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Abstract.The n-dimensional projective group gives rise to a one-parameter fam-
ily of inhomogeneous first-order differential operator representations of sl(n+1).
By partially swapping differential operators and multiplication operators, we
obtain more general differential operator representations of sl(n + 1). Letting
these differential operators act on the corresponding polynomial algebra and the
space of exponential-polynomial functions, we construct new multi-parameter
families of explicit infinite-dimensional irreducible representations for sl(n + 1)
and sp (2m + 2) when n = 2m + 1. Our results can be viewed as extensions of
Howe’s oscillator construction of infinite-dimensional multiplicity-free irreducible
representations for sl(n). They can also be used to study free bosonic field
irreducible representations of the corresponding affine Kac-Moody algebras.
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1. Introduction

A module of a finite-dimensional simple Lie algebra is called a weight module if
it is a direct sum of its weight subspaces. A module of a finite-dimensional sim-
ple Lie algebra is called cuspidal if it is not induced from its proper parabolic
subalgebras. Infinite-dimensional irreducible weight modules of finite-dimensional
simple Lie algebras with finite-dimensional weight subspaces have been intensively
studied by the authors in [1, 2, 3, 4, 5, 6, 8, 12]. In particular, Fernando [6]
proved that such modules must be cuspidal or parabolically induced. Moreover,
such cuspidal modules exist only for special linear Lie algebras and symplectic Lie
algebras. A similar result was independently obtained by Futorny [8]. Mathieu
[12] proved that such cuspidal modules are irreducible components in the tensor
modules of their multiplicity-free modules with finite-dimensional modules. Al-
though the structures of irreducible weight modules of finite-dimensional simple
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Lie algebras with finite-dimensional weight subspaces were essentially determined
by Fernando’s result in [6] and Methieu’s result in [12], explicit structures of such
modules are not that known. It is important to find explicit natural realizations
of them.

Let F be a field with characteristic 0 (say, Q,R,C) and let n > 2 be an
integer. A projective transformation on F” is given by

Au+b

fi F" 1.1

T d or ueF", (1.1)

where all the vectors in F” are in column form and the (n 4+ 1) x (n + 1) matrix
Ab

( oty ) € GL(n). (1.2)

It is well-known that a transformation of mapping straight lines to lines must be
a projective transformation. The above transformations give rise to an inhomoge-
neous representation of the Lie algebra sli(n 4+ 1,F) on the polynomial functions
of the projective space. Using Shen’s mixed product for Witt algebras in [13]
and the above representation, Zhao and the author [14] constructed a new func-
tor from ¢gl(n,F)-Mod to sl(n + 1)-Mod and found a condition for the functor
to map a finite-dimensional irreducible gl(n,F)-module to an infinite-dimensional
irreducible sl(n + 1,F)-module. Our general frame also gave a direct polynomial
extension from irreducible gl(n,F)-modules to irreducible si(n + 1,F)-modules.

The work [14] lead to a one-parameter family of inhomogeneous first-order
differential operator (oscillator) representations of sl(n+1,F). By partially swap-
ping differential operators and multiplication operators, we obtain more general
differential operator (oscillator) representations of sl(n + 1,F). In this paper, we
construct new multi-parameter families of explicit infinite-dimensional irreducible
representations for s(n+ 1,FF) and sp(2m + 2) when n = 2m+ 1 by letting these
differential operators act on the corresponding polynomial algebra and the space of
exponential-polynomial functions. Some of the corresponding modules are explicit
infinite-dimensional irreducible weight modules with finite-dimensional weight sub-
spaces. Our results can be viewed as extensions of Howe’s oscillator construction
of infinite-dimensional multiplicity-free irreducible representations for si(n,F) (cf.
[11]), where he used the symmetric tensor over several copies of the natural module
and its dual to construct the representations. Indeed, Howe’s result plays an im-
portant role in proving the irreducibility of the representations for si(n+1,F). The
results on symplectic Lie algebras in this paper can be used to study the irreducible
representations of the other simple Lie algebra via Howe’s theta correspondence
technique. Free field representations of affine Kac-Moody algebras are closely re-
lated to oscillator representations of finite-dimensional simple Lie algebras. Our
results can also be used to study free bosonic field irreducible representations of
the corresponding affine Kac-Moody algebras.

Let E,, be the (n+1) x (n+ 1) matrix with 1 as its (r, s)-entry and 0 as
the others. The special linear algebra

sin+1,F)= Y (FEi; +FE;;)+ Y F(Er, — Eryipp). (1.3)
r=1

1<i<j<n+1
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For any two integers p < ¢, we denote p,q = {p,p+ 1,---,q}. Set D =
o 250y, . According to Zhao and the author’s work [14], we have the following
one-parameter generalization 7. of the projective representation of sl(n + 1,F):

7T0<Ei’j) = xiamj, 7Tc<Ei,n+1) = IZ(D -+ C), Wc(En-‘,—l,z’) = —812., (14)

ﬂc(Ei,i — Ej,j) = xﬁx — xjﬁxj, 7Tc(En7n — En+17n+1) =D +c+ xnﬁxn (15)

for 4,5 € 1,n with i # j, where c € F.
Let S be a subset of 1,n. Note the symmetry:

[axwxr] =1= [_xra azr] (16)

Changing operators 0,, — —z, and x, — 0,, for r € S in (1.4) and (1.5), we get
another differential-operator representation 7. g of sl(n+1,F). We treat 7.9 = 7,
and call 7. g projective oscillator representations in terms of physics terminology.
For d = (ay,as, ...,a,)" € F*, we denote a-& = > | a;x;. Let & =[xy, xa, ..., x,)
be the algebra of polynomials in z1, xs, ..., x,. Moreover, we set

dy={fe""| f e o}, (1.7)

Denote by Wzs the representation 7. g of sl(n+ 1,F) on % and by N the set of
nonnegative integers. In [14], Zhao and the author proved that the representation

ﬂgw of sl(n 4+ 1,F) is irreducible if and only if ¢ ¢ —N. Moreover, </ has a
composite series of length 2 when ¢ € —N. In this paper, we prove:

Theorem 1.1. Let S be a proper subset of 1,n. The representation WES 18
irreducible for any ¢ € F \ Z, and the underlying module </ is an infinite-
dimensional weight sl(n + 1,F)-module with finite-dimensional weight subspaces.
If a; # 0 for some i € 1,n\S, then the representation ’/Tis of sl(n+1,F) is always
irreducible for any ¢ € F. When |S| > 1, @# 0 and a; =0 for any i € 1,n\ S,
the representation mlg of sl(n+ 1,F) is irreducible for ¢ € F\ Z

Suppose that n =2m + 1 > 1 is an odd integer and the subset S satisfies:
m+1¢S and fori € 1, m, at most one of i andi+m + 1in S. (1.8)

Our second main theorem in this paper is as follows.

Theorem 1.2. If ¢ & —N, the restricted representation Wgw of sp(2m + 2, )
is wrreducible. When ¢ € =N, the sp(2m + 2,F) -module </ has a composite series
of length 2 with respect to the restricted representation 7T20.

The restricted representation WES of sp(2m~+2,TF) with S # O is irreducible
for any ¢ € F\ Z. Suppose that d # 0, ams1 = 0, a;, # 0 for some m + 1+
io € SNm+22m+1 4 SNm+22m+1# 0, and api11j, # 0 for some
joe SNI,m+14if SN1,m+1# 0, then the restricted representation ﬂgs of
sp(2m + 2,F) is irreducible for any ¢ € F.

With respect to the restricted representation Wgs, o/ is an infinite-dimensional
weight sp(2m + 2,TF) -module with finite-dimensional weight subspaces.
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In Section 2, we prove Theorem 1. The proof of Theorem 2 is given in
Section 3.

2. Proof of Theorem 1

In this section, we will prove Theorem 1 case by case.
Case 1. The representation WES with S # 0,1, n.

Without loss of generality, we assume S = 1,n; for some ny € 1,n — 1. Set
n ni
D= Z .0y, — ZIZ@sz (2.1)
r=ni+1 i=1
Then the representation Wgs of sl(n+1,F) is the representation 7, s on & with

— 20y, — 0,5 ifi,7 € 1,ny;
0,0, ifiel,ng, g€n +1,n;

me.s(Elij) = —T;%;j ifien +1,n, j€l ng; (2.2)
10y, ifi,j€n+1,n,
(D+c—ny—1)d,, if i <ny,
c E@n = ~ o 2.3
Teis (Eini1) {xi(D—l—c—nl) if i > nq, (2:3)
x; if 1 < ny,
Te,s(Eny1i) = { 0, if i> ni (2.4)

WC,S(En,n — En+1,n+1) = D — N +c+ xnﬁmn (25)
For any k € Z, we denote

ni n
Ay = Span {z* = Hmf‘ a=(ag,..,0,) €N Zai - Z a, =k}. (2.6)
i=1 i=1

r=ni1+1

Then & = @, ., iy and

Ay ={f €| D(f)=kf}. (2.7)

Note that .
G =Y (FE,;+FE;)+ > F(E,— Eyim4) (2.8)

1<i<j<n r=1

is a Lie subalgebra of sl(n+1,F) isomorphic to sl(n,F). The following result was
due to Howe [11], where he used the symmetric tensor over several copies of the
natural module and its dual to construct the representation. Since the structure
constants are integers, the result works for any field with characteristic 0. Denote
by A; the ith fundamental weight of si(n+1,F). For convenience, we treat Ay = 0.

Lemma 2.1.  Let (1,0, € N with {1 > 0, @y, is an irreducible highest-weight
“y -submodule with highest weight (A, —1 — ({1 +1)A,, and g,y is an irreducible
highest-weight % -submodule with highest weight —(ly + 1)\, + lon, 41 -
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Proof. Let f € & be a singular vector of 4,. Then
Ein,(f) = —2p,0.,(f) =0 for iel,ng —1 (2.9)

and
Epi1,(f) = 20,410,,(f) =0 for j€ny+2,n (2.10)

by (2.2). Thus f = g(xy,,zn,+1) only depends on z,, and x,,,1. Moreover,

0= Enhm-i-l(f) = aa:nl awn1+1 (g) (2'11)

again by (2.2). This shows that g is a one-variable function in x,, or z, 1. Since
[ is a weight vector, f = x;'' or x,'> | up to a scalar multiple for m; € N and
0 # my € N. Note 27! € &,y and 2,2, € S,y . So Ay has a unique
singular vector for any k € Z. Then the irreducibility of .27, follows from the
fact that the singular vector is not isotropic with respect the following invariant

symmetric bilinear form determined by

(3%2%) = b0 5(—1)=21%al  for a, B € N, (2.12)

where .
al =] a! (2.13)

i=1
(cf. (2.6)). The highest-weights are calculated by (2.2). [

Now we have the first result in this section.

Theorem 2.2.  The representation 71'25 of sl(n + 1,F) is irreducible for any
ceF\Z.

Proof. Let k be any integer. For any 0 # f € </, we have

0# Eny11(f) = 21f € Zpyy (2.14)
by (2.4), and
0# Eppi1(f) = (k+c—n)z,f € Hyrny (2.15)

by (2.3). Let .# be a nonzero sl(n + 1,F)-submodule of o. If ki, ks € Z with
ki # ko, then the highest weights of <7y,, and @/, are different as %,-modules
by Lemma 2.1. So @,y C .# for some kg € Z. Moreover, (2.14) and (2.15) imply
Ay C M for any k € Z. Hence M = o . [

Expressions (2.2)-(2.5) imply the above representation is not of highest-
weight type. Moreover, o is a weight sl(n+ 1, F)-module with finite-dimensional
weight subspaces.

Case 2. The representation 7%, with 0#4decF.

In this case,

Eoyri(fe™®) = —(0,, +a))(f)e™™  for ic1n, feo. (2.16)
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Thus - N
(Epy1i +a;)(fe) = =0y, (f)e™™ for iel,n, fedo. (2.17)

The second result in this section.

Theorem 2.3.  The representation ’/Tz@ with 0 # @ € F" is an irreducible
representation of sl(n + 1,F) for any c € F.

Proof. Let .o, be the subspace of homogeneous polynomials with degree k.
Set
Ay = ™ fork € N, (2.18)

Without loss of generality, we assume a; # 0. Let .# be a nonzero sl(n + 1,FF)-
submodule of .. Take any 0 # fe®® € .# with f € o/. By (2.17),

O, (f)e" .t for icTn. (2.19)

By induction, we have €% € ./ ; that is, @s¢ C A .
Suppose @z, C A for some ¢ € N. For any ge?? € a7y,

Ei,l(gealf) = 24(0, + a1)(9)e™™ = ay2,9"" + 3,0, (9)e"" € M (2.20)
for i € 2,n by (1.4). Since x;0,,(g)e*® € sy C M , we have
zi9¢"% € M for i €2 n. (2.21)
On the other hand,
(Ey1 — E99)(ge™) = a1219€™ + (2105, — 1205, — a972)(9)e"* € .t (2.22)

by (1.5). Our assumption says that (v10,, —20,,)(9)e?® € @z, C M . According
to (2.21), —asxo(g)e®® € 4 . Therefore,

r19¢" € M. (2.23)

Expressions (2.22) and (2.23) imply @% .1 C .# . By induction, o%, C .# for
any { € N. So oz = .4 . Hence < is an irreducible si(n + 1,F)-module. n

Case 3. The representation WZS with a; # 0 for some i € 1,n\ S.

The following is the third result in this section.

Theorem 2.4.  Under the above assumption, the representation ﬂgs with 0 #*
a € F™ is an irreducible representation of sl(n + 1,F) for any c € F.

Proof. Without loss of generality, we assume S = 1,n,; for some n; € 1,n — 1.
Let .# be a nonzero sl(n + 1,F)-submodule of «%. By (2.4) and (2.16)-(2.19),
there exists 0 # fe®® € .# with f € Flxy,...,7,,]. By symmetry, we can assume
a, # 0. According to (2.2),

Em(fe‘f'f) = (O, + @;)(0s, + an)(f)eﬁ'f = a;a, fe¥T + anﬁzi(f)ed'f (2.24)



XU 103

for © € 1,n,. Thus
(a; B — a;)(fe™) = 0,,(f)e"™ € . fori €1 n,. (2.25)

By induction on the degree of f, we get e%® € .4 ; that is, @fzo C M .
The arguments in (2.20)-(2.23) yield

Fl&p, 11, .. 2] C A . (2.26)

According to (2.4),
n a-z
Efiy Bl (Fleng o 2]

= 2wl (Fln g, o 20]e™) C (2.27)

for ¢; € N with ¢ € 1,n;. Thus @; = 4 . So o7 is <z is an irreducible sl(n+1,TF)-
module. [ ]

Case 4. |S|>1,d#0 and a; =0 for any i€ 1,n\ S.
The following is the fourth result in this section.

Theorem 2.5. Under the above assumption, the representation Wz g 15 an irre-
ducible representation of sl(n + 1,F) for any k € F\ Z.

Proof. Without loss of generality, we assume S = 1,n; for some n; € 2,n — 1.
Applying the transformation

T T'fa A TAT_la En,n - En+1,n+1 = Enm, - En+1,n+1- (228)
(El,n+17 ceey En,n—H) = (El,n-‘,-la ceey En,n+1)T_1a (229)
(En+171, ceny En+1,n) — (En+l,n7 ceny En+17n)T_l (230)

with A € sl(n,F) for some n x n orthogonal matrix 7', we can assume a; # 0
and a; =0 for i € 2,n.

Let .# be a nonzero sl(n + 1,F)-submodule of 7. Take any 0 # fe®7 €
A . Note that

Eio(fe™) = —29(0, +a1)(f)e™ € M (2.31)
by (2.2) and o .
Eni12(fe™) = o fe™™ € M (2.32)
by (2.4). Thus o
220y, (f)e"" € A . (2.33)

Repeatedly applying (2.33) if necessary, we can assume f € Flxo,.....,x,]. We
apply the arguments in the proof of Theorem 2.2 to the Lie subalgebra

L= > (FE;+FE;;)+ Y F(E. — Errn) (2.34)

2<i<j<n+1 r=2
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and obtain

Flzy, ..., 2,)e* C A (2.35)
if ¢ € Z. According to (2.4),

EfLH,l(IF[:rQ, oo 2] €7F) = 2 (Fzg, ..., 20]e™%) C M (2.36)
for any ¢ € N. Therefore .# = <f;. So 7z is an irreducible sl(n+1,F)-module. =

With the representation 7T(2:S, </ is an infinite-dimensional weight si(n + 1,TF)-
module with finite-dimensional weight subspaces by (2.2) and (2.5). Now Theorem
1 follows from Theorems 2.2-2.5.

3. Proof of Theorem 2

Assume that n = 2m + 1 > 1 is an odd integer. In this section, we will give the
proof of Theorem 2.
Recall that the symplectic Lie algebras

Sp(2m + 27 F) = Z [F(Er,m+1+s + Es,m+l+r> + ]F<Em+1+r,s + Em+1+s,r)]
1<r<s<m+1
m+1
+ ) F(Eij = Enivagmii+i)- (3.1)
1,5=1

For convenience, we rednote
Lo = Tmt1l, Yi = Tmtl+i fori € 1,m. (3.2)
In particular,

D= 20, +> 4,0, (3.3)
=0 r=1

According to (1.4) and (1.5), we have the representation w. of sp(2m + 2,F):

Wc(Ez',j - Em+1+j,m+1+i) = l'z'arj - yjayu (3-4)

Te(Eimrs + Ejmi1+i) = 20y, + 2;0y,, (3.5)

Te(Eomt2,m+1) = =025 Te(Emi1i — Emy14izmt2) = 200z, — yi(D +¢),  (3.6)
Te(Eim+1 — Eomtomti14i) = TiOny + Oy, (3.7)

Te(Bom2,i + Emyi4imt1) = YiOny — O, (3.8)

Te(Emy14ij + Emi14ji) = YiOz; + YjOu,, (3.9)

Te(Ems1mt1 — Eomt2omi2) = D + 200y, + ¢, (3.10)

Te(Emt1ms1+i + Eigmaz2) = 000y, + (D +¢), me(Emt12mi2) = o(D+c¢) (3.11)

for i,7 € 1,m.
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Denote
Ji/ - Z [F(Er,m+1+s + Es,m—i—l—i-?") + ]F(Em+1+r,s + Em—i—l—i—s,r)]
1<r<s<m
+ Z F(Eij — Emti4jm+1+i)s (3.12)
i,j=1

which is a Lie subalgebra of sp(2m+2,F) isomorphic to sp(2m,F). We will prove
Theorem 2 case by case.

Case 1. @=0 and S = 0.

Let # = Flxq, ..., Tm, Y1, .-, Ym]. Denote by B the subspace of homoge-
neous polynomials with degree k. First we have the following well-known result

(e.g., cf. [7]).

Lemma 3.1. For any k € N, By forms a finite-dimensional irreducible & -
module with highest weight ki .

Denote by 7 the subspace of homogeneous polynomials in &7 with degree

1. Set
¢

) = E ol for ¢ € N. (3.13)
i=0
Take the Cartan subalgebra

m+1

H = Z F(Ei; — Emtitim+i4i) (3.14)

i=1

of sp(2m + 2,F). Define {e1,...,ems1} C H* by:
€i(EBii — Emyrvimeivi) = i (3.15)

Recall that the representation 7{’70 of sp(2m + 2,F) is the representation m, (cf.
(3.4)-(3.8)) on the space & = F[xg, ..., Tim, Y1, .., Ym). Then we have:

Theorem 3.2. If ¢ & —N, the representation 71'2@ of sp(2m + 2,F) given in
(3.4)-(3.8) is a highest-weight irreducible representation with highest weight —c)\; .
When —c = € N, ) is a finite-dimensional irreducible sp(2m + 2,F)-module
with highest weight (X, and o/ |y is an irreducible highest weight sp(2m+2,TF)-
module with highest weight —((+2)\; 4+ ((+ 1)y, where \; is the ith fundamental
weight of sp(2m + 2,TF).

Proof. Observe that

k
=Y x3Brs  for k€N (3.16)
s=0
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Let .# be a nonzero sp(2m + 2,F)-submodule of /. Take any 0 # f € # .
Repeatedly applying the first equation in (3.6), (3.7) and (3.8) to f, we obtain
1 € # . Note

k—1
(Brviomea) (1) = [+ ek € (317)
r=0
by (3.11) and
s—1
(Btmi1 — Eamyomi1i1)*(25) = [H(k —i)ag Sxy  for se 1k (3.18)
i=0

by (3.7). Suppose ¢ € —N. Then (3.17) yields
b e for keN. (3.19)

Moreover, (3.18) with k =r + s gives

xror; €V for r,s € N. (3.20)
Furthermore,
UK)(xpxy) = x(Bs C M (3.21)
by Lemma 3.1. Thus
g =) a,B.CM; (3.22)
r,s=0

that is, .# = o/ . So &/ is an irreducible sp(2m~+2,F)-module and 1 is its highest-
weight vector with weight —c\; with respect to the following simple positive roots

{€nt1 — €nyEn — En_1, .., €2 — €1, 261 }. (3.23)

Next we assume ¢ = —¢ with ¢ € N. Since
Emiiomsola, =0, (Bmi1i — Emgitioms2) o, = 2004, (3.24)
(Ems1mt1+i + Eiom+2)|w, = 200y, (3.25)

by (3.6), (3.11) and (3.12), &y is a finite-dimensional sp(2m + 2,F)-module. Let
A be a nonzero sp(2m + 2, F)-submodule of %y . By (3.17),

xt € M for k€ 0,/ (3.26)

Moreover, (3.19) with £ =r + s gives

xox] € M for 7,5 €0, such that r+s < /. (3.27)
Thus
{ fl—r
Ay =D wiB. .M (3.28)
r=0 s=0

by Lemma 3.1; that is, .# = /. So oy is an irreducible sp(2m +2,F)-module
and 1 is again its highest-weight vector.



XU 107

Consider the quotient sp(2m + 2,F)-module &/, . Let W D /4 be
an sp(2m + 2,F)-submodule of &/ such that W # /. Take any f € W \ 4.
Repeatedly applying (3.7), (3.8) and the first equation in (3.6) to f if necessary,
we can assume f € By,1. Since B,y is an irreducible JZ -module, we have

By C WL (329)

In particular, ™ € W. According to (3.11),

(Emsimea + Brome) (@) =rlai™eWw  for 0<reZ (3.30)
Since Bpy14r > 27 is an irreducible .# -module, we have
By CW. (3.31)
Suppose that
roBs C W for r € 0,k and s € N such that r +s > £ + 1. (3.32)

Fix such r and s. Observe zjzi 'y; € xhB, C W. Using the first equation in
(3.11), we get

(Emstmiz + Bromye) (@hai yr) = (r + s — Oafaiy, + oy a2 e W (3.33)
By the assumption (3.32), (r + s — {)ajziy, € x(Bsi1 C W. So
ot e Wnalt B, . (3.34)

Since 2§ B,_; is an irreducible .# -module, we get

B, CW. (3.35)
By induction on r, we prove
xoBs C W for r,s € N such that r + s > ¢ + 1. (3.36)
According to (3.16),
i <, C W. (3.37)
k=(+1

Since W D ), we have W = &/ . So &/ /oy is an irreducible sp(2m + 2,F)-
module. Moreover, 25+ is a highest weight vector of weight —(£42)\; + (£+ 1)\,
with respect to (3.23). ]

Case 2. @#0, apmi1 =0 and S =10.
For simplicity, we redenote
bi = i1y for i € 1,m. (3.38)

Recall that the representation sz of sp(2m + 2,TF) is the representation . (cf.
(3.4)-(3.12)) on the space 7 (cf. (1.7)). Our second result in this section is:
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Theorem 3.3.  The representation © f@ with 0 # @ € F* and apiq = 0 is an
irreducible representation of sp(2m + 2 ]F) for any c € F.

Proof. . By symmetry, we may assume a; # 0. Let .# be a nonzero sp(2m +
2, F)-submodule of .2%;. Take any 0 # fe@? € .# with f € o/ . By the assumption
ag =0 and (3.6)-(3.8),

E2m+2,m+1( - ) _amo( ) @z S % (339)

-

(Ei,m—i-l - E2m+2,m+1+i )(fea ) [ (f) + x; axo (f)] 6 '% (340)
(Bzmzi + Buvvigsr + @) (™) = [0, (f) +yi0uy (f)]e™ € (3.41)

for i € 1,m. Repeatedly applying (3.39)-(3.41), we obtain €% € .#. Equiva-
lently, <7z o C A (cf. (2.18)).
Suppose @z, C A for some ¢ € N. For any ge?? € o;
(

I
9T e (3.42)

(Eiq — Emgomi140)(9e™") = [a1z; — biys + 205, — 1105,

by (3.4) and
(Bmt14i1 + Bnyoi)(9€™) = a1y + aiyn + yiOs, + 110,,)(9)e™™ € . (3.43)

by (3.9), where i € 1, m. Since

(wiaﬂh - yla&h)( ) “r (yza:tl + yla )( ) “r € %75 C %’ (344)
we have
(ar1z; — biyr)ge™™, (ary; + agn)ge™™ € A (3.45)
for < € 1, m. The above second equation with ¢ = 1 gives
2a1319e"F € M = y19e"T € M. (3.46)
Thus (3.45) yields
;9" y;ge® € M fori e 1,m. (3.47)
According to the second equation in (3.6),
(Emi11 — Em+2,2m+2)(g€d'£)
= |a1zo — Z(aixi + byi)y1 + 200z, — y1(D + C)](Q)ed'f €. (343)
i=1

Replacing ge® € oz, by ge?® € S (w95 1+ vy Az 0) in (3.42)-(3.47), we obtain
z119e% T Yy getT € M fori e 1,m. (3.49)
Since D(g) = ¢g and 00y, (9)e® € oz, C M , we have

Z a;i; + biy)yr + 100z, — 1 (D + ©)](9)e®® € A . (3.50)
i=1

Hence (3.48) yields xoge®™® € .#. Therefore, /3,1 C .#. By induction,
Iz C M for any ¢ € N. So ofz = A . Hence o/ is an irreducible sp(2m+2,F)-

module. n
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Case 3. @=0 and S # 0.

By symmetry and the assumption (1.8), we can assume

S=1,m Ums+1,m, my,mo € 1,m and m; < mo,

where we treat m + 1, m = () when my = m. Set

D = xoaxo + Z xraa;T - lezaxl + ZQQZayZ - Z y?"ayr
r=mi+1 i=1 i=1 r=mso-+1

and
c=c+mog—my—m.
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(3.51)

(3.52)

(3.53)

Then we have the following representation 7. g of the Lie algebra sp(2m + 2,TF)

determined by
_ rw y
Tes(Bij — Emiivjmiii) = By — B,

with
([ —2;0,, — 0;; ifi,5 €1,my;
E®. = O, 0n, ifiel,my, j€em +1,m,
b3 —T;%; ifiemi+1,m, j€1,myq,
[ 70, ifi,j€my+1,m
and
(0, ifi,7 € 1,my;
v o) Y ifiel,mg, 7 €mo+1,m,
b 0y, 0y, ifi €mo+1,m, j€1,ms,
L —yjayi - 51'7]' lfl,j € mo + 1,m,
and

(0,0, ifiel,my, jel my,
Te.s(E; ) = —Y;0y, i€ l,my, jEme+1,m,
c,S i,m~+1+j5) — xiayj if cm + 1,m’ ] c —1,m2’

L~y fiemi+1,m, j€my+1,m,

—Z;Y; ifjel,my, 1 €1,my,
—x;0,, ifjel,m, i€my+1m,

Te.s (Eme14i) = YOy, ifjemi+1,m, i€l my,
L 8%.8% ifjem+1,m, 1 €me+1,m,
WC,S(E2m+2,m+1) = _aroa 71-c,S(EUerl,2m+2> = l’o(D + 6)7

DunDo + 0y, if i € T,
WC,S(E’L',TTL-‘,-]. - E2m+2,m+1+i) = xiazo +0 i if 1€my+ L, mo,
20 — vy if 1€ mo+1,m,

YiOpo +x;  if 7€ 1,my,
Te.s(Bomt2i + Emi1vime1) = § YiOzo — Oy, if 7€ my + 1,mo,
O0py Oy, — O, it 1 €mg+1,m,

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)
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ﬂ-c,S(Em-l—l,i - Em+1+i,2m+2)
—xox; — yi(D + ©) if 1€1,my,

290y, — (D +¢E—1)0,, if i € ma+1,m,

e, (Emt1mi1+i + Eiamt2)
200y, + (D 4 &—1)0,, if i €1, my,

= ZL‘oayi + {L‘Z(D + 6) if 1 emq+ 1, mo, (363)
—xoy; + (D + ¢) if i€ mgo+1,m,
7Tc,S(E177’L—i-1,77’b-|—1 - E2m+2,2m+2) - D + Ioaxo + E, (364)

for i,7 € 1,m.
Recall Z =F[z1,...,Tm, Y1, .., Ym]. Set

e%jgﬁ) = JZf<k> N A for ke Z (365)

(cf. (2.6)). Then B = @, B is a Z-graded space. The following result is due
to [10]:

Lemma 3.4. Assume m > 2. Let k € Z. If m; < mgy or k # 0, the subspace
By is an irreducible A -submodule (cf. (3.12)). When my = my, the subspace
By s a direct sum of two irreducible £ -submodules.

In fact, any pair of the irreducible submodules in the above are not isomor-
phic J# -modules because they have distinct weight sets of singular vectors with
respect to the Lie subalgebra > 0" F(E;; — Eni14jmii1+i) = gl(m,F) (cf. [9]).

1,j=1

When m =my =my =1, B =TF[x1,y1] and
Te.s(H) =F(210;, + 110y, + 1) + Fayy1 +F0,,0,,. (3.66)

So all A,y with k € Z are irreducible J# -submodules. Recall the representation

m0s of sp(2m + 2,F) is the representation 7.5 (cf. (3.54)-(3.64)) on /. The
following is the third result in this section.

Theorem 3.5.  The representation Wgs of sp(2m+2,TF) is irreducible if ¢ € 7.

Proof. Let .# be any nonzero sp(2m + 2,F)-submodule of 7. Repeatedly
applying Eopiomi1 to 4 by the first equation in (3.59), we get

OB 4 {0}, (3.67)
According to (3.64),
By = € B | (Ensim+1 — Eamizomi2)(f) = (k+0) f}. (3.68)
Thus
M= By, (3.69)

keZ
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If A4 N By # {0}, then (3.61) gives
(E2m+271 —|— Em+2,m+1)<% N %<0>) - 1’1(% N %(0)) C % N %(_D. (370)

Thus we always have .# N By # {0} for some 0 # k € Z. According to Lemma
3.4 and (3.66), A is an irreducible J# -module. So

By C M. (3.71)
Next (3.60) yields
'%Uc—r) == <8yl)r(e%(k>) == (El,m+1 —E2m+2?m+2)r(%<k>) C % for r S N. (372)

On the other hand, if %y, C .4, then the assumption ¢ € Z and the second
equation in (3.59) give

.1'6%@ = (Egm+2’m+1)r<%<g>) /4 for r € N. (3.73)
Suppose that for some s € Z,
6B sy, 1o Bs—1y C M for r e N. (3.74)

For any ¢ € N,

26 Bsr1y = (D+E—1)0,, (26B ) = [Emsrms2 + Ergmra — 100y, (2B s) (3.75)

by (3.63). Note
200y, (26Bs)) = w47 Bio—1y C M . (3.76)

Thus (3.75) leads to
ZB€<@<S+1> /2 (3.77)

By (3.72)-(3.77) and induction on s, we prove
r0Buy C M for zy €N, k € Z. (3.78)
So M = o . Therefore, &/ is an irreducible sp(2m + 2, F)-module. [

Remark 3.6. The above irreducible representation depends on the three pa-
rameters ¢ € F and m;,ms € 1,n. It is not highest-weight type because of the
mixture of multiplication operators and differential operators in (3.57), (3.58) and
(3.60)-(3.63). Since A is not completely reducible as a module of the Lie subal-
gebra Y " F(Eij — Emtitjmy1+:) by [9] when m > 2 and m; <m, & is not a
unitary sp(2m + 2,F)-module. The constraints on the degrees of the monomials
with a fixed weight via the operators 7. s(E;; — Emtitim+i1+i) in (3.54)-(3.56)
with i € 1,m and 7es(Emi1mi1 — Famioomie) in (3.64) show that the weight
subspaces are finite-dimensional. Thus 7 is a weight sp(2m + 2, F)-module with
finite-dimensional weight subspaces.
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Case 4. S # 0, d
if SNmT2Imil +
SNI,m+1#0.

#0, a;, #0 for some m+1+ig€ SNm+2,2m+1
0, and ami14j, # 0 for some jo € SN1,m+1 if

We take (3.51)-(3.64). By the above assumption, b;, # 0 for some j, €
1,my, and a;, # 0 for some iy € my + 1,m if my < m. Recall the representation
mlg of sp(2m+2,F) is the representation s (cf. (3.54)-(3.64)) on o7 (cf. (1.7)).
Under the assumption, we have the following fourth result in this section:

Theorem 3.7.  The representation Wgs of sp(2m + 2,F) is irreducible for any
cel.

Proof. Let .# be a nonzero sp(2m + 2,F)-submodule of <. Take any 0 #
fe®® ¢ .4 with f € o/. By the assumption, ay = 0. Repeatedly applying
the first equation in (3.59) to fe®® if necessary, we may assume f € % =
Flx1, ..., Tm, Y15 -, Y] - Then (3.61) yields

(Eamt2,i + Emiitimtt +a;)(fe™®) = —0,,(f)e® € M for i €my + 1, m. (3.79)
Moreover, (3.60) yields
(Eim+1 — EBomtomi1+i — bj)(fea'f) = ayj(f)ed'f c .M for jc1,ms. (3.80)
Repeatedly applying (3.79) and (3.80) if necessary, we can assume
fEF[x1, s Ty Yty -os Ym)- (3.81)
According to (3.57),
(Eimt14go + Ejomi14i — Giobs — aibjy ) (fe*F) = (b;,0, +b:0a, ) ()™ € M (3.82)

for ¢ € 1,m;. Taking i = jy in (3.83), we get 8mj0(f)e‘7'f € ./ . Substituting it to
(3.82) for general i, we obtain

Op, ()™ €.t for i €1,m;. (3.83)
Moreover, (3.58) yields
(Em+1+j,io +Em+1+io7j _ajbio _aiobj)(fea-f) = (aioayj +ajayz‘0>(f)€a.£ S (384)

for j € my + 1,m. Letting j = 4o in (3.87), we find 0, (f)e® € .4 . Substituting
it to (3.84) for general j, we get

Oy, (N)e"T e for jE€my+1,m. (3.85)

Repeatedly applying (3.83) and (3.85) if necessary, we obtain €% € .# . Equiva-
lently, o770 C A (cf. (2.18)).

Suppose that for some ¢ € N, oz, C .# whenever { > k € N. For any
ge®® € /sy, (3.61) implies

(Bami2i + Emtivimer — yiamo)(gea'f) = 2,97 € M for ie1,m; (3.86)
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and (3.60) leads to
(Bamsomirsi — Bimir + 2:0) (9™) = ;9™ € M

for j € mgy + 1, m. Moreover, (3.57) gives

(Eism1+jo + Ejomar+i)(9e”)
= [bjowi + 2:i0y;, + (O, + ajo)(0y;, + b;)|(g)e™™ € M
if 1 € my + 1, m9, and

P —
(l'!l?) a-x

(Eimt14jo + Ejomi14i)(9e™™) = [bjoxi — ajoyi + 2:0y; — yi0s; 1(g)e

if 2 € mo + 1, m. Note that the inductional assumption imply
[£:0y,, + (Or,, + a55)(0y, + 0:)](g)e™™ € A
if 1 € my+1,my, and

[—aj,yi + 0y, — yﬁxjo](g)e‘i'f c M

yjo
by (3.89) if ¢ € my + 1,m. Thus
z;9¢%% € M for i € my + 1, m.

On the other hand, (3.58) yields

d~o?)

(Bt 140 T Bmi14i0,5) (9677) = (il — big +90r, — 250y, ) (9)e™®

if j€1,mq, and
(Emsitjio + Emtitio)(ge™®)
aiyj + YjO,, + (Ou; +a;)(Oy,, + big)|(9)e™™ € A

if j € m; + 1, my. Observe that the inductional assumption imply

(_bioxj + yjaﬂﬁio - xjayioxg)ea.f €M

by (3.86) if j € 1, m;, and
(Y02, + (Dr; + a7) Dy, + big))(9)e™™ € A

Tig
if j €my;+1,my. Hence

yige™® € M for 7 €1, mas.
Moreover, (3.63) yields

(EM+1,m+1+]'o + Ej0,2M+2)(geahf)

113

(3.87)

(3.88)

€/ (3.89)

(3.90)

(3.91)

(3.92)

e .M (3.93)

(3.94)

(3.95)

(3.96)

(3.97)

mi m mo
[bj,zo + o0y, + (D — Z a;x; + Z a;r; + Z by,

=1 j=mi1+1 r=1

- Z bsys + ¢+ 1)(aj, + 8%)](9)6‘7'5 S/

s=mo+1

(3.98)
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Note that

—

200y, (9)e Tedyy CM; (D+éE+ 1)(0x,, (9)e™" € gy C M. (3.99)

Now (3.86), (3.87), (3.92) and (3.97)-(3.99) imply z¢ge®® € .#. Therefore,
ge41 C A . By induction, o, C A for any { € N. So @z = .# . Hence
oz is an irreducible sp(2m + 2, F)-module. [

With respect to the restricted representation 7Tg g, @/ is an infinite-dimensional
weight sp(2m + 2,F)-module with finite-dimensional weight subspaces by (3.54)-
(3.56) and (3.64). Now Theorem 2 follows from Theorems 3.2, 3.3. 3.5 and 3.7.
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