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Abstract. We find the explicit branching laws for the restriction of mini-
mal holomorphic representations to symmetric subgroups in the case where the
restriction is discretely decomposable. For holomorphic pairs the minimal holo-
morphic representation decomposes into a direct sum of lowest weight repre-
sentations which is made explicit. For non-holomorphic pairs the restriction is
shown to be irreducible and identified with a known representation. We further
study a conjecture by Kobayashi on the behaviour of associated varieties under
restriction and confirm this conjecture in the setting of this paper.
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1. Introduction

Let G be a connected, simply connected real reductive Lie group with Lie algebra
g. Let 6 be a Cartan involution of G. Write K = G? for the subgroup of #-fixed
elements so that K/(K N Z) is a compact group, Z denoting the center of G.
Write g = £+ p for the corresponding Cartan decomposition.

Definition 1.1.  The real reductive Lie algebra g = €+ p is called of Hermitian
type and the symmetric pair (g, 8) is a Hermitian symmetric pair if there exists an
element z € € such that ad(z) =0 on ¢ and ad(z)*> = —1 on p.

Suppose that g is of Hermitian type. Put 2’ := —/—1z € ¥¢ and let p_
(resp. p_) be the eigenspace in the complexification pc of ad(z’) to the eigenvalue
1 (resp. —1). Then we get a decomposition pc = p; +p_. The element z endows
the Riemannian symmetric space G/K with a complex structure by choosing p,
as the holomorphic tangent space at the base point.

Definition 1.2. Let g be a reductive Lie algebra of Hermitian type as above.
An irreducible (g, K)-module V' is called a highest weight module if VP =
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Ann, (V) # {0}, namely, there exists a non-zero vector v € V that is annihi-
lated by p.. Similarly, V' is called a lowest weight module if V*- # {0}.

We note that highest (resp. lowest) weight modules belong to the category
O, for the parabolic subalgebra q = €c + p; (resp. q = €c +p_). Let t be a
Cartan subalgebra of € and choose a positive system A (fc,tc) of A(fc, tc). For
a dominant integral weight A\ € t{. we denote the irreducible representation of K
with highest weight X by F*(\). We let p_ act as zero on F*(\) and put

N(A) = U(gc) @uee+p-) F(N).

The (g, K)-module N%(\) has a unique irreducible quotient L#()\). Then Lf()) is
a lowest weight (g, K')-module and all the irreducible lowest weight (g, K')-modules
arise in this way.

A (g, K)-module is said to be unitarizable if it admits a Hermitian inner
product with respect to which g acts by skew-Hermitian operators. The unita-
rizable highest (or lowest) weight (g, K')-modules were independently classified by
Enright-Howe-Wallach [4] and Jakobsen [5]. Suppose that g is simple of Hermi-
tian type and let ¢ € v/—1t* be a weight such that ((2’) > 0 and (([¢,€]Nt) = 0.
Take a weight \g € v/—1¢* which is integral dominant for €. Then there exist
numbers a € R, ¢ € Rog, r € Z+( such that L8(\g+x() for = € R is unitarizable
if and only if z = a,a —¢,...,a — (r — 1)c or z lies in the half-line (a,00). If
Ao =0, then a — (r — 1)c = 0 and r equals the real rank of g. Therefore, L®(z()
for € R is unitarizable if and only if x = 0,¢,...,(r—1)c, or z € ((r —1)c¢, 00).

Definition 1.3.  Let g be a simple Lie algebra of Hermitian type. When the real
rank of g is greater than 1, we call L%(¢C) the minimal holomorphic representation.

If g is not of type A, the minimal holomorphic representation is a minimal
representation of G, namely, the annihilator ideal in U(gc) is the Joseph ideal. In
particular, it attains the smallest Gelfand—Kirillov dimension (this is also true for
g of type A). We note that for g = sp(n, R), the minimal holomorphic representa-
tion is isomorphic to the even part of the so-called metaplectic representation (also
referred to as the oscillator representation or the Segal-Shale—Weil representation).

The argument in the proof of [34, II, Theorem 5.10] gives the K-type
decomposition of L#(c():

Lo(cQ)|e = €D F*(cC + kB), (1.1)
k=0

where [ is the highest root in p, .

The restriction of the minimal holomorphic representation to non-compact
subgroups has been studied before in some cases. The restriction of the metaplectic
representation to a dual pair of subgroups is particularly well-studied in connection
with Howe’s correspondence (see e.g. [9] and references therein). For several other
settings, explicit branching laws were obtained in both the discretely decomposable
case and the non-discretely decomposable case (see [3], 22, 26, 29] 30], 311 [35]).
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Our aim in this article is to give the explicit branching laws of minimal
holomorphic representations for symmetric pairs when the restriction is discretely
decomposable. We take an involution ¢ on G which commutes with 6 and consider
the symmetric pair (G,G7), where G7 :=={g € G : 0(g) = g}.

Definition 1.4. Suppose that g is a reductive Lie algebra of Hermitian type.
We say a symmetric pair (g, g%) is of holomorphic type if 0z = z, or equivalently
if o induces a holomorphic involution on the Hermitian symmetric space G/K.

If (g,97) is of holomorphic type, g7 is of Hermitian type with the same
element z, and the natural embedding G°/K° — G/K is a holomorphic map.

A systematic study of discretely decomposable restrictions was initiated
by Kobayashi [11], 12, [13]. For an irreducible (g, K)-module V', the restriction
Vg is said to be discretely decomposable if it is a sum of g”-modules of finite
length. When V' is unitarizable, V|- is discretely decomposable if and only
if it is isomorphic to a direct sum of irreducible g”-modules (see [I3, Lemma
1.3]). In his series of papers [11, 12| [13], Kobayashi obtained several criteria
for the discrete decomposability. When a (g, K)-module V' has the smallest
Gelfand-Kirillov dimension, one criterion for the discrete decomposability of V|4
becomes simple (|20, Theorem 4.10]) and it was used to obtain a complete list
of symmetric pairs (g,g?) such that V| is discretely decomposable, see [20),
Theorem 5.1]. Since the minimal holomorphic representations attain the smallest
Gelfand—Kirillov dimensions, the list gives all the symmetric pairs with discretely
decomposable restrictions L8(c()|g-. Let us recall the classification of these pairs
(9.97).

For a holomorphic pair (g,g?), any highest (or lowest) weight module is
known to be discretely decomposable ([14, Theorem 7.4]). For a non-holomorphic
pair (g,g7), the restriction L8(c()|qo is discretely decomposable if and only if
(g,97) is one of the following:

(su(2m,2n),sp(m,n)), (m,n>1), (s0(2,n),s0(1,n)), (n>3),
(5p(2n,R),5p(n,C)),  (n=1),  (e6-14), fa—20))-

1.1. Holomorphic symmetric pairs. The explicit branching laws of L%(c()|qe
for holomorphic symmetric pairs (g, g°) with simple g are given in Section . For
the proofs we employ the following three methods:

e use Howe’s dual pair correspondence and seesaw pairs (see Section ;

e compute K7-types and identify irreducible constituents with Zuckerman’s
derived functor modules Ay()) (see Section [5.1.2);

e use the Fock model as an explicit realization of the minimal holomorphic

representation of s0(2,n) (see Section [5.2.19)).

Each holomorphic pair is treated by at least one of these three methods (see

Table [1)).
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We remark that for all holomorphic symmetric pairs (g, g?) the explicit
branching law of L8(z()|s, for large x > 0 such that L9(x() is a holomorphic
discrete series representation was obtained by Kobayashi [I5]. For smaller values
of x the branching law is only known in some special cases, see e.g. [2], 29].

The tensor product of two representations can also be regarded as a branch-
ing problem for a holomorphic symmetric pair. In [26], the decomposition of the
tensor product of two arbitrary highest weight modules of scalar type was com-
puted. This yields in particular the decomposition of Lf(¢() ® L%(c().

1.2. Non-holomorphic pairs. If (g, g°) is a non-holomorphic pair and L#(c()|4e
is discretely decomposable, then we prove in Section [0] that the restriction stays
irreducible. In Section we further identify the restriction with a known rep-
resentation, either Zuckerman’s derived functor module A4()), a complementary
series representation or a small representation from [7].

1.3. Kobayashi’s conjecture. In Section[7], we study a conjecture by Kobayashi
on associated varieties in our particular setting (see Conjecture(7.1)). We prove that
the conjecture is true in the following two cases:

e restriction of a highest (or lowest) weight module with respect to a holomor-
phic pair (not necessarily symmetric),

e restriction of the minimal holomorphic representation with respect to non-
holomorphic symmetric pairs assuming the discrete decomposability.

In particular, the conjecture is true for the branching laws in Sections [3] and [] as
well as for tensor products of unitarizable highest (or lowest) weight modules.

2. Preliminaries

To describe the explicit branching formulas we fix some notation for each simple Lie
algebra g of Hermitian type. We write the Dynkin diagram of g¢ corresponding
to the positive roots A (Ec,tc) UA(py, tc) and label the simple roots as «;. The
painted circle corresponds to the root in A(py,tc). We denote by w; € t& the
fundamental weight corresponding to «; and give the weight ¢ € /—1t* in terms
of Wi .

Setting 2.1. Let g = su(m,n). We label the simple roots of g¢ as

Then we have c( = w,,.

Setting 2.2. Let g = s0(2,2n). We label the simple roots of gc as
a1 [6%) an—l/
. o R

Then we have ¢ = (n — 1)w .
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Setting 2.3. Let g =s0(2,2n + 1). We label the simple roots of gc as

a1 Qo Qp  Opgq
[ O O——>0

Then we have ¢ = (n — 5)w; .

Setting 2.4. Let g = s0*(2n). We label the simple roots of g¢ as

0y,
aq an—2/
[

ol 1

Then we have ¢( = 2w, .

Setting 2.5. Let g = sp(n,R). We label the simple roots of gc as

o Ap_1 Qp
O o<——e

Then we have ¢ = %wn.

Setting 2.6. Let g = eg_14)(= ¢}) so that ¢ = s50(10,C) ® C. We label the
simple roots of gc as

Then we have ¢( = 3w .
Setting 2.7. Let g = e7_o5) (= ¢3) so that ¢ = egc @ C. We label the simple

roots of g¢ as

Q2
O
(03] 3 J (673 (673 (074

O 'e)

Qay

Then we have c( = 4wy.

3. Branching laws for holomorphic symmetric pairs

Let (g,g°) be a symmetric pair of holomorphic type. By [13, Fact 5.4], any
unitarizable lowest weight module of g is decomposed as a direct sum of lowest
weight modules of g7.

Theorem 3.1.  The explicit branching rules for the restriction of the minimal
holomorphic representation L%(cC) of g to any symmetric subalgebra g° of holo-

morphic type are given by the formulas (3.1) — (3.29)).
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31 (gvga) - (EU(’I’)’Z, n)aﬁu(pv Q) @EH(m - pa n— Q) @ U(].))
Let o; be as in Setting [2.1 We may assume that 0 =1 on t, 0 =1 on g,
for i #p,m+n—qand 0 =—1 on g,, for i =p,m+n —q. We put

Bz:%(lglgp_l), ﬁp::ap—i_ap—&—l"i_""i‘am—l—n—q’
Bi i= Qigmin—p—q P+1<i<p+q—1),
Vi=oapy (1<i<mtn—p—q—1)

Then B; form a set of simple roots for sl(p + ¢,C), the first component of gZ,
and ~y; form one for sl(m —p+n — ¢, C), the second component. Write u; and v;
for the fundamental weights corresponding to [3; and ~;, respectively. Let e € t
be the vector in the u(1)-component of g such that a,(e) = /=1. Then the
restriction L%(wy,)|ss decomposes as

L8 (wp)|gr =~ @ I,5u(Pa) (1p + Kfiprqg_1) X Lsu(wrp,n—q)(/W1 + Un—p) B C_ | npmy
k=0

m—+n
@ @ Lﬁu(p’q)(k,ul + 1) X Lﬁu(m*p,nffl)(ymip + kVimgn—p-g-1) B Cy, wp-mq  (3.1)
k=1

m+n

if p,g;m—p,n—q=>1and

L (wm)lge ~ @ L™ (1 + kptpg—1) RF*" P (k) RC_  np-my  (3.2)

m-+n
k=0

if n =¢q and p,q,m —p > 1. Here C, is the character of u(1)-component of g”
on which e acts as v/—1a.

3.2. (g,9%) = (su(n,n),50"(2n)).

Let a; be as in Setting 2.1 for m = n. We may assume ot = t, oa; = g,
for 1 <¢<mn,and 0 = —1 on g,,. Then t” is a Cartan subalgebra of £7. We
put

Bi = Oéilta (1 S 7 S n — 1), Bn = (Ctn,1 + an)’ta.

Then f; form a set of simple roots for g&. Write p; for the corresponding
fundamental weights. Then the restriction L%(w,)|s» decomposes as

L8 (wp,)|ge = @ LY (2kpy + 241,,). (3.3)

k=0

3.3. (ga ga> = <5u<n7 TL), 5]3(71, R)) :
Let «; be as in Setting 2.1 for m = n. We may assume ot = t, oa; = g,
for 1 <iv<n,and ¢ =1 on g,,. Then t” is a Cartan subalgebra of £7. We put

Bi = ailee (1 <1< n).
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Then 3; form a set of simple roots for gZ. Write p; for the corresponding
fundamental weights. Then the restriction L9(w, )|, decomposes as

L8 (wn)|gr 22 L8 (pn) @ LY (g + ftn)- (3.4)

3.4. (gv ga') = (50(27 2”)75’“[(17 TL) D u(l)) °
Let a; be as in Setting [2.2] We may assume 0 =1 on t, 0 =1 on g,, for
1<:<n,and o0 =-1on g,,,,. We put

Bi=a; (1 <i<mn).

Then f; form a set of simple roots for sl(n+1,C). Write y; for the corresponding
fundamental weights. Let e € t be the vector in the u(1)-component of g such
that a,41(e) =+/—1. Then the restriction L9((n — 1)w)|sr decomposes as

o0

Lo((n = Dwi)lgr = @ L ((n = gy + kpa) R Cpyon, (3.5)
k=0

where C, is the character of u(1)-component of g on which e acts as v/—1a.

3.5. (g,97) = (s0(2,2n),s0(2,m) B s0(2n —m)).

Let «; be as in Setting 2.2

Suppose first that m is even and m = 2[. Then we may assume ¢ = 1 on
t. If n—1> 1, suppose 0 =1 on g,, for t #1+1 and 0 = —1 on g, . If
n—1=1, suppose 0 =1 on g,, for : <n and 0 = —1 on g,, for i =n,n+ 1.
We put

Bi=0a; (1<i<1l), B =a+2m+ -+ 20,1 + ay + Qpqr,
Vi =g (L<i<n—1).

Then 3; form a set of simple roots for s0(2/+4 2, C), the first component of gZ and
~; form one for so(2n — 21,C) if n — [ > 2. Write y; and v; for the fundamental
weights corresponding to 3; and ~;, respectively. If n —[ =1, let e € t be the
vector in the so(2n — 2[)-component of g° such that a,;(e) = v/—1. Then the
restriction L8((n — 1)w;)|gr decomposes as

L((n = )l = @D L7 (0 -+ = ) K= k) (36)

k=0
if n—1>2 and

L((n — D))l = @ LC2((n+ |k - Du) BT (3.7)

k=—o00

if n—1 =1, where C, is the character of s0(2)-component of g” on which e acts
as v—la.

Suppose next that m is odd and m = 2[4+ 1. Then we may assume ot = ¢,
oa; =q; for 1 <i<n—1,and oo, = apy1. f n—101>1, suppose 0 =1 on g,,
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for1<i<lorl+2<i<n-—1,and 0 =—1on gy,,. If n—1=1, suppose
oc=1on g, for 1 <i<n-—1. Then t? is a Cartan subalgebra of £°. We put

Bi =il (1<i<1), [=(up+age+- -+ an)e,
Yi ‘= Oéi+l+l‘t” (1 S 1 S n — l - 1)

Then f; form a set of simple roots for so(2l + 3,C) and ~; form one for so(2n —
2l —1,C). Write u; and v; for the fundamental weights corresponding to ; and
7i, respectively. Then the restriction Lf((n — 1)w)|gr decomposes as

L3((n — Dwn)lge = @ L (n+ k — ) RF*C 2D (ky)  (3.8)
k=0
if n—1>2 and
L3((n = Dw)lgr = LY ((n = 1)) & LY (ngn) (3.9)

tn—-1=1.

3.6. (g,97) = (s0(2,2n + 1),50(2,m) & so(2n —m+1)).

Let «; be as in Setting [2.3

Suppose first that m is even and m = 2[. Then we may assume ¢ = 1 on
t,o=1on g, fori#1+1,and o0 =—1 on g, ,. We put

Gii=a; (1<i<Il), Bp1 =0+ 2041+ + 20,41,
Vi =i (1 <i<n—1).

Then S; form a set of simple roots for so(2/ 4+ 2,C) and ~; form one for so(2n —
214+ 1,C). Write p; and v; for the fundamental weights corresponding to f; and
7i, respectively. Then the restriction L9((n — 1)w;)|ge decomposes as

#((n- )

if n>1 and

2((o- )

ifn=1.

= 1
02 @ L50(2,2l) ((n T+ k- 5)”1) X Fso(2n—2l+1)(k,yl) (310)
k_

g

P R (R TS e

Suppose next that m is odd and m = 2] + 1. Then we may assume o = 1
ont,o=1ong, fori#(+1,n+1,and c=—-1on g, fori=101+1n+1.
We put

Bi=o; (1 <0 <), By =+ + oy,
Vii= i1 (1<i<n—101—=1), vpy:=an~+ 20,41

Then f; form a set of simple roots for s0(2(4-3, C) and ~; form one for so(2n—2I, C)
if n—1 > 2. Write u; and v; for the fundamental weights corresponding to (; and
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vi, respectively. If n—1 =1, let e € t be the vector in the s0(2n — 2[)-component
of g7 such that a,41(e) = +/—1. Then the restriction L9((n—3)w;)|s decomposes

#((n-3)4)

ifn—1>2 and

2((n-3)a)

if n—1=1, where C, is the character of so(2)-component of g” on which e acts

as v/—1a.

3.7. (g,97) = (s0*(2n),su(m,n —m) du(1)).

Let «; be as in Setting 2.4, We may assume 0 = 1 on t. If m <n —1,
suppose 0 =1 on g,, for i #m,n and 0 = —1 on g,, for i =m,n. f m=n—-1,
suppose 0 =1 on g,, for t #n —1 and 0 = —1 on g,, ,. We put

T 1
~ EBLso(z,QlH)((n Lk §>M1> 5 Foon=20 (k) (3.12)
¥ k=0

o~ 1
~ @ J50(2,2n—1) ((n + |k‘| _ 5)#1) X Cp, (3.13)
gO’
k=—o00

Bi=a; (1<i<m—1), Bpi=am+- -+ a2+ ay,
Bi = Qman—i (Mm+1<i<n-—1),

if m<n-—1 and
Bir=0; (1<i<n—2), fp1:=0an2+an1+ay,

if m =n—1. Then B; form a set of simple roots for sl(n,C). Write p; for the
corresponding fundamental weights. Let e € t be the vector in the u(1)-component
of g7 such that «a,,(e) = +/—1. Then the restriction L?(2w,)|s, decomposes as

L8 (2wp)|ge ~ @D L™ 2ptn + kpin—2) B C_p_z (3.14)
k=0
@ @ Lﬁu(m,nfm)(ku2 + 2Mm) X Ckngrm
k=1

if2<m<n-—2,

L8 (2wp) g ~ @D L2401 + biptn—2) IC_p_n9 (3.15)
k=0
if m=1, and

o

L8 (2wp) g ~ @D LD (ki + 24t0-1) B Cppz g (3.16)
k=0

if m =n —1. Here, C, is the character of u(1)-component of g” on which e acts

as v —1la.
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3.8. (g,97) = (s0*(2n),s0"(2m) & s0*(2n — 2m)).
Let a; be as in Setting 2.4, We may assume 0 =1 on t. If n —m > 1,
suppose 0 =1 on g,, for : #m and ¢ = —1 on g,,, and we put

Bii=a; (1<i<m—1), Bpm:i=m+20mi1+ -+ 20, 9+ a1+ ap,
Yi ‘= Qljtm (1§Z§n—m)

If n—m =1, suppose 0 =1 on g,, for : <n—1 and ¢ = —1 on g,, for
t=mn—1,n and we put

Bi=0; (1<i<n—2), Bp1:=an2+an1+ o

Then f; form a set of simple roots for so(2m,C) if m > 1 and ~,; form one
for so(2n —2m,C) if n —m > 1. Write p; and v; for the fundamental weights
corresponding to ; and ~;, respectively. If m =1, let e € t be the vector in the
$0*(2m)-component of g7 such that a;(e) = /—1. If n—m =1, let e € t be the
vector in the s0*(2n — 2m)-component of g such that a,(e) = v/—1. Then the
restriction L8(2w,)|;r decomposes as

o0

L8 (2wp) g = @D L= ™ (kg + 2ptn) B L2 (kv + 20, (3.17)
k=0
if2<m<n-—2,
L3 (2wy)|gr ~ @D Cryr B L C" 2 (kg + 20,,) (3.18)
k=0
if m=1, and
L8 (2w,)|ge = @D L¥ "2 (kpty + 2410-1) B Cpy (3.19)
k=0

if n —m = 1. Here, C, is the character of u(1)-component of g” on which e acts

as v —1la.

3.9. (g,9%) = (sp(n,R), su(m,n —m) G u(1)).
Let a; be as in Setting 2.5l We may assume 0 =1 on t, 0 =1 on g,, for
t#m,n,and 0 = —1 on g,, for i =m,n. We put

67,:Oé1(1§2§m—1), ﬁm::am+"'+an7
61' = Opan—i (m+1 S 1 S n— ].)
Then f; form a set of simple roots for sl(n,C). Write u; for the corresponding

fundamental weights. Let e € t be the vector in the u(1)-component of g° such
that am,(e) = +/—1. Then the restriction L9(3w,)|g decomposes as

1 = su(m,n—m
Lg(éwn> ~ @D LU (4 2hipt 1) R C o (3.20)

gO‘

® @ L) 2k + i) R Chnym,
k=1
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where C, is the character of u(1)-component of g on which e acts as v/—1a.

3.10. (g,7) = (sp(n, R), sp(m, R) & sp(n — m, R)).
Let a; be as in Setting 2.5l We may assume 0 =1 on t, 0 =1 on g,, for
it #m,and 0 = —1 on g,,,. We put

(1

Q;
Qitm

B
Vi

IA

1 <
<1

— 1), B =20, +20m1 + - 201 + Qy,
n—m).

—
IN 3

Then §; form a set of simple roots for sp(m,C) and ~; form one for
sp(n —m,C). Write y; and v; for the fundamental weights corresponding to [3;
and ~;, respectively. Then the restriction Lg(%wn)ba decomposes as

% <lwn>
2

1

~ (Lﬁﬂm’R) (5%) ) [oP(n—mR) (%yn_m» (3.21)

1 1
@ (L2 (1 + Spn) L (01 4 ).

gcr

3.11. (g’go) = (26(714)750(278) @50<2))
Let a; be as in Setting [2.60 We may assume ¢ =1 on t, 0 =1 on g,, for
t#1,and 0 = —1 on g,,. We put

52' = (1 S 1 S 5)

Then f; form a set of simple roots for so(10,C), the first component of gZ. Write
w; for the corresponding fundamental weights. Let e € t be the vector in the
u(1)-component of g such that a;(e) = v/—1. Then the restriction L®(3we)|ge
decomposes as

o

L*(3we)| g = @ LG (311 + kpis) R Cryo, (3.22)

k=0
where C, is the character of s0(2)-component of g7 on which e acts as v/—1la.

3.12. (g’go) = (26(714)7511(472) @514(2))
Let a; be as in Setting [2.60 We may assume 0 =1 on t, 0 =1 on g,, for
i1 #3,and 0 = —1 on g,,. We put

Bri=0g, Bri=ou, B3=as [i:i= s,

Bs = o + g + 203 + 20 + a5, Y1 = Q.

Then B; form a set of simple roots for s[(6,C) and ~, is a root for sl(2,C). Write
i; and vy for the fundamental weights corresponding to 3; and ~, respectively.
Then the restriction L®(3ws)|qe decomposes as

L3 (3ws) g ~ @D LM (ks + 3pa) B F®) (k). (3.23)

k=0
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3.13. (9,07) = (es(—14),50"(10) B 50(2)).
Let ; be as in Setting [2.6] We may assume o =1 on t, 0 =1 on g,, for
1 # 2,6, and 0 = —1 on g,, for i =2,6. We put

,@ = Qg—; (ISZS?‘)), 64 =, 55 = Qg + 0y + a5+ Op.

Then §; form a set of simple roots for so(10,C). Write y; for the corresponding
fundamental weights. Let e € t be the vector in the u(1)-component of g such
that as(e) = +/—1. Then the restriction L®(3ws)|se decomposes as

L9(3uwg) | =~ @(L“*(lo)((k + 3)u5) © Ck_1> (3.24)
k=0

b EB (Lsu*(w)(k’m +3us) X C—k—l)a
k=1

where C, is the character of s0(2)-component of g” on which e acts as v/—1a.

3.14. (g’go) = (86(714)75’“[(57 1) @5]3(1,R)>
Let ; be as in Setting [2.6] We may assume o =1 on t, 0 =1 on g,, for
t#2,and 0 = —1 on g,,. We put

ﬁl =, Bl = Oy (2§Z§5), Y1 = Oél—|—2042+2053+3064+2@5+066.

Then 3; form a set of simple roots for s[(6,C) and v, is a root for sp(1,C). Write
w; and v; for the fundamental weights corresponding to 3; and ~;, respectively.
Then the restriction Lf(3ws)|ge decomposes as

o0

L3 (3ws) g = @D LD (ks + 3pu5) B LB (( + 3)1y). (3.25)

k=0

3.15. (9,97) = (er(—25), eo(—14) D 50(2)).
Let a; be as in Setting 2.7 We may assume 0 =1 on t, 0 =1 on g,, for
it #1,7,and 0 = —1 on g,, for i =1,7. We put

Bri=05, Poi=az, [3i=as, Pii=ou, [5i= o,
Be == a1 + az + ay + a5 + ag + ar.

Then B; form a set of simple roots for egc. Write p; for the corresponding

fundamental weights. Let e € t be the vector in the s0(2)-component of g7 such
that a;(e) =+/—1. Then the restriction L?(4wr)|sr decomposes as

L8 (4r)l g =~ D (L%H‘U ((k + 4)p) X (Ck_2> (3.26)

& @ (Lef’(*“) (kpy + 4pe) X C—k—2>7

k=1
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where C, is the character of s0(2)-component of g” on which e acts as v/—1a.

3.16. (gvga> = (27(_25)750(2, 10) EBEP(LR)) .
Let a; be as in Setting 2.7 We may assume 0 =1 on t, 0 =1 on g,, for
t#1,and 0 = —1 on g,,. We put

BZ‘ = g4 (]_ S 1 S 6), Y1 = 20(1 + 20[2 + 30[3 + 40&4 + 3045 + 2066 + ar.

Then f; form a set of simple roots for s0(12,C) and 7, is aroot for sp(1,C). Write
i; and vy for the fundamental weights corresponding to 3; and ~;, respectively.
Then the restriction L®(4wr)|4e decomposes as

L8 (4wr)|gr =~ @D L1 (g + kepus) B LG (K + 4)n). (3.27)
k=0

3.17. (g,ga> = (27(_25),511(6,2)).
Let ; be as in Setting 2.7 We may assume o =1 on t, 0 =1 on g,, for
t#2,and 0 = —1 on g,,. We put

b=, (= (e 73N} (2§Z§6),
Br == oy + 205 + 2a3 + 3ay + 205 + ag.

Then S; form a set of simple roots for s[(8, C). Write p; for the corresponding
fundamental weights. Then the restriction L#(4w;)|se decomposes as

L8 (4wy)lgr = @D L2 (kpua + ). (3.28)
k=0

3.18. (g9,97) = (e7(-25),50"(12) ® 5u(2)).
Let a; be as in Setting 2.7 We may assume 0 =1 on t, 0 =1 on g,, for
i #2,7,and 0 = —1 on g,, for i =2,7. We put

Bir=ar; (1<i<4), [s:=o1, P[s:=ar+os+as+ o+ ar,
Y1 = a1 + 200 + 2a3 + 3oy + 205 + ag.

Then §; form a set of simple roots for s0(12,C) and =, is a root for sl(2,C). Write
w; and v for the fundamental weights corresponding to S; and ~i, respectively.
Then the restriction Lf(4wr)|ge decomposes as

L8 (4wr)lge ~ @D L7 (ks + Apus) B F@) (k). (3.29)

k=0
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4. Zuckerman’s derived functor modules

Most unitarizable highest weight modules are isomorphic to Aq()), also called
Zuckerman’s derived functor modules. Let us fix some notation concerning Zuck-
erman’s derived functor modules. Let G be a connected reductive Lie group with
a Cartan involution #. We extend 6 to a C-linear involution on the complexified
Lie algebra gc and suppose that q is a -stable parabolic subalgebra of gc. The
normalizer L = Ng(q) of q is a connected reductive subgroup of G. Hence a uni-
tary character C, of L is determined by its differential A € /—1I*. Associated to
the data (q, ), one defines Zuckerman’s derived functor module A4()) as in [10,
(5.6)]. In our normalization, A4(0) is a unitarizable (g, K')-module with non-zero
(g, K)-cohomology, and in particular, has the same infinitesimal character as the
trivial one-dimensional representation C of g.

Let u be the nilradical of g, so q = Ic +u. Let t be a Cartan subalgebra
of € and b the centralizer of t in g, which is a fundamental Cartan subalgebra
of g. Choose a positive root system AT (lc,hc) for [ and put A*(gc,be) =
A% (lg, he) U A(u, he). Denote by p, pr, and p(u) € hg half the sum of roots in
At (ge, be), AT(lg,be), and A(u, bhe), respectively. Let (-,-) be an invariant
bilinear form on h¢ that is positive definite on the real span of the roots. Following
[10, Definitions 0.49 and 0.52], for a unitary character C, of L, we say \ is in the
good range if

(A p,a) >0, a € Au, bhe),

and in the weakly fair range if
A+ p),a) >0, e A be).

We state some basic properties of the (g, K)-modules Aq(\).

Theorem 4.1.  [1{, Theorem 8.2 and Corollary 9.70] If X is in the weakly fair
range, Aq(A) is unitarizable or zero. If X is in the good range, Aq(X\) is non-zero
and irreducible.

We identify infinitesimal characters for gc with Weyl group orbits in b
and their representatives via the Harish-Chandra homomorphism.

Theorem 4.2 ([10, §V.2]).  Ay(\) has the infinitesimal character A+ p.

The K-type decomposition of A4(\), namely, the branching of the restric-
tion of A4(A) to K is known as the generalized Blattner formula. Choose a positive
root system A1 (Ic N €, tc) and set AT (Ec,tc) := AT (lc NEc, tc) U AN e, te)
as a positive system for €. For a dominant integral weight p € & for L N K, let
m(y) be the multiplicity of F™(x) in S(uNpc) ® Criopunpe) - Write pg for half
the sum of positive roots in €c. Then we have the following K -type formula:

Theorem 4.3 ([10, Equation (5.108a)]).  For weakly fair A

dim Homy (A4(\), F* (1)) = > (=) ™m(w(p + px) — pxc).

w
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where the sum runs over the elements w of the Weyl group of K such that
w(p + pr) — px s dominant for the positive system AT (lc N tc,tc) and l(w)
denotes the length of w.

Remark 4.4. Suppose that any weight p with m(u) # 0 is dominant for
A*(tc, tc). Then it follows from the proof of [10, Theorem 5.64] that

dim Hom (Aq(N), F* (1)) = m(p)
even if \ fails to be weakly fair.

For particular g, Zuckerman’s modules A4()\) become highest weight mod-
ules.

Definition 4.5.  Suppose that g is a reductive Lie algebra of Hermitian type.
We say a 6-stable parabolic subalgebra ¢ of g¢ is holomorphicif q D p_.

For holomorphic g, it follows that uNpe C p_ and hence all the eigenvalues
of ad(2’) in u N pc are negative. Therefore, Theorem implies that each
irreducible constituent of A4(\) is a highest weight module.

The following proposition will be useful to see the irreducibility of A4(A).

Proposition 4.6 ([10, Theorem 8.31 and Proposition 8.75]).  For a 0-stable
parabolic subalgebra q suppose that the nilpotent radical u is abelian. Then Ag(N)
is irreducible or zero for weakly fair \.

Let g be a simple Lie algebra of Hermitian type and choose simple roots as in
Section[2] We write q(i) for the maximal parabolic subalgebra of g¢ corresponding
to a;. The minimal holomorphic representation for simple g is isomorphic to A4(A)
with A in the weakly fair range if g = su(m,n), s0(2,2n) or so*(2n). In fact, we
have

L (W) 22 Agary(—nwr) 2 Aqiman—1) (—MWingn-1),
LeC2) ((n — 1)wy) ~ Agny(—2wn) = A1) (—2wn41),
LM (20, ~ Agy(=(n = 2)wn).

On the other hand, if g =s0(2,2n+ 1) for (n > 1), sp(n,R) for (n > 2),
e6(—14) OF e7(—25), the minimal holomorphic representation cannot be isomorphic to
any Aq(A), because the modules A4(\) do not attain the minimal Gelfand-Kirillov
dimension.

5. Proofs for holomorphic symmetric pairs

We now present three methods to prove the formulas in Section They are
explained in the following three Subsections [5H5.2.19] Table [1| shows which case
can be treated with which of the three methods. We remark that, to avoid lengthy
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g g° dual Ay(\) Fock
pair model
F.1.2 [.2.19
su(m,n)  su(p,g)@su(m—pn—gdul) O O
su(n,n) 50%(2n) O O
su(n,n) sp(n,R) O
50(2,2n) u(l,n) O
50(2,2n) 50(2,m) ® so(2n —m) O
$0(2,2n+ 1) s0(2,m) @ so(2n —m+ 1) O
50%(2n) su(m,n —m) & u(l) O O
(2n) 50 (2m) & s0*(2n — 2m) O O
sp(n,R) su(m,n —m) & u(l) O O
5p(n R) 5p(m7 R) b 5p(n —m, R) O
e6( 14) 50(2,8) @ s0(2) O
€6(—14) su(4,2) @ su(2) O
€6(—14) 50*(10) @50(2) O
€6(—14) 511(5, 1) ) 5p(1, R) O
€7(—25) ¢o(—14) D 50(2) O
e7(—25) 50(2,10) @ sp(1, R) O
€7(—25) 511(6,2) O
€7(—25) 50*(12) ©® 511(2) O

Table 1: Methods of proof for the branching laws for holomorphic symmetric pairs

calculations, we do not prove each single branching law, but only demonstrate the
three methods in some examples.

5.1. Seesaw dual pairs. Some of the minimal holomorphic representations are
isomorphic to the theta lift of a one-dimensional representation of a compact group.
In such cases, we can obtain branching laws by using the dual pair correspondence.
For details we refer the reader to [I, 8, 21].

Let (Gi, Hy) be a dual pair of reductive groups in Sp(/N,R) and suppose
that Hj is compact. Up to taking direct products, the possible dual pairs of this
nature are

e Sp(n,R),0(m) C Sp(mn,R),
e U(m,n),U(p) C Sp((m +n)p,R),
e O*(2n),Sp(m) C Sp(2mn,R).

The double covering groups E}vl and ﬁl of G; and H; in the metaplec-

tic group Sp(N,R) commute with each other. We choose a Cartan involution of

Sp(N,R) which induces a Cartan involution of a; and write Iz for the corre-
sponding maximal compact subgroup. Let w be the Harish-Chandra module of

—_—

the oscillator representation of the metaplectic group Sp(N, R) Let R(Hl, ) be
the set of equivalence classes of irreducible representations of H1 which occur in
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the restriction w| 7 Then w is discretely decomposable as a (g1 @ by, l/(vl X E)_
module:

w|(91®b1,1?1x171) = @ O(m) K.

ﬂER(ﬁz,w)

The (gl,lz)—module O(m) is irreducible by [§] and called the local theta lift of
m. For the three irreducible reductive dual pairs above explicit correspondences

—_——

O(m) <> m are given in [I]. Write y € Sp(N,R) for the element that is not
equal to the identity element and mapped to the identity by the covering map

Sp(N,R) — Sp(N,R). We say a representation 7 of H, is genuine if 7(y) = —1.
Since w(y) = —1, 7 € R(Hy,w) implies that 7 is genuine.

Let (G, Hy) be another reductive dual pair in Sp(N,R) such that G; D
Go, Hy C Hy, and H, is compact. Such reductive dual pairs (G, H;) and
(G, Hy) are called seesaw dual pairs ([21]):

Gy H,

X

G H,

Then the restriction w|( can be written in two different ways:

g20h1,K2x H1)
gon x> P 0Oz ®Br~ P 00Kl
wER(I,i,w) pER(I%,w)
We therefore get
9(7T)|(92J72): @ 0(p)@m ),
pER(Hz w)

where m(m, p) := dim Homg (7, p|7).
This observation can be used to find explicit branching laws for minimal
holomorphic representations. We illustrate this technique in two cases.

5.1.1. (g,97) = (u(m,n),u(p,q) ® u(m — p,n — q)). Choose a standard basis
€1, -, €Em+n € tG so that

AT (te, te) = {6 — € hi<icjom U {emti — €mt h<icj<n,

A(p+, fc) = {Ez‘ - €m+j}1§z'§m, 1<j<n-
We may assume that t C g and
AT(E2, te) = {e — ¢ hicicicp U {epri — epjhr<icijcm—p

U{m+i — €mj hi<ici<n—q U {Emin—q+i = Emin—q+j hi<ici<e;

A(Pia fC) = {Ei - €m+nfq+j}1§i§p, 1<j<q U {€p+i - €m+j}1§i§mfp, 1<j<n—q-

Put Gy :=U(m,n), H :=U(1), G2 :=U(p,q) xU(m—p,n—q), and Hy := U(1)x
U(1) such that (Gy, Hy) and (G, Hy) form seesaw dual pairs in Sp(m+n,R). The
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covering group H, splits if and only if m +n is even. In any case a representation
7w of Hy is determined by the Lie algebra action prov1ded that 7 is genuine. Hence
the genuine representations of H1 are given by det™="** for k € Z. We have

O(det™ ") ~ LM <%((€1 +- 4 en) — (€mer +- -+ €m+n))>.

Suppose first that p,q,m — p,n — ¢ > 1. Then a genuine representation
det*®det” of H, belongs to R(Hs,,w) if and only if a— 2% € Z and b—"F2=1 ¢
Z. Since H; is diagonally embedded in Hs, we have

C ifa+b="5",

0 otherwise.

Homﬁl(det%, (det® X detb)|ﬁl) ~ {

For det™ % & det ™"z =k R([Tg,w), we have

B(det "7 7% & det T 0 )

1
~ [MPa) (—k6m+n + 5((61 + o+ Ep) - (Em-i—n—q-‘rl +ot Em—l—n)))
1
A (k€p+1 + 5((€p+1 o tem) — (i F Em”“q»)
if k>0 and
p=a_p (m=p)—(n=q) 4 p.
f(det 2 " X det 2 )
1
~ Lu(p,q) <—]€€1 + 5((61 + -+ €p) - (€m+nfq+1 +oe 4+ €m+n>))

1
R L2 (e + 5 (61 ++F m) = (Emi1 + -+ €mincy)) )

if k< 0. As a consequence,

1
I u(mn) (5((61 4+ 4 em) — (6m+1 + -+ €m+n))>

H(p,q)@u(ﬂ’L7p,nfq)
o0

1
~ (Lu(p,q) <_k€m+n + §(<€1 + ot €p) — (Emin—gi1 + -+ €m+n))>
k=0

1
& Lrim—pn=a) (kepﬂ + §<(€p+1 +ortem) = (6mpr o+ Em*"q))>>

P

1
® <Lu(p"I) <k€1 + 5((61 44 ep) — (€m+nfq+1 + o+ €m+n)))

i

1

X

1
4 (m=p,n—q) <_k6m+n—q 4+ =

2 ((EP-H +oeeet Em) - (€m+1 + €m+n—q))>>'

Suppose next that p,q,m—p > 1 and n = ¢q. Then a genulne representation
det® X det® of Hy belongs to R(Hy,w) if and only if b — ™ € Z>o. Hence we
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obtain

1
Lumn) (= €4+ - +é6,)— (e e >
(@ ) = (Emas )|y meninn

= 1
~ @ v (—kem+n + 5((61 +o ) = (empr -+ em+n))>
k=0

1
X Fu(m—P) <k€p+1 + 5(6]7—&-1 + -+ 6m)> i

These imply formulas (3.1)) and (3.2)).

5.1.2. (g,97) = (s0*(2n),u(m,n —m)). Choose a standard basis €y,...,€, €
so that

AT (b, tc) = {& — € h<icj<n,
A(ps, te) = {& + € h<icj<n-
We may assume that t C g7 and
AT (2, te) = {& — € h<icjom U {emti — €mijhi<icicn—m,
AP, te) = {€ + €mj fi<i<m, 1<j<n—m-

Put Gy := O*(2n), H, := Sp(1), Gy := U(m,n —m), and Hy := U(2) such that
(G1, Hy) and (Gg, Hy) form seesaw dual pairs in Sp(2n,R). Let ¢ be a Cartan
subalgebra of by and ¢y, d2 be the standard basis of ¢* The genuine representations
7 of Hy are determined by the Lie algebra actions and given by ad; + bd, such
that a —b € Z>o and a € 5+ Z. Since Hy ~ Sp(1) x Z/27Z, there exists a unique

non-trivial character of [A{Jl, which we denote by y. We have
Q(X) ~ Lso*(?n)(el 44 Gn)-

Suppose first that m,n —m > 2. Then any genuine representation F*)(ad; +bds)

of ]TI; belongs to R(Ifzfvg, w). We can see that any irreducible representation of Ho
remains irreducible when restricted to H; and hence

C ifa=0,

Hom# (x, F*“@(ad;, + bdy)|5 ) ~
omHl(X, (ady + 2)|H1) {O fasb.

For F*®((m — 2 +k)(61 4 02)) € R(H,,w), we have

o(#((m =5+ k)61 + )
~ L) (Benoy + €0) 4 (€14 + €m) = (Emp1 + -+ + €0))
if £ <0 and

9<F“(2) ((m - g + k) (6, + 52)))

o LM (e 4 e9) + (€1 4+ -+ €m) — (€mpr + -+ €n))
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if k> 0. As a consequence,

L5°*(2n)(6 + -+ €n) lu(mn—m)

= @D L (—h{enos + ) F (€1 + et ) = (s + o+ €0)
k=0

[e.e]

& @D L e+ e2) + (€4 + ) — (emr + o+ ).
k=1

Suppose next that m =1 and n —m > 2. Then a genuine representatlon
F*® (ad; + bdy) of Hy belongs to R(Ha,w) if and only if b < 1 — 2. Hence

LSU*(Qn)(el + e+ 6n)|u(1 n—1)

[e.e]

N

Similarly for n —m = 1.

These imply formulas (3.14)), (3.15), and (3.16)).

5.2. Zuckerman’s derived functor modules A;(\). We will see that the
restriction of the minimal holomorphic representation with respect to holomorphic
symmetric pairs (g, g’) can be written as a direct sum of Ay(A) for a maximal
parabolic subalgebra q C gZ unless (g,g%) = (sp(n,R), sp(m,R) & sp(n —m,R)).
However, not in all cases we can tell from the general results Theorem and
Proposition [4.6| whether the occurring modules A4()) are irreducible, see Table
for the list of cases where this works. In fact, the occurring A4(\) is reducible in
some cases, see Remark [5.1]

The following formulas (5.1]) — (5.29)) correspond to (3.1)) — (3.29), respec-

tively. We follow the corresponding subsections in Section |3| for the notation w;,

wi, vi, and C,. If a simple factor gr of gZ has simple roots fy, s, ..., we write
q'(i) for the maximal parabolic subalgebra of g corresponding to ;. Similarly,
if a factor g¢ has simple roots 7, 7a, ..., write q”(i) for the maximal parabolic

subalgebra corresponding to ;.

5.2.1. (g,9°) = (su(m,n),su(p,q) & su(m —p,n—q) du(l)). Assume m > n.
Then we have

L (wm)ge (5.1)
= @D Avra-n((k = P)iprg-1) B Agy (k= (0= ))1) BC g, mpome
Btk
ke,
& @ Ay (=k = q)pa) B Agrny (k= (n — q))) KC — kP2
(n—a)—(m=p) -} ~p=q
> kez”

D @ Aq’(l)((_k —q)p) X Aq”(m+n—p—q—1)((_k —(m _p))’/m+n—p—q—1)
k<im0 —(m=p)
ke%
IX (C k+np mgq

m—+n
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ifpﬂQ7m_p7n_q2]-and
L8 wnn)|g- (52)
= @ Aq’(p+q—1)((k = P)Hprq-1) B Fsu(mip)(kyl) X C,;H"(P*m)

m—+n
0.25%<k

keZ
o P Avw(—k - m) BF*" P (k) RC_, , wpm

m—+n
0<k< P51
k€EZ

if n=¢q and p,ggm—p>1.
5.2.2. (g,9°) = (su(n,n),s0*(2n)). We have

L)l = @D Ay (2K — (n = 2))pa1). (5.3)

k=0
5.2.3. (g,9) = (su(n,n),sp(n,R)). We have
L8(wn)lgr = Ay (—mpn) (5.4)

5.2.4. (g,9°) = (s0(2,2n),su(1,n) u(l)). We have

L8((n — Dwn)lgr =~ €D Ayey(k — Dpa) B Cpms. (5.5)

5.2.5. (g,97) = (s0(2,2n),s0(2,m) ®so(2n —m)). For m = 2] even we have
L¥((n = Dwi)|gr ~ €D Agy((n — 20+ k — 1)) R F*C 2 (). (5.6)
k=0
ifn—1>2 and

L8((n— D)l = €D Ay ((—n+ [k + D) BT (5.7)

k=—00

fn—-1=1.
For m = 2] + 1 odd we have

L((n — Dwi)lgr ~ P Agy((n = 20+ k — 2)p) R F*C 2D (k) (5.8)

k=0

ifn—1>2 and

L8((n — Vwn)lgr = Ay (~2p041) (5.9)

ifn—-1=1.
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5.2.6. (g,9%) = (s0(2,2n +1),s0(2,m) ®so(2n —m+1)). For m =2l even we

(5.11)

have
2o((n = D))= D Aven((n =20+ 5= Dy ) W20y 5.10)
if n>1 and -
(o= 3)n)l = v (= )m) @ v (0 )]
ifn=1.

For m = 2]l +1 odd we have

2((n= ),

if n—1>2 and

(o)), -

itn—1=1.
5.2.7. (g,97) = (s0*(2n),su(m,n —m) ®u(l)). We have

gB A ((—n+ k] +%)m) X Cy

L2l = P Ags (k= m)jin2) RC_yp i

m—5<k
kEZ

® @ Ag)((=k = (n —m))ps) W Cop-nim
k<m-—2%
<k€Z 2

f2<m<n-—2,
L8 (2wy,)|ge =~ éAq/(n_g)((k} — Dpn2) XC_p_nyy
if m=1, and
(2w, |ga_@A kE—1) ,ug)&CH n_q

dfm=n-1.

5.2.8. (g,97) = (s0*(2n),s50*(2m) & s0*(2n — 2m)). We have

L9(2u)lgr = @D Ay (k — (m — 2))p11) B Aoy ((k — (n = m — 2))us

~ @D Ay ((n— 20+ 5 - 2>U1> 5 F=o@n=2) ()
k=0

)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)
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if2<m<n-—2,

L9(20,)lgr = €D Crot B Agrqry(k — (n — 3))11) (5.18)

if m=1, and

L8(2wn) g = €D Ay (k= (n = 3))) R Cropa (5.19)

ifn—m=1.
5.2.9. (g,97) = (sp(n,R),su(m,n —m) & u(l)). We have

% (1wn>
2

B Avo)((2k —m)u, 1) RC_y_2,m (5.20)

m— % <2k
kEZ

o P Ayw((—2k—(n—m)m)RC_4 2 m.

2k<m—7%
kEZ

go

5.2.10. (g,9%) = (sp(n,R),sp(m,R) & sp(n —m,R)).
In this case it is not possible to write the restriction L9(3w,)|g- as a direct
sum of Zuckerman’s derived functor modules.

5.2.11. (g,9) = (e6(—14),50(2,8) ®s0(2)). We have

L8 (3w)| g = @A — 2)pt5) B Chyps. (5.22)

5.2.12. (g,97) = (eg(—14),5u(4,2) ®su(2)). We have

L8 (3ws)| g = @A — 2)p3) B F3) (k). (5.23)

5.2.13. (g,9) = (eg(—14),50"(10) ® s0(2)). We have

o0

L¥(3we)|ge =~ EB(A ) (B —5)ps) W Cy— 1> ® @( a@ (B —=3)ps) WC__ 1)
= (5.24)

5.2.14. (9,9%) = (e(—14),5u(5,1) D sp(1,R)). We have

"(3u) |ga_EBA (k — 1)) & Agiy (k4 L), (5.25)
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5.2.15. (g,97) = (e7(—25), ¢6(-14) D 50(2)). We have

L8(dewr) | =~ @(Aq,(ﬁ)((k — 8)ug) © ck_g) o D (Aq/(l)((k: ~ ) c_k_2>.
k=2 k=—1
(5.26)
5.2.16. (g,97) = (e7(—25),50(2,10) @ sp(1,R)). We have
4w7 |g” ~ @A — 2 ,u5) XA //(1)((/{3 + 2)V1) (527)
5.2.17. (9,97) = (e7(—25),5u(6,2)). We have
L8 (4wr) |gr = @A — 2) 1) (5.28)
5.2.18. (9,97) = (e7(—25),50"(12) ® su(2)). We have
L8 (4wr)|gr =~ @A ((k — 4)p5) B FO (k). (5.29)

5.2.19. Proofs.

To prove - we only need to check that both sides are isomorphic
as t7-modules by [I5, Lemma 8.7]. The left hand sides are decomposed into
irreducible £-modules as in and then decomposed into £7-modules by using
the branching laws from £ to £”. For the right hand sides we use Theorem [4.3| and
Remark 4.4

We illustrate computations in the case (g,g7) = (er(—25),50%(12) ® su(2)).
Since the highest root for g is w;, we have

L8 (4wy)|e ~ @D F*(lw) + 4wr)
=0

by (1.1). The branching law of F*(lw; + 4wr)|es is given by [24] and we have

F(lwy + 4wr) e =~ @ F¥ (pg + quua + rps + 4pe + 711).

p+2q+r=l
p7q7T€ZZO

For the right hand side of (5.29), we use Theorem [£.3] Let g’ = s0*(12) and
g’ = ¥+p’ the Cartan decomposition. Write q'(5) = I+’ for Levi decomposition.
Then I' ~ su(5,1) @ u(1), I'N¥ ~su(5) ®u(1)?, and v NpL ~ F'™%(uy). Hence
2p(w Npg) = 4ps + 4ue and

SWnpe) = @ F™(pua + qua)

P9EL>0
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as an (I'N¥)-module. Therefore,

Ay (k= Dps)le ~ €D F¥ (ppa + qua + kps + 4psg).

J S/

As a result, both sides of ([5.29)) are isomorphic to

B F¥ (o + qua+ rps + dps + rn),
P,q,r€L>q

which proves .

For - (3), BB, G149 - BG-20), (B-22) - (B-29), let Ay(A) be a
derived functor module appearing on the right hand side. Then we can see that
A is weakly fair and the nilradical of ¢" is abelian. Hence Ay () is an irreducible

highest weight module by Proposition 4.6 Using Theorem [4.3] - we can find a weight

p such that Ay (A) = L¥ (1). We can thus verify (1) - (53, (B3, (519) - (3:20).
62 - E).

Remark 5.1. By comparing (3.4)) and (5.4)), we see that for g = sp(n,R), the
module Agy(—nwy) is reducible. Similarly, from (3.9) and (5.9) we see that for

g = 50(2,2n), the module Aq(,41)(—2wy,41) is reducible.

5.3. The Fock model for g =so(2, N).

For g =s0(2,N) and g7 = s0(2, M) ®so(N — M) we obtain the branching
law of L9(c()|qe using an explicit realization of the minimal holomorphic repre-
sentation, the Fock model. This model is constructed in [I8] for the minimal holo-
morphic representation and generalized in [23] to all scalar type unitary highest
weight representations. In [23, Theorem 7.2] the desired branching law is derived.
We give a brief outline of the proof. For this we use the same notation as in Set-
tings and Write w; for the corresponding fundamental weight of so(2, N)
and p for the one of so(2, M).

In [23] the (g, K)-modules N?(xw;) are realized on the space

Clp_| ~C[Zy,..., ZN]

of regular functions on p_ ~ CV. The g-action in this realization is given by
regular differential operators up to order two. The crucial operators here are
the second-order Bessel operators (see [23, Sections 1.6, 2.4, 4.3]). The points of
unitarity are given by {0,252} U (852, 00).
For z € (852, o) the unique 1rredu01ble quotient L9(xwi) is N9(zw,) itself,
SO
LB<IC¢)1> == (C[Zl, ey ZN]

For x = % the irreducible quotient is given by

(Y20 =l N2~ 7~ -~ 2 = CIX)
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the space of regular functions on the variety
X={zecCV:22=224---+2%}.

We first decompose L9(%¥-2w;) with respect to the action of so(N — M)
on the last N — M coordinates. Denote by H*(CN=™) the space of spherical
harmonics of N — M variables of degree k, viewed as holomorphic polynomials on

CN=M_ We have
(C[Zlv - 7ZN] = C[Zla - 7ZM] ®C[ZM+17 - 7ZN]

Further, every polynomial in Z;,q,...,Zy is the sum of spherical harmonics
multiplied with powers of (Z3,,,+---+ Z3/). Since in C[X] we have Z3,,,+---+
Z% =7 — 72 —---— Z2, we obtain

CX] = PClZ, ..., Zu] @ HF(CVM).

k=0
Carefully checking the so(2, M)-action we find that as g?-representations this
gives

(A ) - G (A5t

k=0

This proves the formulas (3.6]) — (3.13)).

6. Branching laws for non-holomorphic symmetric pairs

By [20, Theorem 5.2] the only symmetric pairs (g, g?) of non-holomorphic type
such that L9(c()|q is discretely decomposable are given by

(su(2m,2n),sp(m,n)), (m,n>1), (s0(2,n),s0(1,n)), (n>3),

(sp(2mR),sp(n.C)),  (n>1),  (esray fai-am)). (6.1)

6.1. Irreducibility. We first prove that the restriction is irreducible:

Theorem 6.1.  If (g,g7) is one of the pairs in (6.1) then the restriction L8(c(C)|ge
is 1rreducible.

For the pair (so(2,n),s0(1,n)) this was already proved by Seppénen [30,
Theorem 19]. He identified the restriction with a complementary series represen-
tation of so(1,n). For (es_14),fa—20)) the irreducibility was shown by Binegar—
Zierau [3, Theorem 3.3]. They identify the restriction with a certain Zuckerman’s
derived functor module. In Section we will also identify the two remaining
cases with known representations.

The general result in Theorem will follow from the following statement
which was basically used in [3]:
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Proposition 6.2.  Suppose L9(cC) is discretely decomposable when restricted
to the non-compact symmetric subalgebra g°. If each K -type F'(c( + kB) is
1rreducible when restricted to €7 and if they are pairwise non-isomorphic as € -
modules, then L%(c() is irreducible when restricted to g°.

Proof. Assume X is a g?-stable subspace of L?(c¢(). Then by our assumption
X is a direct sum of K-types of the form F*(c¢ + kB) and in particular X is
t-stable. Since p? # 0, the £-submodule of p generated by p° has to be p itself.
Therefore X is also stable under p and thus under g which implies that X = 0
or L%(c() by the irreducibility of L%(c¢() as a g-representation. [

It remains to show that the K-types F'(c( + k@3) are irreducible and
pairwise non-isomorphic when restricted to €7 in the four cases considered above.

6.1.1. (g,9%) = (su(2m,2n),sp(m,n)).

We have ¢¢ = wa,,, by Setting 2.1 and the highest root is f = wy +wamt2n—1
50 ¢ +kfB = kwi+wap +kwormion_1. Then by the Borel-Weil Theorem F*(c¢+kf3)
is realized as holomorphic sections of a line bundle on the partial flag variety
SU(2m)/U(2m —1) x SU(2n)/U(2n — 1) = PZ" ' x PZ*~. Since Sp(m) x Sp(n)
acts transitively on this variety, we have

SU(2m)/U(2m — 1) ~ Sp(m)/(U(1) x Sp(m — 1)) and
SU((2n)/U(2n — 1) ~ Sp(n)/(U(1) x Sp(n — 1)).

Moreover, if two characters of U(2n —1) are non-isomorphic with each other, they
are still so when restricted to U(1) x Sp(n—1). Therefore the Borel-Weil Theorem
again implies that F*(cC + kB3) are irreducible and pairwise non-isomorphic as
(sp(m) @ sp(n))-modules.

6.1.2. (g,9%) = (s0(2,N),s0(1,N)).

We have ¢ = s0(2) @ so(N) and ¢’ = so(/N). Hence any irreducible &-
module is written as the outer tensor product V = V; X V,, where V; is an
irreducible so(2)-module and V5 is an irreducible so(/N)-module. Then V; is
one-dimensional and the restriction V|50(N) ~ V5 is irreducible. Further, for
V = FYc¢ + kB) we have Vo = HF(RY), the space of spherical harmonics of
degree k on RY and hence different parameters k give non-isomorphic so(N)-
modules V5 if N > 3.

6.1.3. (g,97) = (sp(2n,R), sp(n, C)).

We have ¢( = %wgn by Setting and the highest root is = 2w,
so ¢ + kB = 2kw, + %w%. Then by the Borel-Weil Theorem F*(c( + kf3)
is realized as holomorphic sections of a line bundle on the partial flag variety
SU(2n)/U(2n — 1) ~ PZ""'. As in Section , we see that F*(c( + kfB) are
irreducible and pairwise non-isomorphic as sp(n)-moduless.

6.1.4. (g,97) = (€6(-14), fa(—20)) -

We note that &€ = s0(10) and £ = s50(9). We have c( = 3ws by Setting 2.6
and the highest root is § = wy so ¢ + kS = 3wg + kws. Then by the Borel-Weil
Theorem F*(c¢ + kf3) is realized as holomorphic sections of a line bundle on the
partial flag variety SO(10)/U(5). Since SO(9) acts transitively on this variety, we
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have SO(10)/U(5) ~ SO(9)/U(4). Moreover, if two characters of U(5) are non-
isomorphic with each other, they are still so when restricted to U(4). Therefore we
conclude that F*(c¢ + kf3) are irreducible and pairwise non-isomorphic as s0(9)-
module.

6.2. Identification.

We identify the irreducible restrictions L8(c()|s> with known representa-
tions. For (g,97) = (sp(2n,R),sp(n,C)) the restriction is the even part of the
(complex) metaplectic representation of sp(n,C). In the other three cases the
restriction is isomorphic to Zuckerman’s module. Further, for (so(2, N),so(1,N))
the restriction is a spherical complementary series representation. Moreover, the
restrictions for (sp(2n,R),sp(n,C)) and (su(2n,2n),sp(n,n)) appear in [7, 28] as
representations with minimal Gelfand—Kirillov dimension.

6.2.1. su(2m,2n) | sp(m,n).
Let (g,97) = (su(2m,2n),sp(m,n)) with m > n. We take a; as in
Setting 2.1} We may assume ot = t and

o0 = Qlogm—; (1§2§2m—1), 0a2m:_57

O = Qomion—i (1 <i<2n—1), o=1ong,, and ga,,.,,.-
Then t° is a Cartan subalgebra of €7 and of g”. We put

Bi =yl (1 <i<m—1), B i= (Quyy + Qg1 + -+ 4 Qo) e

/Bm—‘ri = a2m+i|£" (1 S l S n— 1)7 Bm—i-n = a2m+n|t‘7-

Then B; form a set of simple roots for g& and the corresponding Dynkin diagram
is:

ﬁl ﬂernfl 6m+n
o s O0&——0

We have § = 1 on g3 for i« # m and ¢ = —1 on g3 . Write yp; for the
corresponding fundamental weights.

Theorem 6.3.  For the symmetric pair (g,9%) = (su(2m, 2n),sp(m,n)),

L8 (wom)|ge =~ Agry(—2n411), (6.2)

where q'(1) is the mazimal parabolic subalgebra of g% corresponding to 1. Further,
for m =n the restriction L%(way,)|ge is isomorphic to the small representation of
sp(n,n) constructed in [7].

6.2.2. s0(2,N) | so(1,N). Let (g,97) = (s0(2,N),s0(1, N)). First assume that
N =2n is even. We take a; as in Setting 2.2l We may assume ot = t and

ooy =—0, oa;=0; (2<i<n+1), o=long, 2<i<n+1).
Then t° is a Cartan subalgebra of €7 and of g”. We put

Bi = ipile (1<i<n—1), fyi=(a1+as+ -+ a1+ oni)le.
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Then B; form a set of simple roots for g& and the corresponding Dynkin diagram

1S:
%1 602 ﬁ%fl ﬁn

——0

We have 6 =1 on gj, for i <n and 6 = —1 on g3 . Write y; for the corresponding
fundamental weights.

Theorem 6.4.  For the symmetric pair (g,8%) = (s0(2,2n),s0(1,2n)),

LE((n = Dwn)lge = Agay (=1 + Dpun) = Ag(n)(=24tn), (6.3)

where q'(i) is the mazimal parabolic subalgebra of gZ corresponding to [5;. Further,
the restriction L9((n — 1)wy)|ge is isomorphic to a spherical complementary series
representation of so(1,2n).

Next assume that N = 2n + 1 is odd. We take «a; as in Setting [2.3] We
may assume ot =t and
ooy =—0, ocay=0; (2<i<n+1), o=1long, 2<i<n+1).

Then t° is a Cartan subalgebra of €7. Let b’ be the centralizer of t° in g7, which
is a Cartan subalgebra of g”. We define a set of simple roots S, ..., Bnt1 € (he)*
for gZ such that

Bile = aipile (1<i<n—1), Bule = Burile = anpile
and the corresponding Dynkin diagram is:

oﬁn—l—l

°of,
We have 0; = §; for 1 <i<n—1, 08, = f,11 and § =1 on g7 for 1 <i<n—1.

Write u; for the corresponding fundamental weights.

Theorem 6.5.  For the symmetric pair (g,9°) = (s0(2,2n + 1),s0(1,2n + 1)),

2((n 2], = v (o D).

where q'(1) is the mazimal parabolic subalgebra of g% corresponding to By. Further,

the restriction L9((n — %)w1)|ga is 1somorphic to a spherical complementary series

representation of so(1,2n+1).

6.2.3. sp(2n,R) | sp(n,C). Let (g,97) = (sp(2n,R),sp(n,C)). The complex
metaplectic representation of sp(n,C) is not as well-known as its counterpart for
sp(n,R). It can be realized on L*(C") and splits into two irreducible pieces, the
even and the odd part (see e.g [33, page 161]). A possible construction is by
restricting the metaplectic representation of sp(2n,R) on L?(R**) ~ L*(C") to
sp(n,C) whence the first part of the following result is immediate:
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Theorem 6.6.  For the symmetric pair (g,9°) = (sp(2n,R),sp(n,C)) the re-
striction Lg(%wn)bv s 1somorphic to the even part of the metaplectic representa-
tion of sp(n,C). Further, the restriction is isomorphic to the small representation
of sp(n,C) constructed in [7].

6.2.4. eg(—14) 4 fa(—20)-
Let (g,97) = (es(—14), fa—20)) . We take o; asin Setting. We may assume
ot =t and

oo =@y, OQg =05, 003 =03, 004=0, O005=—[,
oc=1ong, (i=1,34).

Then t7 is a Cartan subalgebra of €7 and of g7. We put
Bii=asle, [2i=aule, Bzi=asle, Bii= (a1 +az+ s+ a5+ ag)le,

and the corresponding Dynkin diagram is:

b B B B

——S0——

We have 6 = 1 on g3 for « = 1,2,3 and 6 = —1 on g3 . Write y; for the
corresponding fundamental weights.
The following result can be found in [3| Theorem 3.4

Theorem 6.7.  For the symmetric pair (g,9”) = (es(—14), fa(—20)) »

LI (3we)|ge == Ag1)(—2411),

where q'(1) is the mazimal parabolic subalgebra of g% corresponding to B .

6.2.5. Proofs.

The fact that the restrictions for (so(2, N),so0(1, N)) are spherical comple-
mentary series was proved by Seppéanen [30, Theorem 19].

Let us next treat the identifications with Aq(A). The case (eg(—14), fa(—20))
was treated in [3]. Their proof can be applied to the other cases as well. Let
e.g (g,97) = (su(2m,2n),sp(m,n)). Using the argument in [3], we see that the
restriction L®(way,)|ge has infinitesimal character po, — pgo. Here, pgo is half the
sum of positive roots in g&. Since fia, — pge and —2np; + pge lie in the same
Weyl group orbit, both sides of have the same infinitesimal character. By
Theorem [4.3],

Ay (=2npu)|er = @ F¥ (kpy + kptmr)-
k=0
Hence by the proof of Proposition , Ag1y(—=2npn) is irreducible. Therefore,
L8(wam)|g> and Ag1)(—2np,) are spherical irreducible (g7, K7)-modules and have
the same infinitesimal character, which implies that they are isomorphic (see [0,
§7]). The case (g,9°) = (s0(2, N),s0(1, N)) can be proved in the same way.
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We note that for the pairs (su(2m,2n),sp(m,n)) and (so(2,2n),s0(1,2n)),
the formulas and can also be derived by using D-modules (see [25]).

Finally, the identification with representations studied in [7] works in the
same way as the identification with A4()). Since both representations in question
are spherical irreducible representations of classical groups, it suffices by [6l, §7] to
show that their infinitesimal characters agree. This can be done using |7, Theorem

3.7].

7. Associated varieties and Kobayashi’s conjecture

We study a conjecture by Kobayashi for the associated varieties of discrete com-
ponents in the restriction of g-representations. We confirm the conjecture for
all discretely decomposable restrictions of minimal holomorphic representations to
symmetric subgroups.

Let G be a real reductive group and G’ a reductive subgroup. Take a
maximal compact subgroup K of G such that K’ := G’ N K is a maximal
compact subgroup of G’. For a g-module X of finite length we denote by
Vee (X) C g¢ its associated variety in the sense of Vogan [32]. Accordingly we
will use Vi (V) C (g¢)* for the associated variety of a g'-module Y of finite
length. Let pry,. : g¢ — (g¢)* denote the restriction dual to the embedding
gc — gc. Then Kobayashi conjectured:

Conjecture 7.1 ([I6, Conjecture 5.11]).  Let X be an irreducible unitarizable
(g, K)-module and Y an irreducible (g’, K’)-module. If Homy (Y, X) # 0 then

prgag/o}gc (X)) = VQ% (Y) (71)

The inclusion pry_,; (V. (X)) C Vg (V) was proved in [I3, Theorem 3.1].
The other inclusion is known to hold in the following cases.

Proposition 7.2 ([16, Proposition 5.12]).  Conjecture|[7.1) is true for the follow-
ing four cases:

1. X s the oscillator representation of g = sp(n,R) and ¢ = g} © g, is a
compact dual pair in g,

2. X 1s the underlying (g, K)-module of the minimal representation of O(p,q)
with p+ q even and (g,¢’) is a symmetric pair ([19]),

3. X is a (generalized) Verma module and (g,g’) is a symmetric pair ([17]),
4. X =Ay(\) and (g,9') is a symmetric pair ([25]).
If X is an irreducible (g, K)-module, V,.(X) C p¢ is a union of a finite
number of nilpotent Kc-orbits in pg. Identifying pc =~ p by means of the Killing

form we can view V,.(X) as a subvariety of pc. If additionally X is a lowest
weight module then V. (X) Cp_.
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7.1. The conjecture for holomorphic pairs.
We will prove that the conjecture is true if X is a highest (or lowest) weight
module and (g, g’) is holomorphic in the following sense:

Definition 7.3.  Suppose that g and g’ are of Hermitian type. We say a pair
(g,9') is holomorphic if the natural embedding G'/K" — G /K is holomorphic.

Note that the pair (g,g’) is not assumed to be symmetric as in Defini-
tion [1.4] If we write the decompositions of the tangent spaces of G/K and G'/K’
as pc = p4++p_ and p = p’, +p", respectively, then the condition for (g, g’) to be
holomorphic is equivalent to p’, = prNp; and p” = przNp_. Hence, Deﬁnition
is compatible with Definition for a symmetric pair.

If (g, ¢’) is holomorphic, then any highest (or lowest) weight (g, K)-module
X is discretely decomposable as a g'-module and we have:

Theorem 7.4.  Let (g,¢') be a holomorphic pair and X a highest (or lowest)
weight (g, K)-module. Then Conjecture[7.1] is true.

The key ingredient for the proof is that ([7.1]) follows from the ‘compatibility
of filtrations’:

Lemma 7.5. Let X, be a non-zero finite-dimensional subspace of X . Suppose
that Uy, (gc)Xo NU(gc)Xo = Un(gc)Xo for any n € N, where U,(gc) and U, (g¢)
are giwen by standard filtrations of U(gc) and U(gr), respectively. Then the
equality holds.

Proof.  Since pry_,,(Vy.(X)) C Vg (Y) by [13, Theorem 3.1], it suffices to
prove the other inclusion pry_,, (Vg (X)) D Vg (Y). Put X' = U(gg)Xo. Define
filtrations of X and X' by X,, = U,(gc)Xo and X! = Un(gc)Xo, respectively.
Then our assumption implies that the induced map between graded modules
gr X' — gr X isinjective. Hence Anngy,)(gr X') D Anng(g)(gr X)NS(ge) and the
inclusion pry_, (Vg (X)) D Vg (X') holds. Therefore, if X” is an irreducible g'-
submodule of X', we have pry_, (Ve (X)) D Vg (X") =V (Y) by [13, Theorem
3.7]. [

Proof of Theorem [7.4. Suppose that X is an irreducible lowest weight mod-
ule. For a € C, write X(a) := {v € X : Z'v = av}, the z'-eigenspace with
eigenvalue a. Then since ad(z’) is 1 on p, we have p, X(a) = X(a +1). Put
Xo := X" and X,, = U,(gc)Xo for n € N. Since X is irreducible, ad(z’) acts on
X?- by a scalar, say ag. Then we have

X = Un(ge) X~ = Un(p) X7~ = EBX (a0 + k).
Similarly,

Un(gt) XP~ = Un(p)X*~ = @D X(ao + k) N U (gc) X*~.
k=0
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Therefore, U, (gc)XoNU(96)Xo = Br_o X (ao+k)NU(gz) Xo = Un(g¢)Xo. Hence
(7.1)) follows from Lemma [7.5] n

7.2. The conjecture for non-holomorphic pairs.

We next consider the setting in Section @ In particular, X = L%(c() is the
minimal holomorphic representation. Put Xy := X?- and X,, := U,(g¢c)Xo. Then
X, =@,_, F*(cC + kB). In view of Proposition and its proof, we inductively
get Upn(gc)Xo = Bi_, F'(cC + kB). Hence the assumption in Lemma is
satisfied. We thus obtain:

Theorem 7.6.  Suppose that (g,9%) is a non-holomorphic symmetric pair, X =
L8(cC) is the minimal holomorphic representation, and X|g is discretely decom-
posable. Then Conjecture[7.1] is true.
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