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Abstract. When b is a toral subalgebra of a Lie algebra g over a field k,
and M a g-module on which h also acts torally, the Hochschild-Serre filtration
of the Chevalley-Eilenberg cochain complex admits a stronger form than for an
arbitrary subalgebra. For a semidirect product g = h x £ with b toral one has
H*(g,M) =2 ANhY Q@ H* (&, M)" = H*(h,k) @ H*(¢, M)"; if, moreover, g is a
Lie poset algebra, then H*(g,g), which controls the deformations of g, can be
computed from the nerve of the underlying poset. The deformation theory of
Lie poset algebras, analogous to that of complex analytic manifolds for which it
is a small model, is illustrated by examples.
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1. Introduction

A Lie algebra T acts torally on a vector space V' over k if all its elements act
semisimply, or equivalently, can be brought into diagonal form over the algebraic
closure k of k. The actions of its elements must then commute, cf. [16, p.34],
so a toral subalgebra of a Lie algebra g, i.e., one whose adjoint action is toral, is
necessarily Abelian; it will here generally be denoted by §. If h also acts torally
on a g-module M then it does so on the Chevalley-Eilenberg cochain complex
C*(g, M), and therefore on the cohomology H*(g, M). Viviani’s Lemma, §2,
implies that the Hochschild-Serre filtration of C*(g, M) admits a stronger form
than when b is an arbitrary subalgebra. When g is a semidirect product b x ¢,

this yields the following:
H*(g. M) = N\b" Q) H" (e, M)" = H*(h, &) (X) H" (¢, M)". (1)

Here h" is the dual space of h and H*(&, M) consists of the invariants of H* (&, M)
under the operation of bh; the last equation follows since b is Abelian.

Let P = {i,7,...} be a finite poset with partial order <. The associative
poset algebra A = A(P,k) is the span over k of elements e;;, ¢ < j with
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multiplication given by setting e;;ejx = e if 7 = j° and 0 otherwise. The
trace of an element ) ¢;;e;; is Y ¢ the Lie poset algebra g = g(P, k) is the
Lie subalgebra of A of all elements of trace zero. If #P = N, in which case we
may assume that the underlying set of P is the set of integers {1,..., N} with
partial order compatible with the linear order, then A and g may be viewed as
subalgebras of the algebra of all upper triangular N x N matrices over k. Let b be
the Borel subalgebra of this algebra consisting of matrices of trace zero and b its
Cartan subalgebra of diagonal matrices. Any subalgebra g with b D g D b is then
a Lie poset algebra, a condition which may be used to define Lie poset algebras
more generally. For g is then the span over the field k of h and of those e;; which
it contains, Theorem 5.1, and there is a partial order on {1,..., N} compatible
with the linear order defined by setting 7 < j whenever ¢;; € g.

Suppose now that the characteristic p of k is either zero or greater than N.
We compute the cohomology of g in two special cases, those where the module is
k with trivial operation, and where it is g itself with adjoint operation, the latter
being the case essential for deformation theory. Viewing P as a category, let X
be its nerve and X" be the complex obtained by adjoining a unique simplex of
dimension -1 serving as boundary of every O-simplex. Only the zero-dimensional
cohomology is affected by this adjunction; one has H™(X* k) = H™(X, k) for
n > 0. We show that

H*(¢, M)y = H*(X", k), (2)

where on the left one has Chevalley-Eilenberg cohomology and on the right sim-
plicial cohomology with coefficients in k. Combining this with (1), one has

H*(g,9) = \b'QH" (X", k) = H*(h,k) Q) H* (S, k).

It follows that the space of infinitesimal deformations H?(g, g) of g is a direct sum
of three components,

H(g,0) = (A\°0'Qo) D 0 QRQH' (k) P HAEk. ()

The first consists of infinitesimal deformations, necessarily in a non-commutative
direction, of the structure of h alone. The second consists of infinitesimal deforma-
tions of the action of b on the e;;. The third consists of infinitesimal deformations
of g determined by the complex > alone, and in effect, only on the underlying
topology of the geometric realization of its nerve. In the final section we give
simple examples of global deformations whose infinitesimals are of each of these
types.

The decomposition (3) is analogous to that of the space of infinitesimal
deformations of a complex analytic manifold X'. Those infinitesimal deformations
of X to other complex manifolds were identified by by Frolicher and Nijenhuis,
[4], with H'(X,T), where T denotes the sheaf of germs of holomorphic tangent
vectors on X.! However, the full space of infinitesimal deformations of X has

!This breakthrough paved the way for the work of Kodaira and Spencer, [17]. Teichmiiller,
[20], had earlier defined infinitesimal deformations of Riemann surfaces, identifying these with
its quadratic differentials, but his methods could not be extended to higher complex dimensions.
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components not recognized until the introduction of algebraic deformation theory,
cf. [11]. When X is projective (and probably more generally), there is a single
associative algebra A built from X and a basic isomorphism, [11], of cohomology
rings,

HY(AA) = HX,N\T)

In particular,

H*(A,A) = H2(X, \T)

= 1x, NT) @ 1 (X NT) D 52X NT). ()

The first component on the right consists of infinitesimal deformations of X to
spaces whose function sheaves are sheaves of non-commutative rings, cf. [11, p.
250]. Such deformations are an essential aspect of quantization; for an exposition
and summary of the rich history of this idea, cf. [3]. The second consists of the
classical Frolicher-Nijenhuis infinitesimals. The third component, which is just
H?*(X,C), has been called the “mysterious” one by Kontsevich as it is difficult to
see how elements of the second cohomology group of the underlying topological
space of X can produce deformations. However, in the context of our present
results, which provide a small model of the complex analytic case, we show how
this happens.

By contrast with (2), in the associative case (where k may even be an arbi-
trary commutative unital coefficient ring), we have simply H*(A, A) = H*(X, k).
This follows readily from the basic proposition that Hochschild cohomology can
be computed relative to any separable subalgebra containing the unit element,
cf. [10], but no analog is known for Lie algebras. Although the Euler-Poincaré
characteristic of an associative poset algebra can be arbitrary, that of H*(g, M)
in (1) is zero (like that of any finite-dimensional Lie algebra, cf. [13]?) because
of the factor A hY. A third significant difference between the Lie and associative
cases is that associative poset algebras A (over an arbitrary commutative uni-
tal ring k) are quasi self-dual in the sense of [8], i.e. there is an isomorphism
H*(A, A) =2 H*(A, AV°P), where “op” denotes the interchange of left and right
operations. It follows that for such algebras H*(A, A) is a contravariant functor
of A, but for Lie poset algebras H*(g, g) is generally not isomorphic to H*(g,g").
(Note that g = g° since every Lie algebra is isomorphic to its opposite: send
every element to its negative.)

2. Viviani’s lemma

Suppose that a Lie algebra T acts torally on a vector space V' over k; the action of
7 € T on v € V will then be denoted by [7,v]. When k is algebraically closed, the
space V' splits into a direct sum of weight spaces, the weights w being elements
of the dual space TV; an element v is in the weight space V4, if 7v = w(7)v for

2Shown there only for the trivial module k but the proof holds for all finite-dimensional ones.
For another proof which, by deformation theory extends to certain infinite dimensional algebras,

cf. [9].
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all 7 € T'. However, even when k is not algebraically closed, the weight 0 space
Vo, consisting of the invariants under 7' (elements it annihilates), is well-defined
and a direct summand of V', although it may be reduced to the zero element of
V. If T acts torally and compatibly on a Lie algebra g and g-module M, i.e.,
if [7.09,91] = [[7, 9], 91 + 8,7, ¢l and [r,[g,m]] = [[7,g],m] + [g,[r,m]] for all
T€T;9,9 € gand m € M, then it also acts on the Chevalley-Eilenberg complex
by setting

[T, F(g1,---590) = [T, F(g1,---,90)] — ZF@L---»[7791']7---7971)7

where ¢1,...,9, € g, and F € C™(g, M) is an n-cochain of g with coefficients
in M. This action descends to the cohomology H*(g, M) which, when k = k,
therefore also decomposes into a direct sum of weight spaces. Denoting the group of
n-cochains of g with coefficients in M by C", the Chevalley-Eilenberg coboundary
operator ¢ : O™ — C™*! is defined® by setting

(6F)(gos 915 --90) = Y (=110 F(go- -, is- - gn)] +

0<i<n

Z (_1)1+JF<[g“g]]7go cee 7.@1‘7 e Jgjv <. gn)7

0<i<j<n

where ¢ indicates omission of the argument g. Following [21], it is useful to
rearrange the terms on the right by taking first all those in which ad gy appears
either as an operator on M or on g. Denoting by ¢, F' the (n—1)-cochain defined
by setting (tgo)F'(91,- - 9n-1) = F(go,91,---,9n-1), the coboundary then takes
the form

(0F)(go; 91 -+ 9n) =
(90, F(g1,--90)] + D (=1 F((90, 6], 915+, 81+ )

* (g F)) (g1 1 00).

Since (60F)(go, G1s---+9n) = (Lgo(0F))(91, ..., 9n), this can be rewritten as

(tgo (0F)) (g1, - gn) + (0(egoF))(g1,- - 9n) =
(90, F(g1, - 90)] + D (=1'F([90, 9], 91, G-, 9n)- (5)

1<i<n

Theorem 2.1.  Suppose that a toral subalgebra b of g acts torally also on a
g-module M. If F € C"(g, M) is the homogeneous component of weight w € §",
then for all h € b one has

() (g1, - 9n) + (aF)) (g1, 90) = W(R)F(g1,...,9a).  (6)

3This definition, allowing the use of an arbitrary g-module M , is probably due to Hochschild
and seems to have appeared first in [15]. Chevalley and Eilenberg, [1], initially considered only
cohomology with trivial coefficients, in which case the first term on the right does not appear
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In particular, if F is a homogeneous cochain of weight zero then

(tn(6F))(g15--19n) = —(6(rnF))(g1s- -5 9n) (7)

for all h € b, i.e., t is (up to sign) a cochain mapping when restricted to the
subcomplex C*(g, M )o of cochains of weight 0.

Proof. Assume for the moment that k = k. When the arguments are all
homogeneous elements of g it is easy to see that (6) holds . This implies, however,
that it is true in general, proving the first assertion. The second follows. |

When k is extended to k every cochain decomposes into the sum of its homoge-
neous parts under the operation of h, but note that the part of weight 0 is already
defined over the original field k; it is just the invariants under b.

Corollary (Viviani’s Lemma) Any cocycle F™ € C™(g, M) is cohomologous to
its homogeneous part of weight zero, whence

PROOF. Again, assume for the moment that k = k. If F is a cocycle then so
are all its homogeneous summands, so (6) implies, for all w € h¥, that if Fy, is
the homogeneous part of F' of weight w, then w(h)F, is a coboundary. If w # 0
then there is some h € b such that w(h) # 0, so Fy is a coboundary. Therefore,
all that remains of the left side of (8) is the right side, whose definition does not
require that k = k. O

As H™(g,M)o = H"(g, M)", we may use the notations interchangeably.

Viviani’s Lemma, [21] (independently discovered but later, [5]), does not
exhaust for us the content of Theorem 2.1 as (7) will also be essential in what
follows. The lemma applies in particular to semidirect products g = b x € where
b is toral *.

3. Filtration of the cochain complex

Suppose for the moment that b is an arbitrary subalgebra of g and M a g-module.
If F* € C™(g, M) vanishes whenever r or more of its arguments lie in b, then it is
easy to check that § F" vanishes whenever r 4 1 or more of its arguments lie in §.
Let F7C"(g, M) be the space of those cochains which vanish whenever n+1 — j
or more arguments lie in h. Then F/C*(g, M) is a subcomplex of C*(g, M ), and
we have the Hochschild-Serre descending filtration, [15],

C*(Q7M) = FOO*(QaM) ) FlO*(QaM) DA D.F]C*(Q,M) D (9)

(For any fixed dimension n the filtration terminates since F"*1C™(g, M) = 0.)
This admits a stronger form when b is a toral subalgebra of g acting torally on M .

4The cohomology of Lie semidirect products g x £, with g arbitrary and coefficients in an
arbitrary module M , is analyzed in [2] for various €. However, there, ¢ is required to act trivially
on M.
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Denote the homogeneous part of weight 0 of C"(g, M) by C"(g, M) and the set
of those F € C™(g, M )o which vanish whenever r or more of its arguments lie in
h by F.C"(g, M)o. The cochain subcomplex C*(g, M)q inherits the filtration (9),
but iteration of (7) shows, more strongly, that 6.F,.C"(g, M)o C F,.C" (g, M)g.
Also, if F' is a homogeneous n-cocycle of weight 0, and if we are given hq,...,h, €
b, then ¢y, ¢y, , -+ tp, F' is an n — r-cocycle whose cohomology class depends only
on that of F' and the h;. It is an alternating function of the latter, so we have a
linear map

N Q) C (g, M)o — C" (g, M)o, r<mn. (10)

To put this in a form more usable later, observe that whenever U,V, and W are
k-spaces with dimy U < oo, there is a canonical isomorphism

Hom(U Q) V., W) = Hom(V,U" (W), (11)

where UV is the dual vector space to U. For suppose that dimU = ¢, choose a
basis uy, ..., uq and let uy, ..., u; be the dual basis. The isomorphism (11) sends
a morphism ¢ : UV — W to the morphism ¢ : V' — UY®W defined by sending
veVtoY ! u ®¢(u; ®v); this does not depend on the choice of basis. For
the inverse, suppose that ¢ : V' — UY @ W is given. If v € V' then ¢ (v) is of the
form Y 7, w/ ®@ w; and ¢ is defined by setting ¢(u @ v) = > (w;, v)w;.

Suppose (as in sly) that dimbh = N—1. Choose a basis ny,...,nn_1, let
n',i=1,...,N—1 be the dual basis, and fix an integer r with 0 <r < N — 1.
Then the n;, A---An;, with 1 <iy; < --- <4, < N—1 form a basis for \" b, where
for » = 0 this will mean 1 € k. For simplicity, denote n;, A---An; by nr, where [
denotes the linearly ordered set of indices i, ...,4,. Then the ny =n/ A---An;
form the dual basis for A\"hY. If F" € C"(g, M)o then we will write ¢,, F" for

Uyobys,_, * by P Applying (11) now to (10) gives an epimorphism

o:C"(g,M)g — /\T hY @ C" (g, M)o (12)

sending ™ € C"(g,M)o to > ;n ® ¢, F". To see that it is onto, extend
{m,...,nn_1} to an ordered basis of g. Every nf ® f*~" with f*~" € C" (g, M)o
then has a preimage F™ € C"(g, M) defined by setting F'(gi,...,g,) = 0 when
the set of basis elements {gi,...,g,} does not contain {n;,...,n;, }, and by
F(iys- 3Ny Grsts - - -, gn) = 1 when all the arguments are distinct basis elements
and are in the prescribed order. The kernel of o is F.C"™(g, M)o, for it consists
of those F' such that ¢, ' = 0 for all I with #/ = r, i.e., those I’ which vanish
when r or more of its arguments lie in . Fixing r and considering all n, we have
an exact sequence of complexes

0 — FCg,M)g — C*(g. Mo — \'b'®C*7" (g, M)o — 0. (13)

The coboundary operator of the quotient, N"§¥ @ C*"(g, M)q is, up to sign, just
the coboundary operator of the second tensor factor. For as A*hY is identical with
C*(h,k), the product A*hY @ C*~"(g, M)g is a tensor product of two complexes,
hence a complex, but h is Abelian, so the coboundary operator in the first tensor
factor is zero. The short exact sequence (13) gives rise, for every r, to a long exact
sequence of cohomology groups, but we do not need this here.
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4. Toral semidirect products

If g = hxtis a toral semidirect product, and if b also acts torally on the g-module
M then, as mentioned, the subcomplex of C"(g, M)o of C*(g, M) consisting of
cochains of weight 0 relative to the weighting induced by b inherits the filtration
(9). However, the filtration now actually arises from a gradation on C*(g, M)y,
causing the associated Hochschild-Serre spectral sequence to collapse.

As a vector space, g is just the direct sum of h and €, so we may obtain
an ordered basis of g by first taking the ordered basis 7,...,ny_1 of b, followed
by any ordered basis k1, ..., kx of €. A cochain F' € C™(g, M) will be completely
determined by its values when its arguments ¢, ..., g, are taken from this basis
of g and are in the prescribed order, something which we will henceforth always
assume.

Following Hochschild-Serre [15], recall that two g-modules M and M’ are
said to be paired to a third, P, if there is a bilinear map M ® M — P such that,
denoting the image of m ® m by m — m’, one has

[g,m — m/] =[g,m] — m+m —[g,m'] forall g€ g,meMm eM.
If F € C"(g,M),G* € C*(g, M') then define F" — G* € C"*5(g, P) as follows.
Let I = (iy,...,%,) be an ordered subset of {1,...,r+ s}, set gr =gy, A+ N g,
and if J is its complement, define g; similarly. Then I||J is a permutation of
{1,...,r+ s}. Letting v(I) denote its signum, set

F o Gogr,erges) = SO u(E (gr) — G*(gy),

where the sum is over all partitions of {1,...,7 4 s} into a disjoint union 7| |.J
with #I =r, #J = s. Then

S(F" — G%) = 6F" — G*+ (—1)"F" — 6G*,

from which it follows that the cup product descends to cohomology. Since M
and M’ are always paired to M Q) M’ and k& M = M, the coefficient ring k,
considered as a trivial g-module, is always paired with any g-module M to the
same M . The cup product defines morphisms

C"(g, k) ® C*(g, M) — C""*(g, M) (14)

in which cup products of cochcains of weight zero again have weight zero. The
morphism g — h induces a morphism

/\rhv ® On—r<‘g’ M) N /\rgv ® C«n—r(g’ M),

in which cochains of weight zero are carried to cochains of weight zero. Combining
this with (14), gives a morphism

p: NBY Q) C" (g, M)g — C"(g, M)o.

Theorem 4.1.  The composite morphism

/\b\/®cnrg7 )0_>Cvng’ OH/\h ®Cmrg’

is the identity; the sequence (13) splits.
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Proof. Since N'HYQ C""(g, M)o is spanned by elements of the form n; ® G
with G € C" (g, M)o and n; of the form n;, A--- An;_, it is sufficient to prove
that op is the identity on such an element. Set p(n;®G) = F. With the preceding

convention, F(gi,...,g,) vanishes unless g; = 1., ..., ¢, = 1., in which case its
value is G(gr41,.-.,9n). Now recall that oF = )" 1] ®,,F. By the definition of
F we have (,,F =0 unless J =1 and ¢,, ' =G. [

Let C"""(g, M) now denote the subspace of C™(g, M)o spanned by those
those m-cochains which, when its arguments are chosen as above, vanish un-
less exactly r of its arguments are amongst the 7;. Then §C™" " (g, M) C
Crrtr(g, M)g. Forif F = F" ™" € C"""(g, M)y and its arguments are chosen
from the basis elements, then 0F vanishes if fewer than r are amongst the n;. On
the other hand, if hq,...,h,.; are amongst the 7;, then as F' is of weight 0 one
has tpy « -ty 0F = (=1)""(eh, -+ - e, ') from (7), but the right side vanishes
by hypothesis. Since every F € C™(g, M)o can be written uniquely as a sum of
components in the various C"~""(g, M) we have the following decomposition into
a direct sum of subcomplexes.

Theorem 4.2. Nt
C*(gv M)O = @0*77‘:7(97]\4)0 u
r=0
Recall that n; =mn;, A--- An;, for an r-tuple of integers 1 <7y < i9--- <

i, < N—1. With n fixed, snnilarly define k; for a set of n — r distinct integers
between 1 and K. When F € C"™"" and arguments are restricted to the chosen
basis elements, one can express its value simply as F(n;, k) for suitable I and
J. Ifalso '€ Cy~"" then v, F' = t;,t;,_, ---t;, F' is an n —r cochain of weight 0
which vanishes when any argument is in f, and so may be viewed as an element
of C"7" (¢, M)o. We therefore have a cochain morphism (up to sign)

/\rh ®C*—r:r(g’M)0 N C*_T(E,M)O,

where on the left the coboundary operator operates only on C*~""(g, M)o. From
the preceding section, this may be identified with a cochain morphism

¢ O+ 7"7“‘g7 0—>/\[’]V®C*TEM)

where now on the right the coboundary operator operates only on C*~"(¢, M)g.
However, we also have a cochain morphism

¢ /\ h\/ ®C* T E M) C*—T:r(g,M)O

defined as follows. If £ € A'hY, f € C" (8, M)g, then to define F = (£ ® f) €
C" " (g, M)o we only have to give its values when its arguments are amongst
the chosen basis element of h and €. Let the set of arguments be written, as
above, in the form 7, k;, where I is an r’-tuple of integers and J an s'-tuple,
with " + ¢ = dimg. Then set F(n;,x;) = 0 unless ' = r, in which case set
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F(nr, k) = (& nr)f(ky). This ¢ is the inverse of ¢. With n fixed, summing over

r gives
C"(g. M)o = €D /N\'b" Q) C (¢, M),
r=0

so there is an isomorphism of complexes
C*(g. M)o = No” Q) C*(t, M),.
Taking cohomology yields the following.

Theorem 4.3. Let g = b x £ be a semidirect product where by is Abelian and
acts torally both on g and on a g-module M . Then with respect to the weighting
induced by the action of b we have

H*(g,M) = No" Q) H* (¢, M)o = H*(h,k) Q) H* (¢, M)o. O

Note that HY(€, M)q consists of the invariants of M under the operation
of all of g, for it consists of the invariants of M under £ which are also invariant
under b, but as a vector space, g is the direct sum of € and b.

5. Lie poset subalgebras of sl(IV)

Let b again be the Borel subalgebra of sI(N) and n now be the ideal of b
consisting of all strictly upper triangular matrices. While § does operate to give
a decomposition of the cohomology, as b is not contained in n, the cohomology
does not necessarily reduce to the weight 0 part °. Recall that n; = e; — Cit1it1-

Theorem 5.1.  Let g be a subalgebra of sI(N) with b D g D bh and set € = gNn.
Then (i) g="h x ¢, and (ii) € is spanned by those e;; which it contains; defining
a partial order P on {1,...,N} by setting i < j if either i = j or e;; € £, (iii)
g is the Lie poset algebra g(P).

Proof. The first assertion is immediate from the fact that an upper triangular
matrix is uniquely a sum of an element of § and an element of n. For the second
it is sufficient to show that if some linear combination a = Y, _, ck€i, o, i <
Jk,cr 7 0 is in € then at least one of the e;, j, is already in €; this will imply that
all are in €. If not, suppose that the given a € ¢ is one with minimal r having no
summand e;, ;, in €; surely » > 2. Then [n;,,a] is not a multiple of a but is a
linear combination of the same summands e;, j,,k = 1,...,7, so there is a linear
combination of a and [n;,, a] which is not zero and contains no more than r —1 of
these summands. One of them is consequently already in €, a contradiction. The
last assertion follows. [

5The cohomology of n with coefficients in an arbitrary module has been computed by Kostant,
[18], but the above decomposition does not seem to have been considered.
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The description of Lie poset algebras in Theorem 5.1 is meaningful for all
Lie algebras of Chevalley type. This suggests that the results that follow may
carry over in some way to such algebras.

From here on we assume that the characteristic of k is greater than N.

Since the e;; in sl[(N) are all simultaneous eigenvectors for the operations
of h they determine elements of h¥. The weight defined by e;; will be denoted
wij, so [h,e;;] = w;j(h)e;; for h € h. In what follows we use the fact that
every w;; with ¢ < j is a sum of weights of simple positive roots: w;; =
Wiitl T Wit1i42 + 0+ Wi 5.

Theorem 5.2.  If e ji,...,€i 4 br < Jr,7 = 1,...,k are distinct elements of
sI(N,K), then (i) S5 wi . #0 and (i) SF_ w;, ;. # wij for any e;; unless
the e;, ;, can be so ordered that © = i1, j, = ipy1, 7 =1,...,k—1 and ji, = j.

PROOF. Suppose (i) were false. Reordering if necessary, we may assume that i, is
minimal amongst the i,.. Then we may assume that 7; = 1, else we could reduce
the value of N. Consider the summands on the right of the form wy;. Since
[, e12) = 2 while [n,ey;] = 1 for j > 1, writing all w;_; as sums of weights
of simple positive roots, one sees that the sum of these can not vanish. For wis
appears, but can not appear with coefficient greater than N since there are no
more than N —1 distinct possible summands of the form wy;; as we have assumed
that p > N it can not be zero modulo p.

For (ii), suppose that we have an equality of the kind given. If 4; is minimal
amongst the i, that appear on the left then i; = 7, for it clearly can not be greater,
but can not be less since, by the same argument as before, the summands of the
form w;, ; could not cancel. Similarly there can not be more than one summand of
the form w; ; , so ¢; = 4, implying that r = 1. If now iy > 7; is minimal amongst
the remaining ¢, then we must have iy > j;. Otherwise, writing every weight on
the left as a sum of weights of simple positive roots, observe that w;, ;,41 would
occur at least twice, but its multiplicity can not then be 1 modulo p since there
can be no more than p —1 elements of the form w;, ; on the left. Continuing, we
see that after possible reordering we must have i = iy, 77 < ig,72 < i3,..., from
which it is clear that the assertion must hold. O

It follows that H™(¢, k) = 0 for n > 0, for a cochain F' of weight O
evaluated on elements of £ must have non-zero weight, but all elements of the
coefficient module have weight 0. On the other hand, H°(¢,k)e = k, so with
Theorem 4.3 one can reproduce the result of [5].

Theorem 5.3. H*(g(P),k) =2 A"bhY = H*(h,k).

Theorem 5.2 will permit us to identify H"(¢ g(P))o with H™(X, k) for
n > 0, in turn allowing the application of Theorem 4.3. A non-degenerate n-
simplex of the partially ordered set {1,..., N} can be identified with an ordered
n+ 1 tuple (ig, 41, ...,i,) of integers with ig < iy < --- < 7, in the partial order
induced by g, and an n-cochain in C™(%, k) can then be considered as a function
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f™(ig, 1, ..,1,) from such n-tuples to k, where ¥ is the associated simplicial
complex. Define a mapping ®" : C"(X, k) — C"(¢,g(P))o forall n > 0. A cochain
is uniquely determined by its values when all its arguments are basis elements.
If f» € C™(3,k) then set the value of ®"f" equal to zero if any argument

is an 7;; it then vanishes if any argument is in . If ig,...,7, € {1,...,N}
with 49 < 43 < --- < 4, (so by hypothesis €;,,, € iy, ---,€i, 14, € £), then set
(Df™)(€igirs Cirvigs - - - » Cin_1sin) = f™(l0y -1 in)€iyi, and extend the definition so
that ®f™ is an alternating multilinear function of these arguments. Finally, set
(PF™)(€iprjos €irjis- - - s €in_1.jn_1) = 0 if the arguments can not be so reordered that
Jo =11,J1 =12,y Jn2 = ip_1. Then ®f" is homogeneous of weight 0 relative

to the weighting induced by the toral subalgebra h of g(P), hence an element of
C™(8,¢)o, which is identical with C™(¢, g(P))o for n > 0 . Theorem 5.2 asserts
that ®" is onto.

When n = 0 we must make a minor modification (often introduced to
avoid exceptional cases, cf, e.g., in Alexander duality). Augmenting ¥ to X by
adjoining a single simplex of dimension —1 to serve as the boundary of every
0-simplex one obtains the reduced cohomology H*(X*, k). When char k = 0
this coincides with H*(2,k) in every dimension except 0. While this may fail for
positive characteristic, the following shows that it continues to hold for the cases
we are considering.

Theorem 5.4. With the preceding notation, H°(XT, k) can be naturally iden-
tified with the center ¢ of g, while for n #0 one has H"(X1, k) = H"(%, k).

Proof. The center of g clearly is contained in f. A diagonal matrix may
be viewed as a function on 1,..., N viewed as 0O-simplices. It is in ¢ precisely
when it is constant on their homology classes, so these elements of h are just the
functions on the homology classes, hence constitute the cohomology in dimension
zero, proving the first assertion. Since C*(X1 k) and C*(X,k) differ only at
dimension 0, we certainly have H"(X* k) = H"(X,k) for n > 1. To show
that also H'(X*, k) = H'(X,k) we must show that 6C°(X1 k) = §C°(2, k).
However, every O-cochain f : {1,...,N} — k in C°(Z,k) can be written uniquely
as a sum f = f' + f” with f/ € C°2",k) and f” having the same constant
value on all i € {1,...,N}: set f/(i) = f(i) — (1/N) X}, f(j) for all i and
f"() = (1/N) Z;V:1 f(j) all, 7. This is well-defined since the characteristic is
greater than N. Then 0 f” = 0, proving the second assertion. Since the unique
simplex of dimension —1 of XT is always a coboundary it does not contribute to
the cohomology. [ |

Theorem 5.5.  The mapping & : C*(XT, k) — C*(&,g(P))o is a cochain
1somorphism.

Proof. We must show that 6®f"=®4f™ for all f"eC™(X" k). For n > 0 it
is sufficient to show that the two sides coincide when the arguments are amongst
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the e;;,% < j. Since 6®f" is a homogeneous cocycle of weight 0 it must van-
ish, by Theorem 5.2, unless the arguments can be reordered to be of the form

(€igsirs Ciyvigs - - 5 €ipy_14,) With 49 <43 < -+ <4, in which case the value must be
a multiple of e;,;, . It follows, cf. Theorem 5.2, that the only non-zero terms in
(0D f™)(€ig.iys Cirsins - - - » €in_1.in) Can be ones of the form

[Cig,ins (PS™)(€irsins - v v s €invin)]y [€in ssins (PS")(Cigrirs -+ €in nin ] and
(cbfn)([eiwhiw 6ir,ir+1]7 Cigy* " 7éi7‘717ir’ éir,iT+17 B ein—lyin)’ r= 1’ cee, = L.

It only remains to consider the signs with which these terms appear; examining
them shows that indeed

6<(I)fn)<eio,i1v Ciryigy -+ s einflvin> - ((5fn)(207 SR ’in>>6i0,in
= @(5]('”)(61,07@,1 3 €igyigy - - 7€in,1,in)~
For the case n = 0, recall (§4) that HO(€,g(P))o is just the center ¢ = ¢(g(P))

of g(P). This is spanned by those diagonal matrices h such that h(i) = h(j)
whenever e;; € £. After augmenting ¥, those 0-cochains having the same constant

value on all i € {1,..., N} are now coboundaries. A 0-cocycle of ¥ is a cochain
f such that f(i) = f(j) whenever e;; € £. For each there is now a unique
cohomologous cochain with Y"1V, (i) = 0, so we also now have an isomorphism,
c(g(P)) = H'(XZT k). -

This yields our final theorem.

Theorem 5.6. If P is a partial oder on {1,...,N} and char k > N or 0,
then

H*(a(P),a(P)) = \b' QH (E%.k) = H'(h,k) Q H (E7. k)

6. Some examples of deformations

With Theorem 5.6 we can return to the discussion in the Introduction. We have
finally proven that if P is a finite poset, then writing g for g(P) and X for X(P),
the space H?(g, g) of infinitesimal deformations of g is

Hg.0) = (A0 Qo D 0 RQH' (k) P HASK).  (15)

The infinitesimals in the first summand (“type (2,0)”) involve only elements of
h since any central element of a Lie poset algebra g must lie in h. Those
infinitesimals in the last summand (“type (0,2)”) involve only elements of €. The
elements in the first and last summands do not change the operation of h on £; the
infinitesimals in the middle summand (“type (1,1)”) do. Some simple examples
follow of deformations whose infinitesimals are of each of these three kinds.
Observe from (15) that the necessary and sufficient condition for a Lie
poset algebra to be absolutely rigid, i.e., to have no infinitesimal deformations, is
the simultaneously vanishing of ¢, H*(3,k), and H?(3,k). An associative poset
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algebra A(P) may be absolutely rigid while its associated Lie poset algebra g(P)
may allow non-trivial deformations. In the simplest case, let the partial order on
{1,..., N} be vacuous. Then A(P) is the algebra of all diagonal N x N matrices,
a direct sum of N copies of k, hence separable. Having trivial cohomology, it is
absolutely rigid. However, b is Abelian and therefore deformable to any algebra of
the same dimension. By contrast, suppose that P is {1,..., N} with partial order
identical with the linear order. Then ¢ = 0 and H*(X*,k) = 0, so just as in the
associative case, g(P) is absolutely rigid. Since all Lie poset algebras are solvable
this provides a simple example of a solvable Lie algebra which is absolutely rigid.
It is not known, both in the associative and the Lie cases, whether a nilpotent
algebra can be rigid, let alone absolutely rigid.

One can construct small posets P™ whose corresponding simplicial com-
plexes have geometric realizations which are n-spheres, [11, §15]. Start with the
zero sphere, S°, which consists of just two points, and repeatedly take two-point
suspensions. For S° one has P! = {1,2} with vacuous partial order, for S* take
its two-point suspension P? = {1,2,3,4} with 1 < 3,4;2 < 3,4 and no other re-
lations, for S? take P? = {1,2,3,4,5,6} with 1 <3,4;2 <3,4;3 <5,6;4 <56
and no relations other than those following from these, and so on. Denote the
corresponding associative poset algebras by A(S™) and the Lie poset algebras by
g(S™). Since H?*(A(S™), A(S™)) = H*(S™, k), which vanishes except when n = 2,
it follows that A(S™) is rigid for n # 2. When n = 2 there is exactly one infinites-
imal deformation, and as H3(A(S?), A(S?)) = 0, it is unobstructed. Therefore
A(S?) has a one-parameter family of non-trivial deformations. Assuming that the
characteristic of k is at least 6, Theorem 5.6 asserts that H?(g(S?), g(5?)) is like-
wise one-dimensional. Although H3(g(5?),g(5?)) does not vanish, the existing
single infinitesimal deformation of g(S?) is not obstructed and in fact does give
rise to a one parameter family of deformations. For while a deformation of an
associative algebra A always gives rise to a deformation of its commutator Lie
subalgebra which could be trivial, nevertheless, although g(S5?) is not just the
commutator subalgebra of A(S), the deformation is essentially the induced one
and is non-trivial because its infinitesimal, which is of the type (0,2), is non-trivial.
Theorem 5.6 also implies that g(S™) is absolutely rigid for n > 2.

Deformations induced by infinitesimals of the type (2,0) are necessarily
jump deformations, since after deformation b will no longer be commutative. The
cohomology of the algebra will have changed and the original algebra can not be
recovered as a deformation of the new one. In the extreme case, where g is reduced
to b and the ideal £ vanishes, g is Abelian and can deform to any Lie algebra of
the same dimension, in particular, to another Lie poset algebra. This shows that
the underlying topology, i.e., that of the geometric realization of the nerve, which
was originally discrete, can cease to be so. A small example where it does not
change, however, is given by the three-dimensional subalgebra g of sl(3) spanned
by 11 = €11 — €99, M2 = €99 — €33, and ej5. Its infinitesimal deformations are all of
the type (2,0). The center is non-trivial and is spanned by 7, +2n, = e11+€92—2€33.
Denoting this by ¢, the single element (1 A7) ® ¢ spans H?(g,g) and gives rise
to a deformed Lie product [—, —], in which we have [n,7:], = tc with all other
products of basis elements unchanged. The power series one normally encounters
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is here just a single term, but infinitesimals of the type (2,0) in general can be
obstructed. Here, setting ¢t = 1, the Cartan subalgebra h of g has been deformed
to the unique non-abelian two-dimensional Lie algebra. Viewing b as the algebra
of functions on the vertices of 3, which here is just a one-simplex, its multiplication
has been deformed, becoming non-commutative, but the evaluation of an h € b
on any e;j, i.e., the corresponding eigenvalue of ad i, has not changed.

Infinitesimals of the type (1,1) are of the form z = > & ® D; where & € b
and D; are derivations of £ which commute with the operation of fh and therefore
send every e;; € £ to a multiple of itself. To first order, the deformation induced by
z is given by [h, €]« = [h, e;;]+t > (&, h)e;; for all h € b; products of two elements
of b, as well as of two elements of £, remain unchanged. Such infinitesimals may
also meet obstructions except, as in the complex analytic case, when that part of
the third cohomology group vanishes which contains the possible obstructions to
the given kind of infinitesimal. In the complex case this means that H2(X,T) = 0,
e.g., when the manifold is a Riemann surface. (Note that 7 = A'T, contributing
one dimension.) Here the condition is that §Y @ H?*(3,k) = 0, but as h" is never
zero, it becomes simply that H?(X,k) = 0. This is the case, for example, when
P =P

As an illustration, we compute the deformation associated with one par-
ticular non-trivial cocycle. In g(S') the ideal € is spanned by e3, €14, €93, €4,
and is Abelian. As ¥ (P) has no 2-simplices, any l-cochain f there is already
a l-cocycle. The condition for f = f! to be a coboundary is that f(1,2) —
f(2,3) + f(2,4) — f(1,4) = 0; viewing f as an alternating function of its argu-
ments, this says that f(1,2) + f(2,3) + f(3,4) + f(4,1) = 0. So, for example,
choosing f(1,2) =1, f(1,3) = f(2,3) = f(2,4) = 0 gives a l-cocycle whose class
generates H'(X(P),k). The Cartan subalgebra b of g(S') is 3-dimensional with
basis {n;,7 = 1,2,3} in the notation of the preceding section. Let {n,i = 1,2,3}
be the dual basis. Then z =7/ @ ®f is a non-trivial 2-cocycle of g(S'). As basis
for g(S') we have {ni,n2, 73, €13, €14, €23, €24} . The deformed product [—, —], in-
duced by z on these basis elements is exactly the same as the original except in
one instance: one has [y, e1s]s = (2 + t)e;a. This defines the entire deformation,
but note, for example that we now have [e1; — €33, €12], = (1+t)eqa, since we must
write e;; — es3 as m1 +12. We can specialize ¢ to values in k to obtain an algebra
defined over k. For almost all values one can recover the original algebra as a
specialization of a deformation of the new one, but it is not clear if this is possible
when, for example, we set t equal to -2. Similarly, when a complex variety is de-
formed, it may become singular or degenerate for some values of the deformation
parameter.

To understand the mysterious infinitesimals of the type (0,2), suppose
that we have an associative poset algebra A(P), and an element of H?(X(P),k)
represented by a 2-cocycle f. When 7 < j < k, denote by f;;; the value of f on
the 2-simplex these define. Those ¢;; in £, together with 0, form a semigroup; one
may view f as a 2-cocycle of this semigroup with values in the additive group of
k by setting f(e;;,ejx) = fiji if 7 = 7' and 0 otherwise. If k is R or C, then we
can define a one-parameter family of deformations of the ideal £ of A by setting
eijxe;r, = (exptfiji)ejr, extended linearly. This is associative, and can be extended
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to all of A by leaving unchanged products of any two elements in which one is an
e;i. Up to equivalence, the deformation so obtained depends only on the class of
f. It induces a deformation of the associated Lie poset algebra g(P), where the
class of f is now a differential of the type (0,2). Replacing ¢ by #, the deformation
becomes a ‘phase’ periodic in t.

The idea of exponentiating an “additive” 2-cocycle of a semigroup to get a
“multiplicative” one, thereby yielding a family of deformations, may have first
appeared in [6], cf. also [7]. A change in structure defined by an arbitrary
multiplicative 2-cocycle need not be a deformation in the technical sense, but
the exponential of an additive 2-cocycle is. It can not be a jump deformation and
one can recover the original algebra as a specialization of a deformation of the new
one, in sense undoing the deformation. When k has finite characteristic, one can
construct a formal family by use of the Artin-Hasse exponential, but it may not
be possible then to specialize the deformation parameter ¢ to an element of the
ground field k.

As an illustration, observe that the only non-trivial infinitesimal deforma-
tions of g = g(S?) are of the type (0,2), stemming from the second cohomology
of the 2-sphere S?. When k is either R or C, the exponential of a non-trivial
2-cocycle f of 3(P?) yields a non-trivial deformation of g. In this example, how-
ever, it is unnecessary to require that k be either R or C, since H3(%,k) = 0.
As all products of three of the e;; in g(S?) vanish, every 2-cochain of X(P?) is a
2-cocycle, and in place of the full exponential we can simply use Fjji(t) = 1+t fix
as a family of multiplicative 2-cocycles to obtain a one-parameter family of defor-
mations; one sets [e;;, €jx]« = Fiji(t)er, other products of basis elements being un-
changed. Since dim H?(X(P?),k) = 1, any 2-cochain f which is not a coboundary
will produce, up to equivalence, the unique one-parameter family of deformations
which g(S5?) allows.

In each of our examples, the deformation has produced an algebra which
is no longer a Lie poset algebra, suggesting that there is some larger category
in which the theory should be set. This problem already arises in the case of
associative poset algebras, as the last example shows. Such algebras, however,
are particular examples of “Tic-Tac-Toe” algebras in the sense of Mitchell, [19],
and any deformation of a Tic-Tac-Toe algebra is again a Tic-Tac-Toe algebra,
[12], so the category of Tic-Tac-Toe algebras is stable under deformation. This
raises the question of whether there is a stable category of Lie algebras containing
the category of Lie poset algebras as a full subcategory. A much more intriguing
question, however, is whether the similarity between the deformation theories of
complex analytic manifolds and Lie poset algebras actually stems from their being
special cases of something more general.
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