edge between (3 and (5.

Now we consider 823 1 f . Because of O, f3, Ony fo = 0 we get fr1—Fs fé” s for
ks < k. So instead of drawmg an edge directly from (; to (5, we can draw an
edge, labeled by 2, from (3 to 3. Similar, because of 1 — as — 2a3 = 4, we can
draw an edge labeled by 012 from (3 to ;. The other edges do not cause any
problems.

The second step is to show that the paths in the new diagram, define the actions
by differential operators and the corresponding maximal elements like in Section
4 Proposition 4.3. By the choice of order we get the following equalities:

a2+2a38528§;+a3 s14+s3+s2+s5 __ COf 2 55 + smaller terms c ]}\
S4 S3 s14+s3+sd+s5 _ S1 £83

85
a2 as+2az3Yas+tasd 1 C1J1 Js3 4 5 + smaller terms € ]>\7

with ¢; € C\ {0}. In the general case, for arbitrary n > 3, we have N = 2n — 1.
Let r:= [N/2], then A% is given by:

Bi=(1,22-..2] B =(,L2...22) ] ... [Ba=(L1,...,1,2)
B, =(LL1,..,0)|Bw=(L1..,10)| ... | Ax =(1,0,...,0,0)
Then the only n-chain has the following form f,_; — B, —= (,41 We change
the order from [y < By < --- < By to

Bi <P << Bro1 < Brya X X Byt 2 By < By < B

The modifications of the diagram are similar to them in the case of Bz, so the
Hasse diagram for a Lie algebra of type B, has the following shape

o
) o/ \012-2
— fn-2 B
012...2\, /s
Bn-1

Associated to the diagrams we get the following polytope for m € Z>:

0110...0 001...12 2
B By L By L BB g B,

T+ T+ +rN2t+ TN <M
P(mw,) = {XER]ZVO }

x1+:c3+~~+a:N,1+:cN§m
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By Section 4, Corollary 4.5 the elements

Uw17flvw17f2vw17 .. 'avaw17f2fN—1vw1

span V(w) and with [Car05, p. 276] we have dim V' (w;) = 2n + 1.
Proposition 5.6.  The vectors fSv,,,s € S(w1) are a FFL basis of V(wy). =

Proof.  The previous observations imply that {f%v,,,s € S(w;)} is a basis of
V(w1). So it remains to show that P(w;) is a normal polytope.

Because we changed the Hasse diagram we have to change the order of the roots
to apply Section 3. One possible new order is given by:

i <Bs < By = < Pn-a =By < Bn-1 < PN

Using this order we see immediately that P(w;) is a normal polytope. |

Now we consider the case w = w,. In the following it will be again
convenient to describe the roots and fundamental weights of B, in terms of an
orthogonal basis:

Ai":{517]:€z+5]|1§Z<]§n}U{5k|1§k§n} (23)

The total order on A¥" is obtained by considering the Hasse diagram. We begin
with 81 = 0 on the top and then labeling from left to right with increasing label
on each level of the Hasse diagram, which correspond to the height of the roots
in AY". For a concrete example see Figure 3 in the Appendix. The correspond-
ing polytope is defined as usual, see Table 3 for an example. The elements of
A" correspond to g ; = Zi;zl o, + 22:}:]. a, and ¢, = >, «,. The highest
weight of V(w,) has the description w, = 3 >°"_, &,. Further the lowest weight is
—w, = —1 ", & With this observation, the fact that w, is minuscule and (23)

2
we see that

1 n
IBV(wn) = {favwn | o = § ;lréfr,lr S {_1, 1}, V1 S T S TL} C V(Wn)
is a basis. We note that By ()| =2" = dim V (w,).

Remark 5.7. For an arbitrary element p € Eir; we have at most one root
of the form ¢, € P, because if there are e ,er, € P (wlog k1 < kg) we have:
Eky — Eky = ng} a,. So with Remark 2.8 we know that there is a Dyck path

p € D, with €y,,er, € p. This observation implies that the elements p € Efj;
have two possible forms:

(B1) P={ek:€injor - -+ €irjr } OF (B2) P=A{Cijis---+E€iji}

So we can characterize the elements p € Eil; as follows.
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Proposition 5.8.  For p € P(A{") arbitrary we have:

5 e EUBJD o ? z:s of the form (By), wz:th (a) and (b), (24)
" p is of the form (Bsy), with (b).
— < [2], p is of th B
In addition: P € Di“ S 00= Bl B Z,S of the form (B.),
" s < |5, P is of the form (By),
with s = |p|. The properties (a) and (b) are defined by
(a) V1<I<s: k<i<y,
(b) Vaiz,jlﬂaimd}n EP Y Sty it <y < jm < jl.
Proof. First we prove (24): “<=": Let p = {e,€ip.jp, - - -, Ei, 4.+ b€ an element

of form (Bj;) with the properties (a) and (b). Assume there are two roots z,y € p
such that there exists a Dyck path q € D,, containing them.

1. Case: v =¢; and y =¢;,, j,., for 1 <m < s. Then we have

Jm—1 im—1
Cimyjm — k= E : oy + 2 E oy — E ar = E oy + g (07
r=im r=gm r=jm

Hence there is no Dyck path q € D,, such that z and y are contained in q. This
is a contradiction to the assumption.

2. Case: z =¢,,,,, and y = ¢, ;,, wlog ¢; < 7,,. Then we have

Ji—1 Jm—1 im—1 Ji—1
Eiyji = Eimijm = E a, + 2 E a, — E o — 2 E o, = E Q, — E Q.
=i r=ji T=im T=Jm r=17 T=Jm

. . . . . —<=~Bn
This is a contradiction to our assumption and hence: p € D

Let p be of form (By) with property (b), and assume there are two roots
x,y € p such that there exists a Dyck path q € D,, containing them. Like in the
second case of our previous consideration the assumption is false and therefore:
peD,,

“=7": Let p € ﬁz“n. Then we know from Remark 5.7 that p is of the form
(By) or (Bs). Let p = {ek,&i, 15,0y} beof form (By), with 4; < j; for all
1<l <s.

1. Step: Assume 31 <m<s: k >1i,. Then we have:

Jm—1 k—1 n
Eimjm — E a, + 2 g Q. — g Q. = g o, + g Q..
r=im T=Jm T=%m r=9m

So by Remark 2.8 this contradicts p € Ei’;. Hence: k < i, forall 1 <m <s.

Let €, €inmjn € P be two roots with €;, 5, # €, .. We assume wlog
0 <.
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2. Step: Assume i; = i,, =: y. Set x = min{j;, j,,} and T = max{Jjj, jm}:
z—1 n z—1 n z
Eyx — Eyz = ZQ/T+QZQT - ZOZT —QZQ/T = ZO{T.
) r=x r=y r==I r=x

Again by Remark 2.8 this contradicts p € Ei’; and we have: 7; < i,,.

3. Step: Let i; < i, and assume j; = j,, =: x, we consider:

im—1
Eijo = Cimaz = E a, + 2 E Q, — E o — 2 E o, = E Q.
r=i; r=im r=i;

This contradicts p € Eil; by Remark 2.8, so: j; # jm-

4. Step: (i) < im < jm) A (4 < j1). So there are three possible cases:
(a) 4 < Ji < im < Jm, (b) 4§ < iy < Ji < Jm and (¢) 4 < iy < Jn < Ji-

Let us assume ¢;, j, and ¢;,, ;. have the property of case (a):

Ji—1 Jm—1 Jm—1 im—1 Jm—1
Eirj1 — Cimojm = g o+ 2 E o, — g o, —2 g o, = g o+ 2 g o, + g Q.
=1 r=Jj T=1m T=Jjm r=1i r=J T=1im

This contradicts p € Ei’; by Remark 2.8. We assume now that ¢; ; and ¢;,, ;.
have the property of case (b):

Ji—1 Jm—1 im—1 Jm—1
it g1 — Eimsjm = g a, + 2 g Q. — E Q. — 2 g o = g o, + g Q..
r= 7/l = ]l T=lm T:]"L r= 7/l r= ]l

Again by Remark 2.8 this contradicts p € Eix;. Finally we conclude that two
r00ts €5 Eimjm € P, With ¢ <4y, satisfy (¢): 4 < im < Jm < Ji- To prove this
statement for a p € 53’; of form (By) we only have to restrict our consideration
to the second, third and fourth step.

It remains to show that the cardinality s of p is bounded by [%] respec-
tively |5 . Again we consider the two possible cases:

1. Case: p = {ek,€ipjps---,Ei, .t 1s of the form (B;) and we assume
Ip| = 5 > [5]. Then we know from our previous consideration that after reordering
the roots in p we have a strictly increasing chain of integers:

Cp: k<iy<ig - <iy<js<js—1<---<Jg<Jo (25)

So there are 2s — 1 different integers, where each of these correspond to a ¢; for
1 < i < n. By assumption we know 2s — 1 > 2([5]| 4+ 1) —1 > n + 1, but there
are only n different elements in {e, | 1 < r < n}. So this is a contradiction and
hence: |p| =s < [5].
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2. Case: p = {&ij1,---+€i,j.; is of the form (B2) and we assume
|p| = s > [5]. As in the first case we have a strictly increasing chain of integers:

Cp i iy <y < iy < s < o1 <+ < Jo < j1. (26)

So we have 2s different integers corresponding to at most n different elements in
{ex | 1 <r < n}, but by assumption we have 2s > 2([ 5] +1) > n+ 1. Again we
have a contradiction and therefore: |p| =5 < |7]. ]

Because of Corollary 4.5 we know that the elements {f%v,, |s € S(w,)}

span V' (w,) and by Proposition 2.10 there is a bijection between S(w,) and ﬁi’;.
We want to show that these elements are linear independent. To achieve that we
will show that \D | = dim V(w,). To be more explicit:

Proposition 5.9. |D | =dim V(w,) = 2".

Proof.  We know from (24) that for an arbitrary element p € EUB; the number
of roots s in P is bounded by [§] respective by |%]. So the number of integers
occurring in Cg (see (25) and (26)) is also bounded:

(2
25 —1<2[3] —=1<n, pisofthe form (B,),
215] <mn, p is of the form (By).

In order to simplify our notation, we define [ := |C|, so we have for an arbitrary
pe Eir;: 0 <! < n. Further we define the subsets EUB;(Z) C Ei"n:

Bn

De(l)={peDr ||Col =1}, VO<I<n.

So the elements in Ew’;(l) are parametrized by [ totally ordered integers u; in
{r]1<r<n}, V1<i<I. Hencewe conclude: |Einn(l)| < (7), Vi<i<n

and so i
L:J |_Z|Dwn |<Z():2".

We also know from Corollary 4.5 that we have |Dwr;| > dim V(w,) = (}) = 2".

Finally we conclude: ]ﬁi’;] =2". n

Example 5.10. The polytope P(mws) in the case g = so; has the following
shape.

p ]R x1+x2+x3+x5+x6<m
(mws) = (X € 0|x+x2+x4+x5+x6<m

Proposition 5.9 implies immediately:
Proposition 5.11.  The vectors f5v,,,s € S(w,) are a FFL basis of V(w,). ®

Type C,. Let g be a simple Lie algebra of type C, for n > 3 with the
associated Dynkin diagram
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Cn o o---o0 oxZ—o

1 2 n-2 n-1 n

For all fundamental weights wy, we have (wy,0Y) = 1, where 6 = (2,2,...,2,1)
is the highest root and 0¥ = (1,1,...,1) the corresponding coroot. But only for
wy the associated Hasse diagram H(ng ); has no i-chains. In fact for 1 <k < n,
H(nj, )g has k — 1 different i-chains, with 1 <4 <k — 1. The following example
explains, why we are not able to rewrite the diagram in these cases, with our
approach.

For all wy with k # 1 we have the following 1-chain.

B 5 By > s

Here 81 = 2a1+- - -+2ay,_1 +«, is the highest root, S5 = a3 +2as+- - -+ 20,1+,
and 3 = 209 + -+ + 20,1 + «,,. Note that 5 — 3 = 2aq, which is not a root.
Further, because f; is the highest root, there are no roots v € A, v € AY* with
Oy f, = f3, except for v = (5. Hence it is more involved to rewrite the diagram
into a diagram without k-chains such that there is a path connecting f; and fs.
Nevertheless, in [FFoLL11b] similar statements to Theorem A and Theorem B were
proven for arbitrary dominant integral weights.

Now we consider w = w;. Then we have 2n —1 = N and AY is given by

B =(2,2,...,2,1)| B =(1,2,...,2,1)| ... |G, =(1,1,...,1,1)
Brni1=(1,1,...,1,0) | Bpo=(1,...,1,0,0) | ... | By =(1,0,...,0,0)
The diagram H(ng ), has the following form.

1 2 3 -2 -1 -1 2
ﬁl HﬁQ - 53 — L Bn—lL Bn i’ /6n+1 L 7 BN-

There are no k-chains and the associated polytope is given by
Pimw) ={xeRY | z1+ a2+ -+ 2y <m}.

By Corollary 4.5 the elements v,,, f1v,,, foUy, - - ., [nv, span V(w) and with [Car05,
p295] we know dim V' (w) = 2n. From these observations we get immediately:

Proposition 5.12.  The set B, = {f%v, | s € S(w)} is a FFL basis of V(w).m

Type D,. Let g be a simple Lie algebra of type D, with associated Dynkin
diagram

)

Dn [ o---o0 o/n-l
1 2 n-3 n—2\°
n

The highest root in type D, is of the form 0 = oy + 22?;22 o; + oy + o,
Since g is simply-laced we have ¥ = o) + 23" 7a) + oY, + Y. Hence

(w,0Y) =1 we {w,wy_1,wn}.

First we consider the case w = wy. Then we have 2n —2 = N and A" has
the following form:

1 =(1,2,2...,2,1,1)|6.=(1,1,2,...,2, 1, 1)|.. |Bna =(1,1,1...,1,1,1)
Bno1=(1,1,1...,1,0,1)|5, =(1,1,1,...,1,1,0)|...| Bnx=(1,0,0...,0,0,0)
The Hasse diagram has no k-chain. In addition in D,, there are only co-chains
of cardinality at most 1, except for one with cardinality 2.
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ﬁn—l
2 3 4 n-2 " 1/ n\ n-2 n-3 2
Pr > Pa > Py = = Pas Brt1 = Btz = - > Bn.
NV
B

Associated to this diagram we get the following polytope for m € Z>:

T+ -+ ottty <m
P(mw) = {XER];IO i }

$1+"'+$n_2+$n +In+1—|—"'+£BN§m

By Corollary 4.5 the elements B, = {vy,, f10us foVurs -« s [NVwrs fro1faVe, } sSpan
V(w1) and with [Car05, p. 280] we have dim V' (w;) = 2n. From these observations
we get immediately.

Proposition 5.13.  The vectors fSv,,,s € S(wy) are a FFL basis of V(w;). ®

For most of the proofs of the statements in the case w = w,_1,w, we will
refer to the proofs of the corresponding statements for type B,.

Now we consider the case w = w,_;. For further considerations it will
be convenient to describe the roots and fundamental weights of g in terms of an
orthogonal basis {g; | 1 <7 <n}. Then AY""" is given by

{eij=eci+eg|1<i<j<n—-1}U{egr=¢cr—¢e, |1 <k<n-—1} (27)

The total order on A%""' is defined like in the By, w,-case (see Figure 3). The
elements of A" correspond to e;; = Zf;zl a, + 22:;].2 oy + a1 + a,, and
Ekm = Z:f;; a,. The highest weight of V(w,_1) has the description w,_; =
: (Z::ll Ep — en) . Further the lowest weight is —w,,_; = —% (Zf;ll Ep — 5n) . With
this observation, the fact that w,_; is minuscule and (27) we see that

1
IBV((.un_l) = {focvwnl | a = 5 ergralr = =1, Vi<r< n, 2*#‘“7" | lr = _1}}
r=1

is a basis of V(w,_1). We note that [By(,, )| =2""" = dim V(w,_1).

Remark 5.14. Similar arguments as in Remark 5.7 show that the elements
XS EODJHH,l have two possible forms:

(D1) P = {ekm: Cinjor - -+ €ipjry OF (D2) D= {01515+ »Eirji }-

We denote with 1y, : Z>o — {0,1} (respective 1y),) the Indicator function
for the odd (respective even) integers, which is defined by 1y,(n) = 1 if 2 { n
(respective 1g,(n) = 1 if 2 | n) and 0 otherwise. So we can characterize the

elements p € EZL . as follows
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Proposition 5.15.  For p € P(AS"") arbitrary we have:

5 e EZB s ? z:s of the form (Dy), wz:th (a) and (b), (28)
" p is of the form (Ds), with (b).
— <[Z2]-1 P th D
In addition: P € DB;,I ={"= (fﬂ 2 (1), E Z.S of the form (D)
s < [5] = 1Iy(n), P is of the form (Dy),
with s = |p|. The properties (a) and (b) are defined by
(a) Vi<I<s: k< <y,

(b) VOéil,jl,Oéime €p, U Sty 1 < Uy < ]m < jl'

Proof. To prove this statement we adapt the idea of Proposition 5.8. We use
exactly the same approach but we consider A" of type Dy.

To check that that the cardinality s of an arbitrary element p € EUD;? , is bounded,
like we claim on the rhs of (28), we use only fundamental combinatorics, again
analogue to the idea of the proof of Proposition 5.8. |

Because of Corollary 4.5 we know that the elements {f%v,,, _, | s € S(w,_1)}

span V' (w,—1) and by Proposition 2.10 there is a bijection between S(w,—1) and
D, . We want to show that these elements are linear independent. To achieve

that we will show that |EZI;7 | =dim V(w,_1). To be more explicit:

Proposition 5.16. |52171| = dim V(w,_1) = 2"71.

Proof. This is a direct consequence of Lemma 5.22 and Proposition 5.9. |

Proposition 5.16 implies immediately

Proposition 5.17. B, , ={f%w, ,|s € S(w,_1)} is a basis for V(w,_1). ®

Finally we consider the case w = w,,. For the proofs of the statements in
this case we refer to the proofs of the analogous statements in the previous case
w = Wy—1 and the B,, w,-case.

The set of roots A", where a,, = €,_1 + €, is a summand, is given by:

{Ei’jZEi—f—Ej|1§’L.<j§n—1}U{6k7n:€k+€n|1§]{?§’I’L—1}.

Again the total order on A%" is defined like in the B,,w,-case (see Figure 3),
where the elements of AY" correspond to ¢; ; = Zi;zl a, + 2 Zf;f oy + 1 +
and epn = Y, . 4n_1 @r- The highest weight of V(w,) has the description
wyp, = 5 (30, &r). Further the lowest weight is —w, = —35 (3, &,). As before
we see that

1 n
By () = {favwn | o= §er6T,zr{—1, 1}, Vi<r<mn, 2|#{, |1, = —1}}

r=1

is a basis of V(w,). We note that |B,, | =2""! = dim V(w,).
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Remark 5.18. Similar arguments as in Remark 5.7 show that the elements
pPE EZ‘; have two possible forms:

(DT) p= {Ek,nv Eig,jar -+ 75ist} and (D;> p= {gihﬁv T ?8ist}'
So we can characterize the elements p € bznn as follows:

Proposition 5.19.  For p € P(AY") arbitrary we have:

5 ¢ 53“ o E 2.3 of the form (D7), w?th (a) and (b),
" p is of the form (D}), with (b).

s < [5] — Iyn(n), D is of the form (D7),
s < 5] — Iow(n), P is of the form (D3),
with s = |p|. The properties (a) and (b) are defined by

In addition: P € EZI; =

(a) V1<I<s: k<i<y,
() ¥, i Qi e €Dy Ut <y, 8 <y, < i < JiI-
Proof. To prove this statement we refer to the proof of Proposition 5.15. |
Because of Corollary 4.5 we know that the elements of EZ’; span the highest

weight module V(w,). But we still have to show that these elements are linear
independent. To achieve that we will show:

Proposition 5.20. |EZ’;| = dim V(w,) = 2"1.
Proof. This is a direct consequence of Lemma 5.22 and Proposition 5.9. |
Proposition 5.20 implies immediately

Proposition 5.21.  The set B, = {f5v,, | s € S(wn)} is a basis for V(w,).m

The following Lemma gives us a very useful connection between the co-
chains of g of type B,_; and Dy:

Lemma 5.22.  We have: [ ,| = D5, | and [D5| = [DZ7 .
Proof.  We only use basic combinatorics to prove this statement. n

Type E¢. Let g be a simple Lie algebra of type E¢ with associated Dynkin
diagram
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We have (w,6") =1 w = wy,ws and first we fix w to be wg. The set is AL
given as follows:

fr=(1,2,2,3,2,1) | By =(1,1,1,1,1,1)
P2 = (17 1,2,3,2, 1) Bro = (O, 1,1,1,1, 1)
BB = (17 17272727 1) ﬁll - (1,0, 1, 1, 1, 1)
B4 = (17 17 172727 1) 512 - (0,0, 1, 1, 1, 1)
65 = (17 172a27 17 1) 613 = (O, 1,0, 1, 1, 1)
56 = (07 17 1a2727 1) 514 - (0,0,0, 1, 1, 1)
ﬁ? = (17 17 17 27 17 1) 515 - (0,0,0,0, 1, 1)
s = (07 1,1,2,1, 1) Bie = (0,0,0,0,0, 1)

~—

The Hasse diagram H(n )g, has no k-chains and the maximal cardinality of a
co-chain of H(n} )g is two (see Appendix, Figure 4). The associated polytope is
given for m € Z>( by:

P(mwg) = {x € ]Rlz% | Z x; <m, Vp € Dy},

BjEP

in particular see Appendix, Table 4 for the non-redundant inequalities.
Proposition 5.23.  The set B, = {f5v. | 8 € S(wg)} is a FLL basis of V (wg).

Proof. The co-chains of the Hasse diagram give us immediately:

]Ewg = {/me flvw67 fZ/me ey flGUW(;? f4f5Uw67 f5f6vw67 fﬁf?vw67 fﬁfngm
[ foVus, f3.S10Vus, [ f110uss f10.f1100, f11f1300ss fr2.f1300 }-

Note that there are 27 elements in B,,. By Corollary 4.5, we get that B, is a
spanning set of V(wg). By [Car05, p. 303] we have dim V' (wg) = 27 and therefore
the claim holds. [ |

It is shown in Figure 4 that the Hasse diagrams H(nj )g, and H(ng )g,
have a very similar shape. So with same arguments as above we conclude:

Proposition 5.24.  The vectors fSv,,, s € S(w1) are a FLL basis of V(w;).m

Type E;. Let g be the simple Lie algebra of type E; with associated
Dynkin diagram

(-]
E7 o——o——o0o——o o——o
1 3 4 5 6 7

In this case w = wy is the only fundamental weight satisfying (w,0v) = 1.
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B =(2,2,3,4,3,2,1) | Bio=(1,1,2,3,2,1,1) | Big = (1,1,1,1,1,1,1)
By =(1,2,3,4,3,2,1) | B11 = (1,1,1,2,2,2,1) | Byo = (0,1,1,1,1,1,1)
53 = (17272547 3,2, 1) ﬁlQ = (17 1,2,2,2,1, 1) 521 = (1707 1,1,1,1, 1)
By=(1,2,2,3,3,2,1) | B13 = (0,1,1,2,2,2,1) | Boy = (0,0,1,1,1,1,1)
Bs=(1,1,2,3,3,2,1) | fra = (1,1,1,2,2,1,1) | Bo3 = (0,1,0,1,1,1,1)
Bs=(1,2,2,3,2,2,1) | f15 = (1,1,2,2,1,1,1) | B2y = (0,0,0,1,1,1,1)
Br=(1,1,2,3,2,2,1) | B1g = (0,1,1,2,2,1,1) | Bo5 = (0,0,0,0,1,1,1)
Bs=(1,2,2,3,2,1,1) | B17 = (1,1,1,2,1,1,1) | Bo = (0,0,0,0,0,1,1)
Bo=(1,1,2,2,2,2,1) | f1g = (0,1,1,2,1,1,1) | Bo7 = (0,0,0,0,0,0,1)

As in the Eg-case the Hasse diagram has no k-chains. In addition there are only
co-chains of cardinality at most 2, except for one with cardinality 3 (see Appendix,
Figure 5). As before the polytope is defined by the paths in the Hasse diagram.
For m € Z>, we have:

P(mw) = {x € RY, Z z; <m, Vp € D,}.
Biep
Because the polytope is defined by 77 non-redundant inequalities we will not state
it explicitly.

Proposition 5.25.  The set B, = {f%v, | s € S(w)} is a FFL basis of V(w).

Proof. The co-chains of the Hasse diagram give us immediately:

B, = {vw; f10u, faVu; - - -, farVu; f5f6V0; f5f800, f7fs00, fsfovu,
JoS100w, fsf110w,s J10/1100; f11 f1200, fsf13V0s f10f1300,
J12/13V0, f13 /1400, f11[15V0, f13 /1500, f14f1500, f15 /1600,
J13J1700, f16 /1700, J13[19V0, f16 /190w, [18[19V0, f13f2100,
J16f210w; f18f210uw, foo fo1vVuw, fo1 fazvuw, faz fozvw, f13f14f15Uw}.
Note that there are 56 elements in B,,. By Corollary 4.5, we get that this is a

spanning set of V(w). By [Car05, p. 303] we have dim V' (w) = 56 and therefore
that B, is a basis. ]

Type F,. Let g be the simple Lie algebra of type F, with associated
Dynkin diagram
F4 ° o=xZ—o

o
1 2 3 4

The highest root is of the form 6 = 2a; 4+ 3as + 4ay + 2c4. And we have
0V = 20y + 3ay + 20y + . So (w,0Y) = 1 & w = wy, so we consider the
case w = wy. If we construct H(n ), as in Section 2 we get a 3-chain of length
2, but here we are able to solve this problem. Therefore we will change the order
of the roots such that we can draw a new diagram without any k-chains. As usual
we start with the set of roots A% :

B =1(2,3,42)] 3= (1,2,3,1) |1 =(0,1,2,1)
Bo=(1,3,4,2) | Br = (1,1,2,2) | B =(1,1,1,1)
B3 =(1,2,4,2) | Bs = (1,2,2,1) | B3 = (0,1,1,1)
By =(1,2,3,2) | Bg = (0,1,2,2) | f14 = (0,0,1,1)
Bs =(1,2,2,2) | 1o =(1,1,2,1) | 515 = (0,0,0,1)
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Here we have 8, = 8; < ¢ > j. With this order we are not able to find relations
derived from differential operators (see Section 4), which include the rootvector f;
(see (15)). In order to find relations including f; we adjust the order on the roots
in this case as follows:

Br =< B2 <P =<Bs <Ps=<Bs<Pr << Pis.

So we just switched the positions of £, and (5. Now we consider our Hasse
diagram constructed as in Section 2 and the diagram we obtain by changing the
order of the roots and by using differential operators corresponding to non-simple
roots, see Figure 1.

The idea of this adjustment is that we split up the 3-chain by using the non-
simple differential operators mentioned above. After this we still want to get as
many roots as possible on each path. To do so we use two non-simple differential
operators: Jp110 = Oaytas aNd Ogo11 = Oas+ay - 10 the adjusted diagram also occurs
a directed edge labeled by a from 5 to 35 and a second labeled by b from (5 to
B4. We cannot label the second edge with a differential operator, because there is
no element v € A, satisfying: 5 —+v = B4. We will use the following observation
to explain the existence of these edges and labels. For ag, by € C\ {0} we have:

8§2+2n3 8;2%“03@111 f1m+1 — ag2+2n3 (a0f§2+n3 f;lrnzfns f1m+1fn1)

_ n3 pn2 pni1—nz—ns3 pm+1—mny
= bof5° 1% fs /i + smaller terms.

That means we can replace in the path consisting of 81, £, f3 and 4 the root [3
by 5. Furthermore the differential operators y,+a; and Oag1q, have no influence
on (5. That is the reason for the directed edge labeled by b from 5 to £4. The
reason for the edge between [, and 5 is that we want to visualize the co-chain
which we construct at this point. We label this edge with a to prevent confusions
about the applied differential operators, where a corresponds to 8?2“”3. We note
that the changed Hasse diagram gives us directly the inequalities of P(\), but in
this case it does not describe in general the action of the differential operators.
If we now follow our standard procedure with the adjusted Hasse diagram the
next step is to define the polytope associated to the set of Dyck paths D, and
m € Zsp:

P(mw) = {x € R, | Z z; <m, Vp € D,}.

BjEP

More explicitly: P(mw) is the set of all elements x € R such that the 12
inequalities, which can be found in the Appendix, Figure 5, are satisfied.
The set B, = {f%v, | s € S(w)} C V(w) is given by:

B, :{Uw, J1Vu, foVu, - o5 f150w, f3f500, fafeVu, f5f600, fofrvw,
J7 1800, f6fovu, fafovu, fofi0Vw, fofi2Vu, f11f12vw}~

Proposition 5.26.  The set B, = {f%v, | s € S(w)} is a FFL basis of V(w).

Proof. By Corollary 4.5 we conclude that B, spans the vector space V(w). In
addition we know by [Car05, p. 303| that dim V' (w) = 26 = |B,|. Hence the set
B, is a basis. ]
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B — B
1 2 3 ?/ \‘1
Py — P2 — P — P4 B3 Bs
Y N vy NV
Bs Bs Bs B4
l2/ \ﬁ x?/ \i: 001y \01110
Br Bs ~ B Br
A NV N
B Bro Bro B
NN YNV
B B2 B2 B
513 - 514 - 515 513 - 514 - 515

Figure 1: H(n)e,
Type G,. Let g be the simple Lie algebra of type G, with associated Dynkin
diagram

G2 =

[ [
1 2

For the highest root 0 = 3a; + 2ay we have 0¥ = of + 2ay. So we consider

w = wi. In this case the Hasse diagram has one 1-chain. We will rewrite H(n)q,
into a diagram without any k-chains. Consider the following order on AY:

B < B2 < Ba < Bs < B,

where

’51:(3’2)‘52:(?’?1)‘53:(271)‘64:(171)‘65:(170)‘

So we obtain the following diagrams:

B2
2 1 1 2 11 /2 \21
By — B2 — P3 — By — Bs ~ Br — B3 Bs,
N4
P

Very similar arguments as in the case of Bz, w; show that we can apply the results
of section 4 to the rewritten diagram. We consider the polytope associated to the
new diagram for m € Zsy:

T1F+ 2o+ x3+25 <M
P(mw) = {XERQI0 }

T+ a3+ x4 +25 <M

By Section 4 the elements v, fiv,, foty, f3Ve, five, fsvw, fofive span V(w)
and with [Car05, p. 316] we know dim V' (w) = 7.

Proposition 5.27.  The set B, = {f%v, | s € S(w)} is a FFL basis of V(w).m

Proof.  The previous observations imply that {f%v, | s € S(w)} is a basis of
V(w). It remains to show that P(w) is a normal polytope.
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Like in the case of (B,,w;) we have to change the order of the roots to apply
Section 3. Omne possible order is $; < B3 < B4 < B2 < P5. Using this order we
conclude that P(w) is a normal polytope. [

6. Linear Independence

We refer to the notation of Section 2, especially to the definition of essential
monomials. Throughout the Section we assume the vectors fPvy € V() to be
ordered as in (8) and we fix A = mw where w appears in Table 2.

We want to investigate the connection between our polytope P()) and the essential
multi-exponents. Via this connection and with the results from Section 4 we want
to prove that {f%vy | s € S(\)} provides a FFL basis of V().

Note that one can define essential monomials for an arbitrary total order on Aj\r.
Hence for the following statements it is very important that we kept in the whole
Section 2 the same total order.

Lemma 6.1.  If {f5vy |s € S(\)} is linear independent in V(X), then
S(A) =es(V(N)).

Proof. Let s € es(V(\)) = {p € Z%, | fPur ¢ span{f9v, | q < p}} and
assume s ¢ S(\). By Proposition 4.3 we can rewrite f* such that

fPuy = thftUA,Ct eC
t<s

and we get immediately a contradiction, so s € S()\).
Now let s € S(\) and s ¢ es(V(\)). Then f5vy € span{fv, | q < s} and so

fPun = Zcqfqv,\,

q-<s

for some ¢4 € C. We rewrite each f9v, in terms of basis elements ffvy,t € S(\).
Because of the linear independence all prefactors are zero, meaning that s = 0.
But this is a contradiction to s ¢ esV'(\). ]

Theorem 6.2.  The elements {f3(va—p @ Vy) | s € SN} CV(A—w) ©V(w)
are linearly independent and By = {f5v) | s € S(A\)} is a FFL basis of V(A).

Proof.  We want to prove this statement by induction on m € Z>;. For m =1
we saw in Section 5 that B, = {f5v, | s € S(w)} is a basis for V(w) in each type.
So let m € Z>5 be arbitrary and we assume that the claim holds for all m' < m.
By induction the set By_, = {f%va_y, | s € S(A —w)} is a basis of V(A —w). So
we have by Lemma 6.1

es(V(A—w) =S\ —w) and es(V(w)) = S(w). (29)
But then with [FFoL13, Prop. 1.11]:
es(VIA—w) +es(V(w)) Ces(VIN—w) ®V(w))
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and so we get the linearly independence of
{fPloncw ®v,) | s€es(VIN—w) +es(V(w))} CV(A—w) O V(w)

With the equalities in (29) and Section 3 where we proved S(A—w)+S(w) = S(A),
we conclude that the set

{ff(rrcw ®u,) [s€SAN)}FCVAN—w) O V(w)

is linearly independent. So we get dimV(\) > |S(A)| and with the spanning
property Corollary 4.5 we have |S(\)| > dim V' (\). Finally we get

|S(\)| =dim V' ())
and that By is a FFL basis of V() as claimed. [

Remark 6.3. The basis B, is a monomial basis, so we get an induced FFL
basis of V(A)®.

Theorem 6.4.  Let V(N\)* = S(n~)/I(\). Then the ideal I(\) is generated by
Uty ospan{ {71 | 8 € A}

as S(n™) ideal.
In particular we have that I(\) = S(n~™)(U(n*) ospan{fs, ;"™ | B € AL\ AL}).

Proof. Let I be an Ideal generated by U(n*) o spzlrl{]”é{\”@v>Jrl | B € Ay} as
S(n~) ideal. By Ivy = {0} we have I C I()), so there is a canonical projection:

¢ S /T — S /I(N) = V(A)°

Let f®* =0 in S(n7)/I()\). Because we have a basis of V(A\)* we can rewrite f*
as follows:

fr=Y efreSm)/ I (30)

seS(N)

for some ¢s € C. In the proof of Theorem 4.4 we already saw that the relations

obtained by I are sufficient to achieve (30). So 0= f* = > c¢ofs € Sn7)/I.
seS(N)

Therefore ¢ is injective.

In the proof of Proposition 4.3 we do not need powers fz for g € Af‘r \{}. =

Acknowledgments. We are grateful to Ghislain Fourier, Deniz Kus and Peter
Littelmann for very inspiring discussions. For many calculations on our polytopes
we used the program LattE. We thank the developers.
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Appendix

In this section we want to present the Hasse diagrams H(nj )g, and H(n )g, for
a better understanding of our work. In addition to illustrate the ordering of the
roots for the classical types A,, B, and D, we give in Figure 2 the complete Hasse
diagram of sl; and in Figure 3 a concrete example of the Hasse diagram in the D,
wy-case, for n = 5,6. We remark that the shape of the Hasse diagram H(n;  )so,,
and H(ng, )ss,, is equal to the shape of H(n, )y, ,),, - S0 Figure 3 shows also
the shape of the Hasse diagrams H (1, )soyo, H (0, )s01o and H (07 )sor,, H (05, )s0rs -
Furthermore we state the explicit polytopes for E¢ (Table 4), F, (Table 5) and for
the special cases: By, wy (Ds, wy) and Ds ws (Table 3).

Io
v oo\
B B3
¥y N YN
B4 Bs Be
N YN N
B B B Bro

Figure 2: Complete Hasse diagram of g = sl5.

B
N
b o
N v N
Ba Bs Pa
v N NOYVoOX
B3 Ba Bs Be
NN Y N v N
Bs Be b Bs By
Y N N YV ON v
b s Bio B
NV v N vV
By P2 b3
v NV
Bio P4
v
Pis

Figure 3: H(ng )soo » H(N,, )sor,

ws
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T+ T+ a3+ 25 +27r+29+T10 S M
X1+ X9+ 23+ 5+ T8+ Tg+ T <M
T+ T+ xy+ x5+ 29+ T10 <M
1+ Xy + T4+ 25+ T8+ 29+ X190 <M
X1+ T+ X4+ Te+ Tg+ X9+ T <M

Table 3: Polytope P(mw,s) corresponding to g = s09 and P(mwy), P(mws)
corresponding to g = s01¢.

B2 By Bs Bz & By & By

LN v

Bs  PBs Ba s

1] N\p |3 5] B ]6

Be  Br Br Be

5] 1 |a al N\ |3

ﬁB 69 /89 /88

al 1 ]2 2] N\ |4

510 ﬂll Bll 510
SRLVE! NS L2N\g

613 ﬁlQ Bl?} ﬁlZ

N2 s IEVE

i p Pis i b1 P i s 3 i

Figure 4: H(n, )g, and H(n )g,

Ty + Ta+ X3+ 2y + Te + Ty + T1o + T13 + T1a + T15 + T S M
T1+ Xy + X3+ Ty + Te+ T+ T1o+ T2+ T1a +T15 +Tie <M
Ty + To+ X3+ Ty + T7+ Xy + T1o + T13 + T4+ T15 + Tig S M
Ty + Ta+ 23+ 24+ T7+ g+ T1o + Ti2 + T1a + T15 + T S M
T1+To+ X3+ 2y +T7+ X9+ 1o+ T13+ X4+ Ti5 + T <M
T1+ T+ 23+ x4+ 27+ 29+ 210+ X1+ T4+ T15 + X1 <M
Ty + T+ 23+ 24+ T7+ 29+ 211+ Tio + T1a+ T15 + T S M
X1+ To+ 23+ 25 +T7+ 23+ T+ Ti3+ X4+ 215+ T <M
Ty + To+ X3+ X5 + T7 + Xy + T1o + Ti2 + T4+ T15 + Tig S M
X1+ X2+ 23+ T5 + 27 + L9+ T10 + T13 + T1a + X15 + T1g S M
X1+ To+ X3+ 25+ T7+ X9+ Lo+ Ti2+ X1a+ 215+ T <M

1+ T+ 23+ 25 +T7+Xg+ 211+ Ti2+Ta+ 215+ Tig <M

Table 4: Polytope P(m) corresponding to Eg
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B = Ba > By =
2] Ny
Bs  DBe
5N\, l2\6
Bz DBs
al N\ |2
59 Blo
3] N\ |4
Bll Bl?
1] N\ |3\g
613 614 ﬁlf)
6] 1,/ |53
Blﬁ ﬁ17
sl s
618 ﬁ19
al e
620 /621
3/ 2] N
ﬂ23 622
2] 3
Bar § Bae p DBas N Baa

Figure 5: H(n ),

1+ 2To+ T3+ Ty + g+ T10+ T11 + T13 + X14 + T15
Ty + T+ T3+ Ty + Tg + Tio + Ti2 + Ti3 + Tia + T15
T1+ To + X3 + Ty + Ty + Tg + T11 + T13 + T4 + T15
T+ X2+ T3+ Ta+ X7+ T10+ X171 + T13 + T1a + X15
Ty + T+ T3+ Ty + Ty + Tio + Ti2 + Ti3 + Tia + T15
T1+ Ty + Xg + Ts + Tg + Tio + T11 + T13 + T14 + T15
T+ X2+ T4+ T5+ X8+ T10+ X12 + T13 + T1a + X15
T1 + To + Xg + X5 + Ty + Tg + T11 + T13 + T4 + T1s
T1 + Ty + Xy + T + Ty + Tio + T + T13 + T14 + T15
T+ X2+ T4+ T5+ X7+ T10+ X12 + T13 + T1a + X15
X1+ To + X3+ Te + g + T1o + 11 + T13 + T14 + T15

$1+ZE2+$3+ZL’6+Z’g+$10+l’12+$13+1’14+l‘15

Table 5: Polytope P(mwy) corresponding to Fgu

<m
<m
<m
<m
<m
<m
<m
<m
<m
<m
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