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Abstract. We continue the classification of the isomorphism classes of
k-involutions of exceptional algebraic groups. In this paper we classify k-
involutions for split groups of type F4 over certain fields, and their fixed point
groups. We go on to describe the correspondence between certain subalgebras of
Albert algebras and the isomorphism classes of the k-involutions of their auto-
morphism group.
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1. Introduction

This is a continuation of a classification initiated by Helminck et al. in [2,5, 10,
13, 14] making use of the theory set out in [28]. In [10] Helminck introduces three
invariants whose classification is equivalent to a full classification of k-involutions
of reductive algebraic groups. Here we look at the specific case when G is a
split algebraic group of type F4. One reason to classify the isomorphism classes
of k-involutions for an algebraic group of a certain type has to do with their
correspondence to symmetric k-varieties of these groups. A symmetric k-variety
is a quotient space of the form G(k)/H (k) where G is a reductive algebraic group,
H = G’ is the fixed point group of @ an automorphism of order 2 and G(k)
(respectfully H(k)) are the k-rational points of G (respectfully H). For a torus
S C G we denote by X*(S) the group of characters, and ®(S) the root space. We
define the set I;,(S, ) in section 2, along with other definitions needed to make the
following statement. Helminck shows that the classification of these maps of order
2 can be reduced to the classification of the following invariants for split algebraic
groups,

(1) classification of admissible involutions of (X*(T"), X*(S),®(7T), ®(5)), where
T is a maximal torus in G, S is a maximal k-split torus contained in T’

(2) classification of the G(k)-isomorphism classes of k-inner elements a € I (S, ).

ISSN 0949-5932 / $2.50 (©) Heldermann Verlag



1004 HUTCHENS

In the case the group is not split a third invariant is needed.

Yokota gave explicit descriptions of k-involutions and their fixed point
groups for algebraic groups of type Fy for £ = C,R. Over £k = C and R our
results correspond to the v and ¢ maps in [32]. Here we use different methods,
and fit the results into the theory described in [10].

Aschbacher and Seitz give a full classification of k-involutions when k is of
even characteristic in [1]. They provide isomorphism classes of k-involutions, and
their centralizers, which we refer to as their fixed point groups. Over fields of odd
characteristic these results are also known, and can be found in The Classification
of Finite Simple Groups by Gorenstein, Lyons, and Solomon [8]. The study of such
automorphisms and their relation to algebraic groups was initiated by Gantmacher
in [6] in order to classify real simple Lie groups. In [3,4] Berger classified involutions
of real Lie algebras and Lie groups and their symmetric spaces, which was also
done by Helminck in [9].

We give the full classification of k-involutions when k = K,R,Q, and F,
when p > 2 and ¢ > 2, where K is the algebraic closure of k. We finish by giving
descriptions of the fixed point groups of isomorphism classes of k-involutions,
and discussing the interpretation of the isomorphism classes in terms of Galois
cohomology and their relation to Kac coordinates.

I would like to thank V. Chernousov, S. Garibaldi, E. Neher, and H.
Petersson, all of whom I met at the Field’s Institute workshop for exceptional
groups and algebras, for their advice and conversations about all things Jordan
and exceptional. I would particularly like to thank H. Petersson for the ongoing
email correspondence we have had since that workshop.

2. Preliminaries and recollections

Most of our notation is borrowed from [29] for algebraic groups, [10] for k-
involutions and symmetric k-varieties, [25] for Galois cohomology, and [31] and [21]
for Albert algebras and composition algebras.

The letter G is reserved for an arbitrary reductive algebraic group. When
we refer to a maximal torus we use T and any subtorus is denoted by another
capital letter, usually S. Lowercase Greek letters are field elements, unless it is
the letter v, which refers to (vy1,72,73) € (k*)® or diag(y1,72,73) € GL3(k). We
use Z(G) to denote the center of G, Zg(S) to denote the centralizer of S in G.

By Aut(G) we mean the automorphism group of G, and by Aut(A) we
mean the linear automorphisms of the Albert algebra, A. The group of inner
automorphisms are denoted Inn(G) and the elements of Inn(G) are denoted by
T, where g € G and Z,(z) = gxg™".

We call a torus S a 0-split torus, where 6 a k-involution, if 6(s) = s~ for
all s € S. We call a torus (0, k)-split if it is both #-split and k-split. If S is a
torus that is not necessarily #-split, we denote by,

g ={seS]0(s)=s"},

the elements of S split by €. So we can say S is 0-split if and only if S =5, .
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Let S be a #-stable maximal k-split torus such that S, is a maximal (6, k)-
split torus. In [13] it is shown that there exists a maximal k-torus 7' D S such
that 7,7 D S, is a maximal #-split torus. The involution € induces an involution
0 € Aut(X*(T), X*(S),®(T),®(S)). It was shown by Helminck and Wang [12]
that such an involution is unique up to isomorphism. For 7" a maximal k-torus
containing a subtorus 5,

0 € Aut(X*(T), X*(S),®(T), (S))

is admissible if there exists an involution 6 € Aut(G,T,S) such that 0] x-r) = 0,
S, is a maximal (0, k)-split torus, and 7, is a maximal #-split torus of G. This
gives us the set of k-involutions on G that extend from involutions on the group
of characters, X*(T"). If 6 is a k-involution and S, is a maximal #-split torus
then the elements of the set,

I(S;)={s€S; | (9oL’ =id, (0oL, (G(k) =G(k)},

are called k-inner elements of . Some compositions 6 o Z; are not isomorphic
in the group Aut(G) for different s € I;(S, ), though they project down to the
same involution of the group of characters of a maximal torus fixing the characters
associated with a maximal k-split subtorus.

We borrow notation for quadratic forms from the text [18] by Lam, and

write (C—k’l) for a 2-Pfister form corresponding to the quadratic form

ap(x) = 2§ — (i — 15 + Cna,

over a field k.

3. Split Albert algebras

Here we provide notation and background information from the theory of Jordan
algebras, especially that of Albert algebras, that we use in our classification. We
think of algebraic groups of type Fy as the automorphisms of an Albert algebra.

Our split Albert algebra is isomorphic to 3 x 3 Hermitian matrices over a
split octonion algebra defined over a field k. The Albert algebra has dimension 27
with respect to the field. An octonion algebra is split if it contain zero divisiors.
We call the Albert algebra split if the octonion algebra associated with the Albert
algebra is split.

Let k be a field of characteristic not 2, for char(k) = 2 see [1], and C a
split composition algebra of dimension eight over k. For any fixed v, € k* we
define A = H(C;71,72,73) = H3(C,7) be the set of 3 x 3 y-Hermitian matrices.
Each z € A, where f; € k and ¢; € C, has the form

i c3 V138
x = h(f1, fa, f3;c1,Co,c3) = |73 '3 f2 1 ,
C2 73 1281 f3

where T = q(z,e)e — x, in C' with ¢( , ) the bilinear form on C'. We define the
product

((x+y)?—a®—y?)

1 1
z-y =Sy +ye) =3
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with juxtaposition indicating standard matrix multiplication.

So A is a commutative, nonassociative k-algebra of 3 x 3 matrices, whose
identity element is e = h(1,1,1;0,0,0), the usual 3 x 3 matrix identity. We define
a quadratic norm, @ : A — k, with an associated bilinear form

(z,9) = Q(z +y) — Q(r) — Q(y),

and we have

Q) = 5 (F2+ f + £3) + 2™ maler) + 97 vs0(e) + 25 maes)

Notice the bilinear form is nondegenerate. We denote by H3(C,~), the 3 x 3
Hermitian matrices over C', where C' is an octonion algebra and v is a diagonal
matrix with entries in £*.

We follow [31] and refer to the family of algebras of 3 x 3 ~-Hermitian
matrices over a composition algebra as J-algebras. If w € A and w? = w then we
call w an idempotent element. A J-algebra is said to be reduced if it contains an
idempotent other than zero or the identity. A J-algebra is proper if it is isomorphic
to an algebra of the form H3(C,~), where C is a composition algebra. If C' is
an octonion algebra we call H3(C,v) a reduced Albert algebra. The idempotent
elements of a J-algebra play the following role.

Lemma 3.1. If w € A is an idempotent element and w is not 0 or e, then
Q(w) = % or 1, (w,e) =2Q(w), e—u is idempotent, w(e—w) =0, (w,e—w) =0,

and Qe —w) =3 — Q(w).

If Q(w) = % then we call w a primitive idempotent. The following theorem
can be found in [16].

Theorem 3.2.  If A is a proper reduced J-algebra, then the composition algebra
C' where A= H3(C,~) is uniquely determined up to isomorphism.

If we fix a primitive idempotent w € A, and let
1
Ey={ace-CA|wa=0}, andlet B, ={ace-CA| wa:§a},
then an Albert algebra has a decomposition

A=kwd k(e —w)® Ey® F,

called its Peirce decomposition.

In this paper we are concerned with split Albert algebras, which can be
constructed using the following method due to Jacques Tits. We first need to
define a sharped cubic form, (N,#,1x) on a module, X, over a ring of scalars
with unity. Choose a base point 1x € X, such that N(1x) = 1. Next we define
the quadratic map, #, for x € X, such that

o# = 2 — Tr(z)x + Sr(z)1x.
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We call Tr the trace form on X and Sr the quadratic trace. If the following
identities hold for #, Tr, Sr, and NV,

Te(a?,y) = N(x,y) (1)
o#** = N(x)x (2)
Ix#e =Tr(y)lx — vy, (3)

we call (N, #,1x) a sharped cubic form, where
a#y = (v +y)* —a¥ —y*

The maps Tr(, ), Sr(, ), and N(, ) are related to the respective forms Tr( ),
Sr( ), and N( ). These are defined explicitly in our case when needed. To get an
idea of how this works in more generality we refer the reader to [21].

From a sharped cubic form (N, #,1x) we can construct a unital Jordan
algebra, J(N,#,1x), which has unit element 1x, and a U operator defined by

Uy = Tr(z,y)z — a®#y.
The following result is due to Jacobson.

Proposition 3.3.  Any sharped cubic form (N,#,1x) gives a unital Jordan
algebra J(N,#,1x) with unit 1x and product

vy = 5(r#y + Tr(@)y + Tr(y)z — Sr(r,y)1x).

Finally, we relate the sharp product and sharp map to the above forms in
the following way,

w#ty = {,y} — Tr(x)y — Tr(y)z + Sr(z,y)1x (4)

0 = 2* — Tr(z)2® + Sr(x)z — N(2)1x, (5)

where {z,y} = 2zy. From here we define the first Tits construction for

Jordan algebras of degree 3 from associative algebras of degree 3, a special case

of which provide us with another form of split Albert algebras isomorphic to
H;3(C,id), where C is a split octonion algebra.

Let M be an associative algebra of degree 3 over a unital commutative ring
R with a cubic norm form (n,#, 1,,) satisfying the following

m?® — tr(m)m? + sr(m)m — n(m)1y =0, (6)
with tr(m) = n(ly,m),sr(m) = n(m,1y),n(ly) = 1. Notice that also if
m?# =m? — tr(m)m + sr(m)1y we can write

mm¥* = m#m = n(m)ly, (7)

n(m,m') = tr(m*,m’), (8)

tr(m, m’) = tr(mm’). (9)



1008 HUTCHENS

Proposition 3.4.  Let M be a unital associative algebra with a base point such
that n(1y) = 1, m# = m?2 —tr(m)m+sr(m)ly, and m#m' = (m+m')# —m# —
m'# . Then any cubic form on M satisfies

tr(lpy) =sr(ly) =3 (10)
1 =1y (11)

sr(m, 1p) = 2tr(m) (12)
Ly#m =tr(m)ly —m (13)
st(m) = tr(m®) (14)
2s1(m) = tr(m)? — tr(m?). (15)

A proof of this can be found in [21]. For the remainder of the construction
we follow Petersson’s notes from the Fields Institute workshop on exceptional
algebras and groups, but this can also be found in [21].

Theorem 3.5.  Let n be the cubic norm form of a degree 3 associative algebra
M over R, and let v € R*. We define a module

J(M,v) = My ® M, © Ma,

to be the direct sum of three copies of M, and define 15, N, Tr, and # by

Ly =id@0® 0 (

N(m) = n(mg) + vn(my) + v*n(ms) — tr(memims) (
Tr(m) = tr(mo) (18

Tr(m,m') = tr(mo, mg) + tr(ma, my) + tr(me, m}) (
m# = (m¥ — vmymy) ® (vml — moemy) & (m? — mamy) (
(mm)* = m#m?, (
where n and tr are the norm and trace on M for m = (mg,mq,ms) and m' =
(mg, my,mb). Then (N,#,1x) is a sharped cubic form and J(N,#,1y) is a

Jordan algebra.

To construct a split Albert algebra over a field & let us denote by Mats(k)
the 3 x 3 matrices over a field k. To perform our construction we pick our
associative algebra Matgz(k) with n the determinant, tr is the typical trace of
a matrix, 1), = id, and v = 1. For the remainder of the paper we drop the #
from our notation, and refer the reader to (3.20) for the formula.

Proposition 3.6.  The algebra J(Mats(k),1) = Ay @ A1 & Ay is a split Albert
algebra.

Proof. The algebra J(Mats(k),1) is reduced, since it contains the primitive

idempotent,
1

;0,0
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So J(Mats(k),1) = H3(C,7), for some 7. Also, J(Mats(k),1) contains a copy
of Ay ® {0} @ {0} = Mats(k)™ = Hs(k @ k), which contains a copy of k @ k
by [31]. The composition algebra k @ k is a split, which implies the octonion
algebra C' D k@ k, and so H3(C,~) is split. [

Where Matz(k)™ is the Jordan algebra consisting of the vector space
Mats(k) with the typical Jordan product.

4. Automorphisms of groups of type Fu

For our two presentations of the split Albert algebra over a given field, we consider
two different ways to assure linear maps are automorphisms. For H3(C,7) we
can check the map in question is a bijection and respects the Albert algebra
multiplication. When we consider the Albert algebra as a first Tits construction,
we can check that the map is a bijection fixing the base point that respects the
norm and adjoint maps.

The automorphisms we want to consider have order 2, and so we review
some results of Jacobson concerning Aut(A) found in [16].

Proposition 4.1. Let A be a finite dimensional exceptional central simple
Jordan algebra. Then A is reduced if and only if Aut(A) contains elements of
order two. If the condition holds then any s € Aut(A) having order two is either;

(I) a reflection in a sizteen dimensional central simple subalgebra of degree
three,

(II) the center element 7, # 1 in a subgroup Aut(A),, w is a primitive
idempotent.

Corollary 4.2.  An involution of type (I) leaves a subalgebra Byx C Ax =
H3(C,~) where K is algebraically closed, and Bx = H3(D,~) where D C C' is
a quaternion subalgebra over K. If A is split then any two automorphisms of A
of order two and type (II) are conjugate in Aut(A). When k is either finite or
algebraically closed, then any two automorphisms of A of order two and type (I)
are conjugate in Aut(A).

We use an of SLj x SL3 to give us a k-split maximal torus in Aut(A), a
construction suggested by H. Petersson following [30]. Using the classification from
[10] we use this k-split maximal torus to find representatives of the isomorphism
classes of k-involutions of Aut(A).

Proposition 4.3.  The map
fuw : A — A, where (ag, ay,as) — (uagu_l,ualv_l, vagu_l) ,
is an automorphism of A if and only if (u,v) € SL3(k) x SL3(k).

Proof. In order for f,, to be an automorphism of A = J(Mats(k),1) we need
fuv to preserve the base point, the sharp map and the norm. A map of the form



1010 HUTCHENS

fuv clearly fixes the basepoint 14 = (id,0,0) for any u € GL3(k). Next we check
that f,, preserves the norm. So we look at
N (fuw(a)) =N ((Uaouflyuaw*l,vawfl))
=n (uaou_l) +n (ualv_l) +n (vagu_l) —tr (uaou_lualv_lvagu_l)
= n(u)n(ao)n(u™) + n(u)n(a)n(v™")
+ n(v)n(ag)n(u™) — tr(uagaiasu™)
= n(ap) + n(ay) + n(az) — tr(apaias)
= N(a).

Let us recall a;' = a?n(a;)~" and look at the sharp map

_ (,# # #
a# —»(&0 — a1G2,09 — QpA1,A7 — A2Gq ) .

then

fﬁv(a#) ::jZﬂ (a#:_'a1a27a§:_'a0alaa?:_'a2a0>

= (u(a# — alag)u_l, u(afE — aoal)v_l, v(cﬁf — aan)u_1>

= (ua#u’1 — ua1a2u’1,ua§£v’1 — uaoalv’l,va#u’I — Uagaou’l>
= (ua#u_l — ualv_lvagu_l,uafv_l — uaou_lualv_l, Ua#u_l — Uagu_luaou_1> .

Since af = a? — tr(a;)a; + sr(a;)c and 7' = z# if and only if = € SLy(k),
(af )y = (@) (o) )

(«7") (yar)”

(yaix_l)# .

For ag let =y =wu, a1 let x =u and y =wv, ay let x =v and y = u. [ |
Now if we consider a k-split maximal torus in SL3(k),

U

T, = ul Mg uy,us € k p C SL(k),
—1
Uy

we see that it is of rank 2 and so a k-split maximal torus 7T, x T, C SLs(k) X
SL3(k) C Aut(A, k) must have rank 4 and we have that 7 = T, x T, C Aut(A, k)
is a k-split maximal torus. In accordance with the action of f,, on A, an element
of our k-split maximal torus can be computed directly.

From the combinatorial classification of invariants of type (1) given in [10]
we know we should have two involutions corresponding to the following diagrams.

ai asg as ay
Ba
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Let A be defined over k, then the first diagram corresponds to a k-
involution 6 : Aut(A) — Aut(A) that splits an entire k-split maximal torus,
and the second diagram corresponds to a k-involution o : Aut(A) — Aut(A) that
splits a rank 1 k-split torus and fixes a k-split torus of rank 3.

We have two isomorphism classes of invariants of type (1) as set out by [10].
We follow [16] and call automorphisms in the equivalence class of k-involutions of
the form 6 o7, t € (7, ) of type (I), and those of the form o oZ;, s € I;(7,")
of type (II).

By 4.2 all elements of order 2 in Aut(A) of type (II) are conjugate for any
k where char(k) # 2. So we have the following theorem.

Theorem 4.4.  All k-involutions of the form coZy, s € Ix(T,") are isomorphic.

Proof.  These automorphisms are inner automorphisms of the form oo Z(x) =
grg~! with g € Aut(A) being of order 2 and leaving an 11 dimensional subalgebra
fixed. So g is an automorphism of A of type (II), and so the result is immediate
from 4.2. ]

The isomorphism classes of k-involutions of the form #oZ,, t € I(7, ) are
said to be of type (I) and leave a 15 dimensional subalgebra fixed that is isomorphic
to H3(D,~) where D C C' is a quaternion subalgebra of a split octonion algebra.
In order to classify k-involutions of this type we need the following Lemma.

Lemma 4.5. Let A be a k-algebra and D and D' subalgebras of A. If t,t' €
Aut(A) are elements of order 2 and t,t' fix D, D" elementwise respectively, then
t =t if and only if D =D’ over k.

Proof. Let D,D’" C A such that t(a) = a and ¢/(a’) = & for all « € D and
a' € D', and let D and D’ be the largest such subalgebras with respect to ¢ and
t'. First we show sufficiency. Let D = D', and let g € Aut(A) be such that
g(D') =D. For ce A c=a+b where a € D and b € A—D. Since t,t' are
of order 2 we have D (resp. D) is the 1-space and A — D (resp. A —D') is the
(—1)-space of ¢ (resp. t'). Then we have,

gt'g~ (a+b) =gt'(a' +V)
=g(d' =)
=a—>b
=t(a+0),
since g(A — D) = A—D. To show necessity we start by assuming there exists a

g € Aut(A) such that gt'g~! = ¢, which implies that ¢¢~' = g~'¢, and from this
we see that

t'g (a+b) = g~ 't(a+b)
(g (a)+97'(b) =g '(a—D)
(g a)+ g (b)) =g " (a) — g~ (D).

This shows us that g~'(a) € D’ for all @ € D, and so D = D'. n
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We say that two diagonal matrices, v,y € (k*)3, are equivalent and write
v ~e v it Hy(C,y) = H3(C,~'), where C' is a composition algebra.

Proposition 4.6.  Let D C C be a quaternion subalgebra of the octonion algebra
C, over k. If Hs(D,¢), Hs(D', ") C Hs(C,~) then Hs(D,o6) = Hs(D',d') if and
only if D and D' are split, or D and D' are division algebras and 6 ~¢c &' €
k*[ap(C)*.

Proof. From [31] every automorphism of a subalgebra of H(C,~) extends to
an automorphism of H(C,~). This fact along with 3.2 gives us the result. u

Let us consider 6 o Z, of type (I), notice that § = Z, where,

p
g=1 - P|,
S p
where Z, : Matg(k) — Matg(k), and p(z) = z'. So the k-inner elements are of the
form t(uy,ug, v1,v0) =t €T, ={t €T |0(t) =t} and #oZ, is a k-involution.
In this case 7,  is a maximal torus, and all elements ¢ € 7 are such that 0 o Z;
is a k-involution for all k. To check that this is true we can simply notice that
o, =T,0L; =Ty, and (gt)*=id forall t e T =T, .
Let t = t(uy, uz, vy, vy) then we can compute AY, the subalgebra of A fixed
by the element of Aut(A) that induces the k-involution, 6 o Z;.
We assume that our field is not of characteristic 2 and we use the quadratic
form § Tr(2?) from [27], to make an identification between Hs(D,~) C Hj(C,id),
and A% C J(Mats(k),1). We need to recall a theorem of Jacobson [16].

Theorem 4.7. Let H C J and H' C J be reduced simple subalgebras of degree
3 of a reduced simple exceptional Jordan algebra J, if there is an isomorphism
H = H' then it can be extended to an automorphism in J.

Corollary 4.8.  Let C be an octonion algebra and D C C' a quaternion subalge-
bra, then Hs(D,6) is a subalgebra of Hs(C,~) if and only if H3(C,~) = H3(C,9).

Corollary 4.9. Let C' be a split octonion algebra with quaternion subalgebra
D C C then H3(D,0) is a subalgebra for all § € (k*)3.

Proof. This follows from the fact that there is only one isomorphism class of

algebras of the form H3(C,~) when C' is split. [
With this in mind we look at isomorphism classes of algebras of the form

H;3(D,~) C H3(C,id) where C is a split octonion algebra.

Lemma 4.10.  Let C' be a split octonion algebra with quadratic form q and D

a quaternion subalgebra with quadratic form qp. Then

(1) if k = K is algebraically closed there is one isomorphism class of the form
H3(D7 ’Y) )
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(2) if k=T, where char(p) > 2 there is one isomorphism class of algebras of the
form HS(D7 ’Y) ’

(3) if k = R there are 3 isomorphism classes of algebras of the form Hs(D,~)
corresponding to D being split, D being a division algebra with v = id, and
D being split with v = (—1,1,1),

(4) if k = Q, there are 2 isomorphism classes of algebras of the form Hs(D,~)
corresponding to D being split or D being a division algebra.

(5) if k= Q there are an infinite number of isomorphism classes.

Proof. For (1) and (2) there are only split quaternion algebras, and therefore
only split algebras of the form Hs(D, ). For (3) when k£ = R it is well known, see
for example [31] chapter 1, there are 2 isomorphism classes of quaternion algebras.
If D is split there is one isomorphism class of algebras of the form H3(D,~). If
D is a division algebra the isomorphism classes are determined by norm classes
k*/qp(D)*, 5.8.1 [31]. If k = R then k*/qp(D)* = {£1}, which give us two
equivalency classes of diagonal matrices of the form diag(v1,ve,v3), where 7; € R*.
One can be represented by diag(1,1,1) and the other by diag(—1,1,1). For (4)
again we get two isomorphism classes of quaternion algebras, and since ¢p(D)
represents all values in Q,, see [25,31], so k*/qp(D)* = {1} and all matrices of
the form diag(vy1,72,73) € (k*)® are equivalent. To see (5) notice that there are
an infinite number of isomorphism classes of quaternion division algebras over QQ
and in order for two .J-algebras to be isomorphic their composition algebras must
be isomorphic. [ ]

Theorem 4.11.  Let t = t(uy, us,v1,v2) and let gt € Aut(A) be an involution
of type (1), where A is a split Albert algebra. Then for k-involutions of the form
o It = Igt;

(1) if k = K 1is algebraically closed there is one isomorphism class,
(2) if k=T, where char(p) > 2 there is one isomorphism class,
(3) if k=R there are 3 isomorphism classes,

(4) if k=Q, there are 2 isomorphism classes,

(5) if k= Q there are an infinite number of isomorphism classes.
Proof.  This follows from 4.5 and 4.10. [ |

In fact we can identify a representative for each of the isomorphism classes
of k-involutions of the type 6 o Z; for certain fields. For k algebraically closed or
a finite field we can take u; = us = v1 = v9 = 1. To find representatives for the
isomorphism classes of k-involutions when £ is R, Q,, or Q it helps to consider
the quadratic form from [31]. If we consider an Albert algebra A over C, a split
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composition algebra, then A = H3(C,id). Then an element of H3(C,id) is of the
form,
Ji w3 Ty
r=|T3 fo 1|,
Ty T1 f3
where f; € k and x; € C, and " is the algebra involution in C'. The quadratic
form described in [31] is of the form

Q) = S+ 3+ £3) + alen) + () + glas),

with ¢ the quadratic form on C'. We consider the same quadratic form on the
subalgebra H3(D,~) C H3(C,id). An element of H3(D,~) has the form

ifl Y3 TR YT
Y= |7 MY3 1f2 Y1
Y2 V3 Vel I3

where f; € k, y; € D a quaternion subalgebra of C', and (1, v,73) € (k*)%. The
quadratic form restricted to this subalgebra looks like,

Qy) = %(ff + f3 4 f3) + 5 eap () + v sap(y2) + v2 ap (ys),

with ¢p the quadratic form on C' restricted to a quaternion subalgebra D C C'.
From here we need two facts about equivalent quadratic forms. We know that
A% = H3(D,) for some D and 7. So, if we compute Q(a), for a € A?,

1
(2 2 2
Q(a) —5(%1 + ags + agy)
-2, 2 2 -1, 2 1,2
+ Uy TU2a0y + UV1AT7 F UV V2a7g F UVy ATy
-1, —1 2 -1, 2 1, -1, 2 -1, 1,2
+ Uy Uy Qg3 T UUy V1AT, T ULUy TV Valis + Uiy Uy Alg

-2 2 -1 2 -1, -1 2 -1,,—-1 2

The following result is due to Jacobson [15].

Theorem 4.12. A quaternion algebra is completely determined by its quadratic
form.

We can use this along with the fact that the quadratic form of a quaternion
algebra is completely determined by a 2-Pfister form,

)

where ¢ and 7 are the negative squares of two basis vectors in et C D, where e
is the identity element in D. It is known that

()= ().
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see [7] 1.1.2, where m,n € k*. It is also helpful to note here that

(01,672, 0v3) ~ (71, 7273) ~ (5%71,5372,5373), (23)

where §,0; € k*, [16]. Using 22 and 23 we can rewrite,

1
_ 2 2 2
Q(a) —§(a01 + ags + agg)
2 2 1. 2 2
Uy (%2 T v1ai7 + Uy v2ayg U2a19)
1 —1(.2 2 1. 2 2
+ Uy Uy (a03 + viaj, + vy V20l + vgaw)

2 2 -1 2 2

making the identifications uy + V3 'va, uytuyt = 7 s, ur = e v, ¢ v,
and vy 'vy — 1 we have equivalent quadratic forms.

Proposition 4.13.  For the following fields, k, we can take as representatives
of isomorphism classes of k-involutions of Aut(A) to be of the form Ly where g
is defined above, and t = t(uy, us, vy, vs)

(1) k=K or k=F, where p>2, t =1(1,1,1,1) is a representative of the only
1somorphism class,

(2) k=R for D split we can choose t(1,1,—1,1), for the positive definite case
we can choose t(1,1,1,1), and for the indeterminate quadratic form we can
choose t(—1,1,1,1),

(3) k= Qq we can choose t(1,1,—1,1) for the split case and t(1,1,1,1) for D a
division algebra,

(4) k= Q, with p > 2 we choose t(1,1,—1,1) for D split, and t(1,1, —p,—2Z,)
for D a division algebra.

Proof. (1) is straight forward. (2) is well known, but this can be seen through
straight forward computations and the fact that (1,1,1) % (—1,1,1). Recall that
there are only two isomorphism classes of quaternion algebras. (3) follows from
straight forward computations and the fact that there are only two isomorphism

classes of quaternion algebras over k = Qy is determined by <7(g;1 a division
algebra, and a quaternion algebra determined by <%) for the split case. (4)

can be seen if we let Q3/(Q})? = {1,p, Z,,pZ,} [24], where Z, is the smallest
non-square in [F,. There are two isomorphism classes of quaternion algebras over

Q, when p > 2; one when the quaternion algebra is determined by (%) for the
split case, and the other is determined by (%) for the division algebra case. =
We see that the structure of these classes are completely determined by the

structure of the quaternion algebras over the respective fields. For a more thorough
treatment of composition algebras over fields with a discrete valuation see [22].
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For k = Q we have seen that there are an infinite number of isomorphism
classes of k-involutions of Aut(C') where C' is an octonion algebra, [14]. This is due
to the fact that there are an infinite number of isomorphism classes of quaternion
division algebras of Q. We recall that

) (2)

when p and ¢ are distinct primes both equivalent to 3 mod 4. This appears as
an exercise in [23]. There are an infinite number of such pairs p and gq.

5. A decomposition

The k-involutions of the form 6 o Z, = Z, as defined above, correspond to an
element of order 2 in Aut(A) fixing a subalgebra of the form H3(D,~), where D
is a quaternion subalgebra defined over k, and ~ is a diagonal matrix with entries
in k*.

This induces a decomposition of the Albert algebra A into a Jordan alge-
bra over the quaternion algebra fixed by an element of order 2 in Aut(C) and
a quaternion multiple of the skew symmetric matrices taken over a quaternion
algebra of the same type.

Let t € Aut(A) be of order 2 such that t|oc = ¢ € Aut(C) is of order 2,
then s is of the form,

t(f1, fofssc1,ca,03) = (fi, fo, f3,t(c1), E(ca), (c3)),

and fixes a quaternion subalgebra D C C' that is either split or a division algebra.
Then the map s fixes a subalgebra of the form Hs(D,~) C H3(C,id) =2 A. So the
algebra H3(C,id) decomposes as follows

Hg(D,f}/) ©® SkeW?)(Dafy) ’ ja

where we think of j = diag(j, j,j) with j € D+, so that C = D@ Dj. An element
of H3(C,id) can be written in the form

X +Yy,

where X € H3(D,~) and Y € Skews(D,v). Then we can look at the elements
t € Aut(A) that fix a subalgebra isomorphic to Hs(D,~)

tX +Yj) =t(X)+t(Yy),
since t leaves H3(D,~) invariant and is an automorphism, it must leave
Skews (D, ) = H3(D,7)*

invariant as well. This means we can think of ¢ € Aut(A) in terms of its action
on the subalgebra and its perpendicular complement. We rename the map

t‘Hg(Dq) =T,
and the map ¢(Yj) = s(Y')j, which allows us to write,
HX +Y))=r(X)+s(Y)].
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Proposition 5.1. For X € H3(D,v) and Y,V € Skews(D,~) the following
are true,

1. X-(Yj) e Skews(D, ),
2. (Yy)-(Vj) € Hs(D,n).
Proof. This can be shown easily through straight forward computation. |
We denote the products defined above by
(XeoY)j:=X-(Y)), and Y =V := (Yj) - (V).
Using the above notation we can then say that

HX4Y)) - (U+ Vi) =t(X -U+Y*V+ (X oV +UsY)))

t
r(X-U+Y«V)+s(XeV+UeY)j
r(X-U)+r(Y*xV)+ (s(XoV)+s(UeY))j

If we now use the fact that ¢ € Aut(A), we can say

HX +Y))s(U+ Vi) = (r(X) +s(Y)j) (r(U) + s(V))
=7(X) - r(U)+s(Y)xs(V) + (r(X) es(V) +7(U) xs(Y)) j.

Setting t (X +Yj)- (U+Vy))=t(X +Yj) - t({U+V -j), we see the following

r(X-U)=rX) -r{U) (24)
r(Y «V)=s(Y)=*s(V) (25)
s(XeV)=r(X)et(V). (26)

Define an algebra involution to be a map on a k-algebra A such that
Loz +y) = uz) +u(y),
2. u(zy) = u(y)u(x),
3. (z) ==,

for all z,y € A. We are concerned with the case where the k-algebra Mats(D),
and ¢ = ¢, : Matz(D) — Matz(D) is induced by v = diag(y1, 72, v3) with v, € k*,
by i(z) =~"2"y.

If we look at a typical element of the space Skews(D,~) x Skews(D,~) C
Hs3(D,~) we need to consider the product (Yj)-(Vj) =Y %V, where Y,V €
Skews(D,~), j € Dt. We have an element of the following form

YV = @ (7*1 (V)Y + o (YV)V)T 7) . (27)
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Now we consider the space Hs(D,7)) e Skews(D,~) C Skews(D,~), and
look at elements of the form X e V' where X € H3(D,~) and V € Skews(D, 7).
For this we consider elements X € H3(D, ), i.e.

fi x3 Y1 ' V3Zo
X = |y 'mzs fo T
T2 V3 T f3

We can look at the product X e V', where X - (Vj) = (X o V)j, and we arrive at
XeV=(VX+VTXT)T).

6. Fixed point groups

Over any field there is only one isomorphism class of k-involutions, which has as
a representative conjugation by an element in Aut(A) fixing an 11 dimensional
subalgebra, so there is only one isomorphism class of their fixed point groups
by [10].

Take o as defined above as our representative of this class of k-involutions.
The subgroup of G = Aut(A) that leaves the 11 dimensional quadratic subalgebra
of A invariant is G°.

Proposition 6.1.  The fized point group of o is isomorphic to Spin(Q, Ep) .

Proof. The subgroup Aut(A), C Aut(A) that leaves a primitive idempotent
w invariant is isomorphic to Spin(Q, Fy) where @ is the quadratic trace form on
A and Fj is the 0-space of multiplication by w. The algebra FEj is isomorphic to
the 11 dimensional algebra fixed by o. [ |

Proposition 6.2.  Let ¢ be an algebra involution on Mats(D) corresponding to
v then the fized point group of 6 o I, is isomorphic to Aut(Mats(D),t) x Sp(1).

Proof. Let r € Aut(Hs3(D,~)) for D C C' a quaternion subalgebra of C' and
v € (k*)3. By [20], r extends uniquely to an element 7 € Aut(Matz(D),¢),
where « = ¢, is the algebra involution in A induced by ~. If ¢t € Aut(H;3(C,id))
such that t2 = id and t leaves elementwise fixed a subalgebra of the form
H(D,~). If X € H3(D,~) C Mat3(D) and Y € Skews(D,v) C Matz(D), then
X +Y - j5)=r(X)+s(Y) j where j € Dt with q(j) # 0, r € Aut(H3(D, 7))
and s € L(Skews(D,v)). Let z,y € D then t|c(x + yj) = r|p(z) + s|p(y)j
such that r|p € Aut(D) and s|p = p(r|p), where p € Sp(1), [14]. So s|p €
Aut(D) x Sp(1), and we have s = pr € Aut(Mats(D),¢) x H and det(p) = 1. But
we have Aut(Mats(D),¢) x H C Aut(Hs3(C,id)), which has rank 4. The subgroup
Aut(H;(D,v)) = Aut(Mats(D),¢) is of type C3, H D Sp(1) has rank 1, and so
H = Sp(1). n

These groups correspond to a description of coordinates given by Kac
in [17], and what Serre calls Kac coordinates in [26]. We now provide a summary
of the idea of Kac coordinates from [26] starting with the theory for k& having
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characteristic zero. These are also mentioned in [19]. We fix a maximal torus 7,
and a set of roots ®(7T") with base (o )ier, with a; € X*(T') ®z Q. We denote by

a= Z )\iCYi,

iel

the longest root. The coefficients \; € Z and \; > 1. If we then take Iy = TU{0},
and set ag = —& we have

il
We can associate the set I to the set of vertices of the Dynkin diagram of ®(7"), and
Iy to the set of vertices of the extended Dynkin diagram. When char(k) = 0 we
choose a parametrization of the roots of unity. In general we want a homomorphism
e : Q - K*, where ker(e) = Z. For example the natural choice when K = C is
the map e(y) = e?™X.
From this we can associate an element ¢, € T'(k) in the following way

w(ty) =€ (Z fz'(@Xi) 5

el

where w € X*(T), and &;(w) are the coordinates of w with respect to (a;). When
Z(G) contains only the identity this is enough to characterize t,, and this is the
case for Aut(A). We define the set P in the following way,

P:{x:(xi)Ixizo,ZAixi:LzeIo}.

Proposition 6.3.  Any element of finite order of G(k) is conjugate to exactly
one t,, with x € P.

This is proven in [17,19]. We can simplify the situation when looking for
conjugacy classes of an element of fixed order x. Let y; = and the equation
defining P becomes

i
K’

i€lp
In our case Aut(A) if of type Fy, and choosing a popular set of roots and
base we have that
O~é = 20(1 —|— 30&2 + 40[3 —|— 20&4.

So the elements of order 2 correspond to the solution (p;);cz, with p; € N such
that

po+2p1 + 3p2 +4p3 + 2py = 2,

and we have the solutions (0,1,0,0,0) and (0,0,0,0,1).

Also pointed out in [26] is that the centralizers of each ¢, have Dynkin
diagrams contained within the affine Dynkin diagram for G whose vertices corre-
spond to the p; = 0. In our case we delete the «a; vertex for one conjugacy class,
and the a4 vertex for another conjugacy class.
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This leaves us with the following two Dynkin diagrams.

ap oy az  ag
O——O0—O0—=0

The first is the Dynkin diagram of a group of type A; x C3 corresponding
to the fixed point group of type (I), Sp(1) x Aut(M, ), and the second to a group
of type By corresponding to the fixed point group of type (II), Spin(Q, Ep).

7. Galois cohomology

The interpretation of conjugacy classes of k-involutions in terms of Galois cohomol-
ogy follows much the same way as in [14]. If we first consider H%(Galy,, Aut(4, K))
to be the cohomology group of Aut(A) defined over K with coefficients in Gal
the absolute Galois group of k. In this case H°(Galy, Aut(A, K)) = Aut(A,k)
the automorphism group of A defined over k. The group H'(Galy, Aut(A, K)) is
the group of K/k-forms of A. So when we consider the k-involutions Aut(A) we
are looking at the subgroup of automorphisms that fix a certain subalgebra of A.
These subalgebras come in two types. If t € Aut(A) is an element of order 2, then
t induces a k-involution Z;, and ¢ fixes a subalgebra of the form Hs(D,~) or FEy,
the zero space of multiplication by some idempotent element in A. In either case,
if we let B C A, the group H'(Galy,, Aut(A, B, K)) corresponds to the K/k-forms
of B.

Proposition 7.1.  Let A be a k-algebra, and B a subalgebra of A fized by an el-
ement of order 2 in Aut(A), then there is a bijection between Cy, the isomorphism
classes of involutions of Aut(A), and H'(Galy, Aut(A, B, K)) the K/k-forms of
B.

Proof. This follows from 4.5. ]

When B = Hj(D,v) the cohomology group H'(Galy, Aut(A, B, K)) cor-
responds to the K/k-forms, which is in bijection with isomorphism classes of
k-involutions of Aut(A) by 7.1. This also corresponds to the K/k-forms of fixed
point groups, which we can think of as the isomorphism classes of the centralizer
of the k-involution in Aut(A). In other words the groups H'(Galy, Aut(A, B, K)
and H'(Galy, Za(p)) are in bijection when ¢ is an element of order 2 in Aut(G),
where G = Aut(A).
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