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1. Introduction

Filiform Lie algebras of dimension n constitute a subclass of nilpotent Lie algebras
of the same dimension. More precisely, a filiform Lie algebra is a nilpotent Lie
algebra of maximal class of nilpotency. They form a generic set of points of the
affine variety consisting of all n-dimensional nilpotent Lie algebras. Filiform Lie
algebras were considered by M. Vergne [14] in the 60’s in her studies of the variety
of all nilpotent Lie algebras of dimension n. Since that time many attempts have
been made in order to classify them. In [10] D. Millionschikov gave a complete list
of filiform Lie algebras g = @ ,g;, dimg; =1, i =1,...,n and [g1,g] = gis1,
1< n.

A generalization of a filiform Lie algebra to the infinite-dimensional case
is a Lie algebra of maximal class. Namely, a Lie algebra g is called residually
nilpotent if (=, g" = {0} where g = g and {g'} is the lower central series
of g. A residually nilpotent Lie algebra g is called a Lie algebra of mazimal
class if > ,(dimg'/g"™' — 1) = 1. Let us consider an N-graded Lie algebra L =
> o1 Li. The classification of such algebras L with one-dimensional homogeneous
components L;, and two generators, was obtained by A. Fialowski in [6]. In
particular, she showed that there are only three isomorphism types of N-graded
Lie algebras of maximal class generated by L; and L. If L is an N-graded Lie
algebra of maximal class generated by the first homogeneous component, then
Vergne proved that L = mg where mgy = span{e; |7 > 1}, [e1,e;] = €41, © > 2
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and the remaining products are all zero. In [1] the case of N-graded Lie algebras
of maximal class L = (Ly,L,), ¢ > 2, over an algebraically closed field of zero
characteristic was studied. Under some technical condition there can only be one
isomorphism type of such algebras. The classification of positively graded Lie
algebras of maximal class in positive characteristic, which are generated by their
first homogeneous component, is obtained in [2, 3, 7]. If positively graded Lie
algebras over a field F' with positive characteristic p > 3 are not generated by
the first homogeneous component, then their classification was obtained in [4, 5].
Notice that our definition of an N-graded Lie algebra of maximal class is different
from one given in [2]. Namely, we do not assume that the first homogeneous
component of the grading must be of dimension 2.

In [12, 13] Shalev and Zelmanov suggested to look at the classification
problem from a different angle: consider the classification of objects not up to
an isomorphism but up to being commensurable. Two algebras A and A’ are
commensurable if there exist two ideals I and I’ of finite co-dimensions such that
I = ['. They also proposed the following general conjecture:

Let L = Ly D Ly D ... be a just-infinite filtered Lie algebra over an alge-
braically closed field of zero characteristic. Suppose that dimensions dim L;/L; 1,
t > 1 are uniformly bounded. Then one of the following holds:

1. L is solvable;

2. The completion of L is commensurable with the completion of the
positive part of a (possibly twisted) loop algebra.

3. The completion of L is commensurable with the completion of the
positive part of the Witt algebra W™ .

If L is an N-graded just-infinite Lie algebra, then conjecturally L is either
solvable or commensurable with the positive part of some (twisted) loop algebra
or of W+.

The following theorem partially confirms the above conjecture.

Theorem 1.1.  [12] Let L be an N-graded just-infinite Lie algebra with polyno-
maal multiplication. Then L is commensurable with the positive part of the Witt
algebra or with the positive part of some loop algebra.

Let L be a Lie algebra of maximal class over an algebraically closed field
of zero characteristic. Then L possesses a canonical filtration: L = L' D L? D ...
and all dim L?/L*™! are uniformly bounded by 2. Since any Lie algebra of maximal
class is just-infinite (see Lemma 4) this possible classification can be applied to
Lie algebras of maximal class.

Our goal in this paper is to prove that an N-graded Lie algebra of max-
imal class with polynomial multiplication is isomorphic to either W* or W1, a
subalgebra of W where ¢ > 2. Notice that W+ and W7 are commensurable to
each other since they possess isomorphic ideals of finite co-dimensions. In terms
of commensurability, W and W? are indistinguishable.
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2. Basic concepts and definitions

One of the main examples of filiform Lie algebras is a model one my(n) defined by
its basis eq,...,e, and nontrivial Lie products: [e1,¢;] = €41, i = 2,...,n — 1.
In her classical work [14] M. Vergne demonstrated the significance of the model
filiform Lie algebra by proving that an arbitrary n-dimensional filiform Lie algebra
is isomorphic to some deformation of mg(n). An infinite-dimensional analogue of
mg(n) is a Lie algebra of maximal class my with an infinite basis {eq, ey, ...} such
that [e1,e;] = e;11, @ > 1, and all other products are zero.

In the case of an N-graded Lie algebras of maximal class, Vergne proved
the following:

Theorem 2.1.  Let L =@,y Li be an infinite-dimensional N-graded Lie alge-
bra of mazimal class and suppose L = (Ly). Then L = my.

Let us consider important examples of infinite-dimensional Lie algebras of
maximal class.

Let F[z] be an algebra of polynomials in one variable over F. Then the Witt
algebra W = Der(F[z]) = {f(z)Z | f(z) € Flz]} is a full algebra of derivations
of Flz|. A Z- gradmg is glven by the following decomposition:

W=W_oeW,oW, ®
where Wy, = spang {zF"'2} k> —1. Denote e, = 2"*'2 . Then
[6i76jl = (] - i)ei-l-j? Z).] Z —1. (1)

A subalgebra W+ = @,. , W; is called the positive part of W. Condition (1) also
implies that W is an N-graded algebra with the ith component of the grading
defined by (W), = span{e;} with

(W), (WH)] = (W) (2)

The Lie algebra W7, g > 2 is a subalgebra of W spanned by {ei,e,,...}.
This is an N-graded Lie algebra with lacunas in the grading from 2 to ¢ — 1. It
is easy to see that W7 is a graded subalgebra of W, and graded components of
W4 also satisfy (2). In fact, W7 is an ideal of W7 of a finite co-dimension. By
setting vy, = e; and y; = 60(i — 2)le;, @ > ¢ we have that [y, y:] = yis1, ¢ > ¢ and
[Yis y5] = Bij Yivj, 1,5 > q where

60(i —2)!(j —2)!(j — i)
(t+j—2)! ‘

Bij = (3)

Any n-dimensional filiform Lie algebra g admits an adapted basis:

flafZ:---afn

such that
L1, fs] = forr [fi, f5] € span{ fi |k > i+ j}
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where 2 < s <n — 1. Considering a Lie algebra L of maximal class as the direct
limit of nested filiform Lie algebras we obtain that L also possesses an infinite-
dimensional adapted basis.

Recall that an algebra is said to be just-infinite if it has no ideals of infinite
co-dimension. This is a generalization of the concept of being simple.

Let L be an N-graded Lie algebra, i.e. L =
bigoplus;enL; with all dim L; = d. Choose a basis for each L;: ¢!, ... e,. We say
that multiplication of L is polynomial (with respect to the above basis) if there
are polynomials py (i,7), k,q,7 =1,...,d, such that

d
leh el =D phy (i, g)eit. (4)
r=1

Clearly, multiplication of W7 is polynomial and defined by p(i,j) = j — 1.
Throughout the paper we assume that the base field is an algebraically closed
of zero characteristic.

3. Proof of the main theorem

Lemma 3.1. Let L be a Lie algebra of mazximal class. Then the minimum
possible number of generators for L equals to two. If L is additionally N-graded,
then the minimum possible number of homogeneous generators for L is also two.

Proof.  As mentioned in Section 2, one can choose a basis {f;}2, with

L1, il = fix1, © > 2 and [f;, f;] € span{fx |k > i+ j}.

In particular, this means that L = (f1, fo), i.e. L is generated by f; and f;.
Let us now assume that L is N-graded, ie. L = >, (L;. Choose an
N-graded basis {e;}, and write

f1 = 06161'1 4+ ...+ ozseis, f2 = 6161'1 4+ ... +Bs€is,

where «;, 8; € F. Thus, L is generated by the homogeneous set {e;,,...,e; . }. We
next show that the number of homogeneous generators can be reduced to two. If
some e;; from the above set can be expressed as a linear combination of products
of (lower degree) basis elements, i.e.

Ci; = Zaﬁ["'[eunem]a“'?euz] (5)

aeN!
where fi = (p1,..., ), ag are scalars, then we replace e;; in the generating set
with Uﬁ{em,ew, ..yeyt. Of course, we do not add repeating basis elements

or basis elements that were already in the generating set. The resulting set
still generates L. After the finite number of such replacements the procedure
stops. Consequently, we obtain a generating set in which no element admits
representation (5). We denote these generators by e, €,,,...,¢e, . By Corollary
1.12 [11], the graded algebra of L with respect to the canonical filtration

greL = EBU/UH =~ my.

i>1
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Hence, dimL/L? = 2 where L? = [L,L]. By our choice of generators, no
e, i = 1,...,m belongs to L*. Otherwise, it could be expressed as a linear
combination of products of basis elements of lower degrees. Therefore,

2 =dim L/L* > m, hence m =1 or 2.

If m =1, then L is a trivial one-dimensional Lie algebra and cannot be of maximal
class. Hence, m = 2, as required. The proof is complete. [ ]

It is easy to see that the analogous result holds for a finite-dimensional
filiform Lie algebra L, that is, the minimal number of homogeneous generators is
also two.

Lemma 3.2. Let L = @, L; be an N-graded filiform Lie algebra. Assume
that L cannot be generated by the first nonzero homogeneous component. Then
each nonzero component is one-dimensional.

Proof. Let us write L as

i

where each L;,, j = 1,2,... k, is a nonzero homogeneous component. Clearly,
dim L > k. Recall that L is filiform. Hence, its nil-index m =dim L—1> k—1.
Directly computing components of the lower central series of L we obtain the
following;:

L*CLy+...+ L,
LPCLy,+...+ L,

Lk_l g Lika
L* = {0}.

This means that nil-index m < k — 1. Therefore, m = dimL —1 =k — 1, and
dim L = k. Since there are exactly k£ nonzero graded components, each component
must be one-dimensional. The proof is complete. [ ]

Corollary 3.3.  Let L = @2, L; be an N-graded Lie algebra of mazimal class.
Assume that L cannot be generated by the first nonzero component of the grading.
Then each non-zero component is one-dimensional.

Proof.  This follows from the fact that L is a direct limit of filiform Lie algebras
Ly =1L/ @Qn L; where L(,1) is a one-dimensional central extension of L(n). =

Lemma 3.4. Let L=Ly+ L, + Lyt1 + ... be a Lie algebra of mazimal class
generated by both Ly and L,. Then Loy, # {0}.
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Proof. By Corollary 1 all nonzero graded components are one-dimensional.
Choose ey, e, such that L; = span{e;} and L, = span{e,}. Since L, L,
generate L, [Ly, L,] # {0} and [Ly, Ly| = Ly1 # {0}. Assume that L,.» = {0}.
Equivalently, [Ly,[L1, L,]] = {0}. Choose a basis element e,;; of L,+1 such that
€q+1 = |e1,€4). Then we have that [e1,e,41] = 0, i.e. [eg, [e1,€4]] = 0. Choose an
adapted basis for L:

f17f27f37"'
such that [f1, f;] = fiz1 and [fi, f;] € span{fi |k > i+ j}. Since dim L/L? = 2,

L/L2 = span{ f1, fo} + L’ = span{ey, e, } + L?

where L? = [L, L] = span{fy. | k > 3}, and L?/L? = f3+L3 = e,41+L> where L3 =
[[L, L], L] = span{fy, | k > 4}. Write e; = M fi + Xafa + h, e = pufi + pafo + 1,
h,h' € span{fi |k > 3}, and egy1 = y3fs+h" where 3 # 0, " € span{f | k > 4}.
Therefore,

[61, eq—l—l] = [)\1f1 + Xofo+ h,y3f3 + h”] = M3 fa+ K" — 0

where " € span{fy |k > 5} . Thus, A\;y3 = 0. Since 73 # 0, \; = 0. This
means that e; = Aofa +h, Ay # 0 and e, = p1fi + pafa + ', gy # 0. Then
€1 = |e1, €] = —p1dafs + h where h € span{f; |k > 4}. Therefore,

0 =[e1,eqt1] = [Nafo+ h, —Aopr fs + il] = =X fs + h=0

where h € span{f |k > 6}. Therefore, A2y = 0 which contradicts to the fact
Ay # 0 and py # 0. Hence, Lo # {0}. The lemma is proved. [

It follows from the previous lemma that the more general version of Corol-
lary 3.13 from [1] (without restriction L,4o # {0}) holds true.

Corollary 3.5.  Let L be an N-graded Lie algebra of mazimal class not gen-
erated by the first homogeneous component. Then L is generated by L, and L,
where Ly is a mnonzero homogeneous component following L. Moreover, each
graded component is one-dimensional, and there exists a basis ey, eq, €qt1,... for
L such that

L; = span{e;} and le1, e;] = €41, 1> q.

Lemma 3.6. Let L be an N-graded Lie algebra of maximal class. Then L s
Just-infinite.

Proof. If L = (L,), then by Theorem 2 L = m,. It is obvious that m, is
just-infinite, as required. If L # (L;), then by the previous corollary, L = (L, L,)
with a homogeneous basis: ey, e, €441,... and [e1, €] = e;41, ¢ > ¢. Consider a
nontrivial ideal J < L. Notice that if ¢; € J, then

le1, €] = eiqy1 € J,
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le1, 1] = €40 € J,

This means that each basis element starting from e; belongs to J. Thus, J is of
finite codimension, as required. Let no e; be an element of J,ie. & =¢; +.J # 0
in L/J,i>1. Choose any nonzero = € J. Let

T = 1€ + Qgeq + ... + Qpey
where ay # 0. Hence,
are; + oy + ...+ agep =01in L/ J.

This means that €, € span{éj,é,,...,ex_1}. Multiplying = by e; we obtain
ler,z] € J, and

len, ] = agler, eq] + ..+ ag-iler, ex—1] + ailer, ex]

= ¢Cqr1 + ...+ g1y + e € J.
Therefore,
0= i1+ ...+ 18 + agérr1, o # 0.
Thus,
k1 € span{é, i1, ..., e} Cspan{ey, ey, ..., Ek_1},
and so on. Consequently, L/J C span{és, €, ...,€x_1}. This means that
dimL/J < oo,
as required. |

Corollary 3.7. Let L = @121 L; be an N-graded Lie algebra of maximal class
with polynomial multiplication. Then L is nonsolvable.

Proof. By Corollary 1, all nonzero components of the grading are one-dimensional.
The multiplication is defined by a polynomial p(i,j) as follows

[eu ej] = p(iaj)ez‘ﬂ'-

Assume that L is solvable. By Theorem 2.2 [9], L is a solvable Lie algebra of
maximal class if and only if [L, L] is Abelian. Since L is just-infinite, [L, L] must
be of finite co-dimension in L. Hence, [L, L] contains an infinite tail > .., L;
for a sufficiently large M. Consequently, [e;,e;] = 0 if 4,5 > M. Hence,
p(i,j) = 0 if 4,5 > M. This means that p is a zero polynomial, and L has a
trivial multiplication. This contradicts to the fact that L is of maximal class.
Therefore, L is nonsolvable. The proof is complete. |
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Lemma 3.8. Let L =@;°,.  L; be an N-graded Lie algebra of mazximal class

i=1,m

generated by Ly, L,,, m > 2. Let S be a graded subalgebra of L isomorphic to
Wt If dim L/S =1, then either L= W™ for m =2 and L =W™ for m > 2.

Proof. By Corollary 2,

L:Ll@Lm®Lm+l@Lm+2@

where all components are one-dimensional. Given that S is a graded subalgebra
of L. Since S = W' we have that

and the first component of the grading of S acts on the other components according
to (2),1.e. [Li, L] = L;,,, . Since S is of finite co-dimension in L, S must contain
Yooy Li =Ly + L1 + ... for a sufficiently large . This means that there exists
s > 1 such that iy = r and is;1 = r + 1. Hence, [L;,, L;,] = L;_, implies that
L.y =Ly, L) = Lj 4, i.e. iy = 1. This proves that L; C S, and

S:Ll@Lig@Liz-i-l”'@[/iz—‘—k@"”

Since dim L/S = 1 we have that i = m + 1. Thus, S = W™,

We next want to show that L = W+ for m = 2 and L & W™ for
m > 2. It is sufficient to prove that multiplication of L is uniquely determined by
multiplication of S. Since S = W™ we can choose a basis for S:

Y1, Yn+1, Ym+2, - - -

with structure constants given by (3). Choose y,, € L,, such that [y1, Ym| = Ym1-
Let [Ym, ¥i] = QmiYmss where i@ > m + 1, and «,,; are non-zero scalars. To show
that multiplication of S defines that of L, we need to express o, in terms of 3;;.
For convenience, denote ay, 41 by a. Hence, [Ym,Ym+1] = QYom+1 where « is
unknown.

Since J (Y1, Ym, Ym+1) = 0 we have that

[[yla ym]7 ym-f—l] + [[y’rm ym-‘rl]a yl] + Hym-i-la yl]a ym] = 07
a[y2m+1a yl] - [ym+2> ym] = 0,
—QYom+2 + Am m+2Y2m+2 = 07
Umm42 = QO

Since J(Y1, Ym, Ym+2) = 0 we have that

[[yla ym]a ym+2] + Hym: ym+2]7 yl] + Hym+27 y1]7 ym] = 07

[ym—i-h ym+2] + Qmmt2 [y2m+Qu yl] - [ym+37 ym] =0,
5m+l,m+2 — Oy ym+2 + Omm+3 = 07

Omm+3 = Omm+2 — 6m+1,m+2;
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Omm+3 = O — Bm+1,m+2

Since J(Y1, Ym, Ym+3) = 0 we have that

([y1: Y], Ymess] + [[Yms Ymersls y1] + (Y3, y1] ym] = 0
[Ymt15 Ymra] + QCmmerslYomes; V1] = [Ymsas Ym] = 0,
Bimt1,m+3 — Omm+3 + Qmmia = 0,
Omom+4 = Omm+3 — 5m+1,m+3 =Qa— 5m+1,m+2 - 5m+1,m+3-
Therefore, by induction, we can show that
Cmmtk = O — Bgimt2 — - — Bt tmek—1, k> 2.

Finally, it follows from J (Y, Ymi1, Ymie) = 0 that

[ Yms1)s Ymer2) + [Ymats Yme2)s Y] + [Yma2s Ym) Ymsa] = 0,

Oé[y2m+1, ym+2] + ﬂm—i—l,m—i—Q [y2m+3a ym] — Qi m4-2 [y2m+2a ym-‘,—l] - 07

A Bomt1,m+2 — Um 2m+3Bm+1,m+2 — Omm+2B2m42,m+1 = 0,

0452m+1,m+2 - (04 - ﬁm+1,m+2 — .. 5m+1,2m+2)5m+1,m+2 - a52m+2,m+1 =0,
a(Bomi1mr2 — Bmttm+2 — Pomt2.m+1) = —Bmttmi2(Bmttmi2 + - -« + Bmt1.2ms2)-
Since

ﬁ2m+1,m+2 - Bm—i—l,m—i—? - /82m+2,m+1
300 (m)(=T'(m)T'(3m + 2) + 4m’T'(2m)? + 14m?T(2m)? 4 6mI'(2m)?)
B (2m + I (2m)T(3m + 2)

£0

for m > 2 (I'() denotes a gamma function). This means that « is uniquely
determined by the above equation. Therefore, L has a basis {y;} with structure
constants given by (2). The lemma is proved. n

Lemma 3.9. Let L = @;’ilm L; be an N-graded Lie algebra of maximal class

generated by Ly and L,,, m > 2. If S is a graded subalgebra of type W', then
either L=W™* form=2 or LEW™ for m > 2.

Proof. By Lemma 4, L is just-infinite. Since S < L, S must be of a finite
co-dimension. Iterated application of Lemma 5 completes the proof. |

Before proving the main result of the paper let us recall one construction
from [12]. Assume that L = €, L; is an N-graded Lie algebra with polynomial
multiplication defined by polynomials pj,(i,j) where k,q,7 = 1,...,d. Then L
can be turned into a Z-graded Lie algebra L by adding graded components of the
same dimension d, i.e. L; = span{el,..., e}, i € Z, with multiplication defined

by

d
leh €] =D pp (i )i kg =1,...,d,i,j € Z

r=1
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Clearly, L is a graded subalgebra of L. As proved in [12] if L is just-infinite, then
the following set

I={zelL|lx, Z L;] = 0} for a sufficiently largek = k(z)

1>k

is a graded ideal of L such that LI = {0}. Moreover, K = L/I is a Z-graded
algebra, i.e. K = @, , K;. Besides, L is isomorphically embedded into K, and
can be considered a graded subalgebra of K. By Lemma 2.8 [12] [K, K] is a
Z-graded simple Lie algebra that were classified in [8].

We are now ready to prove the main result of this paper.

Theorem 3.10.  Let L = @,y L; be an N-graded Lie algebra of mazximal class
with polynomial multiplication. Assume that Ly is nonzero. If Lo is also nonzero,
then L = W™ . Otherwise, L = WY for some natural q > 2.

Proof. First, we note that under the above conditions L cannot be generated
by L;. Otherwise, by Theorem 2 L = mg and, therefore, L must be solvable. This
contradicts to Corollary 3. By Corollary 2 the first two nonzero graded components
Ly and L, generates L, ie. L = (Ly,L,). If ¢ =2, then L = (L, Ls). By
Corollary 3 L is nonsolvable. Applying Theorem 1.7 [12] we have that L = WT.

Let ¢ > 2. In other words, there is a lacunas in grading of L from 2 to
q — 1. By Corollary 2 we can choose a graded basis:

€1,€q,€q+1, - - -

such that L; = span{e;} and [e1, e;] = e;41, i > q. Thus,

L=L+)Y L.

i>q

By Lemma 4 L is just-infinite. Therefore, we can apply results from the paper
[12]. In particular, we can consider L as a graded subalgebra of a Z-graded algebra
K =3,., K; where K was defined above. Let us write L as follows

L:m+2m

12>q

where K is the 1-component of the grading of K. As shown in the proof of
Theorem 2.4 [12], the positive part of [K, K] is either a positive part of a loop
algebra or W (the case of twisted loop algebra is not possible). Notice that
[L,L] < L and [L,L] C [K,K]. Since L is just-infinite, the ideal [L, L] has a
finite codimension in L. Therefore, it must contain ), K; for sufficiently large
r. Let S stand for > .. K;. Clearly, S C [L,L]. Hence, S C [K, K], i.e. S is
a graded subalgebra of [K, K]. Notice that homogeneous components of [K, K]
are all of dimension 1. If [K, K| is a loop algebra, i.e. [K, K| = g[t,t™!] where
g is a finite-dimensional simple Lie algebra, then the dimensions of homogeneous
components are equal to dimg > 1, a contradiction.
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Let us consider the other case when the positive part [K, K|" of [K, K] is
isomorphic to W*. Then

K. K]" = P K;,, and all i; > 0.

j=1

Due to [K, K]™ =2 W, the first component of the grading of [K, K]* should act on
the remaining components according to (2). This means that [/, K; | = K;
Since

j+1°

S=Y Ki=K. +Ku+...C [K,K]zé[(ij,
j=1

>

there exists an index s such that is = r, and 541 = r+1. Then [K;,, K;,] = K;

19 s s+1
implies that K, = [K;,, K,] = K;,+». Thus, iy +7 =7+ 1, iy = 1. Hence,
K, C [K, K]. Consider

19

S=Ki@S=K+)Y K, (6)

>r
which is a subalgebra of [K, K]*. Since [K, K]™ = W™ it is easy to see that S
as in (6) must be of type W’. Since K; C L and S C L we have that S C L.
Clearly, S is of finite codimension in L. Applying Lemma 6 we can show that L
is of type W, as required. The proof is complete. [ ]
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