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Abstract. A first characterization of the isomorphism classes of k-involutions
for any reductive algebraic groups defined over a perfect field was given in On the
Classification of k-involutions I using 3 invariants. In Involutions of SL(n, k),
(n > 2), a classification of all involutions on SL(n, k) for k algebraically closed,
the real numbers, the p-adic numbers or a finite field was provided. In this
paper, we build on these results to develop a detailed characterization of the
involutions of SP(2n,k). We use these results to classify the isomorphy classes
of involutions of SP(2n, k) where k is any field not of characteristic 2.
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1. Introduction

Let G be a connected reductive algebraic group defined over a field k of charac-
teristic not 2, # an involution of G defined over k, H a k-open subgroup of the
fixed point group of § and Gy (resp. Hj) the set of k-rational points of G (resp.
H). The variety Gy/Hy, is called a symmetric k-variety. For £ = R these sym-
metric k-varieties are also called real reductive symmetric spaces. These varieties
occur in many problems in representation theory, geometry and singularity theory.
To study these symmetric k-varieties one needs first a classification of the related
k-involutions. A characterization of the isomorphism classes of the k-involutions
was given in [Helm2000] essentially using the following 3 invariants:

1. classification of admissible (I', #)-indices.

2. classification of the Gj-isomorphism classes of k-involutions of the k-aniso-
tropic kernel of G.

3. classification of the Gj-isomorphism classes of k-inner elements of G.

For more details, see [Helm2000]. The admissible (T',6)-indices determine most
of the fine structure of the symmetric k-varieties and a classification of these
was included in [Helm2000] as well. For k algebraically closed or k the real
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numbers the full classification can be found in [Hel88]. For other fields a full
classification of the remaining two invariants is still lacking. In particular the case
of symmetric k-varieties over the p-adic numbers is of interest. We note that the
above characterization was only proven for k£ a perfect field.

In [HWDO04] a full characterization of the isomorphy classes of k-involutions
was given in the case that G = SL(n, k) which does not depend on any of the results
in [Helm2000]. It was also shown how one may construct an outer-involution from
a given non-degenerate symmetric or skew-symmetric bilinear form 5 of k™. Using
this characterization the possible isomorphism classes for k algebraically closed,
the real numbers, the p-adic numbers and finite fields were classified.

In this paper we build upon the results of [HWDO04] to give a characteriza-
tion of involutions of SP(2n, k), the symplectic group.

We first show that if an automorphism # = Inny where A € GL(2n, k)
leaves SP(2n, k) invariant, then we can assume A in SP(n, k[y/a]) where k[\/a]
is a quadratic extension of k. Thus, to classify the involutions of SP(2n,k) it
suffices to determine which A € SP(2n, k[y/a]) induce involutions of SP(2n, k),
and to then determine the isomorphy classes of these involutions over SP(2n, k).
Using these results, we give a full classification of involutions of SP(2n, k) for k
algebraically closed, the real numbers, or a finite field.

k
n?
n?

2. Preliminaries

Our basic reference for reductive groups will be the papers of Borel and Tits
[BT65], [BT72] and also the books of Borel [Bor91], Humphreys [Hum75] and
Springer [Spr81]. We shall follow their notations and terminology. All algebraic
groups and algebraic varieties are taken over an arbitrary field & (of characteristic
# 2) and all algebraic groups considered are linear algebraic groups.

Our main reference for results regarding involutions of SL(n,k) will be
[HWDO04]. Let k be a field of characteristic not 2, k the algebraic closure of k,

M(n, k) = {n X n-matrices with entries in k},

GL(n, k) = {A € M(n, k) | det(A) # 0}

and
SL(n, k) = {A € M(n, k) | det(A) = 1}.

Let £* denote the product group of all the nonzero field elements,

(k) = {a* | a € k*} and I, € M(n,k) denote the identity matrix. We will

sometimes use [ instead of [,, when the dimension of the identity matrix is clear.
We recall some important definitions and theorems from [HWDO04].

Definition 2.1. Let GG be an algebraic group defined over a field k, and let G,
be the set of k-rational points. Let Aut(Gj) denote the set of all automorphisms
of Gj. For A € GL(n,k) let Inny denote the inner automorphism defined by
Inng(X) = A7'XA for all X € GL(n, k). Let Inng(Gy) = {Innus | A € G}
denote the set of all inner automorphisms of Gy and let Inn(Gy) denote the set
of automorphisms Inny of Gy with A € G such that Inny(Gy) = Gi. If Inny is



BENIM, HELMINCK, JACKSON WARD 905

order 2, that is Inn% is the identity but Inn, is not, then we call Inny an inner
involution of Gy. We say that # and 7 in Aut(Gy) are Inn(Gy)-isomorphic if
there is a ¢ in Inn(G},) such that 7 = ¢~'0¢. Equivalently, we say that 7 and 6
are in the same isomorphy class.

In [HWDO04], the isomorphy classes of the inner-involutions of SL(n, k) were
classified, and they are as follows:

Theorem 2.2.  Suppose the involution 0 € Aut(SL(n, k)) is of inner type. Then
up to isomorphism 6 is one of the following:

1. Inny |, where Y = I,,_;; € GL(n, k) where i € {1,2,..., 2]} where

Iy 0
]’I’L—i,i - ( 0 _]Z >

2. Inny |g, where Y = Ln, € GL(n,k) where x € k*/k**, x # 1 mod k*?

and
01 ... 00
z 0 ... 00
Lpz=1%: + . @
00 ... 01
00 ... 20

Note that (ii) can only occur when n is even.

O ]7L
For the purposes of this paper, we will use matrices of the form (I In O )
2

(and there multiples) rather than Lz .. Either of these serves as a member of the
isomorphy class listed in the previous theorem. We will eventually see that all
of the isomorphy classes of SP(2n,k) are just isomorphy classes of SL(n, k) that
have been divided into multiple isomorphy classes.

We now begin to define the notion of a symplectic group. To do this, we
must first define orthogonal groups. Let M be the matrix of a non-degenerate
bilinear form ( over k™ with respect to a basis {eq,...e,} of V. We will say that
M is the matrix of f if the basis {ej,...e,} is the standard basis of k™.

The typical notation for the orthogonal group is O(n, k), which is the group

O(n, k) = {A € M(n, k) | (Az)" (Ay) = 2"y}.

This group consists of the matrices which fix the standard dot product. This can
be generalized to any non-degenerate bilinear 3, which will yield the group

O(n, k, B) = {A € M(n, k) | B(Az, Ay) = B, p)}.

If M is the matrix of 3 with respect to the standard basis, then we can equivalently
say
O(n,k,B) = {A € M(n, k)| ATMA = M}.
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It is clear from this definition that all matrices in O(n, k, 5) have determinant 1
or —1. We are interested in the case where M is a skew-symmetric matrix.

We note a couple of important facts, the first of which will be used repeat-
edly throughout this paper.

1. Skew-symmetric matrices of even dimension are congruent to the matrix

J=Jon=(1,%)
2. If 51 and fy correspond to M; and Ms, then O(n,k, ;) and O(n,k, 5s)

are isomorphic via
®:0(n,k,B1) = On,k,Ba): X = Q'XQ
for some Q € GL(n, k) if QT M,Q = M, (M, and M, are congruent via Q).

So, we will assume that (3 is such that we can replace M with the matrix
J. When we do this, then we write SP(2n,k) = O(n, k, 8), and we call this the
Symplectic Group. It can be shown that all matrices in SP(2n, k) have determinant
1, so in fact SP(2n, k) is a subgroup of SL(2n, k). Lastly, note that to classify the
involutions of an orthogonal group where M is skew-symmetric, one can apply the
classification that will follow by simply using the isomorphism given above.

3. Automorphisms of SP(2n, k)
It follows from a proposition on page 191 of [Bor91] that

Aut(SP(2n, k))/ Inn(SP(2n, k)))

must be a subgroup of the diagram automorphisms of the Dynkin diagram C, .
Since ), only has the trivial diagram autormphism, then we have that

Aut(SP(2n, k)) = Inn(SP(2n, k)).

When £ is not algebraically closed, then all automorphisms of SP(2n,k) will
still be of the form Inny for some A € SP(n,k) since all automorphisms of
SP(2n, k) must also be an automorphism of SP(n,k). Thus, the classifications
and characterizations that follow in this paper consider all automorphisms and
involutions of SP(2n, k).

We now examine which automorphisms will act as the identity on SP(2n, k).
This will prove to be useful when we classify matrix representatives for automor-
phisms.

Theorem 3.1.  Let G = SP(2n,k). If Inna|g = Id for some A € GL(2n, k)
then A = pl for some p € k.

Proof.  Suppose Inny |g = Id for some A € GL(2n, k). Then for all X € G we
have Inns(X) = A~ XA = X which means that AX = XA for all X € G. Let

(A A
= 3)
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I, I,
e (5 Y.

Since W, € G, AW; = W1 A which implies

Ay A\ (L, L)\ (L, L)\ (A A
Ag A4 0 [n a 0 [n A3 A4
Ay A+ A\ (A + Ay Ag+ Ay
As As+A,) As Ay '
Hence, A3 = 0 and A; = A,. With this information in hand we are now able

to rewrite A as A = Ar A . We now consider the matrix Wy = Ln 0 )
0 A I, I,

and consider the matrix

Now W, is also in GG and thus AW, = W5 A and thus
Al A2 In 0 - In 0 A] AQ
o A)\1, I,)] \I, I, 0 A
A+ Ay A\ (A Ay
Al Al N Al AQ + Al '

Which implies that As = 0 and thus A = (Al 0 ) .

0 A
Let
- (Xp O
Xe = ( 0 Xk)
where
Ly t1 ... O
Xy = : -1
0 R
and £k =0,1,---

d 3 .n — 1. Then X; € G and hence we may utilize the fact that
AX, = X, A, to conclude that

A X, 0 (XA 0
0 AX,) \ 0 XA )
From the above equality we see that A;X), = X, A;. Define A = (a;;) for
1,7 =1,2,..,n. Then A;X; = X;A; implies

a1 Q12 e —Q1n—k a1n

a1 ago c —QA2 n—k ce a2 n
Qp—k1 OQp—k2 - —Apn—kn—k Qp—kn

an1 Ap 2 s —Apn—k Ap.n
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a1q a2 c. A1 n—k c A1n

a921 a2 c. A2 n—k . a2 n
—O0p—k1 —An—k2 --- —Op—fkn—k --- —Opn_kn

Qnp,1 Qn,2 cee Qpn—k Qn,n

Hence, it follows that a,,—x ; = ajn—r =0 for j #n—k and k =0,1,...,n—-1, j =
1,2,..,n. Therefore we now obtain the fact that A is a diagonal matrix say,

a1y 0 e 0
B Ad 0 . B 0 as ... 0
0 0 Anon
Let
I, 00 0
v 0 0 01 0
v, = (! — 0 1 0
Y, (O Yl) where Y |
. . ]n—l—2><n—l—2
0 0

and [ =0,1,...,n—2. Then Y; € SP(2n, k) and again AY; = ;A which implies
AgY; =Y, A;. Therefore, we obtain the following equality

a7 0 0 O 0 0 0 0 0
0 axp 0 O 0 0 0 0 0
0O 0 . 0 0 0 0 0
0 0 0 ay 0 0 0 0 0
0O 0 0 O 0 Q141 141 0 0 =
0 0 0 0 ag2042 0 0 0 0
0O 0 0 O 0 0 ai3143 00
0O 0 0 O 0 0 0 .0
0O 0 0 0 0 0 0 0 anpn
a7 0 0 O 0 0 0 0 0
0 axp 0 O 0 0 0 0 0
O 0 . 0 0 0 0 0
0 0 0 ay 0 0 0 0 0
0O 0 0 O 0 142142 0 0
0 0 0 0 g1+ 0 0 0 0
0O 0 0 0 0 0 ai431+3 00
0O 0 0 O 0 0 0 .0
0O 0 0 O 0 0 0 0 anpn
Hence ajt141 = aj40442 for 1 =0,1,...,n —2. That is A = pId for some

pEk. ]
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The following is a list of notation which will be used in the proof of Theorem
3.2.

Let X, ¢ be the n x n diagonal matrix with a —1 in the (r,r) and (s, s) entries
and 1’s everywhere else.

Let X, be the n x n diagonal matrix with a —1 in the (r,r) position and 1’s
everywhere else.

Let E, s be the n x n matrix with a 1 in the (r,s) entry and 0's everywhere
else.

Let T, be the ¢ x ¢ antidiagonal matrix with 1’s on the antidiagonal and 0’s
everywhere else.

Let I. be the c¢xc identity matrix. If the size of the identity matrix is understood
from the context then I may be used to represent I..

(2 5)

T 0 ) )
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v (g ) (19
W= (£ 1) (10
= (G ) (1)
we= (5 B (19
. (—OTn Er:,%z_n> (19)
re= (5 ) (20
Fe= (57 ) 1)

We now have the following result that characterizes inner-automorphisms of
SP(2n, k). We will see that for Inny to be an inner-involution of SP(2n, k), that
we can not only assume that A is symplectic, but for the entries of A, we do not
need the algebraic closure of the field k, but either the field itself or a quadratic
extension of k.

Theorem 3.2.  Suppose A € GL(2n,k) , G = SP(2n,k) and G = SP(2n, k) .

1. The inner automorphism Inna keeps S_P(Qn, k) invariant if and only if A =
pM for some p € k and M € SP(2n, k).

2. If A€ SP(2n,k), then Inny keeps SP(2n, k) invariant if and only if we can
show A € SP(2n, k(y/«)) where each entry of A is a k-multiple of \/a, for
some o € k.

Proof.
1. <= Suppose A = pM for some p € k and M € G. Let X € G, then
Inny(X) = Innyp (X) = (pM) ' X(PM) = M™' XM

Since M, M, X € G,M~'XM € G and thus Inny keeps G invariant.

— Suppose Inny keeps G invariant. Then for any X € G,

B = Inns(X) = A7'XA € G. Since B € G, by definition BTJB = J
which implies that B = J='(B?)"'J. In addition, since B = A7 X A, we
have that (BT)™! = AT(XT)=1(AT)~!. Thus the following is true

A'XA=RB



BENIM, HELMINCK, JACKSON WARD 911

implies

AT XA=JYB")J

which implies
ATIXA = JHATXTY (AT g

hence
X = AJ AT (XT)y"H (ATt gA.
Now since X € G, we know (XT)~! = JXJ~! which means
X =AJ AT (JXxT (ATt gAT!
that is
X = (AJ AT )X (AT AT )
i.e. IDIlAJ—lATJ(X) = X.

Therefore by Lemma 3.1 AleATJ = ¢Id for some ¢ € k* which implies
g 'AJTATJ =1d. Let p € k* such that p?> = ¢~!. Then for M = pA we
have

MJI MY T = pAT'pAT T = p*PAJ AT = ¢t AT AT T = 1.

Therefore, MJ'M7TJ = 1d which implies MTJM = J ie. M € G.

. <= Suppose A = pM for some p € k and M € G. Let X € G, then
Inna(X) = Inn, (X) =p 'M ' XpM = M ' XM

Since M1, X, M € G we know Inny(X) = M~'XM € G and thus Inny
keeps GG invariant.

= Suppose A = (a;;) € G and Inny keeps G invariant.
We will first show that a,;a,; + agas; € G.

CASE 1: Suppose r,s < n.
Subcase a: Suppose ¢ < n.
The (i,7) entry of Inny(J) is given by

1 54iQ1,j + A2 pyiQ2j + -+ + Qo ptilon,j € K

since J € G and Inny keeps G invariant. By the same argument the (i, j)

entry of Inny (é

150p 41 n4i T A250ni2 nti + o+ ApjGon nti + Qpp1 prilni1j T Ona2ntiGnioj +
Cr Tt QopntiG2n, — 1 ntiOnd1,j — A2n4i0ni2j — *°° — QpntiGonj € k

ﬁ) given by

Hence the (i, ) position of Inny(J) — Inny ((I) ?) given by

—A1j0n41mti — A2i0n42n4i = 0 T AnjQonpti T Q1 nti@lj T A2,p4iQ25 + 00+
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Upontilnj + Q1 ptiGnit; + Q2 pniGni2j + 00+ QppyiGonj € K.

We know the matrix XI ?. is in G and hence the (i,7) entry of

I 0\ . .
Inny ( X, I) is given by
Q11 i T2 U2 i T+ FAnjQon nti— 01 n4i01 j— 021025 —(—Qppgilrj ) —
Ar41n4iQr41,5—" " '—(—as,n+ias,j)—as+1,n+ias+1,j—' T n4iQn i — A1 ntiGn1,5—
A2 p+ilnt2j — *** — Qopptilong € K

Now, the (i,7) entry of Inny(J) — Inng (é j:) + Inny <X{. ?) is given

by 2a, 5,4i0rj + 205 n4ias; and hence aqa,; + agas; € k for all [ > n and
j=1,2,...,2n.

Subcase b: Suppose i > n
For i > n the (i,7) entry of Inny(J) yields

—01;—nQ1j; — Q2;—nA2j — ... — A2pi—nl2nj
o o I 1 : .
and the (4, 7) position of Inny (O I) for i > n is

—An+1,i—nA1j — On42,i—n@25 =~ A2n,i—nln,j — On41,i—nGn+1,j — An+t+2,i—nln+2,5 —
Crr = Qopi—nQ2n, T 015 nOna1j T A2 nlpioj + -+ GpinGonj-

Hence the (i,7) entry of Inna(J) — Inny (é 5) is given by

Upt1,i—n015 T Opi2i—nl2j + * + Qopi—nlnj — 1—pG1; — A2i-ndoj — *** —

(pi—nQnj — 1i—n@N + 1, — Q23 nGpioj — = Qni—nop ;-
. o I 0).
For i > n the (i,7) entry of Inny is
X,s 1
—Qpg1,i—n1,j — On42i—n025 — *** = A2ni—nlnj + A1i—nd1,j + A2—n02j + -+

Ay j—nQnj + A1 —nQn41,5 + A2 i—nln42,j + -+ Qpi—nQA2n, j-

Therefore the (i,j) entry of Inns(J) —Inny (é 5) +Inny (XI ?.) yields

—2a,;_na,j — 2a5,;_nas; and since ¢ > n we have that a,a,; + agas; € k for
all l <mn and j =1,2,...,2n. Combining subcases a and b we have that
apayj + agas; € k whenever r,s < n.

CASE 2: Suppose r,s > n. Without loss of generality assume r < s.
. . I L .
Subcase a: Suppose ¢ < n. Now the matrix ([ ?) is in G and since

Inny keeps G invariant the (7,7) entry of Inny (5 ?) given by

Q1,j0nt1n+i + A2, j0nt2nti + oo T QnjG2nnti — O1pyiQ15 — G2 pyiQoj — * 0 —
Upn+iGn,j — Q1 ntiQntlj — G2 nt+ilnt2 — = Gpptilon; € k
Now the (i,7) entry of Inns(J) was given in case 1 subcase a, therefore the

(i,7) entry of Inna(J) + Inny <§ (j)') is
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A1,j0n+1,n+i T 02j0n42n+i+** F Qn jQ2n nti T Ont1nt+iGnt1,j T Ont2n+iGnt2,5 +
e A2 n+iA2n.5 — A1 n+ilnt1,j — A2 n+ilny25 — *°° — Qppn4iQ2nj

which must lie in k. We know the matrix <é Xr;’sn) € G and thus the

Xr—n,s—n
I
A1,j0n+1,n+i T A2jAnt2n+i T+ Qn jQ2n nti T Ont1nt+iGn+1,j + Ont2ntilGnt2,5 +
-+ (_ar,n+ia'r7j) + ar+1,n+iar+1,j + (_as,n+ias,j) + a'8+1,n+ias+1,j 4+
A2nn+iQ2n,5 — A1 ntiGntl,j — Q2ntilni2j — *°° — GpN + an,j c k.

Finally we observe that the (i,j) entry of Inny(J) + Inny (_1; ?) N
I Xr—n,s—n

0 I
agas; € k forall [ >n and j =1,2,...,2n.

automorphism Inny4 (é ) € G and its (4,7) entry given by

Inny is given by 2a, p+iQri + 204 p4ias; and hence apa,; +
b + .] b + 7-] -]

Subcase b: Suppose i > n. The (i,j) entry of Inny (§ ?) isin k£ and is

given by
—Unyii—n01j = p42i—n02j = = A2ni—nlnj + A1;—n01j + A25-nd2j + -+
Qpji—nOnj T 01i—nlpi1; + 02 pQpiog + -+ Qpinlop ;-

Hence the (i, 7) position of Inny(J) + Inny (I O) is

I I
—Qn44,i—n01,j T An42i—nA2,5 =~ @2ni—nln j — An41,i—nn+1,j — Gn4-2,i—nAn42,5 —
Cr = Qopg—n025 1 01 pnOni1 T Q2 nlpioj + 0+ GpinQonj

S . . I X, s n) . .
must reside in k. For i > n the (i,j) entry of Inny (0 ]’s ) is given

by

—Op41i—n1,j —An42,i—nA25 =" "~ Q2 i—nlnj — Ont1i—nGn+1,j — An42i—nlnt2,5 —
T (_ar,i—na’r’j) - a'r+1,i—na7"+1,j - (_as,i—nas,j) - as—i—l,i—nas—i-l,j -t

A2n,i—nQ2n,5 T Q1 i—nGni1j T 02i—nlpy2j + + QninGonj-

Therefore by considering the (7, j) entry of Inny(J) + Inny (§ (])) B

I X,_, . . .
Inny ( s "> we see that —2a, ;_,a,;—2a,;_na,s ; must be in k. Since

0 I
we assumed ¢ > n we have that aqa,; + agas; € k for all [ < n and
Jj=1,2,...,2n. By combining subcases a and b we obtain a,a,; +agas; € k

whenever r, s > n.

CASE 3: Suppose r <n and s > n.

Subcase a: Suppose i < n. The matrix (I 0

X, I) € (G and therefore

Inn 4 (; ?) € G. Specifically, the (i,7) entry of Inny ()é ?) given by
T T

A1,j0n41n+i + A2,j0ny2nti T+ ApjAopnyi — Qinti@lj — A2p4il2j — "0 —

<_ar,n+iar,j> — Qrp1n+iQr41,5 — 0 T Apn+ilnj — A1 n44iQn+1,j — @2 n+iln42,5 —

cr T Qpp4iQ2n,j
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lies in k. Now the (7,7) entry of Innu(J) + Inny ()1; ?) , which must be

in k, is
a1, 0ng1mti T Q2§02 pti + 0+ G jQ2nnti T 204G j + QpitnyiGngj +
Upt2n+i0n425 1+ Q2 ntil2nj — 01 ntilni1,j — @2 ntiGni2 = — Qpptilon ;-

. . . I X,
If we now consider the automorphism Inn4 on the matrix <O ‘j. "leqG

then we see that the (7, 7) entry of Inny (é Xs[") is given by

A1,j0n+1,n+i T 02 j0nt2nti T * F Qn jQ2n nti T Ont1n+iGnt1,j T Ont2 ntilGnt2,5 +
ct (Ssntis) + 0+ Qonnrilong — @lntilnily — Goppilngaj — =
Ap n4iA2n,j -

Hence, the (7,7) entry of Inny(J) +Inng ()5’ ?) —Inny (é XSI”) gives

us 2a, p4iQr; + 205405 ; and more importantly since we assumed i < n we
have that a,;a,; + asjas; € k forall [ >n and j =1,2,...,2n.

Subcase b: Suppose i > n. For ¢ > n the (7,j) entry of Inny <)1(. ?)

yields
~ng1inQij — Ony2in025 == Q2ninlnj + a1 n01 5+ 25 ngj+- - +)—
ri—nlpj + + OpipnQnj + 01 nQni1; + 25 nlGpioj + -+ Qpinlop ;-

. I 0) .
Therefore the (i,7) entry of Inns(J) + Inng <X 7]

T

—An+1,i—nQij — On42,i—nQ25 — = A2ni—nlnj — 2ar,ifnar,j — Ap+41i—nAn+l,j —
Un42i—nGni2j = — Q2pi—nQ2n 501 i—nlnilj T 02 nlpioj+ -+ Qpinlop ;.

Lastly we consider the (i,7) entry of Inng (é XS[") which is given by

—Qn41,i—nQij T An42,i—nA2,5 =~ @2ni—nln j — An41,i—nn+1,j — n42,i—nAn42,5 —

o= (=i s ) = —Q2n i Q2 j01 i—nOnt1 jF A2, Ont i+ i Qon, ;.
. I 0 I X, .
So the (i,7) entry of Inna(J) + Inng — Inny ") gives us
X, I 0o I

—2a,;_nQy; — 204;-n0s; and since ¢ > n we have that a,;a.; + asas; € k

forall [ <mn and j=1,2,...,2n.

Combining subcases a and b we have that a,a,; +agas; € k whenever » <n

and s >n

In conclusion, by combining Cases 1,2,and 3 we can conclude that a,;a,; +
asqas; € k forall ¢,5 =1,2,..2n and r # s.

We are now able to use the fact that a,;a, j+as,a,; € kforall ¢,5 =1,2,..2n
and r # s to show that a,,a,; € k for all ,7 =1,2,...,2n. However, we
must show this in two cases. We will first show that a,;a,; € k for all [ <n
and then show that a,;a,; € k for all [ > n. Without loss of generality it
shall suffice to show a;;a;; € k for all [.
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CASE 1: Assume ¢ > n. The (i,7) entry or Inna(J) is given by

—Q1—nQ1 5 — A2,i—nQ245 — " — Q2ni—nd2n,j which is in £ and 1mphes that
A1i—n@1j + A2;-pQ2j + -+ + A24i—n02,; € k. From our previous argument
we know that a,;a,; + asas; € k for all 4,7 = 1,2,...,2n, so obviously

ariar;+as;as; € k for i« > n. Making use of that fact the equality given by
a1;—nQ1; =

(@1,i—n@1j + Q2i—nQo; + -+ + Qopi—non ;) — (1/2)(a2,—na2,; + a3;-na3 ;) —
(1/2)(a3,i-na3,j + a4,i-n@a;) — (1/2)(A4-nGaj + a5;-nas;) — -

w = (1/2)(a2n,i—nGon,j + a2,i-na2,;)

must be in £, ie. ai;_na1; € k. Since we assumed that ¢ > n we have that
agai; € k for [ < n. Furthermore, we can conclude that a,;a,; € k for
[ <n

CASE 2: Assume i < n. Then the (i,j) entry of Inns(J), which is in &,
is given by aj;in@1; + G2, 4nG2; + -+ + Q2n,i4nG2nj. We again make use of
the fact that a,;a,; + as,as; € k for i =1,2,...,2n, and have an equality
similar to the one in case 1 (i — n is simply replaced by i + n)

a1i4nQ1,5 =
(@1,i4n01j + Q24002 + -+ + Qopitnon i) — (1/2)(a2,i4n02,; + A3,i4n03j) —

(1/2)(a3,i4n03,5 + aai1n0a;) — (1/2)(Qa,i4n0aj + G5i4na5;5) — - - -

o = (1/2)(a2n,itn2n,; + G2,i1n02;)

which again must be in k. Since we assumed ¢ < n we have that a;;a;; € k
for I > n and furthermore, a,;a,; € k for [ > n. Combining cases 1 and 2
shows that a,;a,; € k for 4,5 =1,2,...,2n.

We will finally show that a,;as; € k for r # s.

CASE I: Suppose r,s < n. Without loss of generality we will assume that

r<s.//

1. Subcase 1: Suppose r+s <n+ 1.

Let Y, s = (TSHl 0 ) and
0 [n—(s+r—1)

Y 0
Zrs = (E Y)

Now Z,, € G and hence Inny must keep Z,, invariant and thus all the
entries of Inny(Z, ) must lie ink.
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(a) Assume ¢ < n. Then the (7,7) entry of Inna(Z, ) is given by
—Arntils,j + Aptstr—1,n+i01,j + Apts4r—2n+iA2, 5 +-+
an+2,n+ias+r72,j + an+1,n+ia5+7“71,j - al,n+’ian+s+r71,j - a2,n+ian+s+r72,j -
T as+r72,n+ian+2,j - as+r71,n+ian+1,j + an+r+s,n+iar+s,j

+an+r+s+1,n+iar+s+1,j + -+ a2n,n+ian,j - ar+s,n+ian+r+s,j

—Or4s+1,n+in4r4s4+1,5 = — Anntil2n ;-
_ _Yr 0 _ _
Let Z, ( > ” v ) Now Z,, € G and thus Inny(Z,,) € G. In
T,8 —Irs

fact, the (i,7) entry of Innu(Z, ) is the negative of the (i,j) entry
of Inny Z, ; with the exception of —a, ,i;as; which remains negative.
Therefore, Inna(Z,,) + Inns(Z, ) has an (i,5) entry of —2a,, a;.
Since both Inna(Z,,) and Inna(Z,,) are both in G their sum is in G
and hence —2a, 40, ; € k. Since we assumed ¢ < n we have a,a,; € k

for Il >n.

(b) Assume i > n. Then the (i,7) entry of Inna(Z, ) is given by
Qri—nlsj — ntsdr—1,i—nA1j = Qntstr—2i—n025 — " = Op42i—nlsir—25 —
an—l—l,i—na's—i-r—l,j+a1,i—nan+s+r—17j_a2,i—nan+s+r—27j+' : '+as+r—2,i—nan+2,j+
As4r—1,i—nln+1,j +an+r+s,i7nar+s,j_an+r+s+1,i7nar+s+l,j_' : '_a2n,ifnan,j+
Ay +5i—nOntr+s,j + Q4 541,i—nGn4r+s+1,5 + o+ G i—nG2n,j
Note that the (i, ) entry of Inns(Z, ) for i > n is the negative of the
(7,7) entry of Inny(Z,,) for i < n with the simple change that n + 1
becomes i —n. Again we have that the (i, j) entry of Inna(Z, ) is the
negative of the (7, ) entry of Inny(Z, ;) with the exception of a,;_nas;
which remains positive. Hence as in the previous case the (i,7j) entry
of Inny Z, s + Innu(Z,,), gives us 2a,; nas; € k. Since we assumed
that ¢ > n we can conclude that a,;as; € k for | <n.

Combining a and b we have that a,;as; € k for r +s <n + 1.

2. Subcase 2: Suppose r+ s >n+ 1.

Let

I - 0
U, .= n+(r+s—1)
’ ( 0 (T2n—(r+s—1)

U, 0
Vrs = (E U)

Vs € G so Inny (V. ;) € G since Inny keeps G invariant.

and

(a) Suppose i <n. Then the (i,7) entry of Inny(V, ;) is given by
—Qr n4iQs 5 + 2n n+ils+r—n,j + A2n—1n+its+r—n+1,j5 + -+ Astrntiln,j —
A2, jAs+r—nnti — W2n—1,jAs+r—n+1n+i — ° " — Qstr j0nnti + Ap41,n+iQ1,5 +
Ap42n+iA2,5 + -+ Arys—1n+iA(r4+s—1)—n,j — A,nt+ilnt1,5 — A2nt+ilni42,5 —
= O(rgs—1)—n,n+ilrds—1,5-

Let X_/m = (_EUT’S _8 ) . Now V;S € (G which implies that InnA(I_/m)

€ G. The (i,j) entry of Innu(V, ) is the negative of the (i,j) entry of
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Inn,(V,s) with the exception of the term —a,,1;as; which remains
negative. Hence the (i,7) entry of Inng(V, ) + Inna(V;5), =20, ntias j
is in k. Since we assumed ¢ < n we have a,;a,; € k for [ > n.

(b) Assume i > n. As in the previous case, the (i,7) entry of Inn,(V, ;)
for i@ > n is the negative of the (7,7) entry of Inna(V,s) for i < n
with the simple change that n + ¢ becomes ¢ — n. Again we have
that the (i,j) entry of Inny(V,,) is the negative of the (i,7) entry
of Inns(V, ) with the exception of a,; ,as; which remains positive.
Hence as in the previous case the (i,5) entry of Inny Z, , + Inns(Z, ),
gives us 2a,,;_nas ;. Since we assumed that 7 > n we can conclude that
aras; € k for [ <n.

Combining a and b we have that a,;a,; € k for r+s <n+1

3. Subcase 3: Suppose r + s = n + 1. Here we choose W, s = (g" 79) .

Now W, , € G and hence, Inns (W, s) € G since Inny keeps G invariant.

(a) Suppose i <n Then the (7,7) entry of Inng(W, ) is given by
—QppyiQsj T Aop i@l + Q2n1n4i025 + -+ + Qpa1ntiGng — Q2 j01 pti +
A2n—1,542 n4i +-+ Apn4-1,50n,n4i -

Let W,, = (ET” _(; ) W,s € G which means that Inna(W,,) €

G. The (i,7) entry of Innyg (W, ) is the negative of the (7,j) entry of
Inny (W, s) with the exception that the term —a, ,4+;as; which remains
negative. Using the fact that Inna(W,,) + Inna(W,,) € G we have
that the term —2a, ,ias; € k. However, since we assumed that ¢ < n
we have that a,;as; € k for | > n.

(b) The case where i > n follows exactly as above by simply changing the
signs of each term and replacing n +14 by i —n.

Combining Subcases 1,2, and 3 gives us a,;as; € k for r,s > n.

CASE 1II: Suppose r,s > n. Without loss of generality assume r < s.

1. Subcase 1: Suppose r+s—2n <n-+1.
Y, nsen FEr_ps
! _ r—mn,s—n r—n,s—n
Let Z, , = ( 0 Yr—n,s—n)

(a) Suppose i <n, Since Z,, € G, Inny(Z, ) must lie in G and hence its
(i,7) entry of
Qr n4iQs j + Apts+r—1,n+id1,j + Apts+r—2,n+id2 5 + -+ Ap42 n+ilstr—2,5 +
an+1,n+ia5+r71,j_al,n+ian+s+r71,j_a2,n+ian+s+r72,j_' : '_as+r72,n+i@n+2,j_
as+r71,n+ian+1,j +an+r+s,n+iar+s,j +an+r+s+1,n+iar+s+1,j+' : '+a2n,n+ian,j_
ar+s,n+ian+r+s,j - ar+s+1,n+ian+r+s+1,j - an,n+ia2n,j
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is in k. Note that the (i,j) entry of Inn4(Z,) is precisely the
(i,7) entry of Inns(Z,s) given in part I with the exception of the

first term. Let Z/,, = (_Y;O"’S" _E{;n’s*n ) The (i,7) entry of

Inny(Z',) is the negative of the (i,j) entry of Inns(Z; ) excluding
the term a,,1;as; which remains positive. Hence the (i,7) entry of
Inny(Z],) + Inna(Z',,), givenby2a, niias; lies in k. Since we assumed
t < n we have a, a,; € k for [ > n.

As in the previous cases, for ¢ > n the proof follows exactly as above
by simply changing the signs of each term and replacing n + ¢ by

i —n. You will get that the (i,j) entry of Inns(Z],) + Inna(Z’,.;)
yields —2a,;_nas; € k. Or more specifically, a, a,; € k for [ < n.

Combining a and b gives a,;a,; € k for r+s—-2n <n+1

2. Subcase 2: Suppose r+s—2n>n+1

(a)

UT—n,S—n E’I‘—n,s—n
0 Ur—n,s—n
hence its (i,7) entry of

Let V/, = ) Now Inng(V;,) must lie in G and

Qr n4ils j + Q2n n+ils+r—n.j + A2n—1,n4+iAs+r—n+1,5 + - Qstrntiln,j —

A2, jAs+r—nnti — W2n—1,jAs+r—n+1n+i — °° " — Qstr jAn nti + Ap41,n+iQ1,5 +

pt2n+iG25 +  F Qrps—1n+iQ(r+s—1)—n,j — A n+iOnt+1j — A2n+i0n+2j —
* T Q(r4s—1)—nn+ilr4s—1,5

must lie in k. If we define V', , = <_Uﬁs Erns—n

0 _Ur,s

) , which is in G,

then we see that the (i,j) entry of Inny (V') is the negative of the
(4,7) entry of Innu (V) excluding the term a,,;as; which remains

positive. Hence the (4,7) entry of Inna (V) +Inna(V",s), 26, it 5 is
ink. Since we assumed i < n we have a,;a,; € k for [ > n.

Again as in the previous cases, for ¢ > n the proof follows exactly as
above by simply changing the signs of each term and replacing n+1 by
i—n. You will get that the (4, j) entry of Inng (V) +Inny (V') yields

that the term —2a,;_na;; is in k. Or more specifically, a,,as; € k for
[ <n.

Combining a and b gives a,;a,; € k for r+s—2n>n+1

3. Subcase 3: Suppose 7 +s—2n =n+1. Let W/ = (T" ET"’S"> . Now

/!
W,

(a)

0 T,
€ G and thus Inng (W) € G.

Suppose i < n, then the (i,j) entry of Inny (W) ) is given by
Orntilsj T QonptiQl,j T Gon—1n+iG2, + + Qpi1ntiOnj — 020,501 04 +
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A2n—1,jA2,n+i T *** + Ant1,0nnti -

T/ _Tn Er—n,s—n
If we let W7, o = 0 T
simply the negative of the (i, j) entry of Inny (W) excluding the term
Qrn+its; Which remains positive. Hence the (7, j) entry of Inn (W] )+
InnA(W’m), 2a, 4405 1s in k. Since we assumed i < n we have
argas; € k for [ >mn.

> , then we see that the (i,7) entry is

(b) Again as in the previous cases, for ¢ > n the proof follows exactly as
above by simply changing the signs of each term and replacing n+i by
i—n. You will get that the (i,7) entry of Inny (W}, )+Inna(W},) yields
that the term —2a,;_na,; is in k. Or more specifically, a,a,; € k for
[<n.

Combining a and b gives a,;a,; € k for r+s—2n>n+1

CASE III: Suppose r <n and s >n

1. Subcase 1: Suppose r +s < 2n + 1.
Let M, = (_E;/_"’T YSE)”’) . Now M, s € G and thus Inny(M, ) € G by
assumption. ’

(a) Suppose i < n. Now the (4, ) entry of Inny (M, ) is given by
ar,jas,nJri + a/s+r,n+ias+r,j + as+r+1,n+ias+r+1,j + -+ a2n,n+ia2n,j +
as+r—n,n+ias+r—n,j+as+r—n+1,n+ias+r—n+1,j+' : '+an,n+ian,j+as+r—1,n+ian+1,j
+as+r—2,n+ian+2,j + Apt1n+ilstr—1,5 + As—ptr—1,n+id1j
+as—n+r—2,n+ia2,j +oeee A+ a1 n4+iGs—ntr—1,5-

Now define M, , = (?f”” _Ya”’r), then M,, € G and therefore

Inna (M, ) € G. In addition the (i, ) entry of M, is the negative of
the (i,7) entry of Inns (M, ;) with the exception of the term a, ;jastn
which remains positive. The sum Inna(M, ) + Inna(M, ;) € G and
thus its (i,7) entry of 2a, jas;+, € k. Since we assumed that i < n

this gives us a, jas; € k for [ > n.

(b) As in the previous cases, for i > n the proof follows exactly as above
by simply changing the signs of each term and replacing n+14 by i —n.

You will get that the (4, j) entry of Inng (M, s)+Inna (M, ) yields that
the term —2a, jas;—, isin k. Or more specifically, a, jas; € k for | < n.

Combining a and b gives a,jas; € k for r + s < 2n + 1.

2. Subcase 2: Suppose r+s>2n+1.

With N,, = _E[j__"”" US;”) it is seen that N,; € G and thus by

assumption Inns(N, ;) € G
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Suppose ¢ < n then the (i,7) entry of Inny(N, ) is given by

Qr Qs n+4i + 2 n+ils+r—n,j + A2n—1,n+ilst+r—n+1,j +-F Qs4r—n,n+iA2n,j +
an,n+ias+r72n,j+an71,n+ia5+r72n+1,j+' : '+as+r72n,n+ian,j+an+1,n+ian+l,j+
Oni2m+ilni2j + + 0 pnirirs 1 priQniris—1,j T 0115 + 2p14025 +
s A _on+4r+s—1,n+id—2n+r4s—1,j

Define Nr,s = <5:Z: _UB_W‘

that N,, € G implies that Inna(N,,) € G. Now the (i,j) entry of
Inny (N, ) is the negative of the (4,7) entry of Inna(N, ) with the ex-
ception of the the term a, jas,; which remains positive. Hence the
(i,7) entry of Inna(N, ) + Inna(N, ) given by 2a, jas,.; must lie in
k. Furthermore, since we assumed that ¢ < n we can conclude that

a,;as; € k for [ > n.

. We again can make use of the fact

As in the previous cases, if 7 > n the proof follows exactly as above by
simply changing the signs of each term and replacing n + i by i — n.

You will get that the (7,7) entry of Inna (N, s) +Inny (N, ) yields that
the term —2a, ja,;—, isin k. Or more specifically, a, jas; € k for | < n.

Combining a and b gives a,jas; € k for r +s <2n +1

E's—n,r Tn
T, 0/

Now F,. s € G and therefore Inny(F, ) € G since Inny keeps G invariant.

(a)

Suppose ¢ < n. Then the (i, 7) entry of Inna(F, ) is given by
Ay jOsnti + A1 p4il,j + A2p4i025 + A2p 4035 + *** + Q2nptiQon,j
_ E,_ -, . - -
Let F. s = _571” 0 ") . Thensince F, s € G we have that Inny(F, )
n
€ G. More importantly, the (i,5) entry of Inna(F, ) is the negative of
the (7, 7) entry of Inn,(F, ) with the exception that the term a, jasin
remains positive. Again using the fact that Inna(F,. ;) +Inna(F,;) € G
we have that its (¢, j) entry of 2a, jas,+; € k. Since we assumed ¢ < n

we have that a,jas; € k for [ > n.

As in the previous cases, if 7 > n the proof follows exactly as above by
simply changing the signs of each term and replacing n+i by i—n. You

will get that the (4, j) entry of Inny(F, s) + Inna(F,,) € G yields that
the term —2a, ja,;—, is in k. Or more specifically, a, jas; € k for [ <n

Combining subcases a and b gives us a, jas; € k for r +s = 2n + 1.

Combining cases 1,2, and 3 gives us a,;a,; € k for r <n and s > n.

Cases I, II and III show that a,;as; € k. From this it is clear that
kla;s) = klaj] for all 4,j,s,¢ (assuming that a;s and a;; are both nonzero). So,

let o = a?, where a;; is a fixed nonzero entry of A. Then, we have shown that all
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the entries of A are in k[y/a]. This means that A € SP(2n, k[y/a]), and all of the
entries of A are k-multiples of \/«, as desired. [

4. Involutions of SP(2n, k)

We now begin to focus on involutions and the classification of their isomorphy
classes. We will distinguish different types of involutions. First, we note that for
some involutions, ¢, there exists A € SP(2n, k) such that ¢ = Inny,, but not in
all cases. Sometimes we must settle for A € SP(2n, k[\/a]) \ SP(2n, k).

This is not the only way in which we can distinguish between different types
of involutions. If Inn, is an involution, then Inny2 = (Inny)? is the identity map.
We know from above that this means that A% = vI for some v € k. But, we know
that A is symplectic. So, A? is also symplectic. That means that (A?)TJ(A?) = J,
which implies (y1)TJ(yI) = J, which means v*> = 1. So, v = £1. Thus, we can
also distinguish between different types of involutions by seeing if A? = I or
A? = —J. This gives the four types of involutions, which are outlined in Table 1.

Table 1: The various possible types of involutions of SP(2n, k)

| | AeSP(2n,k) | AeSP(2n,k[/a]) \ SP(n, k) |
A2 =1 Type 1 Type 2
A? =T Type 3 Type 4

4.1. Type 1 Involutions.

We first characterize the matrices that induce Type 1 involutions in the
following lemma.

Lemma 4.1.  Suppose 0 is a Type 1 involution of SP(2n,k). Then,

I 0 0 0
0 —I. 0 0 .
A=X1 0 o oo |t
0 0 0 -I

where s+t =2n and XTJX = J. That is, X € SP(2n, k).

Proof. Since Inn% = I and A € SP(2n, k), then it follows that A% = I. So,
all eigenvalues of A are 1. Since there are no repeated roots in the minimal
polynomial of A, then we see that A is diagonalizable. Let s = dim(F(A, 1)) and
t = dim(E(A, —1)), and observe that s+t = 2n since A is diagonalizable. We will
first show that both s and ¢ must be even. To do this, we proceed by contradiction
and assume that s and ¢ are both odd. So, there exists some Y € GL(n, k) such
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that Y 1AY = (IOS _Olt) . Since A is symplectic, then it follows that

J=ATJA

I, 0 ’ I, 0
_ s -1 S —1
(6 ) (6 )
_ —I\T ]s 0 T ]s O -1
_(Y)<0_]tYJY o —1, )Y "

This implies that

I, 0 T v T I, 0
(0 _]t>Y JY = (Y JY)(O —It)’

where YTJY is an invertible skew-symmetric matrix. So, Y1TJY = (};1 YOQ) for
some invertible skew symmetric matrices Y; and Y5, which are s x s and ¢ x ¢,
respectively. But odd dimensional skew symmetric matrices cannot be invertible,
so this is a contradiction. Thus, s and ¢ must be even.

We now wish to construct bases for E(A, 1) and E(A, —1) such that all the
vectors lie in k™. Let {z1,...,2,} be a basis for k™. For each i, let u; = (A+1)z;.
Note that

So, {uy,...,u,} must span E(A,1). Thus, we can appropriately choose s of these

vectors and form a basis for F(A,1). Label these basis vectors as yy, . . ., Yss Yntis oo
Yn+s. We can similarly form a basis for E(A,—1). We shall call these vectors
Ys+1 -3 Yny Ynt5+15 - - -5 Yo - Let Y be the matrix with the vectors yi, ..., Y2, as

its columns. Then, by construction,

I% 0 0 0
v-l4y — 0 —I% 0 0
N 0 0 ]g 0
0 0 0 —I%
We can rearrange to get
I% 0 0 0
A_y 0 —I% 0 0 v
N 0 0 ]g 0
0 0 0 —I

I 0 0 0 ! I 0 0 0

I B O [ Y I U " A Y R
0 0 I 0 0 0 I 0
0 0 0 -I 0 0 0 -I
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This implies

L 0 0 0 L 0 0 0
0 1. 0 0 0 —-I. 0 0
—1\T ¢ T _ L ~1
AR B L0 YE=JY g o I 0 (JY)™,
0 0 0 —I. 0O 0 0 —I.
2 2
which means
L 0 0 0 L 0 0 0
0 1, 0 0 |y | 0 -1 0 0
0 0 I, 0 = 0 0 I, 0
0 0 0 —I 0 0 0 —I

t
2

Yi 0 Y2 0
0 Ys 0y .
So, YTJY = YI 0 vs 0 |,whereY; and Y5 are § X 3 skew-symmetric
0 -YL 0Ys
matrices, Y3 and Yg are % X % skew-symmetric matrices, Y3 is a 3 x § matrix and
t

Yy is a § x § matrix.

We can choose a permutation matrix ) € O(2n, k) such that
_ Is 0 -1y -1
A_YQ( . _[t>Q Y

and
Yi Y, 0 0

Y00 | oy
0 0 Y Y |
0 0 Y Y

YTJY =Q

Let Y; = (_1;1; %) and Yg = (_ET 2;2) . Note that both Y7 and Y; are skew-
symmetric. We can rearrange the above statement to be

QTYTIYQ = ( 3;7 38 )

It follows that there exists N = (7' { ) € GL(n, k) such that

P

T AT T _ —43
N Q' Y'JYQN = 0 0 0 [%
0 0 -7 0

t
2

We see that we can again use the permutation matrix ) to get

QONTQTYTIYQNQT = ( _OI % ) = J.
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Let X = YQNQ”. Then,

L 0 0 0 L 0 0 0
0 1. 0 0 |, S I A .

oo o001 o [XEYONG g o7 g, o |YENQ
0 0 0 -I 0 0 0 I

I: 0 0 0

S I PO A
0 0 Iy o0
0 0 0 I

where X7 JX = J. From this last observation, it follows that X € SP(2n,k). =

Using this characterization, we now find conditions on these involutions
that are equivalent to isomorphy.

Theorem 4.2.  Suppose Inny and Inng both induce Type 1 involutions for
SP(2n, k) for A and B € SP(2n,k). Then, Innyg and Inng are isomorphic over
SP(2n, k) if and only if the dimension of E(A, 1) equals the dimension of E(B,1)
or E(B,—-1).

Proof.  We first prove that Inn, is isomorphic to Inng over SP(2n, k) is equiv-
alent to A being conjugate to B or —B over SP(2n, k). Suppose A is conjugate
to B over SP(2n,k). Choose @ € SP(2n,k) such that B = Q7'AQ. Then, for
all U € SP(2n, k), we have

Q'ATIQUQTAQ = (Q71AQ) U (QT1AQ)
— B~'UB.

So, (Inng) 'InngInng = Inng. That is, Inna is isomorphic to Innp over
SP(2n, k). Likewise, if A is conjugate to —B, then we can show Inny is iso-
morphic to Inng over SP(2n, k). This argument is easily reversible.

From this, it is clear that if Inny and Inng are isomorphic over SP(2n, k),
then the dimension of E(A,1) equals the dimension of E(B,1) or E(B,—1). We
need only show the converse.

First, suppose that the dimension of F(A,1) equals the dimension of
E(B,1). By the previous lemma, we can choose X,Y € SP(2n, k) such that

XTAX = 0 L 00 gy
“lo o 1, o |7 '
0 0 0 —I
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Let Q = XY~ !. Note that Q € SP(2n, k). Then, we have Q" 'AQ = B,
and we have already shown that this implies Inn, is isomorphic to Inng over
SP(2n, k).

If the dimension of E(A, 1) equals the dimension of E(B,—1), then we can
similarly show that there exists Q € SP(2n,k) such that Q@ *AQ = —B, which
also implies Inny is isomorphic to Inng over SP(2n, k). n

From this theorem, the number of isomorphy classes of Type 1 involutions
is clear. We note that this number is independent of the field k.

Corollary 4.3. SP(2n,k) has § or "T_l isomorphy classes of Type 1 involu-
tions. (Whichever is an integer.)

4.2. Type 2 Involutions.

We have a similar characterization of the matrices and isomorphy classes in
the Type 2 case. We first prove a result that characterizes the eigenvectors in the
Type 2 case.

Lemma 4.4.  Suppose A € SP(2n,k[\/al,5) \ SP(2n,k,B) induces a Type 2
involution of SP(n,k,3) where /o & k. Also suppose z,y € k*" such that
v+ +ay € E(A,—1). Then, v —/ay € E(A,1). Likewise, if u,v € k*" such
that u+ y/oav € E(A,1). Then, u— \/av € E(A,—1). Further, dim(E(A,1)) =
dim(E (A4, —1)).

Proof. First, we observe that “y/a-conjugation,” similar to the familiar com-
plex conjugation (i-conjugation), preserves multiplication. That is,

(a + vab)(c+ vad) = (ac + abd) + /a(ad + be)

and

(a — vab)(c — Vad) = (ac + abd) — /a(ad + be).
So, “y/a—conjugation” will preserve multiplication on the matrix level as well.
Because of this and since

Az +Vay) = —x — Vay,

then it follows that
(=A)(z — Va) = —z + Vay.

We can multiply both sides to see that
Alz — Va) =2 —Vay.

That is, x — /ay € E(A,1). This proves the first statement. An analogous
argument proves the second.

To see that dim(E(A,1)) = dim(E(A,—1)) is the case, note that the
first statement tells us that dlm( (A 1)) < dim(E(A,—1)), and that the second
statement tells us that dim(FE(A,1)) > dim(EF(A, —1)), since “y/a-conjugation”
is an invertible operator on k[y/a]™. m
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We are now able to characterize the Type 2 involutions. Note that this
result combined with our results from the Type 1 case shows that if n is odd, then
SP(2n, k) will not have any Type 2 involutions.

Lemma 4.5.  Suppose 0 is a Type 2 involution of SP(2n,k). Let A be the
symplectic matriz in SP(2n, k[\/a]) such that @ =Inn,. Then,

zhﬂﬁx(o I”)X—1

o al, 0

where
X:(:cl Ty o Ty Y1 Y2 v yn)EGL(2n,k),

where for each i, we have that x; + /ay; € E(A,1) and z; — /ay; € E(A,—1).

Further,
1/70J 0
T — —
XJX—2(0 é(])

Proof. We wish to construct bases for F(A,1) and E(A, —1) such that all the
vectors lie in k[/a]?". From the previous lemma, we know that dim(E(A,1)) =
dim(FE (A, —1)) = n. Since Inny is a Type 1 involution of SP(2n, k[a]), then we
can apply Lemma 4.1 to find a basis {z1 + v/ayi,...,x, + Vay,} of E(A1),
where Z1,...,%n, Y1,---,Yn € k*". By the previous lemma, we know that{x; —
Vayy, ..., xn — y/ayn} must be a basis for £(A,1). Further, based on Lemma
4.1, we can assume that these vectors are chosen so that if

Y = (214 a2y +Vayym - V. oy~ Vayg opa +Vays, .

ooy T + \/ayn7x%+1 - \/ay%Jrlu <oy T — \/ayn)7

then we know that

I 0 0 0
0 _Iﬂ O 0 -1
A=Y 0 o' oo |V
0 0 0 —I

where YTJY = J.
Let X = (%122 23 v192 vz ) e GL(n, k).
We now make a couple of observations. Suppose u = z + y/ay is a 1-

eigenvector of A such that z,y € k™. Then, we know v = = — y/ay is a —1-
eigenvector of A. Observe that

1 1
Ar = EA(u—i-v) = §(u —v) = Vay.
It follows from this that

Ay = —u.
a
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Since Az = y/ay and Ay = 2, then it follows that

(e}

_ 0 YoI.
XIAX = o'y |,
(o 5

Rearranging this, we see that

A:ﬂx< 0 LS)Xl.

o a/]g 0

Now, we need only prove the last statement to prove the Lemma. Since
YTJY = J, then we know that if 1 <¢ <2 and j # £ + i, then

0= B + Voays, x; + Vay;) = (B(zi, x;) + aByi,y;)) + Va(B(zi,y;) + Bz, v:)

and that

0= 5($i+\/ayu$j - \/5%‘) = (5(%, 95;‘) —045(% yg)) +\/a(—5($ia yj) +5($j7yi))-
SO7 we have that B(ZL’Z,I‘]) + O-//B(ywyj) = 07 ﬁ(xzay]) + B(xjvyz) = 07

B(xi,x;) — aB(yi,y;) = 0, and —B(x,y;) + B(xj,y:) = 0. It follows from this
that when 1 <4 < 2 and j # § + 1, we have

B(zi, x5) = Byi, y;) = B(wi, y5) = Blyi, v5) = 0.

Now suppose that 1 <4 < 7 and j = § +4. Then, we have

1= B(wi + Vayi, v; + Voy;) = (8w, ;) + aB(yi y5)) + Va(B(wi, y;) + Bz, 4:))

and that

0= Blai+Voy, z; —Vay;) = (B(zi, ;) — aByi, y;)) + V(=B ;) + B(x;, yi))-
Similar to the first case, we have that §(z;,y;) = 0= S(y;, z;) = 0, and we
have

1= ﬂ(ﬂfi,iﬂj) + &B(yiayj)

and

0= 5(33’1',.1'3‘) - aﬁ(ylay])
Thus, when 1 < i < § and j = 5+, we have that ((z;,z;) = ; and

B(yi, y;) = 5= - So, we have that XTJX = ¢ (‘é éOJ)- "

We now consider a couple of examples of Type 2 involutions.
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Example 4.6. Consider the matrix

1 1.0 0
A_Y2| 1 10 0
2 0 0 1 1
00 1 -1

Inn, is a Type 2 involution of SP(4,Q) since A% =T and each entry of A
is a Q-multiple of v/2. A basis for E(A, 1) that matches the conditions of Lemma
4.5 is formed by the vectors

0 0
0 0
V1 = 1 + \/5 1
_§ ~1
-1 0
and
0 2
4 —2
Vo = 1 + \/5 1
1 0
It can be shown that
0 0
0 0
U3 = 1 - \/§ 1
_§ -1
-1 0
and
0 2
4 -2
Vg = 1 - \/§ 1
1 0

are basis vectors for E(A, —1) that also match the conditions of Lemma 4.5.
Following the notation of the previous lemma, we have

0O 0 O 2
0O 4 0 -2
X: 1 1 )
—§ 1 —3 1
-3 1 0 0
0100
_1 0 In
where XTJX = 028 g 2 and A:\/Ti)((ﬂ@ 02>X_1
0 ofié ’

Example 4.7. Let k be any field that does not contain ¢ = v/—1. For example,
k could be R, or IF,, or Q, where p is congruent to 3 mod 4. Consider the matrix

1 1 0 0
=2 =10 o0
A=il o o 1 o
0 0 1 -1
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Inny, is a Type 2 involution of SP(4,k) since A% = I and each entry of A
is a k-multiple of 7. A basis for F(A,1) that matches the conditions of Lemma
4.5 is formed by the vectors

_1 1

2 2

1 ) 0

v = 1 +1 1

1 0

and .

-1 0

1 1

Vg = ]2_ + 1 _21

1 0

It can be shown that

_1 1

2 2

1 . 0

V3 = 1 —1 _1

1 0

and .

-1 0

1 1

Vy4 = i —1 _21

1 0

are basis vectors for E(A, —1) that also match the conditions of Lemma 4.5.
Following the notation of the previous lemma, we have

1 11
i
— 2 2
X = 1 1 -1 -1\’
1 I 0 0
0 1oo
T -100 0 . 1
where X*JX = | =, | and A= XJX .
0 0L 0
2

Using our characterization of Type 2 involutions, we now find conditions on
Type 2 involutions that are equivalent to isomorphy.

Theorem 4.8.  Suppose A and B both induce Type 2 involutions of SP(2n, k)

where we write
g Vay ( 0 1 ) X

«

B:£Y< 0 I )Y‘1

and

g
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where
X:(xl Ty o Xy Y1 Y2 v yn)EGL(Qn,k:)

and

Y:(fl fQ j:n gl g2 gn)GGL(Qnak)7
where for each i, we have that x; + \/ay; € E(A,1), z; — Vay, € E(A, 1),
T +ay; € E(B,1), &; — ay; € E(B,—1), and we know that

L/J 0
T —_— =
XJX_Q(O&J)

and

1/0J 0
T — -
Y JY = 5 ( 0 %J ) .
Then, Inny and Inng are isomorphic over SP(2n,k) if and only o and B lie in
the same square class of k.

Proof.  First, we note that if there exists Q € SP(2n, k) such that Q~'AQ = B,
then Inny and Inng are isomorphic over SP(2n, k). Secondly, we note that this
can be the case if and only if a and 8 are in the same square class. So, to prove
this theorem, we can simply assume that a = g and we will show that there exists
such a a () € SP(2n, k).

Let Q = XY 1. First, we note that

QTJQ = (XY ) J(XY ) = (Y ) (XTIX)Y T = (V) (Y)Y =,

so we see that @ € SP(2n, k).
Lastly, we see that

QTAQ = (XY HTAXY )

— V(X TAX)Y !

_ \/a 0 In -1

= lan, o)¥

= B. ]

From here, it is clear that the number of Type 2 involution isomorphy classes
is dependent on n and on the number of square classes of the field k.

Corollary 4.9. If n is even, then SP(2n,k) has at most |k*/(k*)?| — 1 iso-
morphy classes of Type 2 involutions. If n is odd, then SP(2n,k) has no Type 2
1mvolutions.

4.3. Type 3 Involutions.

We now examine the Type 3 case. Recall that ¢ is a Type 3 involution if
¢ = Inny, where A € SP(2n,k) and A% = —I. Such matrices have eigenvalues
44, and are diagonalizable because the minimal polynomial has no repeated roots.
We begin by proving a couple of results about the eigenvectors of such matrices.
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Lemma 4.10.  Suppose A € SP(2n, k) induces a Type 3 involution of SP(2n, k).
Also suppose x,y € k™ such that x + iy € E(A,—i). Then, x —iy € FE(A,i).
Likewise, if u,v € k" such that v+ iv € E(A,i). Then, u—iv € E(A,—i).
Further, dim(E(A,1)) = dim(E(A, —i)).

Proof. Recall that complex conjugation preserves multiplication. This applies
at the matrix level as well as at the scalar level. Because of this and since

Alx +iy) = —i(x —iy) = y — iz,

then it follows that
Alx —iy) =y + iz = i(x — iy).

That is, z — iy € E(A,—i). This proves the first statement. An analogous
argument proves the second.

To see that dim(E(A,7)) = dim(E (A, —i)) is the case, note that the first
statement tells us that dim(F/(A, 7,)) dim(FE(A, —i)), and that the second state-
ment tells us that dim(E(A, 1)) > dim(E(A, —z)). n

Lemma4.11.  Suppose A € SP(2n, k) induces a Type 8 involution of SP(2n, k).
Then, there exists Ti,...,Tp, Y1, -, Yn € k*" such that the z; + iy; form a basis
for E(A,i) and the x; —iy; form a basis for E(A, —i).

Proof. Since Inny is Type 3, then we are assuming that A € SP(2n, k) and
A? = —I. Tt follows that all eigenvalues of A are #i. Since there are no repeated
roots in the minimal polynomial of A, then we see that A is diagonalizable. We
wish to construct bases for F(A,i) and E(A,—i) such that all the vectors lie in
k[i]*. Let {z1,...,20,} be a basis for k*". For each j, let u; = (A +il)z;. Note
that

So, {u1,...,us,} must span E(A,i). Thus, we can appropriately choose n of
these vectors and form a basis for F(A,7). We can reorder, and assume that the n
chosen vectors are uy, ..., u,. Let x; = Az; and y; = z;. Then, these eigenvectors
are of the form z;+1y;. By the previous lemma, we know that z; —iy; € E(A, —i).
This proves the statement. [ |

We are now able to prove results that characterize the matrices that induce
Type 3 involutions, and then use these characterizations to find conditions on these
involutions that are equivalent to isomorphy. We will have to prove this by looking
at separate cases depending on whether or not i = v/—1 lies in k. We begin by
assuming that ¢+ € k.

Lemma 4.12. Assume i € k and suppose § = Inny is a Type 3 involution
of SP(2n,k), where A € SP(2n,k). Then, A = X (' ) XY for some
X € GL(n, k), where XTJX = (_%, ') where Xy is diagonal.
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Proof.  We know from Lemma 4.11 that we have bases for F(A,i) and E(A, —i)
that lie in k?". We will show that we can in fact choose bases ai,...,a, for
E(A,49)Nk* and by,...,b, for E(A,—i) N Ek* such that B(aj, a;) = 0= B(bj, )
and fS(a;,b;) is nonzero if and only if j = 1. We will build these bases recursively.

First, we know that we can choose some nonzero a; € E(A,7) Nk*". Then,
since ( is non degenerate, we can choose a vector ¢ such that §(ai,t) # 0. We
note that E(A,i) ® E(A,—i) = k>, so we can choose t; € E(A,i) N k* and
t_; € E(A,—i) N k*>" such that ¢t = t; +t_;. Since ((ay,t;) = 0, then it follows
that f(ay,t_;) € k is nonzero. Let by =1_;.

Let Fy = Spany(ay,b;) and let F} be the orthogonal complement of E; in
k. Since the system of linear equations

Blay,x) =0
B(bl,l‘) = O

has 2n — 2 free variables, then we see that F; has dimension 2n — 2.

We now wish to find as € Fy N E(A, ). Similar to the construction in the
previous lemma, we can choose x € Fj, and let ays = Az + ixz. Now we want
by € Fy N E(A—,1) such that 5(ag,bs) is nonzero. Since f|p is non degenerate,
then there exists some y € Fy such that S(as,y) # 0. Similar to the construction
of b1, we see that this implies the existence of a vector by that fits our criteria.

Now, we let Fy = Span,(ay,as, by, by) and let F, be the orthogonal com-
plement of F5 in k™. We continue this same argument n times, until we have the
bases that we wanted to find. Let

X = (al,...,an,bl,...,bn).
Then, the result follows. [ |

We can now use this characterization to show that all such involutions must
be isomorphic.

Theorem 4.13.  Assume that i € k. Then, if Inny and Inng are both Type 3
involutions of SP(2n, k), then Inny and Inng are isomorphic over SP(2n, k).

Proof.  Suppose we have two such involutions of SP(2n,k). Let them be rep-
resented by matrices A, B € SP(2n, k). By the previous Lemma, we can choose
X,Y € GL(n, k) such that

XTAX = < ’é" _?] ) — Y-1BY,
T 7y 0 Xy
XTIX = ( X, 0

and

Tv_( 0 N
YJY_<_Y1 0
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where X; and Y; are diagonal.

Since X7 and Y; are both invertible diagonal matrices, then we can choose
Ry and R, € GL(%,k) such that Y, = RTX\Ry. Let R = (%1 122) and Q =
XRY ™', We will show that Q € SP(2n,k) and Q 'AQ = B. This will then
prove that Inny and Inng lie in the same isomorphy class.

First we show that ¢ € SP(2n, k). Note that

QTJQ = (XRY HTJ(XRY ™)
Y HTRY(XTJX)RY
Y HrwvTjy)y

J,

which proves this claim.
Lastly, we show that Q'AQ = B. We first note that R and (' J)
commute. Then, we see that

Q'AQ = (XRY ) 'AXRY ™)
=YR Y X 'AX)RY !

—YR! ( —il 0 )RYl

0 ol
— YRR ( oy ) y-!
_Y( —31 zOJ)Yl
=B.
We have shown what was needed. |

We now examine the case where ¢ ¢ k., beginning with a characterization
of the matrices that induce these involutions.

Lemma 4.14. Assume i € k. Suppose 0 = Inny is a Type 3 involution of
SP(2n, k). Then, A=U(_ 5 )U ' =UJU" for

U:(al Ao -+ Ap b1 b2 bn)EGL(Qn,k),

where the a; +ib; are a basis for E(A,1), the a; — ib; are a basis for E(A, —i),
and UTJU = (_},, '3), where Uy is diagonal.

Proof. We know from Lemma 4.11 that we have bases for F(A, ) and E(A, —1i)
that lie in k[i]*". We will show that we can in fact choose bases a;+iby, .. ., a,+ib,
for E(A,i) N k[i*" and ay — iby,...,a, — ib, for E(A,—i) N k[i]*" such that
B(aj +ib;,a; — ib;) is nonzero if and only if j = [. From this, we will be able to
show that f(a;,a;) = 0 = B(b;,b;) when j # [ and B(a;,b) = 0 for all j and .
We will build these bases recursively.
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Recall that given any vector x € k*", we know that Az + iz € E(A,i). We
want to choose x € k?® such that 27 AT Jx # 0. (The reasons for this will become
apparent.) If e]TATJej # 0, we can let x = e;. Suppose that this doesn’t occur
for any j.

Since ATJ is invertible, we know that for more than 2n pairs of j and [
we have e] AT.Je; # 0. Also, we see that since A is symplectic and A"JA = J,
then we have that

ATT=JA ' =JA = —JA
and that
(AT =J"A=—-JA=ATJ.
That is, A”J is symmetric. So, e]TATJej =e] AT Je;. Then, we can let z = e;+e;.
Then, we have

T AT Jx = ejATJel + elATJej = 2€jATJ€l # 0.

In either case, we have many choices for z.

Let z € k*" be a vector from above. We have Azr + iz € E(A,1). Let
a; = Az and by = x. So, aj +ib; € E(A,i) and a; —iby € E(A, —i). From this,
it follows that

B(ay +iby,aq — iby) = (B(a1,a1) + B(b1,b1)) + i(—S5(a1, br) + B(b1, az))
=0+ i(—p(Ax,z) + B(z, Az)
= —2if(Azx, x)
= —2i(z" AT Jx)
# 0.

Let Ey = Spang(a; + iby, a1 — iby) = Spany (a1, b1), and let Fy be the
orthogonal complement of FE; over k[i]. F; has dimension 2n — 2, and f|p
is nondegenerate. So, we can find a nonzero vector z € F; N k*" such that
Bl (Az,z) # 0. So, as in the last case, let as = Ax and by = x. Similar to
before, we have [(ay + ibg, ag — ibg) # 0.

Let Ey = Spany; (a1, az, by, bz), and let Fy be the orthogonal complement
of Ey over k[i]. In this manner, we can create the bases that we noted in the
opening paragraph of this proof.

Note that we always have

0= B(a; + ibj, ar +ibi) = (B(a;, a) — B(b, b)) + 1(Baz, br) + B(bj, ar)),
and when j # I we have
0= B(a; +ibj, ar — iby) = (B(aj, @) + (b, b)) + i(—=PFlay, bi) + B(bj, a)).
This tells us that when j # [ that
Blaj, b)) = Blaj, ar) = B(bj, br) = 0.

When j = [, we know that 5(b;,b;) = 0 = ((a;,a;). Lastly, we see that
Blaj,b;) = —B(bj, a;).
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Let
U= (al,...,an,bl,...,bn).

Then, it follows that UL JU = (7?]1 %1) where X is a diagonal n X n matrix.

Lastly, since Ab; = a;, then it follows that Aa; = —b;. So, we have that
_ 0 [n -1
a0 Yo _

We now show that if ¢ € k, then we also have that there is only one
isomorphy class of Type 3 involutions.

Theorem 4.15. Assume i@ € k. Then, if Inng and Inng are both Type 3
involutions of SP(2n, k), then Inny and Inng are isomorphic over SP(2n, k).

Proof. By the previous Lemma, we can choose a matrix U € GL(n, k) such

that
0 —I»\. ,
A—U( I, 02 )U

U:<CL1 Qg - ag b1 b2 c-o b

for

) € GL(n, k),

w3

where the a; + ib; are a basis for E(A,1), the a; — ib; are a basis for E(A, —i),
and UTJU = (_9, Q') for diagonal matrix Uy .
Let

X:(a1+ib1,...,a% +ibg,a1—ib1,...,a% —Zb%),

and consider Inny and Innp as involutions of SP(2n,k[i]). By construction,
we see that X is a matrix that satisfies the conditions of Lemma 4.12 for the
group SP(2n,k[i]). We note that X; = —2iU;. We also know by the previous
Theorem that Inny and Inng are isomorphic over SP(2n, k[i]). So, we can choose
Qi € SP(2n, k[i]) such that Q;*AQ; = B. Let Y = Q;*X. We now show a couple
of facts about Y.

First, we note that since Y was obtained from X via row operations, then
for 1 <j < %, the jth and § + jth columns are ¢-conjugates of one another.

Also, note that

Y7IBY = (Q;'X) 7' B(Q; ' X)
= X'Q:BQ; ' X
= X 'AX

[ —ilz 0
L0 il )
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Lastly, we see that

YTJY = (Q7'X)"J(Q;'X)
= XT((Q; )" JQ)X
= XTJXx

(0 X
“l-x o0

(0 =2l
“\2, 0 )

Y:(Cl—f—idl,...,C% —f-Z'd%,Cl—Z.dl,...,C% —Zd%),

Write

and let
V= (Cl,...,C%,dl,...,d%).

It follows from what we have shown that

_ 0 —In -1 T o 0 Uh 7T
B_V(Ig 02>V where V JV—(_U1 0)—UMU.

Now, let Q@ = UV 1. We will show that Q7'AQ = B and Q € SP(2n, k).
This will prove that Inny and Inng are isomorphic over SP(2n, k).
We first show that @ € SP(2n, k).

QMJQ =

vvHrjuv—
VYL oy
VYLV V)V

o~~~

'K‘/—\

Lastly, we show that Q 'AQ = B.

QrAQ = (UV H AWV

=VUutAuvt
0 —In 1
- ( I 0 ) '
= B.
We have shown what was needed. ]

Combining the results from this section, we get the following corollary.

Corollary 4.16.  If Inny and Inng are both Type 3 involutions of SP(2n, k),
then Inny and Inng are isomorphic over SP(2n,k). That is, SP(2n,k) has
exactly one isomorphy class of Type 3 involutions. Further, the matrix J is a
representative matrix for this isomorphy class.
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4.4. Type 4 Involutions.

We now move on to a similar classification in the Type 4 case. First, we
characterize the eigenvectors of the matrices that induce these involutions. Recall
that we can choose A € SP(2n, k[y/a]) such that each entry of A is a k-multiple
of \/a, and that we know A% = —I. We begin by proving a couple of lemmas
about the eigenspaces of these matrices.

Lemma 4.17.  Suppose A € SP(2n,k[\/a]) induces a Type 4 involution of
SP(2n,k). Also suppose x,y € k®" such that v + /—ay € E(A,i). Then,
r—+/—ay € E(A,—1i). Likewise, if u,v € k** such that u+ /—av € E(A, —1).
Then, u—+/—av € E(A,i). Further, dim(E(A,q)) = dim(E(A, —1)).

Proof.  Suppose z,y € k™ such that x + \/—ay € E(A, —i). Then,
Alx +vV—ay) = —i(x + vV—ay)

which implies
Az + v/ —aAy = Vay — ix.

Then, complex conjugation tells us that
Ax —/—aAy = oy + iz,

which tells us that
Alx —V=ay) = i(z — vV—ay).
A similar argument shows that if u,v € k" such that u++/—av € E(A, ). Then,
u—+/—av e E(A,—1).
Since x + v/—ay € E(A, —i) implies z — v/—ay € E(A,i) and vice versa,
then we see that dim(FE/(A,7)) = dim(E (A, —i)). ]

Lemma 4.18.  Suppose 0 = Inny is a Type 4 involution of SP(2n,k) where
A € SP(2n,k[\/a]). Then, we can find x1,...,Zn,Y1,-..,Yn € k™ such that the
xr++/—ay are a basis for E(A,i) and the © — /—ay are a basis for E(A, —i).

Proof.  Since Inny, is Type 4, then we are assuming that A € SP(2n, k[y/a]) and
A? = —I. Tt follows that all eigenvalues of A are #i. Since there are no repeated
roots in the minimal polynomial of A, then we see that A is diagonalizable. We
wish to construct bases for E(A,i) and E(A,—i) such that all the vectors lie in
k[i]*. Let {z1,...,22,} be abasis for k". For each j, let u; = (vJaA++v/—al)z;.
Note that

Au; = A(VaA+ V—=al)z; = (VaA® + V—aA)z; = i(VaA +vV—al)z; = iu;.

So, {uy,...,u,} must span E(A,i). Thus, we can appropriately choose n of these
vectors and form a basis for E(A, 7). Note that each of these vectors lies in k[i]*".
Label these basis vectors as wvy,...,v,. We can write each of these vectors as

v; = x;++/—ay;. By the previous lemma, we know that z; —/—ay; € E(A, —i),
and that these vectors form a basis for F(A, —i). ]
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We are now able to prove results that characterize the matrices that induce
Type 4 involutions, and then use these characterizations to find conditions on
these involutions that are equivalent to isomorphy. We will have separate cases,
depending on whether or not /—a lies in k. We begin by assuming that /—a €
k. Since we are also assuming that /o € k, then it follows from these two
assumptions that o and —1 lie in the same square class of k. Thus, we can
assume in this case that o = —1, which means /—a = 1.

Lemma 4.19. Assume /—a € k and suppose 0 is a Type 4 involution of
iln 0
2

SP(2n,k). Then, A = X( o 7i1n>X*1 for some X € GL(2n,k), where
2
XTJX = (_gﬁ )gl) and X1 is diagonal.

Proof.  We know from Lemma 4.18 that we have bases for F(A,i) and E(A, —i)
that lie in k%". We will show that we can in fact choose bases ai,...,a, for
E(A;49) Nk* and by,...,b, for BE(A,—i) N k> such that B(aj, a;) = 0= B(bj, )
and ((a;,b;) is nonzero if and only if j = /. We will build these bases recursively.

First, we know that we can choose some nonzero a; € E(A,7) Nk**. Then,
since f is non degenerate, we can choose a vector ¢ such that §(ai,t) # 0. We
note that E(A,i) ® E(A,—i) = k>, so we can choose t; € E(A,i) N k* and
t_; € E(A,—i) N k* such that t = ¢; +t_;. Since ((ay,t;) = 0, then it follows
that f(ay,t_;) € k is nonzero. Let by =1_;.

Let E; = Spang(ay,b;) and let F; be the orthogonal complement of Ej in
k*. Since the system of linear equations

play,x) =0
B(bl,x) =0

has 2n — 2 free variables, then we see that F} has dimension 2n — 2.

We now wish to find ay € Fy N E(A,i). Similar to the construction in
the previous lemma, we can choose z € Fy, and let ay = \/aAzr + /—ax. Now
we want by € Fy N E(A—,i) such that ((as,by) is nonzero. Since [|p is non
degenerate, then there exists some y € Fy such that §(as,y) # 0. Similar to the
construction of by, we see that this implies the existence a vector b, that fits our
criteria.

Now, we let Fy = Spany(ay,as,b1,be) and let F, be the orthogonal com-
plement of Fy in k™. We continue this same argument n times, until we have the
bases that we wanted to find. Let

X = (al,...,an,bl,...,bn).
Then, the result follows. [ |

Here is an example of a Type 4 involution when /—« € k.

Example 4.20. Let £ be R. So, a« = —1. Notice that /—a = 1 € R.
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Counsider the matrix

01 0 0
10 0 0
A=il v o o -1
00 -1 0

Inny is a Type 4 involution of SP(4, k) since A? = —I and each entry of
A is a k-multiple of i. A basis for E(A, 1) that matches the conditions of Lemma

1)t
0
4.19 is formed by the vectors v; = %2 ( ) and vy = Y2 (01 . It can also be
1

shown that v3 = ‘/75

[l =J=]

1
and vy = 2 (_01> are basis vectors for F(A,—1) that
0

1
also match the conditions of Lemma 4.19.
Following the notation of the previous lemma, we have

1 0 0 1
X:\/_§100—1’
2 10 -11 0
0 1 1 0

where XTJX = J and A=x ("¢ )X
2

Now we characterize the isomorphy classes of Type 4 involutions in the case

where /—a € k.

Theorem 4.21.  Assume that \/—«a € k. Then, if Inng and Inng are both
Type 4 involutions of SP(2n,k) such that A, B € SP(2n,k[\/a]), then Inns and
Inng are isomorphic over SP(2n, k).

Proof. Suppose we have two such involutions of SP(2n, k). Let them be rep-
resented by matrices A, B € SP(2n, k). By the previous Lemma, we can choose
X,Y € GL(n, k) such that

XTAX = < Zé” _?j ) _ y-1BY,
Trv 0 Xy
XTJX = ( X0 )

and
T 0 Y
Y JY( v, 0 )
where X; and Y; are diagonal.
Since X; and Y; are both invertible diagonal matrices, then we can choose
Ry and R, € GL(%,k) such that ¥; = RIX;Ry. Let R = (' ) and Q =
XRY ' It follows from this that RTXTJXR = YTJY. We will show that

Q € SP(2n,k) and Q 'AQ = B. This will then prove that Inny and Inng lie in
the same isomorphy class.
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First we show that ¢ € SP(2n, k). Note that
QTJQ = (XRY D' J(XRY ™) = (Y HT'RT(XTJX)RY
=Y HT'YTIY)Y =,

which proves this claim.
Lastly, we show that Q@ 'AQ = B. We first note that R and (% )

commute. Then, we see that

Q'AQ = (XRY Y)Y 'AXRY ™)
=YR Y X 'AX)RY !

— YR ( —i 0 )RYl

0 il
B 1 —il 0 1
=YR 'R ( 0 il ) Y
B —iI 0 1
=Y ( 0 il ) Y
= B. [

We now examine the case where \/—a ¢ k. We begin with a characteriza-
tion of the matrices that induce Type 4 involutions in this case.

Lemma 4.22.  Assume \/—a & k. Suppose 0 = Inny is a Type 4 involution of
SP(2n,k). Then, A= YU (L3 oyu= for

U:(aI Qg -+ Ap bl b2 bn)GGL(2n,k),

where the aj ++/—ab; are a basis for E(A,i), the aj —/—ab; are a basis for
E(A,=i), and UTJU = (%, '), where Uy is diagonal.

Proof.  We know from Lemma 4.18 that we have bases for F(A,i) and E(A, —i)
that lie in k[y/—a]*". We will show that we can in fact choose bases a; +
V=aby,. .. a,++/—ab, for E(A,i)Nk[y/—a]*" and a; —v/—aby, ..., a, —/—ab,
for E(A, —i) N k[/—a]?™ such that B(a; + ibj, a; — ib;) is nonzero if and only if
j = 1. From this, we will be able to show that 5(a;,a;) = 0= B(b;, b)) when j # 1
and fS(aj,b) =0 for all j and [. We will build these bases recursively.

Recall that given any vector # € k?", we know that /aAr + /—az €
E(A,i). We want to choose z € k*" such that 7 AT Jx # 0. That is, such that
B(Az,x) # 0. (The reasons for this will become apparent.) If eJTATJej # 0, we
can let x = e;. Suppose that this doesn’t occur for any j.

Since ATJ is invertible, we know that for more than 2n pairs of j and [
we have e]TATJ e; # 0. Also, we see that since A is symplectic and ATJA = J,

then we have that
AT T =JA 1 =JA3 = —JA

and that
(AT =J"A=—-JA=ATJ
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That is, A”J is symmetric. So, ejTATJej =e] AT Je;. Then, we can let z = e;+e;.
Then, we have

2T AT Jx = ejATJel + elATJej = erATJel # 0.

In either case, we have many choices for z.

Let z € k*" be a vector from above. We have \/aAz++/—ax € E(A,q). Let
a; = v/aAzr and by = z. So, a; ++/—ab; € E(A,1) and a; — /—ab, € E(A, —1).
From this, it follows that

Blay + v—aby, a1 — v/—aby) = (B(vVaAzr, VaAz) + af(z, x))
+V=a(-B(VaAz,x) + Bz, VaAz)
= 2wif(z, Ax)

# 0.

Let Ey = Spany /—g (a1++v/—aby, a; —v/—ab;) = Spany — (a1, br), and let
Fy be the orthogonal complement of F; over k[y/—a]. F; has dimension 2n — 2,
and B|p is nondegenerate. So, we can find a nonzero vector x € Fy N k** such
that S|p (x,—Az) # 0. So, as in the last case, let ay = y/aAx and by = x. As

before, we have B(as + /—aby, az — /—aby) # 0.

Let Ey = Spany/—g (a1, az,b1,02), and let Fy be the orthogonal comple-
ment of Ey over k[y/—a]. In this manner, we can create the bases that we noted
in the opening paragraph of this proof.

Note that we always have

0 = B(aj+v=abj, ar+v/—aby) = (B(aj, ar)—aB(bs, b)) +v—a(B(a;, b)+8(bj, ar)),
and when j # [ we have
0= Blaj+v—abj, a—v=aby) = (B(aj, a)+aB(by, b)) +v/—a(=Ba;, b)+B(b;, ar)).
This tells us that when j [ that
Blaj, b)) = Blaj, ar) = B(bj, b) = 0.

When j = [, we know that 5(b;,b;) = 0 = ((aj,a;). Lastly, we see that
Blaj, b;) = =B(bj, a;).
Let
U= (ar,... a5bi,. .. by).

Then, it follows that UTJU = (7%1 [{)1) where U, is a diagonal n X n matrix.

Since Aa; = —+/ab; and Ab; = ‘/Taaj, then we have A = ‘/FEU (L, v

We have shown what was needed. n

The following is an example of a Type 4 involution where \/—a &€ k.

Example 4.23. Let k =[5 and consider a = 2. Note that /—a = V3 Zk.
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Consider the matrix

A=+v"2

S W o=
w o = O
O = O N
- O N O

Inny is a Type 4 involution of SP(4, k) since A? = —I and each entry of A
is a k-multiple of v/2. A basis for E(A, 1) that matches the conditions of Lemma
4.22 is formed by the vectors

1 1
0 0
U1 = 4 + \/5 1
0 0
and
0 0
1 1
Vg = O + \/5 0
4 1
It can be shown that
1 1
0 0
m=| | VR
0 0
and
0 0
1 1
U= | T V2 0
4 1

are basis vectors for E(A, —1) that also match the conditions of Lemma 4.22.
Following the notation of the Lemma 4.22, we have

O = O
- O = O
O = O
— O = O

where UTJU = (f)Ul %1) for Uy =2I and A = %U(f%lé)Ufl .

We now find conditions on Type 4 involutions where /—«a ¢ k that are
equivalent to isomorphy.

Theorem 4.24. Assume /—a &€ k. Then, if Inng and Inng are both Type
4 involutions of SP(2n, k) where the entries of A and B are k-multiples of v/«
then Inng and Inng are isomorphic over SP(2n, k).
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Proof. By Lemma 4.22, we can choose a matrix U € GL(n, k) such that

A:\/aU( ’ IQ)U—l

—Oé]% 0

for
U:(a1 ay -+ an by by --- b%),

2

where the a; + /—ab; are a basis for E(A,i), the a; — /—ab; are a basis for
E(A,—i), and UTJU = (_{,, ) for diagonal Uy.

Consider Inny and Inng as involutions of SP(2n,k[v/—a]). If k[v/—a] =
k[/a], then these are Type 3 involutions of SP(2n, k[/—a]), since A and B would
have entries in the field, and ¢ € k[y/—a]. Otherwise, if k[\/—a] # k[\/a], then
these are Type 4 involutions where /—a € k[v/—q].

Let

X = (a1 +vV—aby,...,an +v—abn,ay —v—abi,...,an — v/ —abn).

By construction, we see that X is a matrix that satisfies the conditions of
Lemma 4.14 or Lemma 4.19 for the group SP(2n,k[/a]). We note that X; =
—2:U;. We also know by Corollary 4.16 or Theorem 4.21 that Inny and Inng are
isomorphic (when viewed as involutions of SP(2n, k[v/—a])) over SP(2n, k[\/—a]).
So, we can choose Q, € SP(2n, k[v/—a]) such that Q;'AQ, = B. Let Y = Q' X .
Since Y is constructed by doing row operations on X, then we can write

Y =(a+V—adi,...,ca +vV—adn,c; —vV—ady,...,co — v —acn),

where ¢;,d; € k. We now show a couple of facts about Y.
First, we note that since Y was obtained from X via row operations, then
for 1 <j < 7, the jth and § + jth columns are i-conjugates of one another.
Next, we observe that

YOIBY = (Q.'X) 7' B(Q,'X)
= X'QuBQ,'X
= X 'AX

(il 0
L0 iz )

YTJY = (Q)'X)"J(Q'X)
= XT(QN)"TQu)X
= XTJXx

0 X
=X, 0

(0 =2
20, 0 )

Lastly, we see that
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Let

Vi =(c1,...,cn,di,...,dn) € GL(n, k).

n
2

Va 0 Iy -1 T
It follows from what we have shown that B = TV (_a In 0 > V— where V4 JV =

(L, &) =v"Ju
-U; O :

Now, let Q = UV 1. We will show that Q7'AQ = B and Q € SP(2n, k).
This will prove that Inny and Inng are isomorphic over SP(2n, k).

We first show that @ € SP(2n, k).

n
2

vvhHrjuv—t
v-hhwrjuyv!
= (VvhHrwvrtavyvt

QJQ

—~

|
HA/—\

Lastly, we show that Q='AQ = B.

QrAQ = (UV H AWV

= VU tAauv—!
« —OJ% 0
= B.
We have shown what was needed. ]

Combining the results from this section, we get the following corollary.

Corollary 4.25. If Inny and Inng are both Type 4 involutions of SP(2n, k),
then Inny and Inng are isomorphic over SP(2n, k) if and only if A and B have
entries lying in the same field extension of k. That is, SP(2n,k) has at most
|k*/(k*)?| — 1 isomorphy classes of Type /4 involutions.

5. Maximal Number of Isomorphy classes

From the work we have done, it follows that the maximum number of isomorphy
classes of SP(2n, k) is a function of the number of square classes of k and n. We
first define the following formulas.

Definition 5.1.  Let C1(2n,k), Ca(2n,k), C3(2n, k) and Cy4(2n, k) be the num-
ber of isomorphy classes of involutions of SP(2n, k) of types 1, 2, 3, and 4, respec-
tively.

From our previous work, we have the following:

Corollary 5.2. 1. If n is odd, then Ci(2n,k) = ”T’l If n is even, then
01(2717 l{?) = %
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2. If n is odd, then Cy(2n,k) = 0. If n is even, then Co(2n, k) < |k*/(k*)?|—1
4. Cy(2n, k) < |k*/(k*)?| — 1.

6. Explicit Examples

We have shown that the number of isomorphy classes of Type 1 and Type 3
involutions depends only on n, and not the field k. Since Type 2 and Type 4
involutions do not occur when k is algebraically closed, then the previous corollary
tells us the number of isomorphy classes in this case. In addition to this example,
we will also consider the cases where k =R and k£ =T,.

6.1. Type 2 Examples.

We first consider the Type 2 case. So, we may assume that n is even. First,
let us suppose that k£ is R or F, where —1 is not a square in IF,. Without loss
of generality, assume o = —1. Let A; be an n x n block diagonal matrix where

each block is the 2 x 2 matrix ¢(9}). Then, let A = ( 0 (AO) ) . This matrix

induces a Type 2 involution on SP(2n, k).

Now, let us suppose that k& = IF, where —1 is a square. Let a € k* be a
non-square. Then, we can choose a,b € k such that a? + b* = Let A; be an
nxn block diagonal matrix where each block is the 2 x2 matrix \/_ ( ) Then,

let A= < 0 (A;[)l)T> . This matrix induces a Type 2 involution on SP(2n, k). So

if k is finite or real, then SP(2n, k) has the maximal number of Type 2 isomorphy
classes.

6.2. Type 4 Examples.

Now we consider the Type 4 case. So, n may be even or odd. Let us again
begin by supposing that & is R or F, where —1 is not a square in F,. Then,
the matrix (‘g ¥ ) induces a Type 4 involution, and SP(2n, k) has the maximal
number of isomorphy classes in this case, regardless of if n is odd or even.

Now, let us suppose that k& = [F, where —1 is a square. Let o € k* be a

non-square and choose a,b € k such that a? + b* = . If we let U = (fé’jn ‘g:)

and then let
B Va 0 I, _1
A=73V a, 0 )Y

Va (1—-a)dl, (4 ad®)],
T a2 ( —(+ad®)I, —(1-a)dl, ) '

A induces a Type 4 involution on SP(2n, k). We have shown that if % is finite or
real, then SP(2n, k) has the maximal number of Type 4 isomorphy classes. Thus,
if k is real or finite it has the maximal number of all types of isomorphy classes.

While we have been unable to prove that this is the case for any field &k, we
believe that this is the case That is, we have the following conjecture:

Conjecture 6.1. 1. If n is odd, then Cy(2n,k) =
Ol(2n7 k) = %

2L If n is even, then
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2. If n is odd, then Cy(2n,k) = 0. If n is even, then Cy(2n, k) = |k*/(k*)?| — 1.

4. Cy(2n, k) = |k*/(k*)?] — 1.

We have classified the involutions for symplectic groups over algebraically
closed fields, the real numbers, and for a finite field of characteristic not 2. We also
have constructed the tools to classify the involutions of other symplectic groups. In
addition to proving (or disproving) the above conjecture, further areas of research
in this area to be completed are to classify the (6, k)-split tori for given involutions
0, classify the k-inner elements, and to study the fixed point groups, which would
give rise to a symmetric space.
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