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Abstract. We introduce the class of split regular Hom-Lie algebras as the
natural extension of the one of split Lie algebras. We study its structure by
showing that an arbitrary split regular Hom-Lie algebra £ is of the form £ =
U+ j I;, where U is a certain linear subspace of a maximal abelian subalgebra
of £ and the I; are well described (split) ideals of £ satisfying [I;,I;] = 0 if
j # k. Under certain conditions, the simplicity of £ is characterized and it is
shown that £ is the direct sum of the family of its simple ideals.
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1. Introduction and first definitions

A Hom-algebra is an algebra in which the multiplication is twisted by a linear
homomorphism. In the Lie case, the twisting of the Jacobi identity leads to
the so-called Hom-Lie algebras. This class of algebras appeared in the study of
quasi-deformations of Lie algebras of vector fields, in particular quasi-deformations
of Witt and Virasoro algebras, [9]. The pioneering works in this subject are
[9, 11, 12, 13], where we can find, in particular, the relations of Hom-Lie algebras
with discrete and deformed vector fields and differential calculus. Since then,
many authors have been interested in the study of Hom-Lie algebras, motivated
in part for their applications in physics. See for instance the recent works of
Ammar, Arnlind, Fregier, Gohr, Jin, Li, Makhlouf, Sheng, Silvestrov and Yau
among other authors, [1, 2, 8, 10, 16, 18, 19]. We also note that other categories
of Hom-algebras, such as the Hom-associative algebras, Hom-alternative algebras,
Hom-Leibniz algebras and Hom-Lie superalgebras, have been considered in the
literature (see [1, 7, 12, 14, 15, 17, 20]).

In the present paper we introduce the class of split regular Hom-Lie algebras
as a natural extension of that of split Lie algebras, and study its structure. In §2
we develop the technique of connections of roots, which will become the main tool
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in our study. In §3 we apply all the machinery introduced in the previous section
to show that a split Lie algebra £ can be written in the form £ = U + Zj I;,
where U a certain linear subspace of a maximal abelian subalgebra H of £ and
the I; are well described ideals of £ satisfying [/}, I;] = 0 if j # k. Finally, in 84,
under certain conditions, we characterize the simplicity of £ and we show that £
is the direct sum of the family of its simple ideals.

Definition 1.1. A Hom-Lie algebra £ is a vector space over a base field K
endowed with a bilinear product

[ ] exe— ¢

and with a linear map ¢ : £ — £ such that

L. [ZL’,y] = _[yer

2. [[z,y],0(2)] + [ly, 2], ¢(2)] + [[2, 2], ¢(y)] = 0 (Hom-Jacobi identity),

for any z,y,z € £. When ¢ furthermore is an algebra automorphism it is said
that £ is a reqular Hom-Lie algebra.

Throughout this paper we will consider regular Hom-Lie algebras £. We
will denote by N the set of all non-negative integers and by Z the set of all integers.
Finally, we would like to note that we consider £ of arbitrary dimension and over
an arbitrary base field K.

A subalgebra A of £ is a linear subspace such that [A, A] C A and ¢(A) =
A. A linear subspace [ of £ is called an ideal if [[,£] C I and ¢(I) = 1. A
Hom-Lie algebra £ will be called simple if [£, £] # 0 and its only ideals are {0}
and £.

Let us introduce the class of split algebras in the framework of regular Hom-
Lie algebras £. Denote by H a maximal abelian subalgebra of £. For a linear
functional

a: H—K,

we define the root space of £ (with respect to H ) associated to « as the subspace
Lo =A{va € £:[h,va] = a(h)p(v,) for any h € H}.

The elements « : H — K satisfying £, # 0 are called roots of £ with respect to
H. Weset A :={ae H*\{0}: £, #0}.

Definition 1.2.  We say that £ is a split reqular Hom-Lie algebra, with respect
to H, if

£=Ho (P L)

a€EA

We also say that A is the roots system of £.
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Note that by taking ¢ = Id, the split Lie algebras become examples of split
regular Hom-Lie algebras. Hence, the present paper extends the results in [3].

For an easier notation, the mappings ¢|H,gb|;[1 : H — H will be denoted
by ¢ and ¢! respectively, when there is no possible confusion.

Lemma 1.3.  For any «, 5 € AU{0} the following assertions hold.
1. $(La) C Lopt and ¢ (La) C Lag.

2. I:;Qa, Sﬁ] C £a¢—1+5¢—1 .

Proof. 1. For h € H write b’ = ¢(h). Then for all h € H and v, € £,, since
[h,va] = a(h)é(v,), we have

[, $(va)] = ¢([h,va]) = a(h)d(d(va)) = ad™" (K)$(4(va)).

That is, ¢(va) € Lap—1 and so ¢(L£a) C Lop-1. In a similar way, we can verify
gzﬁ’l(ﬁa) C Eo«b-
2. For any h € H, v, € £, and vgz € £, by denoting b’ = ¢(h), we

have that [/, [va, vg]] = —[[h, vs], ¢(va)] + [[h, val, d(vp)] = (e + B)(h)d([va, v5]) =
(a+ B)d (1) ([va, vs]). That is, [va,vs] € Lag-11p6-1- n
Lemma 1.4.  The following assertions hold.

1. If a € A then ap™ € A for any z € Z.
2. £ =H.

Proof. 1. Consequence of Lemma 1.3-1.
2. The inclusion H C £ is a direct consequence of the fact that H
is abelian. Let us show that £y C H. For any 0 # = € £, we can write

r=h®(Pu,,), where h € H and v,, € £,, with o; # «; when i # j. Since for
i=1

any h' € H we have [h/,v] = 0, then 0 = @al(h’) (Va;). Hence, Lemma 1.3-1
together with the fact «a; # 0 gives us all va =0.S0ox=heH. [ ]

2. Connections of roots
In the following, £ denotes a split regular Hom-Lie algebra and
=g o (@ L)
aEA

is the corresponding root space decomposition. Given a linear functional o : H —
K, we denote by —a : H — K the element in H* defined by (—a«)(h) := —a(h)
for all h € H. We also indicate

—A={-a:aeA}
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Definition 2.1. Let a and § be two elements in A. We shall say that a is
connected to [ if there exists {aq, g, ..., ax} C £A such that:

If k=1, then

. ag €{ap™ :ne N}N{x£Ls ™ :m e N}.
If k> 2, then

1. a; € {ap ™ :n € N}.

2. a1+ anp ! € A,

Oél(b_g + Oéz(b_g + 043¢_1 € +A,
CY1§Z573 + a2¢’3 + 053¢72 + Oé4¢71 € A,

12 b MR P b P g9 € £A
3. a1 M 4 M 4 aggFR 4 b M e e €
{£B¢™™ : m € N}.

We shall also say that {a,...,a;} is a connection from a to f3.

Observe that the case & = 1 in Definition 2.1 is equivalent to the fact
f = ea¢® for some z € Z and € € {£1}.

Our next goal is to show that the connection is an equivalence relation on
A. We first need to prove two lemmas.

Lemma 2.2.  For any o € A, we have that ag® is connected to agp® for every
21,20 € Z. We also have that ag® is connected to —ad® in case —ap® € A.

Proof. By Lemma 1.4-1 we have that a¢®, a¢p®> € A. Set z = min{zy, z5}.
Then {a¢*} is a connection from a¢® to ap® and to —a@* in case —ap™ €

A. [

Lemma 2.3.  Let {ay,...,ax} be a connection from « to B. Then the following
assertions hold.

1. Suppose ay = ap™™, n € N. Then for any r € N such that r > n, there
exists a connection {ay,...,ax} from « to 8 such that &y = ap™".

2. Suppose that oy = €8¢~ in case k=1 or
a1+ ™ F g™ g = e

in case k > 2, with m € N and ¢ € {£1}. Then for any r € N such
that r > m, there exists a connection {aq,...,a1} from « to B such that
a; =€Bo™" in case k=1 or

a1 "+ g Fagp T P 4 T = B

m case k> 2.
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Proof. 1. By Lemma 1.4-1 we have {a1¢™" ", ..., 0" "} C £A. Define &; :=
a;¢" ", i = 1,..., k. Then Lemma 1.4-1 allows us to verify that {ay,...,a;} is
a connection from a to . This connection clearly satisfies @; = (ap™")¢p" " =

ap".
2. Lemma 1.4-1 allows us to assert that {a¢™ ", ..., @™ "} C £A. Define
now @; := o;¢™ ", i =1,....,k. Then Lemma 1.4-1 gives us that {ay,...,a;} is a
connection from « to . It is clear that a; = ¢8¢~" in case k =1, and also
O—él¢7k+1 + O—é2¢fk+1 4 5(3¢7k+2 oo O—ékqbfl
— (a1¢—k+1 + a2¢—k+1 + a3¢—k+2 4t ak¢—l>¢m—r
=efo™"

in case k > 2. n

Proposition 2.4.  The relation ~ in A defined by
a ~ B if and only if o is connected to

15 an equivalence relation.

Proof. Lemma 2.2 gives us a ~ « for any o € A. That is, the relation ~ is
reflexive.

To verify the symmetric character of ~, suppose a ~ 3. Then there exists
a connection
{a17a2,a3,...,ak_1,ak} C A (1)

from a to (.

If k=1, then a; = ¢~ and a; = ¢f¢~™ with n,m € N and € € {+1}.
Hence, {ea;} is a connection from S to a.

If £ > 2, observe that condition 3 in Definition 2.1 let us distinguish two
possibilities. In the first one

a1 " and T b g TP T T =BT, (2)
while in the second one
T g g b g = ™ (3)

for some m € N.
Suppose first that (2) holds. Then Lemma 1.4-1 allows us to take the set

{Bo™™, —apd™, —ap 107>, —ag 20", o, —ap_ip 2L —042<Z572k+3} +A

We are going to show that this set is a connection from [ to a. It is clear that it

satisfies condition 1 of Definition 2.1, so let us check that it also satisfies condition
2. We have

(Bo ™)™ — (™o = (Bd™™ — g™ )™
_ (a1¢fk+1 + a2¢fk+1 + a3¢7k+2 4o+ ai¢fk+i71 4t 061#1(/572)(?71,
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the last equality being a consequence of equation (2). So

(3667 ~ (w0 =
(al¢—k+2 + a2¢—k+2 + Oé3¢_k+3 N ai¢—k+i e ak—1¢_1)¢_2-

Since
&1¢—k+2 + a2¢—k+2 + &3¢_k+3 4t &i¢_k+i I ak—1¢_1 c +A

by condition 2 of Definition 2.1 applied to the connection (1), Lemma 1.4-1 let us

assert (8o~ ™)™t — (Nt € +A.
For any 1 <1 < k — 2 we also have that

(B¢~ = (™)™ = (a9 )™ ™ — o = (o)
= (B =k — a1 P — iy )
— (Oélqﬁkarl 4 a2¢7k+1 N Oékii(éfifl)gbfi’

the last equality being a consequence of equation (2). Hence,
(B — (™)™ — (19 ")p " — - — (a1 ¥ e~ =

(a1¢—k+i+l + a2¢—k+i+l 44 Oék—z‘ﬁb_l)ﬁb_%-

Taking now into account that, by condition 2 of Definition 2.1 applied to (1),
QR LRI g 67! € A, we get as consequence of Lemma
1.4-1 that

(B¢—m>¢—z o (ak¢—l)¢—i o (ak—1¢_3)¢_i+1 . — (ak—(i—1)¢_2i+1>¢_1 c :l:A

We have showed that our set satisfies condition 2 of Definition 2.1. It just remains
to prove that this set also satisfies condition 3 of this definition. We have, as above,

(5¢*m)¢*k+1 _ (&k¢*1)¢—k+l . (@k71¢73)¢7k+2 o (&2¢72k+3)¢71
= (ﬁqb_m _ Oékgb_l _ ak_1¢—2 . — @2¢_k+1)¢_k+1

— (a1¢_k+1)¢_k+1.

Condition 1 of Definition 2.1 applied to the connection (1) gives us now that
a; = a¢~ "™ for some n € N and so

(B~ — (™)™ — (ap197) 7 P — - = (™)
=a¢p "2 c {ap™" . h € N}.

We have therefore showed that our set is actually a connection from £ to a.
Suppose now we are in the second possibility, given by equation (3). Then
we can prove, as in the first possibility given by equation (2), that

{6¢_m7 @k¢_17 ak—1¢_37 ak—2¢_57 [ERE) ak—i¢_2i_17 EERE) a2¢_2k+3}
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is a connection from (5 to a. We conclude § ~ «, and thus the relation ~ is
symmetric.

Finally, let us verify that ~ is transitive. Suppose a ~  and § ~ ~, and
write {aq,...,ax} for a connection from « to § which satisfies

o =efp™ k=1 (4)
or
¢ F T b fasp M2 4 =B ik >2, ()

for some m € N, € € {£1}; and {hy,...,h,} for a connection from [ to =, being
then

hy = Bo~" (6)
for some r € N. Note that Lemma 2.3 let us suppose m = r.
If p=1, then hy = 7y¢~" with ¢t € N and 7 € {£1}. Since m = r, we
have a; = €8¢ ™ = ehy = eTyp L if k=1, and

al(bfk%l + a2¢7k+1 + a3¢*k+2 N aqul =efop " =€hy = ETvqb*t

if k> 2. Hence, we get that {aq,...,ax} is also a connection from « to 7.

If p > 2, then, taking into account the equations (4), (5) and (6) and that
m = r, it is easy to show that a connection from a to v is {o, ..., o, he, ..., by}
if e =1, and {oy,...,ax, —ha,...,—h,} if € = —1. Summarizing, the connection
relation is also transitive and so it is an equivalence relation. |

3. Decompositions

By Proposition 2.4 the connection relation is an equivalence relation in A. We can
therefore consider the quotient set

A/ ~=A{la]ae A},

where [o] denotes the set of nonzero roots of £ which are connected to «.
Our next goal in this section is to associate an (adequate) ideal Ij,) to any
[a]. For a fixed o € A, we start by defining the set I, C £o as follows:

Iy o) := spang{[£5,£,] : B,v € [a] U{0}} N £Lo.
Applying Lemma 1.3-2, we obtain
]0,[Oc] = spanK{[/ﬁg, S—ﬂ] : 5 € [a]}

WM:(Bsﬂ

Bela]

Finally, we denote by I, the direct sum of the two subspaces above, that is,

Next, we define

Iia) = I jo] ® Via)-
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Proposition 3.1.  For any o € A, the linear subspace I, is a subalgebra of £.

Proof.  First, we have to check that I}, satisfies [I[a],[[a]] C Ij4)- Since Iy C
Lo = H, then [Iy[q), o] = 0 and we have

[Lo,ja] © Viags Lo,ja) @ Viwg] € [Lo1a)> Vie)] + [Viegs Vie]- (7)

Let us consider the first summand in equation (7). Given 5 € [a] we have
o], £3] C £sp-1, being B~ € [a] by Lemma 2.2. Hence [Io o], £5] C Via-
Consider now the second summand in equation (7), that is, [Vjq,Vja)]. Given
B,7 € [ such that [£4,£,] # 0, if v = —f then clearly [£4,£,] = [£5,L£_5] C
Ioo). Suppose then v # —f3. Since [£5,£,] # 0 together with Lemma 1.3-2
ensures that 8¢~! + v¢~' € A, we have that {3,7} is a connection from 3 to
Bt + v, The transitivity of ~ gives now that S¢~1 + ¢~ € [a] and so
(€8, £5] C Lpp-1179-1 C Vi) Hence [ D L5, D L] C lojo) ® Vi That is,
peld] BE[a]
Vieps Vieo] € Loy (8)

From equations (7) and (8) we get [I}a], [ja]] = [{0,ja] © Via]s L0,ja] ® Viaj] C 1)
Second, we have to verify that ¢(/jo]) = I[o). But this is a direct consequence
of Lemma 1.3-1 and Lemma 2.2. [ ]

Proposition 3.2.  For any [o] # ] we have [I4), 1 j5] = 0.

Proof. We have
[Lo,j0] @ Via]; Lo,i81 @ Vg1l C [o,Vigl] + Via, Lo,i81] + [Vieg, Vig)- (9)

Consider the third summand [V, Vjg] and suppose there exist a; € [o] and ay €
(3] such that [£q,, La,] # 0. As necessarily a; # —ay, then a1~ + apg™! € A.
So {ay,ay, —ay¢~ '} is a connection between a; and as. By the transitivity of
the connection relation we have o € [f], a contradiction. Hence [£,,,£L4,] =0
and so

Vi Vi) = 0. (10

Consider now the first summand [/ o)Vjg] in equation (9). Let us take a; € [o]
and s € [$] and show that

a2([£al7£fa1]> =0.
Indeed, by the Hom-Jacobi identity and equation (10), we have
[[20(1 ) 2—(11]7 ¢(£a2)] - O

. So, taking into account that ¢ is injective (see Lemma 1.4), we can assert that
a2 ([Lay, £-0y]) = 0 for any a; € [a]. Since

¢([£a172—a1]) - [Saldflag—mqﬁ*l]

we get [Lar, Loai] € 071 ([Layo-1:Loayg-1]) and by the above as([La;, L-0,]) =
0. From here [[£4,, L 0] Las] C @2([Lay, £-a1])P(La,) = 0. We have showed
[o.jVig] = 0. In a similar way, we get [Viq), Lo,;57] = 0 and we conclude, together
with equations (9) and (10), that [Ij), Ij5] = 0. ]
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Theorem 3.3.  The following assertions hold.
1. For any o € A, the subalgebra
Tia) = Lo,a) © Vi)
of £ associated to (] is an ideal of £.

2. If £ is simple, then there exists a connection from « to [ for any o, € A

and H= "> [£4, £ 4]

a€el

Proof. 1. Since [I|4), H| C Ijo) we have by Propositions 3.1 and 3.2 that
U[a]?’g]: a]vHEB @25 @2 C y.
Bele] V¢la]

As we also have by Proposition 3.1 that ¢(/}o) = I[4], We conclude that I, is an
ideal of I.

2. The simplicity of £ implies Ij,) = £. From here, it is clear that [a] = A
and H = > [£4,£_4]. ]

a€A

Theorem 3.4. We have

L=U+ Y I,

[a]eA/~

where U is a linear complement in H of spang{[Lqs, £_a] : @ € A} and any Iy
is one of the ideals of £ described in Theorem 3.5-1, satisfying [Ij, Ij] = 0 if

o] # [5].

Proof. Each I, is well defined and, by Theorem 3.3-1, an ideal of £. It is

clear that
S=Ho(@L)=U+ > I
a€cA [a]eA/~
Finally Proposition 3.2 gives us [I}4], Ij5] = 0 if [a] # [3]. [

Let us denote by Z(£) = {v € £: [v, £] = 0} the center of £.

Corollary 3.5. If Z(£) =0 and H = Y [£4,L£_4]. Then £ is the direct sum

aEA
of the ideals given in Theorem 3.3:

8= EB T},

[a]eA/~

being [Iia), I13] = 0 if [a] # [A].

Proof. Since H =  [£,,£_,] we get £ = > Iy. Finally, the sum is
a€cl [a]eA/~
direct because Z(£) =0 and [Ij), Ijg] = 0 if [o] # [3]. ]
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4. The simple components

In this section we are going to study under which conditions £ decomposes as the
direct sum of the family of its simple ideals. We recall that a roots system A of
a split regular Hom-Lie algebra £ is called symmetric if it satisfies that o € A
implies —a € A. From now on we will suppose A is symmetric.

Lemma 4.1.  If I is an ideal of £ such that I C H, then I C Z(£).

Proof. Consequence of [I,H| C [H,H] =0 and [I,P L.] C (P L£,)NH =
acl a€cl

0. [

Lemma 4.2. For any o, € A with a # [ there exists hg € H such that
al(ho) # 0 and a(hy) # B(ho) .

Proof. As « # 3, there exists h € H such that a(h) # B(h). If a(h) # 0 we
have finished. So let us suppose «(h) = 0, which implies 5(h) # 0. Since o # 0,
we can fix some b’ € H such that a(h') # 0. We can distinguish two cases, in
the first one a(h') # S(h’) and in the second one a(h’) = G(h'). Then, by taking
ho := b’ in the first case and hg := h+ A’ in the second, we complete the proof. m

Lemma 4.3.  Suppose that I is an ideal of £ and v = h+ Y v, € I, with
j=1

heH, vy €Ly, and aj # oy if j # k. Then any vy, € I.

Proof. If n=1 wehave x = h+v,, € [. By taking A’ € H such that a;(h') #

0 we have [I/,z] = a1 (W)P(vs,) € I and 50 ¢(vy,) € I. Thus ¢ H(P(ve,)) = va, €

1.

Suppose now n > 1 and consider a; and «ay. By Lemma 4.2 there exists
ho € H such that ai(hg) # 0 and ay(hg) # as(hg). Then we have

I'3 [ho, 7] = a1(ho)P(va, ) + a2(ho)P(Vay) + -+ - + an(ho)P(va,,) (11)

and
I3 ¢(z) = ¢(h) + ¢(va,) + ¢(vay) + -+ - + B(va,)- (12)
By multiplying (12) by as(hy) and subtracting (11), we get

aa(ho)o(h) + (az(ho) — ai(ho))d(va,)
+(aa(ho) — az(ho))d(vVag) + - + (2(ho) — an(ho))P(va,) € I.

By setting i := as(ho)d(h) € H and vg,4-1 := (aa(ho) — i(70))d(va;) € Lasp1,
we can write 3
B+ Va1 + Vogp—t + -+ + Vgpp—t € 1. (13)

Now we can argue as above, with equation (13), to get

B+ Vayg2 + Vayo2 + -+ + Vapg2 € I
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for h € H and Vayp2 € Lq,4-2. By iterating this process, we obtain
]_-L + Ua1¢7n+l G ]

with h € H and v,,4-n+1 € £4,4-n+1. As in the above case n = 1, we conclude
Vgy¢-n+1 € I and consequently vy, = ¢~ (vy,4-n+1) € I.

In a similar way we can prove that v,, € I for i € {2,...,n}, and the proof
is complete. [ ]

Let us introduce the concepts of root-multiplicativity and maximal length
in the framework of split Hom-Lie algebras, in a similar way to the ones for split Lie
algebras, split Lie color algebras, split Leibniz algebras and split Poisson algebras
(see [3, 4, 5, 6] for these notions and examples).

Definition 4.4.  We say that a split regular Hom-Lie algebra £ is root-multipli-
cative if given «, f € A such that ag™! + ¢! € A, then [£,, £5] # 0.

Definition 4.5. A split regular Hom-Lie algebra £ is said to be of maximal
length if dim £, =1 for any a € A.

Theorem 4.6.  Let £ be a split reqular Hom-Lie algebra of mazimal length and
root-multiplicative. Then £ is simple if and only if Z(£) =0, H =Y [£4, £ 4]

aEA
and A has all of its elements connected.

Proof. Suppose £ is simple. Since Z(£) is an ideal of £ then Z(£) = 0.
From here, Theorem 3.3-2 completes the proof of the first implication. To prove

the converse, consider I a nonzero ideal of £. By Lemma 4.3 we can write
I =(InH) ® (] Il.), where I, = I N £,. By the maximal length of £, if

aceA
we set Ay ;= {a € A: 1, # 0}, we can write I = (INH)® (P £,), where
OCEA[
A; # 0 as consequence of Lemma 4.1. Let us fix some ag € Aj so that 0 # £,, C 1.

The fact ¢(I) = I together with Lemma 1.3-1 allows us to assert that

if a € Ay then {a¢p®:zezZ} CAf, (14)

that is
{Lagp= 1z €2} C 1. (15)
Now, let us take any 5 € A satisfying 5 ¢ {£agp* : z € Z}. Since oy and (3 are
connected, we have a connection {aq, ag, ....,ax}, k > 2, from ag to [ satisfying:

a1 = app” " for some n € N, and
Oélgﬁil + Oég(bil < A,
1077+ ap? +agp ! € A,
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Q1¢_k+2 + a2¢—k+2 + O[3¢_k+3 4t (Iigb_k-i—i I ak—1¢_1 c /\7
Oél¢fk+l + a2¢fk+1 + a3¢fk’+2 44 aigbkarifl 44 ak¢71 — €ﬁ¢fm
for some m € N and € € {£1}.

Taking into account that a;, ap € A and o Haed™! € A, the root-multiplicati-
vity and maximal length of £ allow us to assert 0 # [£4,, Las] = Laro-11ass—1-
Since 0 # £,, C I as consequence of Equation (15) we get

0 % £a1¢*1+a2¢*1 - I

A similar argument applied to ay¢~! 4+ ™!, a3 and

(1™ +adp o + a3 = a1d P+ ang P + azd!

gives us 0 # £, 6-24a06-2+a30-2 C 1. We can follow this process with the connec-
tion {aq, ag, ....,ax} to get
0 7é 2a1¢7k+1+a2¢7k+1+a3¢7k+2+...+ai¢fk+i71+“.+ak¢fl cl

and then
either Lg4-m CI or £ _g4-m CI.

From equations (14) and (15), we now get
either {€,4-::2€2} CI or {L ,4—-:2€2Z}CI forany a € A. (16)

Equation (16) can be reformulated by asserting that given any a € A either
{ap™ 2z € Z} or {—a¢™*: z € Z} is contained in A;. Taking now into account
H = > [£.,£_,], we obtain

aEN
HCI. (17)
If we consider now any « € A, since £, = [H, £,| by the maximal length of £,
the inclusion (17) gives us £, C I and so [ = £. That is, £ is simple. n

Theorem 4.7. Let £ be a split reqular Hom-Lie algebra of mazximal length,
root-multiplicative, with Z(£) = 0, and satisfying H = > [£a, L£_a]. Then

aEA
= P I

[aJeA/~

where any iy is a simple (split) ideal having its roots system, Ay, with all of its
elements Al[a} -connected.

Proof.  Taking into account Corollary 3.5 we can write £ = € I}y as the
[a]EA/~
direct sum of the family of ideals

Tia) = To o) & Via) = sPang{[£5, £ 4] : B € [a]} & €D L5,
BEle]



ARAGON AND CALDERON 887

where each Ij, is a split regular Hom-Lie algebra having as roots system AI[Q] =
[@].  To apply Theorem 4.6 to each I}, we have to observe that the root-
multiplicativity of £ and Proposition 3.2 show that Ay has all of its elements
Ay, -connected, that is, connected through connections contained in Ay . We
also get that any of the Ij, is root-multiplicative as consequence of the root-
multiplicativity of £. Clearly Ij,) is of maximal length, and finally Z;_| (Il) = 0,
(where 21, (I;a)) denotes de center of I}y in I ), as consequence of [/j4], Ij5] = 0
if [a] # [B], (Theorem 3.4), and Z(£) = 0. We can therefore apply Theorem
4.6 to any I, so as to conclude I, is simple. It is clear that the decomposition

£= € I}y satisfies the assertions of the theorem. [
[e]eA/~

Remark 4.8. We finally note that the results in the present paper also hold
for a class of non-regular Hom-Lie algebras £. Consider the class formed for those
Hom-Lie algebras (£, [, ], ¢) such that ¢ is a (non-necessarily bijective) algebra
homomorphism. Let us introduce for this class of Hom-Lie algebras the family of
the split ones by asking for H not only the condition of being a maximal abelian
subalgebra of £, but also that ¢|y is a linear bijection from H onto H. Then we
can argue as in the case of split regular Hom-Lie algebras, to get that the results
obtained in the present paper also hold for this family of split Hom-Lie algebras.
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