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Abstract. We prove in this paper an L?—version of Beurling’s theorem for
an arbitrary exponential solvable Lie group G with a non-trivial center, which
encompasses the setting of nilpotent connected and simply connected Lie groups.
When G has a trivial center, the uncertainty principle may fail to hold and an
example is produced. The representation theory and a localized Plancherel for-
mula are fundamental tools in the proof.
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1. Introduction

One of the sharp formalizations of the uncertainty principle in the classical Fourier
analysis on R, is the study of how a function f and its Fourier transform f given
by:

_ / Fy)e vy, © € R,
R

cannot both have rapid decay unless f is identically zero. This problem has been
intensively studied in many situations. For the real line, Hardy [9], Cowling-Price
[5], Morgan [16] and Miyachi [13] are some remarkable examples. In the same
context, an important theorem of Beurling on Fourier transform pairs published
by Hormander in the case of the real line (see [10]), says that for any non trivial
function f in L*(R), the function f(z)f(y) is never integrable on R? with respect
to the measure el®ldx dy. A generalization of this result has been proved by
Bonami. A and al. (cf. [4], Theorem 1.1). We have:

Theorem 1.1.  (Bonami-Demange-Jaming) Let f € L*(R™) and suppose that
for some N >0,

|J?(Z/)’ [z, y)|
e\ YN dx dy < +o00.
// 1+Hflf!| (L+ [ly)™
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Then f =0 whenever N < n. If N > n, then the above holds if and only if f
can be written as

(Az,z)
fla) = Pla)e 5",
where || - || and (.,.) denote respectively the Euclidean norm and its associated

scalar product, A is a real positive definite matriz and P 1s a polynomial of degree
N—n
< .
2

Concerning Beurling’s uncertainty principle and beyond the context of the
Abelian groups RY, N > 1 in [2], some works extending the context of this
theorem have been elaborated by Sarkar and Thangavelu (see [17] and [18]). In
[1], the authors defined the following:

Beurling’s analogue for nilpotent Lie groups: Let G be a nilpotent connected and
simply connected Lie group. Let f be a measurable function on G fulfilling:

[ 15660 el o116 dg < o
GJIwW

Is it true that f wvanishes almost everywhere on G ¢

The section # and the norms ||g|| and ||£|| will be defined later. In [1],
the authors prove this theorem for a restricted class of nilpotent Lie groups. It
concerns the so-called SN PC' Lie groups GG, which are among Lie groups admitting
a common ideal which polarizes all generic elements of g*, where g designates the
Lie algebra of G. This class encompasses the context of Heisenberg and threadlike
Lie groups. Later, K. Smaoui published in [14] a proof of such principal for general
simply connected nilpotent Lie groups. Though this proof enrolls a pretty technical
gap, it could cover some restrictive subclasses.

In this paper, we prove an L?— version of Beurling’s theorem on an arbitrary
exponential solvable Lie group provided that it is with a non-trivial center, which
is the case for connected nilpotent Lie groups. Otherwise, such a principal may
fail as many examples reveal. In the case of the real line, this means that for a
non-trivial function f in L*(R), the function |f(z)f(y)[? is never integrable on
R? with respect to the measure e2*¥ldz dy.

Finally, we mention that at present we do not know how to prove the
Beurling analogue above, in the context of exponential solvable Lie groups with
non-trivial center.

2. Preliminaries and notation

We begin this section by reviewing some useful facts and notations for
exponential solvable Lie groups and their representations. For more details, the
readers could consult the references [3, 11, 12].

2.1. Exponential Lie groups and norm functions.

Throughout, G will be a connected real exponential solvable Lie group of
dimension n, g will be the associated Lie algebra. This means that the exponential
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mapping
exp:g— G

is a C*°—diffeomorphism and then G turns out to be simply connected. Let log
designate the inverse mapping of exp and let

S 5={0}CsC---Cs,=g

be a good sequence of subalgebras of g. This means that dims;/s; 1 =1 (1 <j <
n), and if s; is not an ideal of g, then s;_; and s;;; are both ideals of g and the
quotient space §;41/s;_1 is an irreducible g—module. From .7, we single out a
Jordan-Holder basis {X7, ..., X,,} of g just by taking X; € 5,;\s;_; for 1 <j <n.
The map

R™ = G, (t1,...,tn) — exp(t, X,) - - - exp(t1X1) (1)

is a C'*°—diffeomorphism and maps the Lebesgue measure dt, ---dt; to a Haar
measure on G (cf. [12]). As such, the group G is therefore identified as a set
with R”™ through the map (1). We then introduce the norm function || - || on G
by setting

1
n 2
ol = (z@) hem
=1

for any
x =exp(t,X,) - -exp(t1 X;) € G.

Let g* denote the dual vector space of g and {X7,..., X} the basis of g* dual to
the Jordan-Hélder basis {X7, ..., X;,}. We hence identify g* with R™ as well, and
any & € g* is written through the dual basis as

E=) &XI.
=1

The Euclidean norm with respect to this basis reads:

¢l = (Zs?) -

2.2. On induced representations.

Let dg be a left Haar measure on G and Ag the modular function of G,
which is defined, for all z € G and f in %.(G), the set of continuous functions on
G with compact support, by the relation:

| o™ ds=8cto) [ 1lg) dg
G G
It is well known that, for x € G:

Ag(z) = |det Ad(z)| ™ = exp(—tr ad(log z)).
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Let H be a closed subgroup with corresponding Lie algebra h. We denote by

Ap ¢ the positive character of H defined by:

_ Au(h)
Ag(h)

Agc(h) :
When H is a normal subgroup of G, then Ag(h) =1 for any h € H. Let b be
the Lie algebra of H, [ a linear form on g satisfying < [, [, ] >= {0} and yx; the
character of H defined as

xi(exp X) = e7?<M4> X e b, (2)

We define the induced representation m := Indgxl of GG as the left regular
representation of G acting on the Hilbert space L*(G/H,Y;), the completion of
the vector space %.(G/H,x;) of the complex-valued continuous functions ¢ of
G, which are compactly supported modulo H and which satisfy the covariance

condition: )

p(gh) = x; (WA} o(h)e(g), g€ G, heH.

2.3. Pukanszky polarizations. The Lie algebra g acts on g by the adjoint
representation adg, i.e.,

adg(X)Y =ad(X)Y =[X,Y], X, Y eg.
The group G acts on g by the adjoint representation Adg, i.e.,
Adg(9)Y = Ad(9)Y =Y, g=expX € G, Y € g,
and on g* by the coadjoint representation Adg, i.e.,
<AdL(g)l, X >=<g-,X >=<,Ad(g )X > g€G, leg" Xeg.

Theset G-l ={g-1, g € G} =: ) is called the G-orbit of [, we denote by g*/G
the space of coadjoint orbits. Let g(l) = {X € g, < [,[X,g] >= {0} } be the
stabilizer of [ € g* in g, it is also the Lie algebra of G, = {g € G, g-1 =1 }.
For p C g, define p~ = {f € g*, fj, = 0}, the annihilator of p in g*. A subspace
b(l) C g is called a polarization for I € g*, if b(l) is a maximal dimensional
isotropic subalgebra related to the skew-symmetric bilinear form B; defined by:

B(X,)Y)=<[L|X,Y] > X, Y eg.

Moreover, a polarization b(l) for [ satisfies Pukanszky’s condition or is a Pukanszky
polarization, if

[+ b(): = Ad*(B(1))l = B(l) - 1
where B(l) = expb(l) and as above, [ + b(l)* denotes the set of linear forms on

g which coincide with [ on b(l).

2.4. The orbit method theory. The Kirillov-Bernat-Vergne orbit method
makes it possible to parameterize the unitary dual G of G by the space of coadjoint
orbits of G in g*. Let [ be in g*. We take a polarization b = b(l) for [ satisfying
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Pukanszky’s condition. So we can consider the unitary character x; = x of B(l)
associated to [ as defined in equation (2). For such a polarization, we define
by:

me = IndGx;, (B =exphb).

Then mp is an irreducible representation of G and its equivalence class [mp]
depends only upon the coadjoint orbit of [. Every irreducible representation 7 is
equivalent to an induced representation 7, from a character y; of a Pukanszky
polarization for [. Moreover, the following mapping, called the Kirillov-Bernat-
Pukanszky-Vergne mapping

Hogt)G —
Ql — [71'17[]]

I

(3)

TG

is a homeomorphism. For more details, see [12].

2.5. A localized Plancherel formula. The Plancherel formula for exponential
Lie groups was first obtained by Duflo and Rais in [8]. Let Z = exp 3 be the center
of G. Let A = expa be a closed connected subgroup of Z and Y, the unitary
character of A associated to a fixed n € a*. Let

g,=1l€g" : la=n} and

@X":{WE@ D Ma = Xn - 1d}

It follows from [12] that the orbit space g;/G is homeomorphic to éxn via the
Kirillov mapping (3). For 1 < p < 400, the space LP(G/A, ;) is defined as the
set of all measurable functions ¢ : G — C such that ¢(ga) = x,(a)p(g) for all
g€ G and all a € A and

p _ p
IeWcians = |, s < oo

For p = 1 we obtain a x-Banach algebra. The convolution here is defined for ¢

and ¢’ in L'(G/A, x,) by:
p*¢'(g) = / pu)g' (u'g)du, g € G/A
a/A

and the involution * by:
fAz)=Ac(@ ) f(zY), e, feL(G/A X,

In addition, the space CA}Xn is also the dual space of the algebra L'(G/A,x,).

We denote by Q, € g /G a coadjoint orbit and by mg, € @XW the corre-
sponding representation of G. By [11], there exists a non zero rational function 1
on g* such that:

Yz -1) = Ag(a)Y(l), for all 2 € G and [ € g*. (4)
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Fix one such function ¢. There is a unique measure p,, on g;/G such
that, for all Borel function ¢ on g*, we have by [8]:

[owwwia= [ [ oz, (o) )

where dfg, is the canonical measure on €2,. Then duy, is called the localized
Plancherel measure on gy /G =~ éXn‘

We recall the fact that, if 7 is an irreducible representation of G in a Hilbert
space ., then by [7], there exists a unique self-adjoint and positive operator D,
in %, which is semi-invariant with weight Ag', which means that

m(g)Dam(9) ™" = AG (9)Ds, g € C.

In the case where m = 7, and AG‘ B =1, D, is nothing else but the operator of

multiplication by the function zp, where w is defined by: w( )=z 1), z€C
(see 8]). Then for every ¢ € C°(G), for almost all Q, € g;/G, the operator

D,@Zn WQ,](qb)Dﬂ?z is trace class and

-1 =1

(D72 7o, (D)2 ) = / (T (6 0 exp)) D)D) dBa, (1),

where ' is a positive Ad(G)—invariant function on g, which does not depend on
Y.
By [7] and [8] the localized Plancherel formula reads:

0l = [ (D, 70, (6" + )P, () ©)

On the other hand, we obtain a decomposition of the Plancherel measure: for a
measurable function F' on G, we have:

/ F(mq)du(Q2 / / F (e, )dpy n () dn.
g*/G WG

2.6. Measurable cross-sections. In [6], the author makes use of the above
constructions to build an explicit cross-section for generic coadjoint orbits involved
in the Plancherel measure spectrum. More precisely, it is shown in ([6], corollary
2.2.6), that there exists an algorithm for constructing in a unique and natural way:
1. an explicit measurable cross-section #  for almost all coadjoint orbits,

2. a Lebesgue measure d¢ on %,

3. a measurable field of irreducible unitary representations {m¢, 5%, € W'},
associated with the parameter £ via the Kirillov-Bernat correspondence, and
for any £ € W', a positive, self-adjoint, semi-invariant operator K, acting on
% such that

1

oe) = /W Te(Ke me(0) K2 )de

for any smooth function ¢ on G having a compact support.
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More precisely, for any £ € #, one has that K¢ = ¢|Pf(£)|De where Dy
is the multiplication operator determined by the modular function Ag on %,
Pf(€§) is the Pfaffian of an associated skew-symmetric matrix of £ and ¢ stands
for a positive constant. Hence the Plancherel formula for the group G reads:

H¢Hi2«n:=LA;HJ(§ﬂz(¢)H%Sd£, 7)

for ¢ € LY(G)NL?*(G). Here, for an operator T in a Hilbert space such that T*oT
is trace class, the notation ||T||,4 denotes the Hilbert-Schmidt norm of 7'
Let now %, = % Ng,. The substitute of formula (6) becomes:

\!¢\!2—/ 1K 57,7?&, Misd(&n). ¢ € LHG/A, xq) N L*(G/A, xy) (8)

where the measure d(¢,) is induced on %#;, by the Lebesque measure on # . For
the sake of simplicity, the measure d(&,) on %#;, will merely be noted as d¢’. On the
other hand, we obtain a decomposition of the Plancherel measure: for a function
F e %.(#), we have:

/V/F(é“)dﬁz/a* /W F(fn)dgndn:/a* /%F(S)df’dn. (9)

3. The main result
Our main result of this section is the following.

Theorem 3.1. Let G be an exponential solvable Lie group with a non-trivial
center. Let f be a measurable function on G fulfilling:

//v@mw%ww%ﬂwwﬁw<ﬂn (10)
GJw

Then f wvanishes almost everywhere on G.

Proof. Any measurable function f meeting the condition (10) obviously be-
longs to L'(G) N L?(G). As in the second section, we fix a Jordan-Holder basis
{X1,...,X,} of g such that s, = RX; is a central ideal of g. For brevity, we
write any function ¢ on G as a function depending on the variables tq,...,t, via
the correspondence

O(t1, ..., tn) = olexp(t, Xy) - - - exp(t1 X1)).

As X is central in g, the function f will be a function of two variables (¢,y)
where y = (ya, ..., yn) € R" and

(t,y) == exp(tX1) exp(ynXyn) - - - exp(yaXo). (11)
Let fy(t) = f(t,y) and f;(t) = f,(=t). We define the function g by:

g(t) = fy* 1, (1) dy.

Rn—1
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Then the corresponding Fourier transforms verify:

OB G

and
o€ as= [ 1@ v ds = 1715

So, that will be sufficient to prove that the function ¢ vanishes on R almost
everywhere.

Let A = exp(RX;) = exp(s;) be the central subgroup of G, and identify
A with R. For ¢ € R, we opt for the notation %#; instead of #;x:. For a positive
integer 7, let also V(t) =]t — QLj,th %[

The following lemma is proved in [15] in the case where G is nilpotent. We
here generate a proof for the exponential setting.

Lemma 3.2. Fort € R, we have:

— 2
]ETOOJ/ /IK me(f)zrsd€'dn.

Proof. For u € L'(A), define u* f on G by ux f(x) = [pu(t)f(t 'z)dt and
then g, on R by

wlt) = [ (e D)y (s £ 00y

Thus g, is obtained by replacing f with u* f in the definition of the function g.
Then it is easily verified that,

ault) = [ ws )5 (wr £y 00y
Rnfl
Thus, for every n € R,
7 (n) = wx f)y(n)Pdy = ux fo(n)2d
ao = [ @ D@P = [ P
= [ P ey

— [atP [ 1Ry
= ltn)Pgn)

Now, by the inversion formula for R,

dn = g,(0) = x fu(t)|7dtdy = ||u=* f]5.
[atmir=a(0)= [ [lusp@pady= s fg. 02

Besides, by the Plancherel formula for G,

s f[2 = /,/ VK e (£ |2t (13)
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and hence,
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Te(ux f) = me(u)ome(f)
= u(n)me(f)-
IIKfﬂdu * f)llfs = Iﬁ(n)lz’IIKf?Ts(f)H%s. (14)

This implies using (9) and (14):

[ It st
’

[, o lsagan

/ ) /W K Eme( ) 2sdle' )y

For j,m € N, let u,,; € L'(A) be such that 0 < @,,,;(t) <1 for ¢ € R, and
(TWm.;)men converges point-wise to the characteristic function of Vj(t). Since g is
continuous and V;(t) has length %, it follows that

g(t) = lim j

Jj—+o00

/;w

But, by equations (12) and (13):

2t = £115

Then for t € R,

lim lim

9(t)

j—+00 m—+o00

/j(t)

lim j
Jj—4oo

Lemma 3.3.  Let f meet the

g(&)dé; = lim

J
J.
J

lim j
Jj—+o0 m—r+o0

/ T, (€1)dE1.

G, (€1)dEs
R

9(&) | Umy (&) [Pd&
| K2 e (s * £) s
/ VK Eme(f) g€’

’umy

3 [ | W lsdeta

| K m Plfysds'an
Wn

condition (10) of theorem 3.1. Then for t € R,

= [ Wikmenls ae'
W

Proof.

= lim
]~>+oo

We have from lemma 3.2, that

[, s
Vi(t)
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Then using the localized Plancherel formula for G/A as developed in subsection
(1), we get

]—>+oo

~ lim / 7 (g0) 2y dgy,
v;(t)Ja/a

where f7(gy) = Iz (exp(mX1)g1) is the Fourier transform with respect to the first
central variable exp(n; X7). Now,

i1 Pan = 17 (a0
Vj(t)
for some ¢; € V;(t). On the other hand, due to the identification (11),

| £ (g1)] I/f s,y)e Tds]? < /If s,y)|ds)?

for g1 = exp(y,Xn)---exp(y2Xy). Making use of the dominated convergence
theorem, it is therefore enough to prove that the integral

p= [ (fueasta = [ ([irae i a5)
Rn—1 G/A JR
converges. Let & € # such that

/’f(g)|2€2llgll Il g = |f(5,y)’2€2ll(s,y)\l 6ol gsdy < +o00.
G R"

It follows that:

E_/ (/ —lsl l1€oll gl |||50H|f(5 y)\ds)dy<M /625 H£0”|f(8,y)|2d5dy<—|—007
R72—I\JR Rr—1

for some positive constant M, and this is using Holder inequality. [ ]

We now come back to the proof of theorem 3.1. Let ¢ be a Schwartz
function on R"~! and F the function defined as:

F@)= | 1ty)ely)dy
Then
Fty =] Jul)ely) dy.
We get therefore
PR <M [ IROF dy =250 =01 [ Jickn(r) s de.

for some positive constant M. On the other hand, let

[ IE@L JFO)
B @(H\ﬂ) e
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Then:

1 3 d\
B < K2 2 |2t)\|d / dt
_Vf/ s [ ([ menseae) -2

(we use Holder mequahty)

= 2 AN 1er ) 2
B 1+]t‘ // ||K me(f ||Hs6 dg d)\> dt
(We use again Holder inequality)
< /|F |2 / ||K27T§ ||H562\t)\|dé- dt)
= (/ (/ eIt y)ldy) th/ K e )Hgsem'd&)
R JRn—

(we use once again Holder inequality)
1 5
< o ([ [ iroPIxErd plfseeldg de)” < 4o
aJw

for some constants ¢, ¢ and ¢”’. By theorem 1.1, we get ' = 0 almost everywhere
on R. As ¢ is taken arbitrarily as a Schwartz function on R"~!, this is enough to
conclude. [ |

Remark 3.4. We now consider the exponential solvable two dimensional Lie
group G? := ax + b which is of a trivial center, whose Lie algebra g admits a basis
{X,Y} such that [X,Y] =Y. This group only admits two infinite dimensional
representations m, and 7_ associated respectively to the linear forms +Y* and
—Y™* whose co-adjoint orbits are open sets in g*. In fact, the representation
7y = Ind§ (x4y~) is induced from the Pukanszky polarization N = exp(RY’) with
the unitary character yiy- and is realized on the space L?(R,y+y-) of square
integrable functions fulfilling the covariance relation with respect to the character
X+y=. As such, the unitary dual of G? is then described as

= {me} I {xox+, A € R}

On the other hand, the map R* — G? (t,5) — exp(tX)exp(sY) is a C™
diffeomorphism and maps the Lebesgue measure dtds to a Haar measure on G?2.
As above any function ¢ on G is then written as a function depending on the
variables ¢ and s via the correspondence ¢(t,s) = ¢(exp(tX)exp(sY)). The
following proposition shows the failure of theorem 3.1 in this case.

Proposition 3.5.  For a positive real number «, the function defined on G* by
o(t,s) = eI sin(s) satisfies condition (10) of theorem 3.1.

Proof. For any Weé\Q, it is easy to check that 7(¢)#0 if and only if 7T~7.. m
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